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ABSTRACT

We presenttwo distance�eld representationswhich canpreserve
sharpfeaturesin original geometricmodels: the offset distance
�eld (ODF)andtheuni�ed distance�eld (UDF). TheODF is sam-
pledonaspecialcurvilineargrid namedanoffsetgrid. Thesample
pointsof theODFarenotonaregulargrid andthey can�oat in the
cellsof a regularbasegrid. TheODF cannaturallyadaptto curva-
turevariationsin theoriginalmeshandcanpreservesharpfeatures.
Wedescribeanenergy minimizationapproachto convertgeometric
modelsto ODFs. The UDF integratesmultiple distance�eld rep-
resentationsinto onedatastructure.By adaptively usingdifferent
representationsfor differentpartsof a shape,theUDF canprovide
high �delity surfacerepresentationwith compactstorageandfast
renderingspeed.

CR Categories: I.3.5 [Computer Graphics]: Computational
Geometryand Object Modeling—Curve, surface, solid, and ob-
ject representations;I.3.6 [ComputerGraphics]:Methodologyand
Techniques—Graphicsdatastructuresanddatatypes;

Keywords: Distance�elds, Sampling,Irregulargrids,FeaturePre-
serving,VolumeSculpting

1 I NTRODUCTI ON

Distance�elds areanimportantvolumerepresentationfor surfaces.
Usually, thedistance�eld is a scalar�eld sampledon a regular3D
grid. Eachvoxel speci�estheminimumdistanceto asurface.If the
surfacerepresentsa closedshape,this distanceis usually signed
to distinguishbetweenthe interior andexterior of the shape.Dis-
tance�elds have importantapplicationsin constructive solid mod-
eling [12], morphing[2], etc.

However, asnoticedbefore[6, 7,8], surfacesreconstructedfrom
distance�elds often lack sharpedgesor cornersindicatedin the
original models. Recently, therehasbeensomenotableresearch
to tacklethis problem[3, 6, 7, 8]. Thesemethodsusuallyachieve
high quality surfacereconstructionby adaptive samplingand by
usingextra informationstoredwith the distances.For simplicity,
all thesemethodssamplethedistance�eld ona regularor adaptive
rectangulargrid.

Convertingageometricmodelinto adistance�eld is asampling
problem. The samplingpatterncanbe regular or irregular. Com-
paredwith regularsampling,irregularsamplingprovidesmore�e x-
ibility . It is possibleto accuratelyalign featurepointswith sam-
ple pointsin an irregular samplinggrid. In this paper, we investi-
gatesamplingdistance�elds onaspecialirregularsamplingpattern
calledan offset grid. The samplepoints in the offset grid areno
longeron a regular grid andthey canhave a small offset to their

� Department of Computer Science, Stony Brook Uni-
versity, Stony Brook, NY 11794-4400, USA. Email:
f huaminjnanzhangjrshaojarijmuellerg@cs.sunysb.edu

correspondingregulargrid points. Thus,theoffsetgrid is actually
a relatively regularcurvilineargrid becauseeachsampleis only al-
lowedto �oat in its correspondentregulargrid cell. Theoffsetgrid
strikes the middle groundbetweena regular patternanda totally
irregular pattern,andthus,it is a kind of semiregular pattern.We
nameour representationthe“offsetdistance�eld” (ODF).

TheODFhasthefollowing advantages:
First, the offset grid can naturally adapt to curvature variations
in the original mesh. Becausethe samplepointsof the ODF can
�oat in the cells of a regular grid, we canalign the samplepoints
with thesharpcornersandedgesin thedata.Thus,a high �delity
surfacewith sharpfeaturescanbereconstructedfrom theODF.
Second,the semiregular structureof the ODF keepsmost of the
simplicity of a regular grid. We canstill usea 3D array to store
the ODF and Marching Cubescan still be applied for surface
reconstruction(see Section 3.3). The CSG operations,such
as volume sculpting on the ODF, are still intuitive and easyto
implement(seeSection7.1).
Third, comparedwith other methods[6, 7, 8], the ODF shifts
some expensive computationsfrom the renderingstage to the
constructionstage. After carefully encodingsharpfeaturesinto
the ODF at preprocessing,our methoddoesnot needto explicitly
identify and processthesefeaturesat the renderingand manipu-
lation stages. For many applications,suchas volume sculpting,
fast reconstructionand manipulationof a distance�eld is more
desirablethanfastconstruction.

With the ODF, we now have several distance�eld representa-
tions[6, 7,8] whichmakedifferenttradeoffs betweenqualityof the
surfacereconstructedandstoragesizeof thedistance�eld. When
convertingany modelinto a distance�eld representation,different
partsof themodelmayhave differentlevelsof complexity. Some
part is smoothwhile anotherpart may have featurepoints and
edges. Thus, it may be desirableto develop a mixed distance
�eld representationwhich usesdifferent distancerepresentations
for different partsof the model. Motivatedby this, we propose
the uni�ed distance�eld (UDF) which can seamlesslyintegrate
variousdistance�eld representationsinto onedatastructure. For
eachsamplepoint in theUDF, in additionto thesignedminimum
distance,wealsooptionallystoreoneof thefollowing threesetsof
information: (a) thedirecteddistancesin x, y, andz direction;(b)
thepositionof a featurepoint; (c) thepositionof thissamplepoint.

TheUDF hasthefollowing advantages:
Adaptiveness: the UDF can select the best representationsfor
differentpartsof a shape.We only storeextra informationwhen
it is really necessary. For example,if accurateintersectionpoints
on edgesthat show sign changescan be reconstructedfrom the
minimumdistance,thenwe do not needto storetheseintersection
points explicitly. If a surface can be reconstructedaccurately
from the intersectionpointsin a cell, thenwe do not needto store
an extra featurepoint in this cell. Similarly, if the meshcan be
reconstructedaccuratelyfrom the intersectionpointsandan extra
featurepoint, thenwe do not needto usetheODF. Therefore,the
UDF is anaccurateandcompactrepresentation.



Accuracy: Unlike other methods[7, 8], we explicitly store the
positionof somefeaturepointsalongwith thedistancevalueswhen
we convert a geometricmodel to a distance�eld. The positions
of thesefeaturepointsare thus more accuratethan reconstructed
positionsin othermethodsbecausethey arederived directly from
theoriginalgeometry.
Ef�ciency : During renderingand manipulationstage,we do not
needto reconstructfeaturepointswhich arealreadystoredin the
distance�eld representation.Thus, renderingand manipulation
speedof theUDF is faster.

Theprimarycontributionsof thispaperare:

� We introducethe ODF as an extensionto the conventional
distance�eld sampledona regulargrid. We demonstratethat
theODFprovidesmoreaccuracy and�e xibility , keepsmostof
thesimplicity of aregulargrid distance�eld, andcanpreserve
sharpfeaturesin theoriginalmodel.

� Wedescribeanenergy minimizationapproachto convertatri-
anglemeshto an ODF. The energy function we useconsists
of threeterms:a distanceenergy which measuresthe�delity
of the conversion,a regularity energy andan orthogonalen-
ergy whichmeasurethequalityof theODFgrid. Severaluser
speci�edparametersallow thetradeoff between�delity of the
reconstructedsurfaceandqualityof theODFgrid.

� We introducethe UDF to integrate multiple distance�eld
representationsinto onedatastructure.We demonstratethat
theUDF canprovidehigh �delity surfacerepresentationwith
compactstoragesizeandcanbetterpreserve featuresandcan
berenderedandmanipulatedmoreef�ciently .

This paperis organizedasfollowing. After a brief introduction
to therelatedwork in Section2,weintroducetheODFin Section3.
Then,wepresenttheenergy functionin Section4 andouroptimiza-
tion methodin Section5. The UDF andits relateddatastructure,
construction,andsurfacereconstructionmethodsarepresentedin
Section6. Weexploretheapplicationsof theODFandUDF in vol-
umesculptingin Section7. Finally, we presentour experimental
resultsin Section8 andconcludein Section9.

2 REL ATED WORK

Distance�elds have beenstudiedextensively. Variousmethodsex-
ist to convert geometricmodelsinto distancevolumes[1, 4, 17].
However, asmentionedbefore,thereconstructedsurfacefrom these
distance�elds lacks the sharpfeaturesindicatedin the original
models.

One solution is to usesupersamplingor adaptive samplingto
preserve �ne detailsto any userrequiredprecision. Frisken et al.
[3] presentedadaptive distance�elds which can dramaticallyre-
ducevolumestoragesizewhile preserve detailscomparedwith the
supersamplingmethod.

Kobbelt et al. [8] proposedan enhanceddistance�eld which
storesdirecteddistancesin x, y, andz directionwith eachvoxel.
They usedanExtendedMarchingCubesalgorithmto detectthose
grid cells containingsharp featuresand then additional sample
pointslying onthefeaturearecomputedandinsertedinto themesh.
By this way, they can reconstructtrianglemeshesat a much im-
provedqualitycomparedwith conventionalmethods.

Huanget al. [6] introducedthe completedistance�eld which
storesthe original trianglemeshwith the distancevolume. How-
ever, their methodneedsauxiliary datastructuresandthe compu-
tational and storagecostsof their methodare substantial. Their
methodis goodfor high endgraphicswhereaccuracy is very im-
portant.Otherwise,storingbothdistance�elds representationand
original trianglemeshesis anoverkill for mostapplications.

Juetal. [7] furtherstorednormalsalongwith theexactintersec-
tion pointsfor edgeswhich show signchangesin a distance�eld.
They usethesenormalsto de�ne aquadraticerrorfunctionfor each
cell. They thengenerateavertex positionedat theminimizerof the
quadraticfunction. By this way, they avoid theneedsto explicitly
identify andprocess“features”. By usingdual methods,the gen-
eratedpolygonalmeshesalsohave higherquality. Onedisadvan-
tageto this methodis that they neednormalswhich dramatically
increasethetotal storagespace.

3 OFFSET DI STANCE FI EL D

3.1 De�nition

We introducea structuredirregulargrid, calledanoffsetgrid. The
offset grid is basedon our previous work on O-buffer (or offset
buffer) [13,14]. Theoffsetgrid is generatedby connectingsamples
storedin auniformO-buffer. Fromanotherpointof view, theoffset
grid is formedby placinga samplepoint in eachcell of a regular
grid. Thesesamplepointsarethenconnectedto form a structured
curvilineargrid. Therefore,theoffsetgrid is a moreregularcurvi-
lineargrid becauseeachsamplecannotleave its correspondingcell
in theregulargrid. TheOffsetDistanceField is de�ned asany dis-
tance�eld sampledon an offset grid. Typically, the distance�eld
is de�ned everywhereasan Euclideandistance�eld. In order to
simplify thepresentation,we usethe following terms: grid points
asthe pointson a regular grid; samplepointsasthe pointson an
offsetgrid; featureedgesastheedgeswhoseadjacentfacesenclose
a dihedralanglelessthan a threshold;feature points as the joint
pointsof morethantwo featureedges.

(a)

(b)

Figure 1: (a) A distance �eld sampled on a regular grid. (b) A dis-
tance �eld sampled on an offset grid. The dotted lines show the
underlying regular grid.

Figure1ashows a distance�eld sampledon a regulargrid. Fig-
ure 1b shows an ODF wherethe distance�eld is sampledon an
offset grid. From the �gure we canseethat the grid of an ODF
cannaturallyadaptto curvaturevariationsin theoriginalmesh,and
thuspreserve the�ne detailsin thedata.

The ODF canalsobe usedto capturethe sharpfeaturesin the
original data. Figure2 shows two scenariosof usingthe ODF to
preservesharpfeatures.For any featurepoint,wecanchooseeither
aligningasamplepoint in theODFwith this featurepoint (seeFig-
ure2b) or align anedgeof theODF with it (seeFigure2c) so the
featurepoint canbe reconstructedeasilyat the renderingstageby
theMarchingCubesalgorithm.

We make a few commentson the motivation behindthe ODF.
The irregularvolumetricgridscanbedivided into structuredgrids
(i.e., curvilinear grids) and unstructuredgrids (i.e., tetrahedral
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Figure 2: (a) A sharp feature point of a geometric model; (b) Aligning
a sample point of an ODF with the feature point; (c) Aligning an edge
of an ODF with the feature point.

meshes). The tetrahedralmeshesprovide better �e xibility and
adaptiveness.However, samplinga distance�eld on a tetrahedral
meshhassomedisadvantages:First,for unstructuredgrids,thecon-
nectivity informationhasto be storedexplicitly. This will greatly
increasethestoragerequirement[11]. Second,for CSGoperations,
quickly locatingthecorrespondingcell for a givensamplepoint is
critically important. However, this task is not trivial for tetrahe-
dral meshes.Theoffsetgrid is a structuredgrid. Thus,we do not
needto storetheconnectivity information.As aspecialconstrained
curvilineargrid, locatinga cell in the ODF for a samplepoint is
relatively straightforwardandeasy. Thus,theoffsetgrid achievesa
�ne balancebetweena regulargrid anda totally irregulargrid.

3.2 Data Structur e

We canusethesamedatastructureasa conventionaldistancevol-
umeto storeanODF, which is justa3D arrayof samples.For each
sample,westorethepositionof thissamplepointandtheminimum
distanceto a shapefrom this samplepoint. This datastructurecan
beimprovedin two ways:First,for mostvoxelswhicharenotclose
to theshape,their offset is simply zero.Thus,we canusea �ag to
identify if this is a regular voxel or an offset voxel for quick pro-
cessing.Second,if storagespaceis a big concern,thepositionof a
samplepoint canberecordedasanoffsetto its nearestregulargrid
pointandthisoffsetcanbequantizedfor compactrepresentation.

3.3 Renderingof ODFs

Distance�elds can be either directly renderedby ray castingor
canbe �rst convertedinto anotherrepresentationsuchastriangle
meshes[9] or points[6], which canthenberenderedby projection
or splatting, respectively. Ray castingcan generatehigh quality
imagesbut high renderingspeedis often unattainablein practice.
A trianglemeshis themostpopularprimitive andconsiderablere-
searchhasbeenconductedto extract trianglemeshesfrom volume
data[4, 9, 15, 19]. Therearetwo major approaches:cube-based
methods[4, 9] anddeformablemethods[15, 19].

MarchingCubesis themostfamouscube-basedmethod[9]. The
original Marching Cubesalgorithm hasbeenfurther extendedto
solve the ambiguitycases[10] and to extract surfacesfrom mul-
tiresolutionvolumerepresentations[7, 16, 18]. The SurfaceNets
method[4] canbeconsideredasadualmethodof MarchingCubes.
Insteadof generatingverticeson cell edges,theSurfaceNetsalgo-
rithm generatesonerepresentative vertex insideeachcell. Then,
theserepresentative verticesare connectedto form a surfaceac-
cordingto thesignchangesoncell edges.

In this paper, we usethe cube-basedalgorithmsas the surface
reconstructionmethodfor ODFs.Eventhoughthecell of theODF
is no longer a cube(it is actually a hexahedralcell), the March-
ing Cubes(or its dualmethod,theSurfaceNets)algorithmcanstill

be directly usedto renderODFsas long as thesecells arenot in
badshape(seeSection5.2). The algorithmstructureis identical
to theoriginal MarchingCubesmethod.Every cell of theODF is
processedseparatelyandasurfacepatchis generatedfor cellswith
sign changes.For eachedgewhich shows a sign change,we use
linearinterpolationto computeanintersectionpoint. After that,the
intersectionpoints in a cell areconnectedinto trianglesusingthe
lookuptableof MarchingCubes.

4 DEFI NI TI ON OF THE ENERGY FUNCTI ON

We needto considerthe following requirementswhenwe develop
algorithmsto convert geometricmodelsinto ODFs:
First, the�delity of theconversion.Givena triangularmeshandits
correspondingODF, wecanmeasuretheerrorbetweentheoriginal
meshandthereconstructedmeshfrom its ODF. Thesmallertheer-
ror, the betterthe conversion. Also, the sharpfeaturesin the data
shouldbefaithfully reconstructedfrom theODF.
Second,thequality of theoffsetgrid. Thequality of theoffsetgrid
will affect theaspectratiosof the trianglesgenerated.We want to
avoid slivery/thintriangles.Themoreregularthegrid is, thebetter
aspectratiosthe �nal triangleswill have. As a volumerepresenta-
tion, abadqualitygrid will affect theprecisionof somepartsof the
volume.Thismaydegradetheperformanceof CSGoperations.

In order to satisfy the competingdesiresof thesetwo criteria,
we de�ne anenergy functionandcasttheconversionprobleminto
an optimizationproblemof minimizing this energy function. Our
approachis inspiredby the methodusedby Hoppeet al. [5] for
meshoptimization. Let the original triangle meshbe Mo(V;T),
whereV = v1;v2; :::;vm;vi 2 R3 is a set of vertex positionsand
T is the triangle list. Its correspondingODF is O(G, D), where
G = g1;g2; :::;gn;gi 2 R3 is asetof samplepointsandD is thecor-
respondingsetof minimumdistances.Let themeshreconstructed
from theODFbeMr . Theenergy functionis:

E(Mo;O) = l dEdist (Mo;Mr ) + l sEspring(O) + l oEortho(O) (1)

The�rst termcorrespondsto the�delity of theconversion,andthe
last two termscorrespondto the quality of the offset grid. The
distanceenergy Edist equalsthesumof squareddistancesbetween
theoriginalmeshMo andthemeshreconstructedfrom theODFMr .
Thedistanceenergy canbecomputedas:

Edist (Mo;Mr ) = min(å d2(vi ;Mr );å d2(gi ;Mo)) (2)

The grid quality for structuredgrids consistsof regularity and
orthogonality. To guaranteetheregularityof thegrid, aspringwith
therestlengthof l is placedoneachedgeof themesh.Thepotential
energy is:

Espring(O) = å (jgi � gkj � l )2; (3)

wheregi andgk areany two adjacentsamplepoints.Thespringen-
ergy measurestheequi-distribution of samplepointsandpenalizes
sampleswhichgettoofaror tooclose.Therestlengthof thespring
equalstheunit lengthof theODF'sunderlyingregulargrid.

However, we noticethat just preventingany two samplepoints
from getting too closeand too far cannotguaranteegood results
becausethe cell still can get deformedvery much without even
changingthe springenergy. Thus,we addthe third term, the or-
thogonalityenergy. Wecanthink thatsamplesarelinkedby a rigid
structureandrodswhicharefreeto extendandthoseadjacentones
areconnectedby torsionsprings.Theorthogonalityenergy canbe
computedas:

Eortho(O) = å (jei :ej j)2 (4)

wherevectorsei andej areany two adjacentedgeswhichshouldbe
perpendicularto eachotherif thegrid is regular. Theorthogonality
energy penalizescellswhichgetdeformed.



Theuser-speci�ed parametersl d, l s, andl o provide a control-
labletrade-off between�delity of conversionandqualityof theoff-
setgrid. For example,a largerl d indicatesthata high �delity con-
versionis preferredover a high quality grid. Large l s andl o can
avoid concaveandotherbadlyshapedcellsin theODF.

5 M I NI M I ZATI ON OF THE ENERGY FUNCTI ON

We usea regular grid distance�eld asa startingpoint for an op-
timization process.During the optimization,we vary the position
of samplepointsand try to reducethe total energy. In principal,
we caniterateuntil someformal convergencecriterion is met. In
practice,we oftenperforma �x ednumberof iterations.Like many
optimizationproblemsin computergraphics,thereis no guarantee
of �nding a globalminimum.Our goalis to �nd heuristicmethods
whichcanwork in practicewith awidevarietyof datasets.

5.1 GeneralSolution

We describe some general methods to minimize the energy
function. We �rst computethe energy for eachcell of the initial
regulargrid. For thosecellswhoseenergiesarebeyondathreshold,
theverticesof thesecellsaretaggedascandidatesto move.

Random Move and Simulated Annealing: For any candidate
samplepoint,werandomlymove it to anew pointandcomputethe
energy function. If theenergy is reduced,acceptit. If not, we try
again. If a largenumberof trials fails to reducetheenergy function,
we terminatetheiteration.This is a brute-forcemethod.However,
it is found that even this simple strategy of randomdescentcan
generategoodresults[5]. Simulatedannealingre�nes therandom
descentapproachby acceptingsomemoves which increasethe
energy. Simulatedannealingcan overcomelocal minimum and
achieve globaloptimization.However, it is very slow andwe have
notseenmuchof its applicationin computergraphics.

Gradient Search: For eachpoint, we pick somediscretizeddi-
rectionsand computethe gradientsof the energy function along
thesedirections. Then,we move this point alongthe steepestde-
scentgradientdirection. This is a kind of greedyalgorithmandis
widely usedin practice.In our case,we consider6 discretizeddi-
rections(positiveandnegativex, y, andzdirections)for any sample
point. For eachdirection,we canmove thepoint alongthis direc-
tion atasmallstep.Then,wecomputetheenergy functionagainfor
thenew position.Thedifferencegivesthegradient.We thenmove
this samplealongthedirectionthatcanreducetheenergy function
most. Goodresultscanoften be achieved by decreasingthe step
sizeof themoveaftereachroundof iterations.In thispaper, weuse
thegradientsearchmethodto minimizetheenergy function.

5.2 Legal Move

Somemovesof samplepointsmaycausebadlyshapedcells. Two
kindsof shapeswill causeproblemsandmakeMarchingCubesin-
appropriatefor surface reconstruction:self-intersectioncell (see
Figure3a) andconcave cell (seeFigure3b). We de�ne the legal
move of a samplepoint asa move which doesnot causeany self-
intersectionandconcavecellsin theODFgrid.

The structureof the offset grid canavoid any self-intersection
cell if a samplepoint is only allowed to �oat in its corresponding
cell of theunderlyingregulargrid. Thus,we will focuson how to
avoid concavecells.Figure3c illustratesourmethod.For asample
point, we will not allow any moveswhich causethepenetrationof
any samplea of theODF throughtheplanepassingthroughthree
adjacentsamplesb, c, andd in thesamecell.
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Figure 3: (a) A self-intersection cell; (b) A concave cell; (c) A legal
cell.

5.3 Acceleration

In this section,we describesomeheuristicaccelerationmethods
whichcandramaticallyreducetherunningtime. First,weintroduce
an approximateenergy function computationmethod. After that,
wepresentLaplaciansmoothingfor insidevoxels.

5.3.1 Energy FunctionComputation

During the iteration,we needto know in advancehow the energy
functionwill beaffectedby moving thepositionof a samplepoint.
Therearetwo differentwaysto computethe energy function: ex-
act evaluationandapproximateevaluation. For exact evaluation,
aftereachmove, we updatetheenergy function for eachcell. For
approximateevaluation,weusesomefasterheuristicmethodto es-
timatetheenergy andusetheestimatedenergy to updatethe total
energy functionafteranacceptedmove. By thisway, wecanavoid
computingtheexactenergy functionaftereachmove.

Amongthe threetermsof theenergy function, thecomputation
of the springandorthogonalityenergiesareeasyandstraightfor-
ward. To evaluatethe distanceenergy, it is necessaryto compute
thesumof squareddistancesbetweentheoriginalmeshandthere-
constructedmesh. This is an expensive operation. We develop a
fastapproximationmethodfor thedistanceenergy.

It hasbeendemonstratedthat if a surfaceis smooth,a distance
�eld canaccuratelyrepresentthis surface[6]. Thus,the error be-
tweenthe reconstructedsurfaceandthe original surfaceis mainly
causedby featurepointsandedgeswhich have high curvature.For
eachcell with featurepoints falling in or featureedgespassing
through, we computethe minimum distancesfrom eachfeature
point and featureedgein this cell to the verticesof the triangle
meshreconstructedin thiscell from thedistance�eld usingMarch-
ing Cubes. Theseverticesareon the cell edgeswhich show sign
changes.The smallerthe distance,the more likely the surfaceis
separatedinto smoothpatchesin eachcell, andthesmallerthereal
distanceenergy. Thus,we approximatethedistanceenergy by the
sumof squaredminimumdistancesfrom all featurepointsor fea-
tureedgesto theverticesof thereconstructedmesh.

5.3.2 LaplacianSmoothingfor InsideVoxels

For theinsidevoxelswhoseadjacentcellscontainnosegmentof the
shape,theenergy functiononly containsregularityandorthogonal-
ity energy. Insteadof usingthegradientsearch,we cansimply use
Laplaciansmoothingto improve thegrid quality. For eachsample
point in anODF, thereareup to eightadjacentcells.Thus,thenew
positionof thesamplepointcanbesimplycomputedastheaverage
of thecentersof theseadjacentcells. This cangreatlyimprove the
grid quality.



6 UNI FI ED DI STANCE FI EL D

BesidestheODF, therearefour otherdifferentdistance�eld repre-
sentations:the conventionaldistance�eld which only storesmin-
imum distances;the enhanceddistance�eld [8] which storesdi-
recteddistancesin x, y, andz direction;theHermitedistance�eld
[7] which storesexact intersectionpoints and their normalsfor
edgeswith sign changes;the completedistance�eld [6] which
storesminimum distancesandthe original mesh. All thesemeth-
odshave their advantagesanddisadvantages.They make different
tradeoff betweenquality of the reconstructedmeshandspacere-
quirementof thedistance�eld representations.Somemethodmay
besuitablefor somesituation.No onemethodcanwin in all situa-
tions.

Figure4 shows somescenarios.Figure4a demonstratesthat if
therearenofeaturepointsor edgesin acell, theminimumdistances
andthestandardMarchingCubesmethodsometimesprovide bet-
ter �delity thanamoresophisticatedmethodsuchastheDualCon-
touringmethod.In this case,it is hardto �nd a goodpositionfor a
samplepoint insidethecell which is usedby theDual Contouring
method. Figure4b shows that if therearesharpcornersor edges
in a cell, the ExtendedMarchingCubesandthe Dual Contouring
methodprovide betterreconstruction.However, the reconstructed
featurepoint is only an estimationof the real featurepoint of the
original mesh. Figure4c shows that thereare two featurepoints
in a cell of a regulargrid. TheODF canalign thesefeaturepoints
with differentedgesof cellsby adjustingthepositionsof thesample
pointsof theODF.

(a) (b) (c)

Figure 4: (a) No feature point; (b) One feature point; (c) Two feature
points. The dotted lines show the ODF grid.

All thesescenariosmay appearsimultaneouslyin one model.
Thus,it maybedesirableto developa mixedrepresentationwhich
usesdifferent distancerepresentationsfor different parts of the
model. We proposethe uni�ed distance�eld (UDF) representa-
tion which integratesmultiple distance�eld representationsinto
onedatastructure.

6.1 Data Structur e

For eachsamplepoint, we storeoneof the following four setsof
information.Figure5 illustratesthesefour setsin 2D.

� Dm: theminimumdistanceto thesurface.

� (Dm; (Dx;Dy;Dz)) : the minimum distanceand the directed
distancein positive x, y, andz directions.Theexact intersec-
tion pointsin theedgescanbecomputedfrom thesedistances.

� (Dm; (Vx;Vy;Vz)) : the minimum distanceandthe positionof
onefeaturepoint insidethiscell.

� (Dm; (Ox;Oy;Oz)) , theminimumdistanceandthepositionof
this samplepoint. This samplepoint is only allowed to �oat

in its correspondentcell of a regulargrid. In otherwords,it is
asamplepoint in theODF.

Dm

(a)

Dm

Dx

Dy

(b)

Dm

(Vx,  Vy)

(c)

Dm

(Ox,  Oy)

(d)

Figure 5: Four sets of information: (a) Dm, which is the minimum
distance; (b) Dm and (Dx;Dy), which are the distances in positive x
and y direction; (c) Dm and (Vx;Vy), which is the position of a feature
point; (d) Dm and (Ox;Oy), which is the position of this sample point.

There are two featuresof this representation:First, we may
explicitly storea featurepoint in a cell. This is inspiredby the
completedistance�eld (CDF) [6]. Unlike the CDF which stores
whole triangle meshes,we only store one featurepoint. This
makesour representationmorecompactandwe believe that this is
goodenoughfor mostapplications.Comparedwith the Extended
MarchingCubesmethod[8] andtheDual Contouringmethod[8],
our methodprovidesmoreaccuracy for thepositionof the feature
pointsby gettingthemdirectly from theoriginal dataandprovides
moreef�ciency for renderingandmanipulationof thedistance�eld
by avoiding the expensive reconstructionof thesefeaturepoints.
Second,wealwaysstoretheminimumdistance.Theminimumdis-
tanceplaysakey roleto integratedifferentrepresentations.Wewill
demonstratethis in Section6.3.

Theimplementationof thisrepresentationisstraightforward.For
eachsamplepoint, we storea minimum distanceanda pointerto
additionalinformation. The additionalinformationincludesthree
�oating point numbersanda 2-bit �ag. Basedon this �ag, these
threenumberscanbe interpretedaseither the directeddistances,
thepositionof a featurepoint, or thepositionof this samplepoint.
If only the minimum distanceis stored,the pointer to additional
informationis simplynull.

6.2 Construction of UDFs

Whenwe convert geometrymodelsinto UDFs,we needto decide
which oneof the four setsof informationto storein eachsample
point. The principle is that we only storeextra informationwhen
necessary. We startfrom theminimumdistanceandthengradually
storedirecteddistances,featurepoints,andthepositionsof samples
with the increaseof the complexity of the shape. Even though
directeddistances,featurepoints, and the positionsof samples
require equal amountof memory, their underlying grid quality,
constructionand reconstructionalgorithms,and CSG operations
aredifferent.Thecriteriato choosewhich informationto storeare



the�delity of therepresentation,theregularityof the�nal grid, and
thesimplicity of theconstructionandreconstructionalgorithms.

Thestepsto convert a trianglemeshmodelto aUDF are:
First, we generatea regulargrid distance�eld representationwith
theminimumdistanceto thesurfacecomputedandstoredin each
grid point. For eachedgewhich shows a signchange,we �rst try
to reconstructthe intersectionpoint by interpolatingtheminimum
distancesstoredonthetwo verticesof thisedge.Then,wecompute
the exact intersectionpoint and comparethe reconstructedpoint
andexactintersectionpoint. If theirdifferenceis lessthanathresh-
old, the informationof the exact intersectionpoint is abandoned.
Otherwise,westorethedirecteddistancescomputedfrom theexact
intersectionpoint.
Second,wedetecttheglobalfeaturepointsandthefeatureedgesin
theoriginaldataandlocatetheircorrespondingcellsin thedistance
�eld. For cellswith onefeaturepoint,we storethepositionof this
featurepoint. For a cell with a featureedgepassingthrough,we
alsostorethe positionof onefeaturepoint alongthe featureedge
in this cell. This positionis computedusingJuet al.'s method[7]
which �nds theminimizerof aquadricfunction.
Third, we checkthe error of eachcell betweenthe original mesh
andthereconstructedmesh.For cellswith errorsbeyonda thresh-
old, we canmove the positionof the samplesto reducethe error
by usingthe methoddescribedin Section5. If a legal move of a
samplecanreducethe total energy, thenwe storethe positionof
this samplealongwith theminimumdistance.

6.3 SurfaceReconstructionfr om UDFs

The surfacereconstructionmethodfor the UDF hasthe identical
framework as the Marching Cubesmethodor its dual, the Sur-
faceNetsmethod.We processeachcell oneby one. For eachcell
whichshowsasignchange,wereconstructsurfacesin thiscell and
thenconnectthemwith surfacesreconstructedfrom adjacentcells.

Thesurfacereconstructionmethodis:
First, for eachedgewhich shows a signchange,checkif theexact
intersectionpoint is alreadystoredasthedirecteddistances.If yes,
weretrieve theintersectionpoint. If not,wecanalwaysreconstruct
the intersectionpoint by linear interpolationof the minimum dis-
tancesstoredin two verticesof theedge.In orderto stitchmultiple
representationstogether, theminimumdistanceis requiredfor each
samplepoint. If oneor two of theverticesof this edgesarenot on
theregulargrid, computethe intersectionpoint basedon themini-
mumdistanceandthepositionof thesetwo samples.
Second,for eachcell whereno featurepoint is stored,triangulate
thiscell usingtheMarchingCubesmethod.
Third, for cellswith afeaturepointstored,wecanusetheExtended
MarchingCubesmethod[8]. We �rst generatea trianglefanusing
this featurepoint as the center. Then,we checkthe neighboring
cells, if thereareotherfeaturepoints,connectthemto form a fea-
tureedgeby anedge�ip process.

7 VOL UM E SCUL PTI NG WI TH ODF AND UDF

Booleanoperationson thedistance�eld provideanatural,straight-
forward methodfor sculpting[12]. In this section,we usevolume
sculptingto demonstratethe �e xibility and accuracy of the ODF
andtheUDF.

7.1 VolumeSculpting with ODF

Volume sculpting starts from reconstructingand resamplingthe
tool's distance�eld on eachsamplepoint of the object's distance
�eld. Then, Booleanoperationsare appliedfor the object's dis-

tancevalueandtool'sdistancevalueoneachsamplepoint. Finally,
surfacesarereconstructedfrom theresultingdistance�eld.

Supposetheobjectto besculptedis representedby anODF. Usu-
ally, toolsarelesscomplicatedthantheobjects.Thus,toolscanbe
representedas parametricfunctions,triangle meshes,or distance
�elds sampledonregulargrids.For eachvoxel in anODF, comput-
ing its distanceto a parametricsurfaceor trianglemesh,or resam-
pling its distancein aregulargrid distance�eld by trilinear interpo-
lation is straightforward(seeFigure6). Actually, this computation
andthefollowing Booleanoperationsarethesamefor anODFand
a regular grid distance�eld. The resultingODF canthenbe ren-
deredby MarchingCubes.Thus,volumesculptingusingODFsis
still intuitive andeasyto implementjust like usinga regular grid
distance�eld.

(a) (b) (c)

Figure 6: An ODF is sculpted by: (a) A parametric surface; (b) A
mesh; (c) A regular grid distance �eld. The dotted lines represent
the sculpting tools (e.g., a sphere, a triangle mesh, and a regular
grid distance �eld).

Somefeaturesmay be createdafter the CSG operationseven
whenthereis no suchfeaturein bothobjectsandtools. Then,we
needto useeitherKobbeltet al.'s method[8] to computetheinter-
sectionof the two or threeplanesor useJu et al.'s method[7] to
computethepointwhichminimizesaquadricerrorfunction. After
thefeaturepoint is computed,wecanlocally deformthecell sothis
featurepointcanbeeitheralignedwith thesamplepointor theedge
of thecell.

7.2 VolumeSculpting with UDF

Volumesculptingwith UDFs hasthe sameframework asvolume
sculptingwith conventionaldistance�elds or theODFs. After the
Booleanoperation,oneof thetwo distancevalues(i.e.,distancesto
the objectandthe tool) is usedasthe new distancevaluefor any
samplepoint in theUDF. For eachcell, if the �nal distancevalues
of its eightverticesarefrom differentsources,thenanew surfaceis
generatedin thiscell. Weneedto detectif thereis any sharpfeature
pointor edgecreatedin thenew surface.Thiscanbedoneby using
Kobbeltet al.'smethod[8]. If yes,westoreits positionin thiscell.

8 EXPERI M ENTAL RESULTS

All ourexperimentalresultshavebeengeneratedonaDell Dimen-
sion8200desktopwith a2.53GHzPentium4CPU,1.0GBof RAM,
andanNvidia GeForce4graphicsboardwith 64MB memory. Our
implementationis nothighly optimizedfor speed.

First, we convert the FanDiskmodel into an ODF anda UDF
anddemonstratethattheODF andUDF canreserve sharpfeatures
in the original model. The grid resolutionfor the distance�elds
in thisexampleis 65� 65� 65. All distancesanderrorsarein grid
unit. All renderingtimesarein second.Figure7ashowstheoriginal



(a) (b)

(c) (d)

Figure 7: Fandisk surfaces: (a) Original surfaces; (b) Surfaces recon-
structed from a regular grid distance �eld; (c) Surfaces reconstructed
from an ODF; (d) Surfaces reconstructed from a UDF.

surface. Figure7b shows thesurfacereconstructedfrom a regular
grid distance�eld. Thealiasingaroundfeatureedgesandcornersis
obvious. Figure7c shows thesurfacereconstructedfrom its ODF.
The ODF is generatedfrom the FanDiskmeshusing the method
presentedin Section5. Figure8 showssurfacesreconstructedfrom
the ODF at differentstagesof iterations.We canseethat the sur-
face�delity is improved substantiallyand the sharpfeaturescan
befaithfully reconstructedfrom theODF. Figure7d shows thesur-
facereconstructedfrom the UDF. Directeddistancesarestoredin
eachcell if the distancebetweenreconstructedintersectionpoints
andtheexactintersectionpointsaregreaterthan0.1grid units.We
computetheHausdorff distanceandtheaveragedistancebetween
thesereconstructedsurfacesandtheoriginal mesh.Table1 shows
theconstructiontime,reconstructiontime,andtheerrors.Fromthe
table,we canseethat theUDF hasthebestoverall �delity perfor-
mance.

Table 1: Rendering times and the errors between reconstructed sur-
faces and the original surface.

Surfaces: RegularDF ODF UDF
ConstructionTime 11.8s 57.8s 12.5s

ReconstructionTime 1.319s 1.438s 1.533s
MaximumDistanceError 0.97 0.14 0.12
AverageDistanceError 0.006 0.0022 0.0018

Table2 showstheerrorsof theUDF usingdifferentthresholdsto
storethedirecteddistances.Amongall 262,144cells,thereare15,
406boundarycellswhich surfacespassthrough,and1,354feature
cellswhich containa featureedgeor a featurecorner. Fromtheta-

(a) (b)

(c) (d)

Figure 8: FanDisk surfaces reconstructed from: (a) A regular grid
distance �eld; (b) The ODF after 5 iterations; (c) The ODF after 10
iterations; (d) The ODF after 15 iterations.

ble we canseethat if theerrorthresholdis 0.1grid units,thereare
8,933voxelswhichneedto storedirecteddistances.However, if the
error thresholdis 0.2 grid units,only 151 voxels needto storedi-
recteddistances.Comparedwith Kobbeltetal.'senhanceddistance
�eld [8] which alwaysstoresdirecteddistances,our representation
cansave substantialmemoryandstoragespacewith negligible ap-
proximationerror.

Table 2: The errors of the UDF under different error thresholds.

ErrorThreshold: 0.1 0.2 0.3
Voxelswith Features 1354 1354 1354

Voxelswith DirectedDistances 8933 151 80
AverageDistanceError 0.0018 0.0022 0.00219

MaximumDistanceError 0.1224 0.1228 0.1228

Figure9 shows volumesculptingwith an ODF model. Figure
10 shows volumesculptingwith a UDF model. Theresolutionsof
thesetwo modelsare128� 128� 128. These�gures demonstrate
that thenewly createdfeaturescanbereconstructedfrom our rep-
resentations.

9 CONCL USI ONS AND FUTURE WORK

We presentedtwo novel distance�eld representationswhich can
provide high �delity surfacerepresentations.The ODF is an at-
tempt to sampledistance�elds on a irregular grid. We presented
a conversionmethodbasedon reducingan energy functionwhich
balancesseveral competinggoalsof the conversion,suchas the



Figure 9: Volume sculpting on an ODF.

Figure 10: Volume sculpting on a UDF.

overall �delity , featurepreservation, and the quality of the mesh.
We describedseveralstrategiesto solve theoptimizationproblem.
We proposedtheUDF asa datastructureto integratemultiple dis-
tance�eld representations.TheUDF providesaccuratesurfacerep-
resentationwith compactstoragesizeandfastrenderingspeedby
adaptively usingdifferentrepresentationsfor differentpartsof the
modelandby explicitly storingfeaturepoints.TheUDF is easyto
implementandtheODF canbeusedto �ne tunethegrid for more
�e xible andaccuraterepresentation.WedemonstratedthattheODF
andUDF areusefulfor volumesculpting.

In the future, we plan to further extend both representations
to octree-basedadaptive distance�elds. We alsowant to investi-
gatehow to performgeneralizedBooleanoperationsbetweentwo
ODFs,two UDFs,or oneODF andoneUDF. Therearea number
of applicationsthatneedto employ ageneralizedBooleanoperator
(e.g.,solidmodelingoverdistance�elds, managementof rangedata
in 3D scanning).How to integrateandmergeODFsor UDFsand
still maintainanaccuraterepresentationof featureelementsneeds
furtherresearch.
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