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- if (1,7) € ((6,6),(18,18), (18, 26), (26,18), (26,26))
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T if i €((18,6),(26,6))

1 if (i, 7) € (6,6),(18,18), (26, 26)
. if (i,7) = (6,18)

2Errds if (4,5) = (6,26)

M) =< 3 if (1,7) = (18,6)

%és:%y_r- if (¢,7) = (18, 26)

s if (4,5) = (26,6)

2372::_3" if (2,7) = (26, 18)

The limiting length ratios for a n® grid between 6-lines, 18-lines, and 26-lines are presented

in Table 2. In Table 3 we compare the randomly computed Cohen-Kaufman Ratios with the
actual analytical results. The results are quite consistant for all ratios.
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Table 2: The average length ratios between discrete distances in 3D

e — —

L Bes W dg | dyg dag
de¢ random | 1 1.76 | 1.84
' actual | 1.76 1.86667
' dyg | random | 0.57 1 1.05
| actual | 0.58395 | 1 1.05333
dsg¢ , random | 0.54 1 0.96 1
actual | 0.52608 | 0.95626 | 1

Table 3: Random vs Actual Average Length Ratios Between Discrete Distances
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simplifying the bounds on )

by (2.13), the definition of H.-
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simplifying the bounds on k

Alas! We don't know how to get a sum of harmonic numbers into closed form.

If we try summing first the other way, we get
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But there’s another way to proceed, if we replace k by k +
deciding to reduce S, to a sum of sums:

Sa = z r.l:—] recopying the given sum
1€ji<kgn
= z -IIE replacing k by k + )
\"‘7 1<j<k+i<n
5""-f = summing first on j 5“1\&
the eqpredies i indepeviy)
= the sum on j is trivial ** J
= by the associative law
= n( by gosh
== nl'l. -n. by (2.13), the definition of H,

Aha! Wo'n i:nnd S.. Combining this with the false starts we made gives us
a further identity as a bonus:

—

2 Hy = nH, —n. (3.36)
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