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Abstract

Flow motion on curved surfaces of arbitrary topology is an interesting visual effect but a complex dynamics to
simulate. In this paper, we introduce a novel and effective way to model such dynamics. We propose a technique
that adapts a recently emerged computational fluid dynamics (CFD) model, unstructured lattice Boltzmann model
(Unstructured LBM), from the 2D unstructured meshes to the 3D surface meshes. Unlike previous methods in
modeling flows on surfaces, which start from the macroscopic point of view and modify the Navier Stokes solvers
for the curved surfaces, our method is based on the microscopic kinetic equations for discrete particle distribution
functions. All computations on the surface mesh only involve the information within local neighborhoods. This
model lends itself the following advantages: (i) simplicity and explicit parallelism in computation, (ii) great capa-
bility in handling complex interactions, such as the interactions between flow and boundaries and the interactions
of multiple-component fluids; (iii) no need of global surface parameterization which may cause strong distortions;

(iv) capability of being applied to meshes with arbitrary connectivity.

Categories and Subject Descriptors (according to ACM CCS): 1.3.7 [Computer Graphics]: Three-Dimensional

Graphics and RealismAnimation

1. Introduction

In 2003, Stam [Sta03] brought an interesting question to the
graphics community: how would a fluid flow look like on ar-
bitrary surfaces? Although such a phenomenon would only
exist in an imaginary world, its visual simulation can cre-
ate interesting special effects on the 3D surface models and
is surely desirable for computer graphics applications. Fur-
thermore, shallow (thin) fluid flows are actually often seen
in the real-world, such as the swirling pattern on soap bub-
bles, the atmosphere on the earth, and the lava drifting from
the peak of the mountain. Reducing their visual simulations
from 3D flows to surface flows can simplify the model and
make the computation affordable.

Modeling the flow on arbitrary curved surfaces is a chal-
lenging problem, and most previous flow models only solve
the regular domains, such as 3D volumes, 2D grids or the
sphere. Stam [Sta03] has firstly proposed a solution that re-
alistically simulated fluid flows on curved surfaces of arbi-
trary topologies. He has extended his 2D fluid solver to the
curvilinear coordinates over Catmull-Clark surfaces. How-
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ever, this technique requires the global surface parameteri-
zation that may cause visible distortions in the flow. Shi and
Yu [SY04] have presented a method that performs the in-
viscid and incompressible flow simulation directly on sur-
face meshes with only local parameterizations. Their model
works for the triangular mesh, which is more general in
terms of the mesh connectivity. Note that both above meth-
ods have been started from a macroscopic point of view to
globally solve the Navier Stokes over 3D surface meshes.

In this paper, we demonstrate the direct simulation
method based on the microscopic view as an excellent can-
didate to solve the original problem. In our microscopic
method, which is based on the lattice Boltzmann model
(LBM), computing the flow properties at each mesh point
only involves the information within its nearest local neigh-
borhood on the surface mesh. This makes the complex prob-
lem much simpler. The LBM is a relative new and in-
creasingly popular CFD method [Suc01]. It follows the pre-
scribed, statistic Boltzmann equations for particle distribu-
tion functions and has been proved to recover the Navier-
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Stokes equations at the macroscopic level. Although the tra-
ditional LBM is devised on regular grids, the unstructured
LBM method on 2D unstructured grids has been developed
by computational physicists recently [UBS03, US04]. Our
idea is to adapt this unstructured LBM from 2D meshes to
3D surfaces meshes. As we will show in Section 4, such an
adaptation is not trivial and we propose an elegant technique
to fulfill this goal. Our method results in a model that is sim-
ple in implementation and explicitly parallel in computation.
Inheriting the advantages from the LBM, it can handle mi-
croscopic physical interactions with ease, such as the inter-
action of the flow with static or moving boundaries (see Fig-
ure 8 and 9) and the mixture of multiple-component fluids
(see Figure 10). Our method does not require global surface
parameterization. In addition, it has no special requirement
for the connectivity of the surface meshes. It is derived for
the triangular meshes and can be extended to other kinds of
meshes as well.

The remainder of this paper is organized as follows: Sec-
tion 2 briefly reviews the related work in physically-based
flow modeling. Section 3 introduces the background of LBM
and unstructured LBM. In Section 4, we present the details
of our technique for adapting the unstructured LBM from the
2D grids to the surface meshes. In Section 5, we describe
how to enhance our basic model with body forces, vortic-
ity confinement (for unstructured grids), boundary condi-
tions, and multi-component fluids. The implementation is
presented in Section 6. Next, we show the results in Section
7 and have a discussion in Section 8. Finally, in Section 9 we
conclude the paper and present ideas for future research.

2. Related Work

Physically-based flow models have been used in computer
graphics and have realistically simulated the smoke, gas, fire,
wind, and liquids. Those methods can be roughly catego-
rized into the following two classes.

A prevalent class of method is to solve the Navier-Stokes,
the finite difference equations, to obtain the velocity field
that globally satisfies the fluid behavior. Foster and Metaxas
[FM96, FM97] have employed the explicit finite difference
solver to model liquids and turbulent gas. Stam [Sta99] has
devised an unconditionally stable fluid solver using semi-
Lagrangian advection schemes and implicit solvers. The
large time-step can be used in this model to achieve fast
simulation without sacrificing visual plausibility. Fedkiw et
al. [FSJO1] have greatly improved the capturing of small-
scale rolling characteristic of smoke by introducing the vor-
ticity confinement to the visual simulation. Combining the
fluid solver with the free surface tracking, Foster and Fed-
kiw [FFO1] and Enright et al. [EMF02] have simulated the
motion of liquids and Nguyen et al. [NFJ02] have simu-
lated fire dynamics. Losasso et al. [LGF04] have extended
the Navier-Stoke solver from the regular grids to the more
efficient octree structures. Carlson et al. [CMT04] have pro-

posed a rigid-fluid method for the two-way coupling of the
fluid with the rigid solid objects.

Another class of methods locally describes the statisti-
cal microscopic dynamics of the fluid particles or the par-
ticle distribution functions. These microscopic dynamics ag-
gregate to yield the flow behavior. The examples are the
particle-based method [MCGO03, PTB*03] and LBM-based
method [WZF*03, WZF*04, TR04]. The former is grid-less,
while the latter defines the particle distribution functions of
the given discrete velocities on a lattice grid. Although cur-
rently these methods may still be immature in terms of the
stability or the achieved finest visual details compared to
Navier-Stokes solvers mentioned above, they have already
shown their own advantages. The local nature of operations
decreases the complexity in computation and lends ease in
handling microscopic interactivity due to the boundaries or
the multiple fluids.

Unlike the above methods derived for 3D or 2D domains,
the models that are most related to our work are those solv-
ing the flow dynamics for such special domains as over the
curved 3D surfaces of arbitrary topologies. They are Stam’s
model [Sta03] and Shi and Yu’s [SY04] model, having been
mentioned in Section 1. Stam’s model has extended his sta-
ble fluids solver [Sta99] for Navier-Stokes to the global pa-
rameterization space of the surfaces. He has further proposed
a technique to alleviate distortions caused by the global pa-
rameterization. The distortions are still apparent but can dis-
appear as the grid is refined. Shi and Yu’s model avoids the
global parameterization and directly applies the advection
and the pressure solver on triangular surface meshes. How-
ever, a sparse linear system derived from the Possion equa-
tion for pressure still needs to be solved globally. Like Shi
and Yu’s model, our approach directly simulates the flow
on surface meshes avoiding global surface parameterization.
Unlike both of above methods, our model is an extension of
the microscopic method, the LBM. As a result, it is simple
and intrinsically parallel. We also demonstrate in this paper
its great capability of simulating the interesting motions of
the flow with different kinds of boundary objects inside it
and the mixture of multiple components of fluids.

3. Background
3.1. LBM

In the Boltzmann equation, the particle distribution function
f(r,&,t) is the probability of finding a particle at time t po-
sitioned at ¥ which has the velocity of & The LBM, a dis-
cretized version of the Boltzmann equation, discretizes the
space to a regular lattice grid and the particle velocities to
a set of velocity vectors {€;}. These velocity vectors should
be symmetrical to satisfy the isotropic requirement of fluid
properties. Figure 1 shows a 2-dimensional 9-velocity lattice
model, called D2Q9. The 9 velocity vectors include the zero
velocity vector, €p, and 8 velocity vectors pointing to neigh-
boring grid points, €1 through €g. The lengthes of € through
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g4 are 1 while the lengthes of €5 through €z are v/2. Associ-
ated with each &, (i=0,1,..,8) is a scalar value, the particle
distribution function f;. The macroscopic fluid density p and
fluid velocity U are given by

pFY =3 K. U = oS e ()

Figure 1: The D2Q9 lattice grid. Vector &g stands for the
zero velocity, while €7 through €3 are the velocity vectors
pointing to neighboring points. Associated with each €; is a
particle distribution function f; (shown as a red ellipse).

Using the Bhatnagar, Gross, Krook (BGK) single-time-
relaxation model [BGK54], the LBM explicitly evolves in a
two-step process of collision and ballistic streaming,

Collision fi(F,t™) = fi(F,t) — 2(fi(F,t) — £(7,1)), (2)
fl(?'i‘élvt'i'l): fl(rthr)? (3)
where the constant 7 represents the relaxation time deter-
mined by the kinematic viscosity v of the fluid (1 =3v+ %),
the notation f;(¥,t™) denotes the post-collision particle dis-

tribution function, and fie']I represents the local equilibrium
particle distribution function which is given by

£¥(p,U) = p(A+B(&i -U) +C(& -U)°+DU-U).  (4)

Streaming

Here, A through D are constant coefficients specific to the
chosen lattice geometry. For further read of the LBM, inter-
ested readers are referred to [Suc01].

3.2. Unstructured LBM

An unstructured grid is an array of points with their con-
nectivity relationship explicitly stated. Unlike the structured
grid, its points have no particular logical order. This allows
itself more geometrical flexibility. For example, in com-
puter graphics, the triangular mesh has become a domi-
nant method for the presentation of 3D surfaces. In modern
CFD techniques, the unstructured grid is often used in finite-
element or finite-volume computations. These computations
have also appeared in visual simulations, such as the model-
ing of muscle dynamics [TBHFO03].

The LBM on the unstructured grid was firstly proposed
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by Peng et al. [PXDC98]. By importing finite-volume tech-
niques within the LBM framework, their model applies to
meshes without requiring any special kind of connectivity.
Later, Ubertini et al. [UBS03, US04] have improved the 2D
unstructured LBM and further incorporated it with a set of
boundary conditions. Because our further development is
based on Ubertini et al.’s 2D method, we briefly review their
model below.

Figure 2 shows a 2D triangular LBM grid. Every grid
point has nine velocity vectors, each of which is associated
with a particle distribution function. Figure 3 shows a closer
view to the geometrical 1-ring neighborhood around a grid
point P. The neighboring points of P on the grid are de-
noted as Py, k =1,2,..,K. The green regions in Figure 3 are
a set of finite volumes defined around P. They are denoted
as Qy, k=1,2,...K. Each Q is the union of two triangles
Q, = [P,Ex,0] and Q; = [P,Ox,Ei1], where Oy is the
center of the triangle [P, Py, P« 1] and Ey, Ex. 1 are the mid-
points of the edges PRy, PPy, 1, respectively.

Figure 2: The 2D unstructured LBM grid. Every grid point
has nine symmetrical velocity vectors (including the zero ve-
locity), each associated with a particle distribution function.

Figure 3: The geometrical layout of the 1-ring neighbor-
hood around a grid point P. Points Py are the neighboring
points of P. The green regions stand for the finite-volumes
which are defined around P.

For the unstructured grid, the Boltzmann equation is writ-
ten as the following finite-difference equation:

K
fi(Pt+dt)=fi(Pt)+dt 5 (Pk—Zi), (5
=1

where ®j and =jk denote the streaming and collisional
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fluxes of the ith particle distribution function f; coming
from the kth finite volume Q. Applying the linear interpo-
lation rules, the calculation of streaming fluxes is straight-
forward. The contribution of collisions arise from the inte-
gration of the linear interpolated value of the collision term
(fi— %) /T over each finite volume Qy. The resulting finite-
volume equation takes the following general form:

K
fiPt+dt)= fi(Pt)+dt Y Sikfi(Pet)
k=0

S Ul - R ©
T k;

where index k = 0 denotes the pivotal point P itself. The
detailed expressions of the streaming and collision matrices
Sik and Cik :dek (dk =1,ifi=k;and 5“( =0ifi 79 k) are
obtained by

Sio=0, Sik="6-N/Vp, k=1,2,.,K, @

and
Vi1 +Vk
3Vp

In the above, Vj is the area of Qy, while Vp is the area of
Q = Uk Qk. Nk is defined as
5

. = s 2
Ny = E(A;lJrAk)JrE(AHJrA;) . k=12,.K,
©)

where KkjF are the vectors normal to the lines ExOy, OkEx 1,
with magnitude equal to the length of these lines. Similarly,
Af_l associate with lines Ex_10x_1 and Oy_;Ey, respec-
tively.

Co=1/3, Cx= . k=12,..K. (8

4. Unstructured LBM on Curved Surfaces

In this section, we present the basic algorithm of our model.
This model is devised by adapting Ubertini et al.’s unstruc-
tured LBM from 2D meshes to manifold surface meshes.
To successfully realize this adaption, the following problems
should to be solved: (1) for each mesh point, we need to de-
fine its nine velocity vectors; and (2) in order to apply Equa-
tion 6 in the computation, for each mesh point P, we need to
locally flatten P’s 1-ring neighborhood.

To solve the first problem, for each mesh point, we firstly
define the local frame (5,T), in its tangent space, then define
the nine velocity vectors based on this local frame. Note that
for most surface meshes (specifically close meshes whose
genus is not one), it’s impossible to define on them the local
frames that are globally continuous. This means that there
are unavoidable differences in the orientations of velocity
vectors between neighboring mesh points. Fortunately, in
Section 4.3 we introduce a technique to rotate and align ve-
locity vectors and recompute the corresponding particle dis-
tribution functions. With this technique, there is no need for
local frames to be globally continuous.

For the second problem, we flatten the 1-ring neighbor-
hoods to the tangent planes in pre-processing. We use the
ghost points, Gy, on behalf of the neighboring points Py (see
Figure 4). In the simulation, for each time-step we first up-
date the states of all ghost points based on corresponding
neighboring points, and then for each mesh point we exe-
cute the streaming and collision computation with informa-
tion from ghost points, a procedure similar to that in 2D un-
structured LBM. Section 4.1 through Section 4.3 give more
details.

Figure 4: Flatten the 1-ring neighborhood of P to its tangent
plane A. Ghost point G is on behalf of neighboring point Py.
The velocity vectors (dark blue) at P are transformed into
vectors (pink) that lie in A. Such transformations cause no
or only negligible distortions.

4.1. Define Velocity Vectors for Mesh Points

To define the nine velocity vectors for each mesh point P,

we first define the local frame (5,T), where §and T are two

orthogonal unit vectors defining the local tangent space at P.

Any definition of local frames can be used for our model and

we choose the following simple method. Assuming A is the

normal vector at mesh point P, we let
57{ xx |, if f.x] < {2 a0)

nxy , otherwise,

§=¢'/|s'| and T = x 5. In the above, X, ¥, and 7 are three mu-
tually orthogonal unit vectors, “x” denotes the vector cross
product, and “-” denotes the vector dot product. It can be
seen that in above definition the local frame is uniquely de-
termined by f.

Similarly to the D2Q9 model described in Section 3, for
each mesh point, we define its velocity vectors €; as follows
in the 3D world space:

0 , i=0
& =< cos(0;)§+sin(6;) T , i=1,..,4 (11)
V2 cos(8i) S++2sin(6)T , i=5,..9,

(© The Eurographics Association 2005.
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where

[ -1 =14
9'*{ nja+(i-5m2 . i=5.9 &2

4.2. Flatten the 1-Ring Neighborhoods

In flattening (see Figure 4), the positions of the ghost points
Gy are computed as follows. First, we find such neighbor-
ing point P; that the angle between the edge PP, and tangent
plane A is the smallest. Second, we project edge PP, onto
A and scale the length of the projected edge to |[PPy|. The
resulting edge is PG, and hence the position of G, is de-
termined. Third, similar to [LTDO5], the positions of other
ghost points are calculated in a way that all the edge lengthes
are exactly preserved and the angles between two consecu-
tive edges are preserved up to a common factor. We denote
the transformation matrix as M, which rotates PP to PG,
around point P with the vector Wk X WBT( to be the rotation
axis.

We then transform the velocity vectors at each neighbor-
ing point Py into vectors that lie in P’s tangent plane. The re-
sulting vectors are defined as Gy’s velocity vectors (see Fig-
ure 4). Such transformations should cause no or only negligi-
ble distortions. This is achieved by the matrix My = MMy,
where M}/ rotates the vector i’ into i around point P with
the vector iy’ x fi to be the rotation axis, where i is the nor-
mal vector at neighboring point P and i’ = My .

4.3. Rotate and Align the Velocity Vectors

The local LBM computation can not yet be directly applied
as on the 2D unstructured grid, because the velocity vectors
of the ghost points have different orientations from those of
point P’s velocity vectors (see Figure 5).

Figure 5: The velocity vectors of the ghost points have differ-
ent orientations from those of the point P’s velocity vectors.

Our solution to this is to rotate the velocity vectors of the
ghost points and align them with P’s velocity vectors. Ac-
cordingly, the particle distribution functions need to be re-
computed in order to preserve the flow properties, such as
the fluid density p and the fluid velocity U (see Figure 6).
For a given ghost point Gy, we denote the rotation angle as
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O, which is in the range of [0, 271]. We denote the original ve-
locity vectors and their associated particle distributions as e]
and f/ respectively. The target velocity vectors and the cor-
responding new particle distribution functions are denoted
as ej and fj respectively.

Figure 6: (a) We rotate the velocity vectors e] of a ghost
point and align them with the velocity vectors e; of point P.
© is the rotation angle. The original particle distributions
are denoted as f/. (b) We recompute the new particle distri-
butions f; for the rotated velocity vectors, which preserve the
fluid density p and the fluid velocity T.

The following equations preserve the fluid density and the
fluid velocity:

Yfhi=p =31, (13)
Yhe = 0 =y (14)

They can be further supplemented with equations for pre-
serving the energy, the stress tensor, and other flow proper-
ties. However, they are enough for our visual simulation and
we have chosen the following way to satisfy them.

Without loss of generality, let’s assume the rotation angle
© is in the range of [0, 77/2], meaning that ey is between e
and e,. We let fg equal fg. The values fy, .., f4 are computed
based on f], .., f;. In this computation, we first let

f=(f]+ 5+ f5+f4) /4. (15)
Then we subtract f from each f/ (i=1,..,4) and get
Ni=f—f i=1,.4 (16)

After that, we project the vectors A’ie{ and A’i; 1€, on the
direction of e;. The resulting vector length is

A =A'icos(©) +A'j18in(@), i=1,..4 17
Finally, we add f back and get

fi=f+A, i=1,.4. (18)

It is easy to prove that Y, fi = ¥, f/ = 4f and
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st fiei =y, f/el. Similarly, we compute the values fs,
.., fg based on fZ, .., f§. Thus Equation 13 and 14 are satis-
fied.

5. Enhancements to Our Model

In this section, we introduce other elements that enhance our
flow model over curved surfaces. They are boundary condi-
tions, body forces, vorticity confinement on the unstructured
grid, and multi-component fluids. Because these computa-
tions also only involve local operations and can be executed
in flattened 1-ring neighborhoods, adapting them from previ-
ous 2D LBM models to our model is straightforward. From
this part on, unless otherwise specially stated, all values and
operations are presented in the tangent spaces (3,T) at mesh
points.

5.1. Boundary Conditions

Ubertini et al. [UBS03] have introduced three ways to han-
dle static and moving boundary conditions in the 2D un-
structured LBM. They are, listed ascending in terms of im-
plementation difficulty as well as physical accuracy, equi-
librium method, mirror method, and covolume method. We
have implemented the first method, which takes to set the
particle distribution functions f; as the equilibrium particle
distribution functions fieq for every boundary point. These
fieq are calculated using Equation 4, in which U is set as the
boundary velocity.

5.2. Body Forces

Body forces can be user applied force, gravity, vorticity con-
finement force, and etc. For each mesh point P, if the force
vector is not in its tangent plane, we need to project it onto
the tangent plane. We denote the resulting vector as F. Then,
this force affects the local particle distribution functions as
follows, according to the previous work of LBM [BGO00].

(2t1-1)
2T

fi — fi+ BF -gj, (19)

where B is the constant which has appeared in Equation 4.

5.3. Vorticity Confinement on Unstructured Grid

The vorticity confinement force adds small scale rolling fea-
tures that are usually absent on coarse grid simulations. Fed-
kiw et al. [FSJO1] have firstly introduced to computer graph-
ics the vorticity confinement method on the regular grid for
the visual simulation of smoke.

Recently, a vorticity confinement formulation for the un-
structured grid has been derived using dimensional analysis
by Ldéhner et al. [LYRO3]. We have incorporated this force
into our model. The vorticity confinement force R is ex-
pressed as a function of the local vorticity-based Reynolds-
number Re, 1, the local element size h, the vorticity cw, and

the gradient of the absolute value of the voriticity.

Fec = 9(Regn)Cuph?0]w| x w, (20)
Reg,h— Re?
g(Rewn) = max [O,min [l,MH ., (21)
Re@h — Rew’h
h2
Regn = M 22)
w = Ox0, 23)

where ¢, is a constant regardless of the grid, and Re\?\,‘h

and Re\}mh are two parameters defining the effective range
of Reyn. Note that calculations of Equation 20 and Equa-
tion 23 involve the finite difference operations O and Ox
respectively. The method to calculate these finite difference
operations on the unstructured grid is introduced in the Ap-
pendix.

5.4. Multi-Component Fluids

The interaction of multiple-component fluids is a specially
interesting and complex phenomenon, which has not been
adequately addressed in computer graphics. In computa-
tional physics, there is a large literature for using the LBM to
model this phenomenon, by taking the advantages of LBM
in handling microscopic interactions. The fluids can be ei-
ther immiscible or miscible. In our work, we focus on the
immiscible two-component fluid, in which the interface be-
tween two fluids is always maintained. Adapting miscible
fluids models into our model should be feasible as well.

Our method is based on the classic 2D LBM model for im-
miscible binary fluids [GRZZ91]. Red and blue particle dis-
tribution functions I and fP are introduced to represent two
different components of the fluid. From them, the density
and velocity of the two fluids can be computed by Equation
1. The total (or the color-blind) particle distribution function
is defined as fj = f + fib. The collision is applied on f; as
usual. After this, a special two-step two-component collision
rule maintains the interfaces that separate the different com-
ponents.

The first step is to add a perturbation to the particle distri-
bution near the interface which creates the correct surface-
tension dynamics. The interface is located by computing the
local color gradient @, which is perpendicular to the inter-
face. The perturbation to each color-blind particle distribu-
tion is given by:

fi = fi + Alg|cos2(6; — 6y), (24)

where 6; is the angle of velocity vector e; and 6y is the an-
gle of the local color gradient g. This operation redistributes
mass near the interface, depletes mass along lattice links par-
allel to the interface and adds mass to the links perpendicular
to the interface, while the total mass and momentum are con-
served.

The second step is to recolor the mass after perturbation in

(© The Eurographics Association 2005.
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order to separate the two different components and maintain
a clear interface. This is achieved by solving a maximization
problem :

W (fr, tb) = max[ 3 (ff - £0)g; ] . (25)
To conserve the total red mass and blue mass, ¥; ﬁf must
equal to the total amount of red mass before collision. To
conserve the mass in each lattice direction, f/ + f° = f;
should be satisfied.

After the above collisions, the streaming is applied on ﬁr

and fAib, and then the color-blind particle distribution is re-
computed for the next time-step.

6. Implementation
6.1. Preprocessing

In preprocessing, we first scale up/down the mesh size, mak-
ing the average edge length to be one. The reason for doing
this is to make uniform parameters regardless of the orig-
inal mesh dimension. Then the following values at every
mesh point are calculated: the local frame, the positions of
ghost points and their rotation angles © (mentioned in Sec-
tion 4.3), and the coefficients Sjx and Cjx used in Equation
6.

6.2. Computational Procedure

The computational procedure of the flow simulation is listed
as follows:

1 Initialize the values u, p, ™
2. Update f; for all ghost points
3: Compute U, p and fieq for all ghost points
4: for every mesh point do
Apply streaming and collision using Equation 6
Compute and apply body forces
if a boundary point then
Apply boundary condition
end if
10.  Compute , p and f™
11: end for
12: Jump to line 2

, and f; for all mesh points

© o NG

This procedure is only for the single-component fluid. It can
be just slightly modified as described in Section 5.4 to sim-
ulate the immiscible two-component fluid.

7. Results

We list here the results of several examples sim-
ulated with our model (please see the accompa-
nying video which can also be downloaded at
http://www.cs.sunysh.edu/~vislab/projects/amorphous/
animations/ULBMS)/).

(© The Eurographics Association 2005.

Figure 7(a) and 7(b) show the flows over a dog surface
and a two-hole torus surface respectively. We periodically
deposit a material on the surfaces. Because the density of
this material is larger than that of the fluid, gravity force
drives the fluid to move, which causes the advection of the
material. This advection is modeled by applying the semi-
Lagrangian backtracing scheme with the flow velocity field
in the flattened neighborhoods. Note that in some region, the
fluid moves in the opposite direction of gravity due to in-
compressibility.

Figure 8 and Figure 9 show interactions of the flow over
surfaces with boundary objects. In Figure 8, static bound-
aries over the dog model are the text shape SCA 2005 and the
star shape. Figure 9 shows animated boundaries, the white
objects moving inside and activating the flow on the sphere.
We visualize the velocity field using the existing image-
based flow visualization method for curved surfaces [VWO03].

Figure 10(a) and Figure 10(b) shows the immiscible two-
component fluids over surfaces. For the simulation of Figure
10(a), at the beginning, the left part of the sphere are full
of blue fluid while the right part full of pink fluid. The blue
fluid is denser than the pink one. Gravity causes a turbulent
flow motion, resulting very complex interfaces between two
parts. For the simulation of Figure 10(b), the blue and pink
fluids have the same density. Two parts continuously inoscu-
late with each other, resulting in interesting dynamics.

Table 1: Frame rates of our simulations.

Model Vertices ~ Faces  Frames/Second
Figure 7(a) Dog 37,502 75,000 17
Figure 7(b) ~ Two-Hole Torus 49,998 100,000 13
Figure 8 Dog 37,502 75,000 1.7
Figure 9 Sphere 4,098 8,192 10.0
Figure 10(a) Sphere 4,098 8,192 7.8
Figure 10(b) Skull 3,752 7,500 8.1

We report the performance of our simulations in Table 1.
All the frame rates are measured on a Intel Xeon 2.40GHz
processor. The per-step simulation time is nearly linear to the
number of surface vertices for the single-component fluid.
The preprocessing time for each of the examples, unlisted in
the table, is in the range of 0.5 to 3.0 seconds.

8. Discussions

In previous sections, we have shown that our microscopic
based computations simplify the modeling of fluids on
curved surfaces. All operations are local and explicitly par-
allel. This allows the model the potential to be accelerated
on model SIMD processors, such as graphics cards (GPUSs).
The model also lends flexibility in handling interaction of the
fluid with static/moving boundary objects and interaction of
multiple component fluids. Furthermore, it is worth to point
out that the unstructured LBM and our extended version are
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Figure 7: Flow motion due to gravity on (a) the dog model and (b) the two-hole torus model.

Figure 9: Flow motion caused by the animated boundary objects on the sphere.

(© The Eurographics Association 2005.
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Figure 10: Immiscible two-component fluids, colored in blue and pink. (a) a turbulent mixture of two components on the sphere.

(b) a peaceful inosculation on the skull.

not limited to triangular meshes. Using the finite volume
technique described in Section 3.2, they can actually be de-
rived for meshes with arbitrary connectivity [PXDC98].

As an explicit method, our model has the limitations in
stability. The unstable states could be reached when the par-
ticle distribution functions f; computed by Equation 6 be-
came minus values. This could be caused by three factors:
large time-step dt, long and narrow triangles or sharp fea-
tures on the surface mesh. For dt, we have found that 0.25 is
stable for all of our simulations. Long and narrow triangles
cause large value of the coefficients Sji, which may result in
minus values f;. Fortunately, we can address this problem by
preprocessing the mesh models using the existing edge flip
algorithm [dBvKOSO0Q] to replace these triangles with trian-
gles whose smallest internal angles are bigger. If the mesh
has sharp features, we may need to smoothen them, for ex-
ample, using subdivision methods.

9. Conclusions and Future Work

The contributions of this paper are: (1) We have extended the
2D unstructured LBM maodel to 3D curved surface meshes
of arbitrary topology. (2) Compared with previous models
solving the complex flow motion on curved surfaces, our
microscopic-based model has advantages in simplicity and
explicit parallelism of its computations. It can be easily ex-
tended to meshes with arbitrary connectivity as well. (3) We
have demonstrated that the features such as static/animated
boundary conditions, body forces, vorticity confinement for
unstructured grid, and multi-component fluids can be easily
incorporated in our model, making it a powerful solution.

In the future work, we plan to accelerate our model on the
GPUs, taking advantages of their SIMD data processing ca-
pability to achieve real-time performance. Another direction

(© The Eurographics Association 2005.

for further research is to design the unstructured LBM over
curved surface based on the multiple-relaxation-time LBM
scheme [DGK*02], which is more stable in computation.

Appendix: Finite Difference Operators on Unstructured
Grid

Equation 20 and 23 involve the calculation of finite differ-
ence operators [J and 0Ox on the unstructured grid. In our
case, these operators are executed in the flattened 1-ring
neighborhoods on the tangent planes. This is done as fol-
lows. Four virtual points are defined with local coordinates
(—=b,0), (b,0), (0,—b) and (0,b) in the tangent space (we set
b as 0.3h). The flow properties at each virtual points are ob-
tained by using bilinear interpolation in the appropriate tri-
angle. Finally, the finite difference operator is executed upon
these flow properties, similar to on a regular grid. Note that
for all virtual points, the computation for determining which
triangles they reside in and the corresponding bilinear inter-
polation coefficients can be done in the preprocessing time.
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