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ABSTRACT

This paper presents a method to simulate the melting and
�owing phenomena with different materials in multiple
phases. In such a multiphase environment, solid objects are
melted because of heating and the melted liquid �ows while
interacting with the ambient air �ow. Our simulation is based
on a modi�ed lattice Boltzmann method (LBM), where the
�uid dynamics of the air �ow and the melted liquid is mod-
eled within a common lattice framework. Therefore, no par-
ticular front tracking methods are required for the liquid-air
interface. The liquid-solid and air-solid interfaces are im-
plemented as curved boundaries in the LBM, which can ac-
commodate arbitrarily shaped solid objects. Heat transferis
incorporated with a �nite difference discretization of a stan-
dard diffusion-advection equation simulating the tempera-
ture evolution. The temperature and body forces (gravity and
surface tension) are easily applied by adopting a new version
of the LBM: multiple-relaxation-time LBM (MRTLBM).
The melting and �owing behavior is controlled by the heat
source, the viscosity and the body forces. All the numeri-
cal computations in our method are local and parallelizable,
therefore, interactive speed is achieved by hardware acceler-
ation on the contemporary graphics hardware (GPU).

Keywords: Melting, Fluid dynamics, Lattice Boltzmann
method, Multiphase, Heat transfer

1 INTRODUCTION

Modeling and simulating the natural phenomena involving
materials in multiple phases, such as melting, freezing, thaw-
ing, boiling and evaporation, has been an interesting topicfor
computer graphics researchers. However, these phenomena
involve phase transition, heat exchange, �uid dynamics and
rigid body deformation, which makes them a great challenge
for computer simulation. Some researches have been con-
ducted on this topic in computer graphics [1, 17, 21, 28].
In this paper, we present a straightforward and paralleliz-
able framework for modeling the melting and �owing in a
multiphase environment incorporating solid, melted liquid
and surrounding air. Our main contributions are: (1) Based
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on a multiphase lattice Boltzmann method (LBM) [24], our
method provides a simple and fast computational framework
for the simulation of complex �ow behaviors with heat ef-
fects, which is easily accelerated on contemporary graphics
hardware (GPU); (2) Our method includes solid, liquid and
air in a uniform lattice structure and simulates their dynam-
ics in one common microscopic updating scheme. That is,
the �owing behavior of the melted liquid is in�uenced by
the air �ows. In comparison, most previous work excludes
the effects from the surrounding air by using particular free-
surface modeling methods.

One of the important tasks and challenges in modeling dy-
namic behaviors inside a multiphase environment is to cap-
ture the interfaces between different materials at each nu-
merical step. Traditional front tracking methods, such as
level set methods, require interface reconstruction in order
to determine the curvature of the interface and in turn the in-
�uence of surface tension on the �uid momentum. Accurate
interface reconstruction is preferred. For instance, goodvi-
sual results are achieved in free-surface water modeling [6]
by using a particle level set method. However, the recon-
struction procedure consumes large computation resources.
The LBM offers a valuable alternative that can deal with the
dynamic interfaces between multiphase materials in a simple
way with its local and parallel computations.

The LBM constructs simpli�ed kinetic models that in-
corporate the essential physics of microscopic processes so
that the macroscopic averaged properties obey the desired
macroscopic Navier-Stokes (NS) equations for �uid dynam-
ics. Since the LBM proceeds at a microscopic scale, it is able
to model the multiphase �ows including liquid and gas with
various viscosities and complex boundaries by its local op-
erators. Furthermore, the multiphase �ows are simulated in
a uniform computational framework. Therefore, our method
incorporates the air effects and avoids the extrapolation op-
erations (e.g., [6]) required by surface reconstruction.

In our method, the simulating space is discretized into a
lattice structure in which each cell has its speci�c proper-
ties, including density, velocity, temperature, phase mode,
etc. The interfaces between different phases evolve inside
the collision-streaming scheme of the LBM without any ex-
plicit front reconstruction. The phase transition from solid to
liquid is modeled by changing the phase mode of a cell ac-



cording to the temperature variation. Meanwhile, the liquid-
gas transition is determined by the amount of liquid mass at
the cell. In our LBM implementation, the microscopic parti-
cle propagation operators are specially designed with respect
to the interfaces, while obeying the rules of Boltzmann dy-
namics for �uids. The macroscopic behaviors are controlled
by heat sources, viscosities and other physical properties.

In the direct numerical simulation of the incompressible
NS equations, the pressure satis�es a Poisson equation with
velocity strains acting as sources. This equation requiresit-
eratively solving a large linear system. In contrast, as an
explicit solver for NS equations, the LBM operators are lo-
cal and especially suitable for acceleration on the GPU to
achieve good performance.

Heat transport is clearly an important factor behind the
melting phenomena. A standard diffusion-advection equa-
tion governing the temperature evolution is incorporated into
the LBM framework. This equation models the heat propa-
gation in solid, liquid and air with different parameters. The
body forces, such as gravity and surface tension, are nat-
urally included in our LBM structure and play an impor-
tant role in the �owing behavior. We adopt a new version
of the LBM, multiple-relaxation-time LBM (MRTLBM),
which easily accommodates the temperature and the body
forces, as well as improves the stability of our numerical
computation.

The remainder of the paper is organized as follows. In the
next section, we give a brief review of the related work. We
then describe the MRTLBM framework in Section 3. In Sec-
tion 4, the heat transfer and the body forces are introduced
and added to the MRTLBM. In Section 5, the methods of
handling the multiphase interfaces and the modi�ed LBM
rules are proposed. Finally, we describe our simulation re-
sults and performance.

2 RELATED WORK

A variety of physics-based approaches have been applied
to model �uid phenomena. In particular, the application of
CFD methods for solving the Navier-Stokes (NS) equations
has led to a signi�cant advance in the visualization of gas,
�re, and �uids. In particular, Foster and Metaxas [8] de-
veloped a method for the realistic animation of �uids using
velocity and pressure �elds to drive the liquid surface, which
was represented by a height �eld. Later, they presented a full
3D �nite difference solution of the NS equations to simulate
the turbulent rotational motion of a gas [9] driven by ther-
mal buoyancy. Stam [23] devised a �uid solver using semi-
Lagrangian advection schemes for the NS equations. This
method is able to achieve real-time speed on a low-resolution
grid without time step restrictions. Vortex con�nement was
applied to feed energy back into the vortices [7] for smoke
modeling and to couple the vortex particles into the grid-
based computation [22]. Using the level set method to track
the moving �ame surface and water surface, realistic looking

turbulent �ames and water were generated [6, 18]. Particle
based methods [16, 19, 21] have also been applied to model
�uid with interactive simulation and easy user-control.

The LBM is an alternative microscopic solver for the NS
equations, which can be proved by Chapman-Enskog analy-
sis [2]. The LBM has achieved success in the physics and
computational science world both in the analytical and prac-
tical points of view. It has also been successfully used in
graphics for simulating a variety of �uid phenomena with
complex boundary conditions [3, 27, 29]. These previous ef-
forts are based on a single-relaxation-time LBM (SRTLBM).
The multiple-relaxation-time LBM (MRTLBM) [4] is a new
approach of LBM providing increased numerical stability
and easy tuning of the viscosity and other �uid proper-
ties. We have applied it to simulate dispersions in urban
environment [20]. In this previous work, however, we did
not incorporate temperature effects directly into the LBM.
McCracken et al. [14] used the index function and the
MRTLBM to model two-phase �ows in 2D, which shows
that the MRTLBM can provide more accurate and stable sim-
ulations than the SRTLBM.

Simulating and visualizing the melting, �owing, and so-
lidi�cation of materials presents interesting challengesfor
researchers. Terzopoulos et al. [26] implemented a hybrid
mesh-particle method for heating and melting deformable
models. Carlson et al. [1] used a Marker-and-Cell algorithm
for NS equation to simulate the �uids with the material vis-
cosity represented as either a linear or quadratic functionof
the temperature. Wei et al. [28] presented a simple, lin-
ear 3D cellular automaton for animating the melting of solid
volumetric models. In their model, the convected tempera-
ture was used to set the status of a voxel as either �uid or
solid. Müller et al. [17] presented a method for modeling
and animating a wide spectrum of volumetric objects with
material properties in the range from stiff elastic to highly
plastic, including melting behavior. Rasmussen et al. [21]
provided direct controls for liquid behavior in order to facil-
itate the generation of melting effects in movies. Goktekin
et al. [10] described a technique for animating the behavior
of viscoelastic �uids that exhibit a combination of both �uid
and solid characteristics. Zhu and Bridson [31] presented a
�uid simulator for animating sand and created the melting-
like behavior of the sand by reconstructing a surface from
particles.

Our method simulates melting and �owing by utilizing
the ability of the LBM for modeling multiphase or multi-
component �ows. Level set methods have also been used
for two-phase �ow [25]. Free surface �uid simulation is a
simpli�ed multiphase scenario, where the surrounding air is
not modeled and simpli�ed as an empty space. Enright et al.
[6] have addressed this issue with a particle level set method,
which has also been used by Rasmussen et al.[21]. Thuerey
and Rude [27] presented free surface simulations based on
the LBM for animation of liquids with and without level
sets. Zhu and Bridson [31] utilized a fully particle-based
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Figure 1: The D3Q13 lattice geometry. The particle distribution fi is associated
with the link corresponding to the ei velocity vector from a lattice site (blue) to
its neighbors (red).

reconstruction for generating surfaces. Our method differs
from theirs in that the liquid interacts with the surrounding
air and no particular front tracking method outside of the
LBM framework is required.

3 MULTIPLE -RELAXATION -TIME LBM

The LBM is a parallel and ef�cient algorithm for simulat-
ing �ows and incorporating additional physical complexities.
The fundamental idea of the LBM is to model �uid dynam-
ics based on the collective behavior of many microscopic
particles. The kinetic equation provides many advantages
of molecular dynamics necessary for the modeling of �uids,
including easy implementation of boundary conditions and
fully parallel algorithms. The NS equations can be derived
in the nearly incompressible limit of the LBM, which can be
shown by a Chapman-Enskog expansion [2]. We would like
to refer the readers to the book [24] for complete description
and discussion of the LBM.

Originated from lattice gas automata, the LBM models
Boltzmann particle dynamics on a 3D lattice. The D3Q13
lattice (three dimensions, thirteen links) is illustratedin Fig-
ure 1. The variables associated with each lattice site are the
particle distributionsfi that represent the probability of the
presence of a �uid particle with a given velocity vectorei ,
wherei 2 0: : :12 represents one of the 13 discrete directions.
Particles stream synchronously along the lattice links to their
neighbors in discrete time steps. Between streaming steps,
they undergo collision, which occurs when particles arriv-
ing at a node interact and change their velocity directions
according to the scattering rules. In these scattering rules,
the macroscopic properties (e.g., body forces) affect the mi-
croscopic particle dynamics. The primary LBM model rep-
resents Boltzmann dynamics as a discrete kinetic equation
with a two-step process of collision and ballistic streaming:

fi (r ;t � ) = fi (r ;t) �
1
t

( fi (r ;t) � f eq
i (r ;u)) ) collision (1)

fi(r + ei;t + 1) = fi(r ;t � ) ) streaming (2)

wherer andr + ei locate a lattice node and its neighboring
node along linki, respectively. The distribution denoted as
f eq
i represents a local equilibrium distribution, whose value

is usually de�ned as a linear function (BGK model [24])
of the conserved quantities: massr = å i fi and momentum
p = r u = å i fiei . The constantt represents the relaxation
time scale that determines the viscosity of the �ow. For the
kinematic shear viscosityn, t is de�ned ast = 6n+ 1

2 . For a
turbulent �uid that has low viscosity, the values ofn andt
are smaller than for a laminar �uid. Therefore, in simulation
one can observe more vortices for such �uid.

Only one parameter,t , is used to control the �uid behavior
in Equations 1 and 2. Therefore, this primary LBM is called
single-relaxation-time LBM (SRTLBM). The SRTLBM is
prone to unstable numerical computation when used for
low viscosity �uids (high turbulent �uids) or incorporated
with temperatures or body forces. Therefore, we use a
newer version of the LBM, multiple-relaxation-time LBM
(MRTLBM) [4], as the multiphase framework of our melt-
ing and �owing simulation. It differs from the SRTLBM in
that a new collision operator operates the single relaxation
approach in Equation 1. The new collision operates in the
space of hydrodynamic moments representing density, mo-
mentum, energy, etc. These moments, denoted asmi , are
mapped from the particle distributions as

jmi = Mj f i ; (3)

wherej f i = ( f0; f1; : : : ; fn)T , jmi = ( m0;m1; : : : ;mn)T andn
is the number of lattice links of a node to its neighbors. For
the D3Q13 lattice, each of the 13 moments has a physical
meaning:m0 is the mass densityr , m1;2;3 are the compo-
nents of the momentum vectorp, m4 is the energy, and the
other higher order moments are components of the stress ten-
sor and other high order tensors. Although the values of the
distributions and the moments vary over the nodes of the lat-
tice, the matrixM is simply constant for a given lattice struc-
ture. For example, sincer = å i fi , the �rst row of M consists
of all ones. Mathematically, the collision of the MRTLBM
is described as:

j f (r ;t � )i = j f (r ;t)i � M� 1S
�
jm(r ;t)i � j meq(r ;t)i

�
: (4)

Note that Equation 1 can be seen as a special case of Equa-
tion 4, where the relaxation matrixS is a diagonal matrix
with all the diagonal elements have only one value,1

t . In the
MRTLBM, S is also a diagonal matrix, where the diagonal
elementsf si ji = 0;1; : : : ;ng are different and have their own
physical meanings. Using the D3Q13 lattice in Figure 1 as
an example (each cell includes the center cell with zero ve-
locity and the twelve minor-diagonal neighboring links), the
kinematic shear and bulk viscosities,n andx , de�ne s5 and
s6 as:

s5 =
1

x=( 2
3 � gc2

s0) + 1
2

; (5)

s6 =
1

2n + 1
2

; (6)



whereg is the speci�c heat,cs0 is the isothermal speed of
sound and they are constant for a particular material.

By setting parameters inS, users have the freedom to
choose the �ow parameters to de�ne characteristics of the
�uid being modeled. For example, the viscosities can be eas-
ily chosen to control the �uid behavior for different materi-
als, and this choice then determines the relaxation rates asin
Equations 5 and 6. Moreover, it has been proven [11] that the
MRTLBM increases the numerical stability. More details of
the MRTLBM of the values of the constants and matrices can
be found in [11]. In our simulation, the MRTLBM provides a
powerful framework where body forces and heat effects can
be easily added to the momentsmi , because the moments
have explicit physical meanings, such as momentum and en-
ergy.

4 HEAT TRANSFER AND BODY FORCES

Heat transfers in the simulation space and melts solid mate-
rials to liquid, triggering the �ow of the liquid. The tempera-
ture evolution is governed by a diffusion-advection equation,

¶tT + u � ÑT = kDT; (7)

wherek is the thermal diffusivity of the material andu is
the velocity. This equation is solved by �nite-difference op-
erators. The stencil of these operators are de�ned in the
same symmetric structure as the LBM lattice to keep the sys-
tem stable when combined with the MRTLBM [11]. For a
D3Q13 LBM structure, thex component of the gradientÑT
is computed by the �nite difference operator as:

Ñ̂T(i; j;k) =
1
8

[T(i + 1; j + 1;k) � T(i � 1; j + 1;k)

+ T(i + 1; j � 1;k) � T(i � 1; j � 1;k)

+ T(i + 1; j;k+ 1) � T(i � 1; j;k+ 1)

+ T(i + 1; j;k � 1) � T(i � 1; j;k � 1)]:

For they andz components, theÑT is de�ned in the same
manner. The �nite difference Laplacian operatorDT are
computed as:

D̂T(i; j;k) =
1
4

[T(i + 1; j + 1;k) + T(i � 1; j + 1;k)

+ T(i + 1; j � 1;k) + T(i � 1; j � 1;k)

+ T(i + 1; j;k+ 1) + T(i � 1; j;k+ 1)

+ T(i + 1; j + 1;k� 1) + T(i; j � 1;k � 1)

+ T(i; j + 1;k+ 1) + T(i; j � 1;k+ 1)

+ T(i; j;k � 1) + T(i � 1; j;k � 1)

� 3T(i; j;k)]:

The temperature is coupled to the MRTLBM in order to
model the interaction between the heat and the �ow dynam-
ics. The momentm4 represents the energy, therefore, the

temperature can be added to the MRTLBM when computing
the equilibriummeq

4 :

meq
4 = n1r + n2p � p + n3T; (8)

where the parameters,n1 to n3, are constants and physically
de�ned by the linear analysis. After couplingT to meq

4 , our
method could model the buoyancy �ow generated solely by
a heat source.

The temperature of each cell de�nes the viscosity of the
�uid material. In the LBM, each cell has its own viscosity
value. We set the viscosity as a function of the temperature
and then de�ne the relaxation times of the LBM, as described
in Equations 5 and 6. In comparison, the implicit NS solvers
[23] take the constant viscosity effect in a diffusion term.
When solving variable viscosity [1], the viscosities between
pairs of adjacent cells are averaged to modify the diffusion
solver. This is demanded due to its macroscopic feature for
solving the Laplacian term. On the other hand, the LBM
implements the viscosity variation simply and naturally be-
cause its microscopic operations avoid solving the gradient
and Laplacian terms with �nite difference operators.

The body forces play important roles in our melting mod-
eling. The gravityFg makes the melted liquid �ow down-
wards and the surface tensionFs gives the �uid realistic be-
havior and appearance. In our implementation, besides the
gravity, the surface tension is de�ned as:

Fs = l r ÑÑ2r ; (9)

wherer is the density andl de�nes the magnitude of the
force. For the MRTLBM, the momentsm1;2;3 are the com-
ponents of the momentum vectorp of each cell. Therefore,
the body forceF = Fg+ Fs is added to the equilibriummeq

1;2;3:

pnew= p + Fdt; (10)

wheredt is the time interval and the value is set to 1 for each
time step in the LBM. In previous work [7], the tempera-
ture was usually applied to the �ow dynamics as a buoyancy
force based on the Boussinesq approximation (i.e., the den-
sity variation only appears in the force term), and the cou-
pling parameters are usually chosen manually. Besides ap-
plying the temperature to the MRTLBM as an energy term,
we also implement adding the temperature as a buoyancy
force, which generates similar results.

Solving the temperature equation and applying the body
forces are based on local operators that only require the
neighboring data. This allows them to be parallelized along
with the MRTLBM. Therefore, all the numerical computa-
tions of our method, including the LBM and the heat trans-
fer, are accelerated on the GPU at the same time. We refer
the readers to our previous work [12] for more information
on the acceleration of the LBM on the GPU.

5 MULTIPHASE I NTERFACES

Our melting simulation accommodates solid objects, melted
liquid, as well as the air surrounding them, in one lattice



Figure 2: Bounce back rule for solid-�uid interface.

structure with each cell having a dynamic phase mode. An
object can be of arbitrary shape and it affects the �ow be-
havior on solid-�uid interfaces as curved boundaries of the
LBM. Our method has the advantage that it includes the dy-
namics of multiphase �uids (liquid and air) in one common
computational structure and it does not need to explicitly
track the free surfaces. However, this requires the delib-
erate adjustment of the LBM updating rules. Next, we de-
scribe two kinds of interfaces, solid-�uid and liquid-air,re-
spectively.

5.1 Solid objects

In the melting and �owing environment, the solid objects can
be categorized into two groups. In the �rst group, the solid
objects are not meltable and keep their geometries constant
in the simulation. In the second, the objects are melting be-
cause of the heating. In any given time, some parts are still
solid and the others have been transformed into melted liq-
uids.

5.1.1 Non-meltable objects

Interactions between an LBM �ow �eld and an immersed
non-meltable object result from the exchange of momentum
at their shared boundaries. The treatment of boundary con-
ditions of the MRTLBM are handled in the discrete velocity
space after a general streaming simulating step (Equation 2).
Generally, there exist two types of boundaries in the LBM:
(1) the surrounding wall of the LBM simulation space; (2)
internal objects. These have been discussed in our previous
work [29]. In our melting simulation, we implemented peri-
odic, out-�ow and bounce-back conditions [24] for the walls,
as well as an improved bounce-back rule for curved, moving
no-slip boundaries [15] for the internal objects. In summary,
for the non-meltable objects, we take advantage of the LBM
features that it can ef�ciently deal with complex objects with
arbitrary geometries.

5.1.2 Melting objects

The melting solids are the other group of objects inside the
simulation space. They melt due to the heat energy which
changes the phase mode of the occupied cells from solid

to liquid. When the temperature of a solid cell exceeds a
threshold, the mode of the cell is transformed to liquid. The
temperature distribution is computed by solving Equation 7.
In our simulation, we model the heat transfer not only in
the liquid and air, but also within the solids using the same
diffusion-advection equation. The diffusivity of the solid, k ,
is lower than that of the liquid and the gas �ows, and the
thermal advection velocity for the solid is set to zero. In
other words, the interior of the melting object only supports
temperature diffusion. Therefore, by using the same thermal
model with different parameters, we are able to evaluate the
temperature dispersion uniformly over the whole 3D simu-
lating space for both the solids and the �uids.

During melting, the unmelted solid cells act as rigid ob-
jects inside the �ows. They play a role of boundaries of the
LBM. However, we do not generate the mesh at each step
because their dynamic mode variation would make this too
expensive. Instead, we directly modify the particle distrib-
utions propagating between such a solid cell and its neigh-
boring �uid cells. The LBM streams the particles along a
link to its neighbor. As illustrated in Figure 2, along a link
direction i a solid cellS has a neighboring cellF that is a
liquid or a gas cell. While the streaming operation does not
apply toS, in the reverse directionri of the current direction
i, the particle distributionfri propagating fromSto F is re-
quired for the correct computation ofF. We apply the no-slip
boundary condition here, which is implemented by a simple
bounce-back rule [24]. Following this rule, all particle dis-
tributions sitting on a boundary node are reversed. In Figure
2, the reversed particle distribution ofF is straightforwardly
computed as:fri = fi . Between two unmelted solid cells, we
do not need to apply the LBM rules and simply leave their
original status. This differs from the method of Carlson et
al. [1] where the unmelted body is implemented with a very
high viscosity.

5.2 Liquid and gas

An LBM cell is set to liquid or gas phase mode for the melted
liquid and the ambient air, respectively. Both the liquid and
gas cells follow the LBM updating rules of collision and
streaming. Liquid and gas cells are treated differently in
the LBM streaming-collision implementation. Besides the
different temperature transfer behaviors, different viscosities
are de�ned and implemented with different relaxation ma-
trices (Equations 5 and 6). In order to achieve correct �ow
behavior, the update of particle distributions on the interface
of liquid and gas cells has to be modi�ed deliberately. This
interface is usually handled as a free surface (i.e., no sur-
rounding air �ow is considered) in previous work. Instead,
our method provides a solution involving both air and liquid
together without direct surface tracking. Moreover, the air
�ow affects the heat transfer process and then the �owing
behavior.
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Figure 3: Liquid (pink) and gas (white) interface. (a) Particle distributions between gas cell G and liquid cell L; (b) Unmodi�ed streaming results: gas particles �ow
into liquid improperly; (c) Modi�ed streaming results: gas particles are replaced by liquid particles; (d) Liquid mass is dragged forward by a body force D.

5.2.1 Modi�ed LBM rules

We illustrate our modi�ed LBM rules at the liquid-gas(air)
cell interface by Figure 3. At the beginning, a liquid cellL
and a gas cellG have their particle distributionsl andg, re-
spectively. During melting, the liquid pushes the interface
between it and the gas cell forward towards the gas cell.
When using the conventional streaming operator (Equation
2), g streams toL and the unmodi�ed streaming results are
shown in Figure 3(b). This is not correct because air cannot
stream into liquid body (If modeling boiling and vaporizing
this rule is correct due to the real mass exchange between
steam and water [30]). Therefore, we modify the streaming
rule: replace the particle distribution streamed fromG to L
by l � . To model that the gas is passively pushed by the liquid,
l � equals the equilibrium particle distributionleq of L at that
direction (see Figure 3(c)). This af�rms that the liquid �ows
into the gas space but the gas cannot stream into the liquid
body. l � can also be scaled by taking into account the inten-
sity of the gas velocity, which models the blowing effect on
the liquid.

Globally, the proper �owing of the liquid is achieved by
a driving body forceD (such as gravity) applied to the liq-
uid cell, which makesl � smaller in directions opposite to the
force and larger in the other directions, as shown in Figure
3(d). As a result, the force drags the liquid to �ow along the
force direction. Therefore, the key point of modeling proper
melting and �owing is to correctly introduce the body forces.
We add the gravity and the surface tension to the MRTLBM
as described in Section 4. Note that we explain our method
with the �gures only considering two neighbors. Actually,
the �ow behavior and the force effects are the combined re-
sults from all the valid neighbors for a particular cell.

In summary, by modifying the LBM rules between cells
with different phases, our method provides a fast and easily-
implemented framework to simulate melting and �owing in-
volving surrounding air �ow and heat distribution. Small
modi�cations are applied to the conventional LBM stream-
ing rules on the interfaces in the same manner than for gen-
eral boundary treatment. Consequently, without losing the
simplicity and elegance of the LBM operations, it yields vi-
sually realistic results with meaningful parameters (viscosi-

ties, body forces, etc.) to control �uid behaviors.

5.2.2 Mass exchange

To model the �owing of the melted liquid, each liquid cell is
assigned a mass when transformed from the solid. The mass
spreads from a liquid cell to a gas cell, which will change
the latter to a liquid cell. On the other hand, if the mass
of a liquid cell streams totally to its neighbors, the cell will
be occupied by the air and its mode changes to a gas cell.
At each simulation step, we update the phase modes of each
cell by comparing the mass value with a thresholdMThresand
reset the phase mode accordingly.

The liquid mass of every cell constructs together a scalar
�eld in the simulation space (for the solid and air cells, it is
set to zero). The evolution of the scalar �eld has been mod-
eled as an advection-diffusion equation by Stam [23]. We
apply the same idea to move the mass by a back-tracing algo-
rithm based on the method of characteristics (See Appendix
A in [23]). Because the �ow behavior is modeled in the LBM
by our modi�ed rules as described above, the back-tracing
method provides the correct mass �owing while using the
velocity �eld generated by the LBM. The mass distribution
in the simulation grid can be initialized from various mod-
els. In addition to the geometric meshes, volumetric datasets
provide non-homogeneous initial status to de�ne interesting
melting behaviors.

We generate the melting results by extracting geometric
meshes from the scalar mass �eld using the Marching Cubes
method [13]. Straightforwardly, the mass value is computed
on the lattice sites of the LBM. However, because the LBM
lattice is typically too coarse to generate smooth meshes,
we want to increase the resolution of the mass �eld to im-
prove the accuracy. Therefore, we subdivide an LBM cell
into smaller cells. Each small cell uses the back-tracing
method to modify its mass value, and the velocity of these
cells is computed by interpolation from the coarse velocity
�eld. This approach is better than directly generating a high-
resolution mass volume by linear interpolation. Such a solu-
tion is inspired by the particle level set method [6] that traces
marker particles each step to adjust the evolving interfaceon
a coarse velocity �eld. As this semi-Lagrangian approach,
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Figure 4: (a)-(d) Melting of a wax vase without wind effects: (a) Original vase; (b)-(d) Melting and �owing; (e)-(f) Melt ing of a wax vase with wind: (e) Original vase;
(f)-(h) Melting and �owing. For comparison, each image is ge nerated at the same simulation time as its counterpart in (a)-(d).

our method generates more accurate and smoother geomet-
ric meshes. At the same time, the LBM Eulerian comput-
ing structure is unchanged so that we can still accelerate the
computation on the GPU. We further improve the perfor-
mance by only subdividing the LBM cells on neighboring
regions of the current liquid-air interface at each simulation
step.

6 DISCUSSION

We include �uid dynamics of both the melted liquid and the
surrounding air in the LBM computation. Each cell in our
simulating space has its density, velocity, viscosity, temper-
ature and other physical properties. Therefore, we do not
need to perform the interface reconstruction at each step with
the extrapolations of the velocity �eld as in the free surface
modeling approaches. Our interface evolution is implicitly
implemented by the modi�ed LBM rules, which only add a
minimum overhead to the whole LBM scheme.

Currently, our simulation models non-meltable objects
and unmelted solids as �xed boundaries of the LBM. In the
near future, we would like to model the solid mechanics
(e.g., the movement and deformation) of these objects to-
gether with the �uid dynamics. This is one of the main chal-
lenges for physically based modeling in computer graphics.
The solution of this problem will create more realistic simu-
lation results, such as the melting solids bending, fallingor
�oating on the melted liquids.

As a lattice-based method, our approach suffers from the
same problem as other Eulerian methods: the accuracy of the
simulation depends on the size of the simulation grid. The
LBM does not iteratively solve a linear system from the Pois-
son equation of the pressure, which is required by implicit

(a) (b)

Figure 5: Velocity �eld streamlines of a melting vase. (a) No wind; (b) With
wind from the heat source.

�uid solvers. Thus, it can be straightforwardly accelerated
on SIMD (single instruction stream, multiple data stream)
processors, such as the GPU. While this does increase the
ability of the LBM to accommodate large grid size, the LBM
is an explicit solver and requires relatively small time steps
for stability. While the MRTLBM greatly improves the sta-
bility over previously used SRTLBM, some multi-resolution
schemes and adaptive time step schemes [5] have also been
applied to the LBM to address this issue.

7 RESULTS

We have applied our multiphase LBM-based melting method
to several examples. For the CPU version, our simulation is
timed on one 3.0GHz Pentium Xeon CPU with 1GB mem-
ory. We also accelerate the LBM simulation on a GPU
(nVidia GeForce 6800 Ultra). For a simulation lattice size of
643 that we used for examples, each computation step (i.e.,
each rendering frame) costs an average of 2484 milliseconds



on the CPU and 183 milliseconds on the GPU. The accelera-
tion on the GPU thus achieves a speedup factor of 13.5 over
the CPU implementations.

From the mass �eld of liquids, we generate geometric
meshes of the liquid-gas interface by the Marching Cubes
algorithm. Note that the method we described in Sec-
tion 5.2.2 provides us the �exibility to create higher res-
olution mass distribution than the LBM computation grid.
Therefore, more accurate and smoother meshes are gener-
ated. To achieve realistic rendering results, the geomet-
ric meshes of the melting materials, together with the non-
meltable internal objects, are rendered by ray tracing us-
ing the subsurface scattering method in Maya/MentalRay.
For each computational step, an image frame is rendered
and movies are generated from these frames to illus-
trate the resulting dynamics. The movies can be down-
loaded from our website (http://www.cs.sunysb.
edu/ � vislab/projects/amorphous/melting ).

Figure 4 illustrates the melting and �owing of a wax vase.
Figure 4(a)-(d) are generated without any air �ow. These
snapshots represent the procedure: the solid vase (Figure
4(a)), the beginning of the melting (Figure 4(b)), more parts
being melted (Figure 4(c)), and the �nal result (Figure 4(d)).
Heat is transferred in the simulation space with only diffu-
sion. Our method can include air �ow effects. Figure 4(e)-
(h) shows a sequence of images of melting with air �ow. A
wind blows from the heat source and brings heat to the vase.
For comparison, each image is generated at the same simula-
tion time as their counterparts in Figure 4(a)-(d). The melt-
ing process is obviously faster due to the wind blowing from
the heat source. In Figure 5, we show the streamlines of the
velocity �eld surrounding the vase in our simulation. With
the same heat source position, Figure 5(a) shows the stream-
lines created solely by the melted liquid �owing downwards
and Figure 5(b) shows the streamlines generated by both the
wind and the liquid at the same time step in Figure 5(a). The
color varies from red to blue as the temperature varies from
high to low, respectively. In Figure 5(b), the vase melts more
severely in contrast with Figure 5(a) due to the blowing wind.

Figure 6 shows the melting effects of a volumetric foot ob-
tained from CT scan. The bones of the foot are non-meltable
and play a role in the melting as internal objects. The skin
and other soft parts of the foot are melting and �owing, while
at the same time the bones are revealed. Figure 7 presents
that a volumetric head is melted by a heat source on the right
and �ows to the bottom. Starting from a CT dataset, the in-
ternal mass distribution is heterogeneous. Consequently,the
melting behavior illustrates this feature with some observed
caves and bulges. The viscosity here is low, which deter-
mines the turbulent �owing behavior of the melted liquid. In
Figure 8, we show two Chinese characters attached to a wall,
melting and �owing to the ground.

We use the 13-velocity LBM model in 3D to generate
these results. The lattice resolution is set as 643. The bounce-
back boundary conditions are applied for the six walls. As

for the temperature, on the left wall, a constant tempera-
ture 0:05 is maintained at a region (x = 0;y = [ 41: : :54];z=
[25: : :38]) to represent a heat source. Other than the heat
source, an initial temperature 0:0 is used and the thermal dif-
fusivity k = 0:1. The other walls of the computational vol-
ume are treated via the adiabatical thermal boundary condi-
tion ¶n̂T = 0, wheren̂ de�nes the unit normal outward. The
kinetic viscosityn = 0:6 for the melting liquid andn = 0:05
for the air. All the values we used are in the LBM lattice
units, please refer to reference [11] for details about setting
constants and parameters for the thermal LBM. We further
refer the reader to our previous work [29] for how to convert
the actual values of physical properties (space size, velocity,
etc.) to such dimensionless numbers for the LBM con�gura-
tion.

8 CONCLUSION

We have proposed a lattice-based method to simulate the nat-
ural melting and �owing phenomena, involving solid melt-
ing, liquid �owing and air circulation as well as the heat
exchanges among them. A multiple-relaxation-time lattice
Boltzmann method provides a good framework to model the
particular multiphase scenario in a uniform computational
scheme, including complex internal objects treatment, easy
viscosity adjustment, direct body force and heat incorpora-
tion. Based on this framework, we have pioneered modifying
the streaming-collision rules of the LBM to implement the
melting and �owing naturally with implicit interface evolu-
tion. The numerical computation of both the LBM and the
heat transfer adapts well to graphics hardware with only lo-
cal and parallel operations. In the future, we will apply this
framework to other multiphase phenomena, such as boiling
and vaporizing.
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