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The packed-memory array (PMA) is a data structure that maintains a dynamic set of N elements in sorted order
in a ©(N)-sized array. The idea is to intersperse ©(N) empty spaces or gaps among the elements so that only
a small number of elements need to be shifted around on an insert or delete. Because the elements are stored
physically in sorted order in memory or on disk, the PMA can be used to support extremely efficient range
queries. Specifically, the cost to scan L consecutive elements is O(1 + L/B) memory transfers.

This paper gives the first adaptive packed-memory array (APMA), which automatically adjusts to the input
pattern. Like the traditional PMA, any pattern of updates costs only O(log?N) amortized element moves and
O(1 + (log? N)/B) amortized memory transfers per update. However, the APMA performs even better on many
common input distributions achieving only O(logN) amortized element moves and O(1 + (logN)/B) amortized
memory transfers. The paper analyzes sequential inserts, where the insertions are to the front of the APMA,
hammer inserts, where the insertions “hammer” on one part of the APMA, random inserts, where the insertions
are after random elements in the APMA, and bulk inserts, where for constanta 2 [0,1], N® elements are inserted
after random elements in the APMA. The paper then gives simulation results that are consistent with the asymp-
totic bounds. For sequential insertions of roughly 1.4 million elements, the APMA has four times fewer element
moves per insertion than the traditional PMA and running times that are more than seven times faster.

Categories and Subject Descriptors: D.1.0 [Programming Technique3: General; E.1 [Data Structureg: Ar-
rays; E.1 [Data Structureg: Lists, stacks, queues; E.5 [Files]: Sorting/searching; H.3.3 [Information Storage
and Retrieval]: Information Search and Retrieval

General Terms: Algorithms, Experimentation, Performance, Theory.

Additional Key Words and Phrases: Adaptive Packed-Memory Array, Cache Oblivious, Locality Preserving,
Packed-Memory Array, Range Query, Rebalance, Sequential File Maintenance, Sequential Scan, Sparse Array.

1. INTRODUCTION

A classicaproblemin datastructuresanddatabasefs how to maintaina dynamicsetof
N elementdn sorted order in a ©(N)-sizedarray Theideais to interspersé®(N) empty
spacer gaps amongthe elementsso that only a small numberof elementsneedto be
shiftedaroundon aninsertor delete. Thesedatastructureseffectively simulatea library
bookshelfwheregapsonthe shehesmeanthatbooksareeasilyaddedandremoved.

Remarkablysuchdatastructurescanbe ef cient for ary patternof inserts/deletesin-
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deedjt hasbeerknown for overtwo decadeshatthe numberof elemenmovesperupdate
is only O(log?N) both amortized|ltai et al. 1981] andin the worstcase[Willard 1982;
1986;1992]. Sincethesedatastructuresvereproposedthis problemhasbeenstudiedun-
derdifferenthamesincludingsparsearrays|ltai etal. 1981;Katriel 2002],sequential le
maintenanceWillard 1982;1986;1992],andlist labeling [Dietz 1982;Dietz andSleator
1987; Dietz and Zhang1990; Dietz et al. 1994]. The problemis also closelyrelatedto
the order-maintenanceproblem[Dietz 1982; Tsakalidis1984; Dietz and Sleator1987;
Benderetal. 2002].

Recentlytherehasbeenrenaved interestin thesesparse-arraglatastructuresbecause
of their applicationin 1/0-ef cient andcache-oblious algorithms.The I/O-ef cient and
cacheobliviousversionof thesparsarrayis calledthepackedmemoryarray (PMA) [Ben-
deret al. 2000;2005]. The PMA maintainsN elementsn sortedorderin a ©(N)-sized
array It supportsthe operationsnsert delete,andscan Let B be the numberof ele-
mentsthat t within a memoryblock. To insertan elementy after a given elementx,
whengiven a pointerto x, or to deletex, costsO(log?N) amortizedelementmovesand
O(1+ (log?N)/B) amortizednemorytransfers The PMA maintainsthe densityinvariant
thatin ary region of sizeS (for S greatethansomesmallconstantvalue),thereare ©(S)
elementsstoredin it. To scanL elementsaftera givenelementx, whengivena pointerto
X, costs®(1+ L/B) memorytransfers.

The PMA hasbeenusedin cache-obliious B-trees[Benderet al. 2000; Benderet al.
2002;Brodaletal. 2002;Benderet al. 2004;Benderetal. 2005;Benderet al. 2006],con-
currentcache-oblriousB-treegBenderetal. 2005],cache-oblkiousstring B-tree[Bender
etal. 2006],andscanningstructureg§Benderetal. 2002]. A sparsearrayin the samespirit
asthePMA wasindependentlyproposedndusedin thelocality-preservind3-treeof [Ra-
man1999],althoughthe asymptoticspaceboundsaresuperlineaandthereforeinferior to
thelinearspaceboundsof the earliersparse-arragatastructuregltai etal. 1981; Willard
1982;1986;1992]andthe PMA [Benderetal. 2000;2005].

We now give moredetailsabouthow to implementsearchin a PMA. For example,the
updateandscanboundsabore assuméhatwe aregivena pointerto anelement; we now
shav how to nd sucha pointer. A straightforwardapproachis to usea standardinary
searchgslightly modi ed to dealwith gaps. However, binary searchdoesnot have good
datalocality. As a result, binary searchis not efcient whenthe PMA resideson disk
becauseearctrequiresO(1+ logdN /Be) memorytransfers An alternatve approachs to
useaseparaténdex into the array;theindex is designedor ef cient searchesln [Raman
1999]thatindex is a B-tree,andin [Benderet al. 2000;Benderet al. 2002;2004; Bender
et al. 2005] the index is sometype of binary searchtree, laid out in memoryusinga so-
calledvanEmdeBoaslayout[Prokop1999;Benderet al. 2000;2005].

The primary useof the PMA in the literaturehasbeenfor sequentiaktoragein mem-
ory/disk of all the elementsof a (cache-obltious or traditional) B-tree. An early paper
suggestinghis ideawas[Raman1999]. The PMA maintainslocality of referenceat all
granularitiesandconsequentlgupportsextremelyef cient sequentiakcans/rangqueries
of the elements.The concernwith traditional B-treesis that the 2K or 4K sizesof disk
blocksaretoo smallto amortizethe costof disk seeks.Consequentlyon moderndisks,
randomblock accessearewell over an orderof-magnitudeslower thansequentiablock
accessesThus, locality-preservingB-treesand cache-oblious B-treesbasedon PMAs
supportrangequeriesthat run an order of magnitudefasterthanthoseof traditional B-
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An Adaptive Packed-Memory Array . 3

trees[Benderet al. 2006]. Moreover, sincethe elementsare maintainedstrictly in sorted
order thesestructuresdo not suffer from aging unlike most le systemsand databases.
The pointis that traditional B-treesage: As new blocksare allocatedand deallocatedo
the B-tree, blocksthat arelogically neareachother, arefar from eachotheron the disk.
Theresultis thatrange-quenperformanceufers.

The PMA is an ef cient andpromisingdatastructure put it alsohasweaknessesThe
main weaknesss that the PMA performsrelatively poorly on somecommoninsertion
patternsuchassequentiainserts.For sequentiainserts the PMA performsnearits worst
in termsof thenumberof elementsnoved perinsert. The PMA s dif culty with sequential
insertsis thatthe insertions‘hammer”on one partof the array causingmary elementgo
be shiftedaround.AlthoughO(log?N) amortizedelementsnovesandO(1+ (log?N)/B)
amortizedmemorytransfersis surprisinglygood consideringthe stringentrequirements
onthedataorder it is relatively slow comparedwith traditional B-treeinserts.Moreover,
sequentialnsertsarecommon,andB-treesin databasearefrequentlyoptimizedfor this
insertionpattern.It would be betterif the PMA could performnearits best,not worst,in
thiscase.

In contrastoneof thePMA's strengthss its performancen commoninsertionpatterns
suchasrandominserts. For randominserts,the PMA performsextremelywell with only
O(logN) elementmoves perinsertand only O(1 + (logN)/B) memorytransfers. This
performancesurpassethe guaranteefor arbitraryinserts.

Results. This paperproposesan adaptive packed-memoryarray (abbreviatedadaptive
PMA or APMA), which overcomeghesede cienciesof the traditional PMA. Our struc-
tureis the rst PMA thatadaptsto insertionpatternsandit givesthe largestdecreasén
the costof sparsearrays/sequential- lanaintenancén almosttwo decadesThe APMA
retainsthe sameamortizedguaranteeasthe traditional PMA, but adaptsto commonin-
sertionpatternssuchassequentiainserts randominserts,andbulk inserts wherechunks
of elementsareinsertedatrandomlocationsin thearray

We give thefollowing resultsfor the APMA:

We rst shav thatthe APMA hasthe “rebalanceproperty”, which ensureghat ary
patternof insertionscostonly O(1+ (log?N)/B) amortizedmemorytransfersand
O(log®N) amortizedelementmoves. Becausehe elementsarekeptin sortedorderin
the APMA, aswith the PMA, scansof L elementscostsO(1+ L/B) memorytrans-
fers. Thus,the adaptve PMA guaranteeperformancet leastasgoodasthat of the
traditional PMA.

We next analyzethe performancef the APMA undersomecommoninsertionpatterns.

We shaw that for sequentialinserts whereall the insertsare to the front of the ar-
ray, the APMA makesonly O(logN) amortizedelementmovesandO(1+ (logN)/B)

amortizedmemorytransfers.
Wegeneralizghisanalysigo hammerinserts wheretheinsertshammeionary single

elementn thearray
Wethenturnto randominserts whereeachinsertoccursafterarandomlychoserele-

mentin thearray We establishthattheinsertioncostis againonly O(logN) amortized

elementmovesandO(1+ (logN)/B) amortizedmemorytransfers.
We generalizeall thesepreviousresultsby analyzingthe caseof bulk inserts In the

bulk-insertinsertionpattern,we pick arandomelementin the arrayandperformN?2
insertsafterit for a 2 [0, 1]. We shaw thatfor all valuesof a 2 [0, 1], the APMA also
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4 . Michael A. Bender and Haodong Hu

only performsO(logN) amortizedelementmoves and O(1+ (logN)/B) amortized

memorytransfers.
We next perform simulationsand experiments,measuringthe performanceof the

APMA on theseinsertionpatterns. For sequentiainsertionsof roughly 1.4 million
elementsthe APMA hasover four timesfewer elementmovesperinsertionthanthe
traditionalPMA andrunningtimesthatarenearlyseventimesfaster For bulk inser
tionsof 1.4 million elementsywheref (N) = N%6, theAPMA hasovertwo timesfewer
elementmovesperinsertionthanthetraditionalPMA andrunningtimesthatareover
threetimesfaster

2. ADAPTIVE PACKED-MEMORY ARRAY

In this sectionwe introducethe adaptve PMA. We rst explain how theadaptve PMA
differs from the traditional PMA. We then show that both PMAs have the sameamor
tized bounds,0(log?N) elementmovesandO(1 + (log?N)/B) memorytransfersperin-
sert/deleteThus,adaptvity comesat no extra asymptoticcost.

Description of Traditional and Adaptive PMAs. We rst describenow to insertinto both
the adaptve andtraditional PMAs. Henceforth PMA with no precedingadjectie refers
to eitherstructure.Whenwe insertan elementy afteran existing elementx in the PMA,
we look for a neighborhoodaroundelementx that hassufciently low density thatis,
we look for a subarraythat is not storingtoo mary or too few elements.Oncewe nd
a neighborhoodf the appropriatedensity we rebalancethe neighborhoodby spacing
out the elementsincludingy. In the traditional PMA, we rebalanceby spacingout the
elementsvenly. In theadaptve PMA, we mayrebalanceéhe elementainevenly, basedn
previousinsertionsthatis, we leave extra gapsnearelementghathave recentlyhadinserts
afterthem.

We dealwith a PMA thatis too full or empty aswith atraditionalhashtable. Namely
we recopythe elementsnto a nev PMA thatis a constanfactorlargeror smaller In this
paper this constanis statedas2. However, the constanttould be larger or smaller(say
1.2) with almostno changdn runningtime. Thisis becausenostof the costfrom element
movescomefrom rebalancesatherthanfrom recopies.

We now give someterminology We divide the PMA into ©(N/logN) segmentseach
of size®(logN ), andwe let the numberof sggmentsbea powerof 2. We call acontiguous
groupof sggmentsa window. We view the PMA in termsof a tree structure, wherethe
nodesof thetreearewindows. Theroot nodeis the window containingall sggments,and
aleaf nodeis a window containinga singlesegment. A nodein thetreethatis awindow
of 2' sggmentshastwo children,a left child thatis the window of the rst 2' 1 sggments
andaright child thatis thewindow of thelast2' ! sggments.

We let the heightof the treebe h, sothat 2" = ©(N/logN) andh = IgN IgigN +
O(1). Thenodesat eachheight? have anupperdensitythresholdt- anda lower density
thresholdp-, whichtogetherdeterminethe acceptableensityof keys within awindow of
2 sements.As the nodeheightincreases, the upperdensitythresholdgiecrease andthe
lower densitythresholdsincrease. Thus,for constantminimum and maximumdensities
D.,., andD,.., we have

Din=pPo< <ph<Th< <To=D,a (1)

The densitythresholdson windows of intermediatepowersof 2 arearithmeticallydis-
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tributed. For example,the maximumdensitythresholdof a sgmentcanbe setto 1.0, the
maximumdensitythresholdof the entirearrayto 0.5, the minimum densitythresholdof
the entirearrayto 0.2, andthe minimum densityof a sggmentto 0.1. If the PMA has32
sggmentsthenthemaximumdensitythresholdof a singleseggmentis 1.0, of two segments
is 0.9, of four sgmentds 0.8, of eightsggmentsis 0.7, of 16 sggmentds 0.6, andof all 32
sgmentsis 0.5.

More formally, upperandlower densitythresholdsor nodesat height¢ arede ned as
follows:

= Th+(T0 Th)(h f)/h (2)
P =pn (Pn Po)(h £)/h. 3)

Moreover,
2pn < Tp, (4)

becausevhenwe doublethe sizeof anarraythatbecomegoo densethe new arraymust
bewithin the densitythreshold! Obsenre thatary valuesof 1g, Th, po, andpy, thatsatisfy
(1)-(4) and enablethe arrayto have size ®(N) will work. Theimportantrequiremenis
that

T 1 T=0( p 1)=0(1/logN).

We now give moredetailsabouthow to insertelementy afteran existing elementx. If
thereis enoughspacein the leaf (sggment)containingx, thenwe rearrangehe elements
within theleafto makeroomfor y. If theleafis full, thenwe nd theclosesi&ancestoof the
leafwhosedensityis within the permittedthresholdsandrebalanceTo deleteanelement
X, we remove x from its sggment. If the sggmentfalls below its densitythreshold,then,
asbefore,we nd the smallestenclosingwindow whosedensityis within thresholdand
rebalanceAs describedabore, if theentire arrayis above the maximumdensitythreshold
(resp.,belowv the minimum densitythreshold),thenwe recopythe keys into a PMA of
twice (resp. half) thesize.

We introducefurther notation. Let Cap(u-) denotethe numberof array positionsin
nodeu: of height/. Sincethereare2 segmentsin the node,the capacityis ©(2 logN).
Let Gapgu-) denotethe numberof gaps,i.e., unlled array positionsin nodeu-. Let
Density(u- ) denotethe fraction of elementsactuallystoredin nodeu-, i.e., Density(u-) =
1 Gapgu)/Cadu).

Rebalance. We rebalanceanodeu- of height/ if u- is within threshold put we detect
thata child nodeu- 1 is outsideof threshold.Any nodewhoseelementsarerearrangedn
the procesf arebalances swept.Thus,we sweepanodeu- of height whenwe detect
thatachild nodeu- ; is outsideof thresholdbut now u- neednotbewithin threshold Note
thatwith thisrebalanceschemethistreecanbeimplicitly ratherthanexplicitly maintained.
In this case,a rebalanceconsistsof two scansoneto the left and oneto the right of the
insertionpointuntil we nd aregion of theappropriatelensity

In a traditional PMA we rebalancesvenly, whereadn the adaptve PMA we rebalance
unerenly. Theideaof the APMA is to storea smallernumberof elementsn the leasesin

1There are straightforward ways to generalize (4) to further reduce space usage. Introducing this generalization
here leads to unnecessary complication in presentation.
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which therehave beenmary recentinserts. However, sincewe mustmaintainthe bound
of O(log?N) amortizedelemenimoves,we cannotlet the densityof ary child nodebetoo
high or too low.

PROPERTY 1. (rebalance property) After a rebalance, if each node u- (except the root
of the rebalancing subtree) has density within u-’s parent’s thresholds, then we say that the
rebalance satisfies the rebalanceproperty. We say that a node u- is within balanceor well
balancedif u- is within its parent’s thresholds.

Thefollowing theoremshowsif eachrebalancesatis estherebalanceroperty thenwe
achieve good updatebounds. The proof is essentiallythatin [Benderet al. 2000;2005],
but therebalancepropertyappliesto a wide setof rebalancingschemes.

THEOREM 1. If the rebalance in a PMA satisfies the rebalance property, then inserts
and deletes take O(logZ?N) amortized element moves and O(1+ (log?N)/B) amortized
memory transfers.

PROOF. Letu: beanodeatlevel £. A rebalanceof u- is triggeredby aninsertor delete
thatpushe®nedescendantodeu; ateachheighti=0,...,¢/ 1aboveits upperthreshold
T; or below its lower thresholdp;. (If this werenot the case thenwe would rebalancea
nodeof alower heightthan/.)

Considemneparticularsuchnodeu;. Beforethe sweepof u;'s parentu; 1,

Density(uj) >t or Density(uj) < p;.
After the sweepof u;+ 1, by therebalanceroperty
pi+1 Densityui) Ti+1.
Thereforewe needatleast
(i Ti+1)Cap(ui)
insertsor atleast
(Pi+1  pi)Cap(ui)

deletesbeforethe next sweepof nodeu;s 1. Thereforethe amortizedsize of a sweepof
nodeu;, 1 perinsertinto child nodeu; is at most
max Cap(uj+1) ’ Cap(uj+1) ~ max 2 ’ 2
(i T+1)Capui)’ (pi+1  pi)Capui) Ti Ti+1 Pi+1  Pi
= O(logN).

Whenwe insertan elementinto the PMA, we actuallyinsertinto h = ©(logN) such
nodesu;, one at eachlevel in the tree. Thereforethe total amortizedsize of a rebalance
perinsertioninto the PMA is O(log?N). Thus,the amortizednumberof elementmoves
perinsertis O(log?N). Because rebalancés composedf a constannumberof sequen-
tial scansthe amortizednumberof memorytransfersperinsertis O(1+ (log?N)/B), as
promised. [

Obsene that Theoreml appliesto bothinsertionsanddeletions;in contrastwe focus
only oninsertionsin therestof the papery for the sakeof simplicity. However, it is likely
that,with only minormodi cationsto the predictor the sameboundgor commoninsertion
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Algorithm 1 Predictorinsert)
if 9 acell c suchthatc.element= x then

v B

2 SWAP(c, c.nextcell) f If ¢ is not the head pointer. g
3 c.count c.count+1

4:  if c.count> logN then

5: tail.count tail.count 1 f When c.count is at the maximum logN...g
6 c.count c.count 1f Decrease the tail's count instead of increasing c.count. g
7. endif

8: else

9:  if headnextcell = tail then
10: tail.count tail.count 1 f Decrease tail's count when no free space. ¢
11: else
12: head headnextcell
13: headelement x
14: headcount 1
15: headleaf x.leaf f In other cases, create a new cell for new element. g
16:  endif

17: endif

18: if tail.count= 0 then

19:  tail tail.nextcell f The tail cell is removed when its count drops to zero.g
20: endif

distributionscanbe madeto applyto deletiondistributionsandto distributionscombining
bothoperationsTheredoesnotseento beary signi cant additionaldif culties in dealing
with deletions.

Prediction. In apredictordatastructurewve keeptrackof asmallcollectionof elements,
calledmarker elementsthat directly precedeclementsecentlyinsertedinto the APMA.
The predictorstoresa pointerto thoseleaf nodesof the APMA (i.e., ©(logN)-sizedseg-
mentsof the array)that containmarkerelements.For eachmarkerelementwe countthe
numberof recentlyinsertedelementghatdirectly follow the marker

We give terminologyfor prediction. For an elementx, let insert number I (x) denotea
countfrom 0 to logN estimatinghe numberof insertsafterx in thelastO(log?N) inserts.
The predictoris designedsothat

I(x) is alwaysanunderestimatef thenumberof inserts,and
I(x) never grows above logN.

Below, we explain why andhow thesepropertiesare enforced.Furthermoreijf elementx
is notin thepredictor thenwe de ne I(x) = 0.

We now de ne theinsertnumber (u-) of anodeu- atlevel £ in the APMA. Speci cally,
letinsertnumber (u-) bethe sumof theinsertnumbersf elementsn u-. Whenrebalanc-
ing anode,we reallocateelementainevenly amongits descendareafsaccordingo their
insertnumbersThelargertheinsertnumber thefewer elementsareallocated.

We now explain how the predictordetermineq1) which elementsto storeas marker
elementsand(2) whatthe countnumbersarefor eachelement.To do so, we explain how
to implementthe predictor

The predictoris a circular linked list, storedin anarray The predictorcontainslogN
cells,for constan3. Two pointers,a headpointerandatail pointer indicatethe front and
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eaf

Tall Pointer

Fig. 1. The predictor. Each cell contains a marker element x, the leaf node in the APMA where x resides, and the
count number I (x).

the backof thelinked list. Eachcell in the circularlinked list storesa markerelementx.
Associatedvith x aretwo piecesof data,(1) a pointerto theleafnodein the APMA where
x currentlyresidesand(2) thecountnumberl (x) (seeFig. 1).

Whena new elementx is determinedto be a markerelement,it is insertedinto the
predictor;x is insertedat the headof thelinkedlist (wherethe head-pointepoints).When
an elementx is no longer neededas a markerelement,it is deletedfrom the predictor;
beforex is deleted,x will alwaysbe storedat the tail of the linked list (wherethe tail-
pointerpoints).

Whena new elementy is insertedinto the APMA after an elementx, we rst check
whetherx is a markerelement(i.e., storedin the predictor). If x is a markerelementwe
storex andits auxiliary informationonecell forwardin the APMA (unlessx is alreadyat
the headof the predictor).Let w bethe elementisplacedby x. We storew (andauxiliary
information)in the cell vacatedy x. We alsoincreasehe elementx's countnumberby 1
unlesst is alreadyatthe maximumO(logN). Let z betheelementstoredin thetail of the
predictor If x is alreadyat the maximumO(logN ), thenwe decrement's countnumber
insteadof incrementingx's countnumber (This decrements onereasorwhy the count
numberof x is anunderestimate.)

If x is not a markerelement,thentherearetwo cases.If thereare emptycellsin the
predictor thenwe storex at the headof the predictor If thereareno emptycellsin the
predictot thenwe decreaséhecountnumberof z (theelementtoredin thetail) insteadof
storingx in the predictor (This lack of spacds anothereasorwhy the countnumberof x
is anunderestimate.)

This decremenmay reducethe countnumberof z to 0. If so, we deletez from the
predictor A new freecell spacds now availablefor futureinserts.

The predictoralgorithmis engineeredo tolerate“randomnoise”in the insertions.By
randomnoise we meanthatsomeof theinsertionamaynotfollow aninsertiondistribution
(suchasheadinsert,hammerinsert,bulk insert,etc). Our guaranteestill applyevenif as
much as a constantfraction of insertionsare after randomelementsin the APMA. To
understandvhy our predictortoleratesrandomnoise,obsene thata few arbitraryinserts
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will notbe storedin the predictorunlessthetail countdropsbelow zero. If a poorchoice
of elements, in fact, storedin the predictor it will soonbe swappedo thetail if no new
insertsfollow.

Uneven Rebalance. Now we presentthe algorithm for uneven rebalancgSee Algo-
rithm 2). Assumethat nodesu- ; andv- 1 areleft andright childrenof u- at level ¢
andthattherearem orderedelementd x1,Xo, . . ., Xng Storedin u-. Theunevenrebalance
performsasfollows:

Algorithm 2 Rebalance.uven(-)
1. u 1 u'sleftchild;

2: v+ 1 u'srightchild;

3 if (u~ 1isempty)or (v- ; is empty)then
4 return;
5
6

. endif
: splitnum maXfF@aIiu\ )p,m Car(V*Pl)r\g;
s_[llitnuml(x_) m " I(x-)
7. optvalue =1 J j= splitnums 11 (X

Cap(u- 1) splitnum Capv- 1) (m splithum)’

8 fori= splitnum&p_minfCar(u\ l)rp,m Capv: 1)p-gdo
Ij:ll(xj) En:i+l|(xj) )

Capu- 1) i Capv 1) (m i)’

10:  if optvalue> curvaluethen

9: cunalue

11 optvalue cunalue;
12: splitnum  i;

13:  endif

14: endfor

150 w1 fXg,..., Xelitum;
16: V- 1 fxsplitnum+la---axmg;
17: Rebalance.unven( 1);
18: Rebalance.unven{: 1);

If 1(x;) =0foralli2 [1,m], thenwe performanevenrebalancdor this nodeu-.
Otherwise,we perform an uneven rebalance.Our uneven rebalances designedso

that,the biggertheinserthnumbersthemoregapswe leave. Speci cally, we minimize
the quantity

I(u 1) (v 1) (5)
Gapsu 1) Gapgv 1)
subjectto theconstrainthatthe rebalanceropertymustbe satis ed. Whenwe rebal-

ance,we split at an elementx;, meaninghatwe putelementd x1,...,xgin u- 1 and
fX+1,...,Xmginv- 1. Theobjectiveisto nd theindex i to minimize

Pljzll(xj) PT:HlI(Xj)
Capu 1) 1 Cafv 1) (m 1)’

subjectto the constraintghatthe densitiesof bothleft child andright child arewithin
parentsthresholdj.e.,

(6)
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h [
i2 CaKU‘ l)p\a CaKU‘ l).[\ ) (7)

h [
i2 m Cagv 1)t-,m Capv 1)p . (8)

Werecursvely allocateelementsn u- ; andv- ;'schild nodesandproceeddownn the
treeuntil we reachtheleaves. Oncewe know thenumberof elementsn eachleaf, we
rebalancer- in onescan.

For example, in the insert-at-headase,the insert numbersof right descendantare
always0. Thus,minimizing thesimpli ed objective quantityjl(u- 1)/Gapgu- 1)j means
maximizingGapgu- 1).

Now we shav how to implementthe rebalancesothatthereis no asymptoticoverhead
in the bookkeepindor the rebalance.Speci cally, the numberof elementmovesin the
uneren rebalancds dominatedby the size of the rebalancingnode,as describedn the
following theorem:

THEOREM 2. To rebalance a node u- at level ¢ unevenly requires O(Cap(u-)) opera-
tions and O(1-+ Cap(u-)/B) memory transfers.

PrOOF. Therearethreestepsto rebalancinga nodeu- unevenly. First, we checkthe
predictorto obtaintheinserthnumberof theelementdocatedin all descendamodesof u-.
Becausehesizeof the predictoris O(logN ), this steptakesO(logN ) operationandO(1+
(logN)/B) memorytransfers.Secondwe recursvely determinethe numberof elements
to bestoredin u-'s children,grandchildrenetc.,down to descendereaves. Naively, this
proceduraisesO(¢/Cap(u-)) operationsandO(1+ ¢Cap(u-)/B) memorytransferspelow
we showv how to performthis proceduren O(Capu-)) operationsandO(1+ Capu-)/B)
memorytransfers.Third, we scanthe nodeu- putting eachelementinto the correctleaf
node.Thus,thislaststepalsotakesO(Cap(u-)) operationandO(1+ Cap(u-)/B) memory
transfers.

We now shov how to implementthe secondstepef ciently. We call the elementsin
the predictorweightedelementsandtheremainingelementsinweighted Recallthatonly
weightedelement$ave nonzeransertnumbersin the rst step,we obtainall information
aboutwhich elementsareweighted.Then,we startthe secondstep,whichis recursve. At
the rst recursie level, we determinewhich elementsare allocatedto the left andright
childrenof u-, i.e.,we nd theindex i minimizing (6). At rst glance,it seemsiecessary
to checkall indicesi in orderto getthe minimum, which takesO(Cap(u-)) operations,
but we cando better Obsenre thatwhenthe index i is in a sequencef unweightedel-
ementshetweenwo weightedelementsthe numeratotin (6) doesnot change.Only the
denominatochangesandit doesso continuously Soin orderto minimize (6) atthe rst
recursve level, it is not necessaryo checkall elementsn nodeu-. It is enoughto check
whichtwo contiguousveightedelementgheindex i is betweersuchthat(6) is minimized.
Sincethereareat mostO(logN ) weightedelementsthe numberof operationsat eachre-
cursive level is at mostO(logN). Furthermorepecausehereare ¢ recursve levels, the
numberof operationsn thewhole recursve stepis at mostO(¢logN ), which is lessthan
O(Cap(u+)). By storingtheseweightedelementscontiguouslyduring the rebalancewe
obtainO(1+ Capu-)/B) memorytransfers. [
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3. ANALYSIS OF SEQUENTIAL AND HAMMER INSERTIONS

In thissectionwe rst analyzetheadaptie PMA for the sequentiainsertpatternwhere
insertsoccurat thefront of the PMA. Thenwe generalizeheresultto hammerinserts.
For sequentiainserts,we prove thefollowing theorem:

THEOREM 3. For sequential inserts, the APMA has O(logN ) amortized element moves
and O(1+ (logN)/B) amortized memory transfers.

We give somenotation.In therestof this sectionwe assuméhatu- is theleftmostnode
atlevel £ andv- 1 is theright child of u-. Recallthatleaveshave height0. Supposehat
we insertN elementdn the front of anarrayof sizecN (¢ > 1). Sincewe alwaysinsert
elementsatthefront, rebalancesccuronly attheleftmostnodeu- (0 ¢ h). If weknow
thenumberof sweepof u- in theprocesf insertingtheseN elementsthenwe alsoknow
thetotal numberof moves.

In orderto boundthe numberof sweepsat eachlevel, we needmore notation. For
K ¢, let Ak (¢, i) bethenumberof sweepf theleftmostnodeuy atlevel k betweerthe
(i 1)th sweepandtheith sweepof nodeu-. We imaginea virtual parentnodeup, ; of
theroot nodeuy,, whereuy, 1 hassize2cN. Thus,thetime whentheroot nodeuy, reaches
its upperthresholdry, afterwe insertN elementsis thetime whenthevirtual parentnode
performsthe rst rebalance.Thus, Ak (h+ 1,1) is the numberof sweepsof nodeuy at
level k duringtheinsertionof theseN element§0 Kk h). Sinceeachsweepof uy costs
2¢logN moves,thetotal numberof movesis:

Ak(h+1,1)2¢logN.
k=0

This quantityis the sumof the sweepcostsat eachlevel, until the virtual nodeneedsts
rst rebalanceThus,theamortizedhumberof elementmovesis

1 X

Nk=0

Ak (h+1,1)2¢logN. (9)

Sequential Inserts with Only Upper Thresholds. For pedagogicateasonswe now con-
siderthesimplercaseof a PMA with nolower-boundthresholdandshav that Theorem3
holdsin this specialcase.This lack of lower-boundthresholdsmakesit signi cantly eas-
ier to achieve the boundsfrom Theorem3. By providing this simpler analysiswe give
insight into the origin of Theorem3's boundsandwhy the subsequenanalysisis more
complicated.

LEMMA 4. For sequential inserts, the APMA with no lower-bound thresholds has
O(logN) amortized element moves and O(1+logN /B) amortized memory transfers.

Proor. Recallthat Ak (¢, 1) is thenumberof sweepof theleftmostchild uy atlevel k
until ancestonodeu- performsits rst rebalanceObsere thatjustbeforeu- performsthe
rst rebalancey- ; reachests thresholdt- ;. Wewantto nd the numberof sweepsf
uy beforeu- ; reachests upperthresholdr- ;.

We decomposghis processnto two phasesPhasel endsbeforethe rst rebalanceof
nodeu: ; whenwehavet 52 2elementsn theleft childu: , of u- ; andO elementsn
theright child v- , of u 1 (seeFig. 2). Accordingto our unesen-rebalancetratey, since
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12 . Michael A. Bender and Haodong Hu

Fig. 2. In the simple case, Phase 1 of node u- starts from Density(u-_5) = 0 (left) and ends at
Density(u_») = T-_5 (right). The shaded region is rebalanced.

all insertsareto theleft child, we allocater- 12 2elementov: , and(t » T 1)2\ 2
elementsto u- , at the end of Phasel, i.e., we give the maximumallowed numberof
elementdo theright child. Now we considePhase?, which takesplacebetweerthe rst
rebalanceandthesecondebalancef u- ; (seeFig. 3). Sincetheright childv- , of u+ ;
alreadyhasdensityt- 1, whenu- , reachests thresholdr- , againthedensityof u- 1 is
(T 24T 1)/2>71 ;attheendof Phase, whichis above its upperthreshold.

Fig. 3. In the simple case, Phase 2 of node u- starts from Density(u-_,) =T1_, 1 _1 (left) and ends
at Density(u_,) = T-_5 (right). The shaded region is rebalanced.

Tosummarizethe rst timethatwerebalancer 1 iswhenwemoveelementfromu-
into v- ,. Thisrebalancas triggeredbecausel- , is abore its threshold. The next time
u- p goesaboreitsthresholdrs ,, u- ;is alsoaboreits thresholdr- 1, andwetriggerthe
rst rebalanceof u-. Thus,thereareat mosttwo sweepsf nodeu- 1 beforeit reachests
thresholdr: ;. Thatis

Ak(4,1) Akl 1,1)+Ak(¢ 1,2). (20)

To calculate(9), we rst shav thatAk(¢ 1,2) < Ag(¢ 1,1). RecallthatAg (¢ 1,2)
is the numberof sweepf the leftmostchild uk at level k betweemancestonodeu- ;'s
rst sweep(rebalancelnd secondsweep. The above inequalityis true becauseat the
endof both phaseal ; reachests threshold,but the rst phasestartswith u- , having
density0 (anemptydatastructure) andthe secondphasestartswith u- , having density
T 2 T ;. ThusbypluggingAk(¢ 1,2) < Ak(¢ 1,1)in (10),we have therecurrence

Ak(4,1)  2Ak(¢ 1,1).
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Theamortizednumberof elementmovesis

1 X K X K h

N Ak (h+1,1)2%logN = Ak(h+1,1)2
k=0 k=0
xh

2h k+lM(K 1) 2k h

k=0
xh

= (logN)
k=0

|

Sequential Inserts in APMA with Lower and Upper Thresholds. We now considerthe
generalcaseof a PMA with boththelower andupperboundthresholdsandarereadyto
prove Theorems3.

PrROOF OF THEOREM 3: The proof is a generalizatiorof the proof of Lemma4; we
boundA (¢, 1), the numberof sweepf theleftmostchild uk atlevel k until theancestor
nodeu- performsthe rst rebalanceThedif culty with boththe lower andupperbound
thresholdgs thatwe mustdecomposehe time beforethe rst rebalanceof u- into more
than?2 phasesandthuswe obtaina morecomplicatedrecurrenceo solve. We decompose
this processnto threephases.Phasei of nodeu- (1 i 3), startsafterthe (i 1)th
sweepof u- ; andendsattheith sweepof u- ;. At theendof thelastphasey- performs
its rst rebalancewhichis thethird sweepof u- 1. Thus,we have at mostthreesweepof
nodeu- 1 beforethe rst rebalancef u-:

Ak(0,1)  Ag(C L) +A(0 1,2)+Ak(¢ 1,3).

Now we prove theabove claim analyzingthe densitiesn eachphase.

0 0 2

Fig. 4. Phase 1 of node u- starts from Density(u:_,) = 0 (left) and ends at Density(u:_») =T _»
(right). The shaded region is rebalanced.

I) We considerthe densitiesof child nodesu- , andv- , of u- ; attheendof Phasel.
The rst rebalanceof u- 1 occurs(seeFig. 4) whenu- ; reachests upperthreshold
T- ,. For sequentiainserts,we allocateasmary freespacesspossibleou- 5, while
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14 . Michael A. Bender and Haodong Hu

ensuringhatu- , andv- , havedensitiedbetweerp- ; andt- ;. Thus,afterthe rst
rebalancewhichhappensftert- ,Capu- ») insertswe have densities:
Densityu: ;) = p* 1,
Densitfv: 2) =T 2 p 1.
It is immediatethat the density settingof u- , is legal; we now explain why the
above densitysettingof v+, is legal,i.e., satis estherebalanceroperty Noticethat
PP T2 p1 T og,Since2p ; T 1<T 2by(@d)and@)andr , T 1=
O(1/logN) < p= 1 by (1) and(2).

N AN
. ]

ee Ledl JCe-rn [wa -

Tl -2

Fig. 5. Phase 2 of node u- starts from Density(u-_,) = p_; (left) and ends at Density(u-_,) =T _»
(right). The shaded region is rebalanced.

II) We now considerthe densitiesof child nodesu- , andv- , at the end of Phase?.
Whenu- , reachests thresholdagain,Phase? of nodeu- ends(seeFig. 5). After
u- ; doesthe secondrebalancewhich happensfter (t- , p- 1)Capu: ) inserts,
we have densities:

Densitfu- 2) =20 , p 1 T 1,
Density(v: 2) = T 1.

It is immediatethat the densitysettingof v- 5 is legal; we now shav that the den-
sity settingof u- ; is legal. Noticethatp: 1 <2t » p 1 T 1<T 1,because
20 1<T 2<T 24(T 2 T j)by(d)and@)and2(t- ; T 1)=0(1/logN)<
p- 1by (1) and(2). N _

[I) Now we considerthe densitiesof child nodesu- , andv- , at the endof Phase3.
Whenu- ; reachests thresholda third time, which happensafter (1 1 © >+
p- 1)Capu: ») inserts,Phase3 of nodeu- ends(seeFig. 6). Whenu- ; doesthe
third sweepthedensityof u- 1is(1T* 24+1T 1)/2>1T 1,s0u ;isabovethreshold.
Thus,theendof Phase3 is the rst rebalancef u-.

Thus,thereareat mostthreesweep®f u- ; beforethe rst rebalancef u-, thatis,

Ac(0,1)  Ag(C L) +A(4 1,2)+Ak(¢ 1,3). (11)

We cannotsimply usetheboundAi(¢,1) 3Ak(¢ 1,1) for ouranalysissincethisbound
naively leadsto O(N'°9(32) amortizedmoves,whichis far from ourgoalof O(logN).
To establishour bound,we prove thefollowing recurrence$or Phase?2 andPhases:

A0 1,2) 2Ak(£ 2,2), (12)
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Fig. 6. Phase 3 of node u- starts from Density(u:_) =21, T_; p_1 (left) and ends at
Density(u_») = T-_5 (right). The shaded region is rebalanced.

and

A4 1,3) Akl 1,2). (13)

Solving(11),(12),and(13) will yield the desiredbound.

We alreadyshaved (11); now we shav (12). We proceedby breakingPhase? into two
subphasesThe rst subphaségyinswhenPhase begins, i.e., afterthe rst rebalanceof
u- 1, andit endsafterthenext sweepof u- ,. Thesecondsubphasdeginswhenthe rst
subphasends,andit endsafterthe next anothersweepof u- ,. We will shav thatatthe
endof Subphase, u- , is above thresholdmeaningthat Subphase endswith a sweep
ofu- 1, i.e.,Phase endsaswell.

At thebgginningof Subphasé, nodeu- 3 hasdensityp- » by therebalanceroperty
(Sinceinsertionsare at the beginning of the array we wantu- 3 to be assparseas
possibleandtherebalanceropertysaysthatafterarebalanc®ensityu- 3) p- 2.)
Thesweepof u- » is triggeredoncethe densityof u- 3 reacheg- 3 (seeFig. 7). At
theendof Subphasd, after(1- 3 p- 2)Caplu- 3) inserts,thedensityof u- 3 and
V- gare:

Densityu 3) =20 1 p 24T 3 T 2
Density(v: 3) = T ».

It isimmediatethatthedensityof v- 3 is legal; we show thatthedensityof u- sz islegal
too.Noticethatp ,<2p- 1 p 24T 3 T 2<T » becaus@p ,<2p ;and
T 2<T zhy(@l)and2p 1<T 1<T 2andt 3 T 2=0(1/logN)<p , by
(1) and(4).

We now shav thatthe numberof sweepof uk in Subphasé is equalto Ak(¢  2,2).
Obsene that Subphasd is exactly Phase? of the nodeu- 1 becausehey both start
with the nodeu- 3 having densityp- , andendwith the nodeu- 3 having density
T- 3. Althoughin Subphasel and Phase? of nodeu- 1, nodev- 3 hasdifferent
densitiesthis differencedoesnot matterbecausehe densityof v- 3 doesnot affect

whenSubphasd andPhase of nodeu- ; end.
At thebagginningof Subphas@, u- 3 hasdensity?2p- 1 p 2+T 3 T 2>p 2

andthe subsequengweepof u- » is triggeredoncethe densityof u- 3 reaches 3
again(seeFig. 8). Sincethe densityof v- 3is T », thedensityof u- ,is (T 3+
T 2)/2>T1 ,attheendof Subphas, sou- ; is above its upperthreshold.Thus,
theendof Subphase@ is thesweepof u- ;.
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~.
e

Fig. 7. Subphase 1 starts from Density(u-_3) = p_» (left) and ends at Density(u- _3) = T-_3 (right). The
shaded region is rebalanced.

We now prove thatthe numberof sweep®f ug in Subphas@ is lessthank (¢ 2,2),
becauséoth Subphas® andPhase? of nodeu- 1 endwith nodeu- 3 reachingits
upperthresholdr- 3, but Subphas@ startswith nodeu- 3 having densitygreateithan
p* 2 while Phase of nodeu- ; startswith nodeu- 3 having densityp: ».

Fig. 8. Subphase 2 starts from Density(u-_3) p-_» (left) and ends at Density(u: _3) = T-_3 (right).
The shaded region is rebalanced.

Thus,thereareat mosttwo subphasem Phase? of nodeu- andeachsubphaséasthe
numberof sweepf nodeux atmostAg (¢ 2, 2), which shawvs (12). SinceRecurrence
(12) hasthe basecasef (k, 2) = 1, we obtainthe solution

(e 1,2) 2 K1 (14)

Now we establishtherecurrencen (13). Both Phase? andPhase3 endwith nodeu- »
reachingits upperthresholdrt ,, while Phase3 startswith the nodeu- , having density
2t T 1 p 1>p 1. Phase startswith nodeu- , having densityp- 1.

ACM Transactionson Computational Logic, Vol. V, No. N, July 2007.
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We now establisithedesiredbound.Plugging(14) and(13) into (11), we have

N(6,1) A LD+ A 1,2)+7G( 1,3)
A€ L) +27k(¢ 1,2)
A0 1,1)+22 K1
2 k1 (15)
Finally, theamortizecdhumberof movesis
1 xh
N Ag(h+1,1)2logN = Ag(h+1,1)2¢ P
k=0 k=0

X
(2" k*2)2k h— " 24— 0O(logN).
k=0 k=0
Obsenre thatafterary insertthe elementsaremoved from a contiguousgroup,andthe
movescanbeperformedwith aconstanhumberof scansThereforeheamortizechumber
of memorytransferds O(1+ (logN)/B). O

Hammer Inserts. We now considetthehammeiinsertiondistribution, wherewe always
insertthe elementsat the samerank. We shawv thatthe analysisfrom sequentialnsertion
distribution (Theorem3) applieshere.

THEOREM 5. When inserted elements have fixed rank (hammer inserts), the APMA has
O(logN) amortized element moves and O(1+ (logN)/B) amortized memory transfers.

PrOOF. Inthehammetinsertcasewe alwaysinsertnew elementafteragivenelement
X. Noticethatin therebalancingsubtreerootedat u-, thereis a uniquepathfrom the leaf
nodecontainingthe elementx to therootnodeu-. Let nodeu; (i  ¢) bethe ancestoiof
x atlevel i, andlet v; beu;'s sibling. An importantdifferencebetweerthis proof andthe
proofof Theorem3is thatu; 1 andsiblingv; 1 maynow beeitherleft or right childrenof
ui fori < 4.

Recallthat, asin the proof of Theorem3, for level k ¢, Ak (¢,t) is the numberof
sweepf theleftmostnodeug atlevel k betweerthe (t  1)th sweepandthetth sweepof
nodeu-.

Intuitively, we wantto usea similar agumentasin the proof of Theorem3, to show that
Ak (¢, 1) is boundedasin (15), up to a constanfactor, thatis, for constang,

Ag(0,1) B2 KL

This approactcomescloseto working, but requiresa muchmoretechnicalgeneraliza-
tion. In particular aswe shawv, Recurrence$l1) and(13) still hold, but thereis onevalue
of i + 1 below which Recurrencé12) might not.

In the following, we explain why there may exist a node uj+ 1 belov which Recur
rence(12) doesnot hold. Thenwe explain that

Ag(i+1,2)=0(2" 1 K,

which is the sameasthe solutionof Recurrencd12) up to a constanfactor. Finally, we
explain why the analysisfrom Theorem3 still appliesevenwhenthereexists sucha node
Uj+1.
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We rst explain why theremay exist a nodeu;. 1 for which Recurrenc&12) doesnot
hold. To do so, we examinethe densityof the child u; afterthe rst sweepof uj+1 and
demonstrat¢hat Density(u;) canbe differentwith sequentialnsertsandhammerinserts.
With sequentiainserts,a rebalancedries to put asfew elementsaaspossiblein u; andas
mary elementsaspossibldan v; withoutdisobging theupperandlower densitythresholds.
With hammerinserts,we alsowantu; to be assparseas possiblewhile still maintaining
therebalanceroperty

But now we have an additionalconstraint,the hammer constraint that nodex must
remainin u;. Whatwe meanby this additionalconstraintis the following. Supposehat
u; is a left child, andyv; is aright child. In arebalancewe try to put asfew elementsas
possiblein u; andasmary elementsaspossiblen v;. Butif thelastelementn u; is x then
we cannotreducethe densityof u; ary further— the next elemento move into v; is x, but
thenv; becomes;.

To summarizetherearetwo casesn which hammerinsertsmay differ from sequential
inserts. The rst caseis whenu; is aleft child andx is the rightmostelementin u; after
asweepof uj+ 1. Thesecondcaseis whenu; is aright child andx is theleftmostelement
in u; aftera sweepof uj+1. In bothcasesRecurrencg12) may not hold for uj; 1. (If x is
notin oneof thesetwo positionsat theendof arebalancethenthe critical constrainis the
rebalanceropertyratherthanthe hammerconstraintaswith sequentiainserts.)

We now explain thatin bothcasesthe numberof sweepf uy betweerthe rst sweep
andthe secondsweepof Ui+ 1, Ak (i + 1, 2), still hasthe solutionO(2'* k). Whennodeu;
is aright child andx is the leftmostelementin u;, the boundfollows from the analysisin
Theorem3 becauseheinsertpatternof u; matcheghe sequential-insetase.Thedif cult
caseis whenu; is a left child andx is therightmostelementin u; afterthe rst sweepof
Ui+ 1. We call thisthetail-insert case This casecorrespond$o a stagebeginningafterary
sweepof uj; 1 whenthe elementx is the rightmostelementin u; andendingwhennodeu;
reachests upperthreshold,.e., at the next sweepof u;;+ 1. We call this interval the tail-
insert stageof u;. Below, we give aboundonthe numberof sweepf uk in thetail-insert
case.

We usethefollowing claim:

CLAaIM 6. Consider the tail-insert stage of u;: the stage starts after one sweep of uj+1
and ends just before the next sweep of ui.1, and x is the rightmost element in u; at the
beginning of the stage. Then the number of sweeps of node uk during the stage is O(2' ¥).

We prove theabove claimin theappendix.Theproofis similarto Theorem3, but signi -
cantlymoretechnical.

Finally, we shav why, given Claim 6, the analysisfrom Theorem3 appliesto hammer
inserts.Recurrencél?)is trueabore anintermediatenodeu;, thatis,

A 1,2) 2 ' 2G(i+1,2).
Moreover, by Claim 6,

Ag(i+1,2) B2tk

for someconstan3 atnodeu;. Therefore,

Ae(0 1,2) B2 k1L
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Thus,the solutionfor Recurrencgl1) is

Ne(6,1) 2 <1

andthetheorenfollows.

|

4. ANALYSIS FOR RANDOM AND BULK INSERTIONS

In the previous sectionwe analyzethe sequentiabnd hammerinsertiondistributions,
wherethe insertshammeron one part of the PMA. In this sectionwe rst analyzeran-
dominsertiondistribution, wherewe insertafterrandomelementsn the array Thenwe
generalizall of thesedistributionsandconsiderthe bulk insertiondistribution.

The bulk insertiondistribution for functionN2, 0 o 1, is de ned asfollows: pick
arandomelementandinsertN? elementsafterit; thenpick anotherelementandrepeat.
Bulk insertgeneralizesll distributionsseensofar: For a = 0, we have randominserts,
andfor a = 1, we have sequentiabr hammerinserts.

Random Inserts. We now give the performancefor the traditional PMA and APMA
with randominserts.In thetraditionalPMA or APMA, eachinsertioncause®nly asmall
numberof elementgo bemovedor triggersarecopyingof theentirearray

THEOREM 7 [ITAI ET AL. 1981; BENDER ET AL. 2004]. Consider random insertions
into a traditional PMA or APMA, inwhich each new element is inserted after a random ele-
ment in the PMA or APMA. Whenever the density of the entire array is below the maximum
density threshold, then each insert causes O(logN) element moves and O(1+ (logN)/B)
memory transfers with high probability, i.e., probability polynomially small in N. Specifi-
cally, each insert causes O(a logN) element moves and O(1+ a(logN)/B) memory trans-
fers with probability at least 1 1/N@.

Even simpler rebalanceschemegerformwell underrandominserts,as shovn in [ltai
etal. 1981; Benderet al. 2004]. Publicationdltai etal. 1981; Benderet al. 2004] shav
that thereare O(logN) moves with high probability for randominserts,even with the
following simplerebalancgrocedure Whenwe insertanelementy afteranelement, we
simply pushthe elementgo theright or left to makeroomfor y. The maximumnumberof
elementsmavedis O(logN) with high probability. Thus,for thetraditionalPMA, aslong
asthedensitythresholdsn theleavesis a constaniessthan1, we needno big rebalances
in thetree.

Bulk Inserts. For bulk insertswe have thefollowing theorem:

THEOREM 8. For bulkinsertswith f(N)=N2(0 a 1), the APMA achieves O(logN)
amortized element moves and O(1+ (logN)/B) memory transfers.

Theintuition for TheorenB is asfollows: Conceptuallywe divide thevirtual treeinto a
top treewith ©(N /(f(N)logN)) leaves,eachof whichis theroot of abottomtreeT with
O(f(N)) leaves,i.e.,O(f(N)logN) arraypositions.Thus,we split thevirtual treeatheight
h®= dalogNe. Bulk insertscanbe analyzedy looking at the processasa combinationof
randomandhammerinserts:randominsertsin the top tree A with big leaf nodesof size
f(N)logN andhammerinsertsin a bottomtreeT of size f(N)logN. In aninsertion,we
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log N — [alog N

[alog N

Fig. 9. Anillustration showing the tree divided at height do logNe.

randomlychoosea leaf nodeof top treeA anddo a hammelinsertat the bottomsubtreeof
thechoserieafnodeof A.

We rst shavthatf(N)=N2 (0 a 1)hammernsertsinto T costsO(logN) amor
tizedmoveswhenall thenodesarewell balancedThen,we explain thatthesef (N ) inserts
triggerat mostonerebalancen thetop treeA. Thus,from the point of view of A, thereis
abig elementof size f (N) inserted andthis big insertcostsO(logN ) amortizedmovesin
theleafnode.

We prove thefollowing lemmafor f(N) = N2.

LEMMA 9. Consider inserting f(N) = N2 elements after a fixed element x in subtree
T of size N2 logN. Suppose that at the beginning of these insertions, each node in T is well
balanced. Then, the amortized number of moves is O(logN) and the amortized number of
memory transfers is O(1+ (logN)/B).

ProoF. We rst shav thatall sweepsduring the insertionsof N2 elementsoccurin
subtreeT. Becausethe root nodeis well balancedthe density of the root is at most
Tw+1. Thus, beforeroot uy goesoutsideof its upperthreshold,we caninsert at least
(tw  Tw+1)(N®logN) = O(N?) elementsvithout triggeringsweepsabove level h°

Now we give someassumptionsindnotation. For simplicity we assumehatthereare
sequentiainsertionswithin T. (We know from the proof of Theorem5 that sequential
insertsand hammerinsertshave the sameanalysisexceptat one level of the recurrence
relations.) Now we denotethe leftmostnodein T atlevel ¢ asu-. As in the proof of
Theorenb, we useAk (¢, ) to denotethe numberof sweepof nodeuy atlevel k between
the(i 1)th andith sweepof u-. Thus,theamortizechumberof elemenimovesis at most

1 X 0 k
Na Ak (h°+1,1)2“logN. (16)
k=0
We bound(16) by consideringhe worstcasewhenall u- have densityashighast-. 1,
0 ¢ h% Thetimewhenu- doesits rst rebalancds the time whenu: ; reachests

upperthresholdr- ;. This periodcanbe decomposethto two phasesasbefore:

Phasel of nodeu- startswith nodeu- , having densityt- ; andnodev- ;, having
densityt-. ;. Phasel endswith nodeu- , having densityt- ,. Thus,afterthe rst
rebalancef u- ; (seeFig. 10),whichoccursafter(t- » 1 ;)Cap(u: ») insertswe

ACM Transactionson Computational Logic, Vol. V, No. N, July 2007.



An Adaptive Packed-Memory Array . 21

have densities:
Densityu: ;) = T,
Density(v: 2) = T 1.

¢ | |

AN
/\

Fig. 10. Phase 1 of node u- starts from Density(u-_,) = 1-_1 (left) and ends at Density(u-_,) =T,
(right). The shaded region is rebalanced.

Phase? of nodeu- startswith nodeu- ; having densityt- andendswith nodeu-
having densityt: ,. Whennodeu- ; doesits secondsweep(seeFig. 11), which
occursafter(t- , T )Cap(u ) insertsthedensityof nodeu: ;is(t >+71 1)/2>
T 1,sonodeu- 1isaboveitsthreshold.Thus,theendof Phase isthe rst rebalance

of nodeu-.
o F
£— /\ To+2 ’ Te+2
L— Tz TZ

Fig. 11. Phase 2 of node u- starts from Density(u- ) = 1 (left) and ends at Density(u: _») =T,
(right). The shaded region is rebalanced.

Thus,we have recurrenceg (¢,1) Ag(¢ 1,1)+Ak(¢ 1,2). However, we cannot
usethe straightforwardbound Ak (¢,1) 2Ak(¢ 1,1) aswe did in Lemma4. When
we try to usethis bound,we obtainthe solution A (¢,1) 2 **1. Thus,we obtainan
amortizednumberof moves

Ak (h%+1,1)2¢logN X 2" k22K |ogN

) g Na 09
k=0 k=0
= O(log*N),

1 X
Na

whichis greaterthanour goalof O(logN). Insteadwe needatighteranalysis.
Now we analyzeAk (¢ 1,2) in moredetail. TheboundAg(¢ 1,2) is the number
of sweep=of nodeuy at level kK betweenthe rst andsecondsweepsof u- 1. After the
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rst rebalancefu- 1, wehaveDensit(v- 7) =1 3 andDensityv- 3) =1  according
to our rebalancestratgy for the sequential-insemattern,i.e., bothv- , andv- 3 already
have densitiesashigh astheir parents'upperthresholdgseeFig. 12). Thetimewhenu- ;
doesits next sweepis thetime whenu- , reachests threshold.Because 3 hasdensity
T- », thisisalsothe rst timewhenu- , doesits next sweepandbecause: 4 hasdensity
T- 3, thisis alsothe rst time whenu- 3 doesits next sweep,i.e., both AL (¢ 1,2)
andA¢ 3(¢ 1,2) arel. This procesontinuesa numberof levels down the treeto be
determinedelow, but notto theleaves.

‘ T+2 H

Fig. 12. The densities of node u-’s descendants at the beginning of Phase 2 of node u-.

Theprocesgloesnot continueto theleavesbecausafterthe rst rebalancef u- 1, the
densityof eachleftmostchild is decreasingrom top to bottom. Thus,at somelevel ¢ |,
nodeu- ; maybesosparsehattherearenotenoughelementdo Il itsrightchildv- ; 1
to densityt- ;. Speci cally, we claim thataslong asDensityu- j) Th, thenwecan I
v- j 1todensityt ;. Because

Densityu- j) T
(Th+pn)/2
= (v j+p )/2
by (2) and(3),wecan Il v- j 1todensityr ; while keepingthedensityof u- ; 1 great
thanp- ;. Thus,thereis only onesweepof u- j in Phase of u-,i.e, AL (¢ 1,2)=1.

We now calculatethe lowestlevel x suchthat Densityux) Th. First, we give the
densitiesof thenodesabove level x afterthe rst rebalancef u: 1.

CLAaim 10. Forlevel £ j > x,
Densityu: j) =Ti322 j 1- (17)

Theproofof this claimis by inductionon j. Thebasecaseis j = 2. Eq.(17)is satis ed
becauseDensityu- ;) = 1. Now assumehat the claim is true for level ¢ j andall
levelsabore. We show thatthe claimis alsotruefor level ¢ j 1. Because j > X,
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Densityu: j) (T j+p j)/2.Thus,wecanll v- ; jtodensityr: j. Thus,we obtain
Densityu- j 1) = 2Densitfu- ;) Densityv: ; 1)

= 2Ty32 j1 T j

= Ty32i-1 j 2
So(17)istrueforlevel ¢ j 1.

Now we needsolve the inequality
Tigoi-2 j 1 Th (18)

to determinex. Ineq.(18) is equivalentto

3202 j 1 h o

Becausé h%=alogN for somex edconstantr, j=IglgN O(1). Thatis, thelowest
level thatx canbeis ¢ IglgN +Aa, wherel, is aconstanthatdepend®nly ona. Thus,
we have formula

AN(¢ 1,2)=1 (29)

for¢ 1 k (¢ IglgN+Aa.

For thoselevelslowerthan¢ IglgN + A4, we usesimplebut straightforwardoounds:
eachsweepof a nodecostsat mosttwo sweepof its left child, assuminghateachnodeis
within balance Thus,we have formula

M(é 1’2) 2 IglgN+1 4 k’ (20)

forO Kk ¢ IglgN—+A,.
Combining(19) and(20), we obtain

A0 1,2) 2 '9'9N*la ke (21)
Now we arereadyto boundA (¢, 1) by using(21):

A(l1) AL L1+ 1,2)
X1
Mk, D)+ k(i 2)

i=k

Xl
i=k
Xl
14+ d2i IglgN+1 4 ke
i=k
Xl
¢ K+1+ 2i lglgN+1 4 k
i=k+IglgN | 5

0 K142 WoNrTa K

Finally, we establishthatthe amortizednumberof mavementsor theseN?@ elementss
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atmost

1 X

N Ak (h® 1)2%logN
k=0

1 egne 1 Wegne

e (hO K+1)2'<|ogr\|+W 2 lglgN+1a kokjogN
k=0 k=0

= O(logN).

Now we boundthe numberof memorytransfers. Obsere that after ary insert, the
elementanoved from a contiguousgroup, and the moves canbe performedwith a con-
stantnumberof scans. Thereforethe amortizednumberof memorytransferis O(1+
(logN)/B). O

BasedonLemma9, Theoren8 is provedasfollows.

PrROOF OF THEOREM 8: We considereachbottomsubtreel . Supposghatanancestor
of therootof T doesarebalanceThentherootof T hasdensityatmostty . 1. Thus,wecan
insertatleast(ty Ty+1)@(N2logN) = @(N?) elementsvithouttriggeringsweepsabove
level hC i.e.,insertingN? elementsn T triggersat mostonerebalancen top subtreeA.

Now we considerround of N2 insertsinto somebottomsubtre€l . We shav thatthere
areO(logN) amortizedelementmovesin the APMA. Recallthatwe usethe predictorto
storerecentinserts. For the rst N2 inserts,the predictoronly usesonecell. Whenthe
next N2 insertsstartto hammerthe predictorusesthe secondcell to storenew elements.
After the countnumberin thesecondcell reachedogN, which meangherearelogN nen
elementatthesecondposition,thecountnumberin the rst cell beginsto decreaseThus,
atmost2logN insertsremove the rst cell, meaningthatthe hammeiinsertpatternstarts
afterthe rst 2logN inserts.Thus,wedividetheN?2 insertsin theroundinto two parts:the
rst 2logN onesandtheN? 2logN subsequenines.Thisis onedividing point.

The secondlividing pointis whensomeinserttriggersa rebalancen thetop subtreeA.
We assumehe secondlividing pointis afterthe rst one.Thealternatveis similarto the
following analysis,althoughsomeavhat easier Thesetwo dividing points split the round
into threeparts. We analyzethe costof the rebalancen the bottomsubtreeT for these
partsasfollows:

1. Therebalanceostfor the rst part,theinsertionof the rst 2logN elementsis atmost
3N?logN. To seewhy, obsene thatthereexists anodeu®of sizeN?, suchthatthese
2logN elementgriggeratmostonerebalancebove u®, by anargumentsimilarto that
above. This rebalancds within T, andthereforecostsat mostN&logN. Thus,the
total costis thecostof thisrebalanceat mostN @ logN, plusthecostof therebalances
below u® atmost(2logN  1)N2.

2. Thesecondpartis from the (2logN )th elementinsertto the elementinserttriggering
the rebalancan the top subtreeA. The total costis at mostthe worst-casecostin
Lemma9, whichis O(N@logN).

3. Thethird partis from the elementinserttriggeringthe rebalancen the top subtreeA
to the lastelementinsertof theseN? elements.From Lemma9, the costis lessthan
thecosttoinsertall N# elementsn subtreel whoseancestodid therebalancewhich
isO(N?logN).

ACM Transactionson Computational Logic, Vol. V, No. N, July 2007.



An Adaptive Packed-Memory Array . 25

Thus,without countingthe rebalanceostin thetop subtreeA, the averagecostfor each
roundis O(N?logN)/N2 = O(logN). If we canshav that the averagecostin the top
subtreéA is alsologN, thenthetheoremis proved.

Fromtheview point of top subtreeA, the bulk insertis similar to randominsertsof “big
elements’of sizeN@ in A, becauséig elementtriggersat mostonerebalancen A anda
leaf nodeof sizeN?logN is a blackbox thathasO(logN) amortizedmaves. Sothe bulk
insertis: randomlychoosea leaf nodein A, a black-boxoperationto insertN2 elements
in the leaf node,eachwith O(logN) moves. If theleaf nodereachests thresholdthena
rebalancés triggeredatmostoncein A. Thus,asin Theorem?, we have O(logN) element
movesin the top subtreeA. As before,the memory-transfeboundfollows becausall
rebalancesareto contiguougyroupsof elements. [

5. EXPERIMENTAL RESULTS

In this sectionwe describeour simulationand experimentalstudy We show that our
resultsare consistenwith the asymptotichoundsfrom the previous sectionsand suggest
theconstantsnvolved. We alsodemonstratéhatthebookkeepindor theadaptie structure
haslittle computationabverhead.

We ran our experimentsasfollows: For eachinsertpattern,we beganwith an empty
arrayandaddecelementsuntil thearraycontainedoughly1.4 million elementsWe began
our measurementencethe array hadsize at least100,000. We recordedthe amortized
numberof elementmaoves per insertas well asthe running times. We consideredthe
sequentialhammey random,andbulk insertiondistributionsfrom the previous sections.
We alsoaddednoiseto thedistributions,combining,for example thehammetandrandom
distributions, shaving that the predictoris resilientto this noise. Eachgraphplots the
intermediatedatapointsin a singlerun.

We ran our experimentson a Pentium4 CPU 3.0GHZ, with 2GB of RAM, running
Windows XP professionalanda 100GATA disk drive. Our le containedupto 22! keys,
andthe total memoryusedwasup to 1.4 GB. We implementeda searchinto the PMA
asa simplebinary search.Thebinary searchwasappropriatesinceour experimentsvere
smallenoughthatthey did notinvolve pagingto disk. Consequentlythe searchtime was
dominateday theinsertiontime into the PMA.

The adaptve PMA is ultimately targetedfor usedin cache-obliious andlocality pre-
servingB-trees wherethesearchime becomeselatively moreexpensve becaus¢hedata
structuredo not t in mainmemory In this casethe binary searchwill betoo slow be-
causdt lackssufcient datalocality. (Thenumberof memorytransferdor the PMA insert
is O(1+ (logN)/B), which is dominatedby the costof a binarysearchO(logdN /Be), as
well asthe optimalexternal-memorysearchcost,O(1+ loggN).) Thus,our next roundof
experimentson largerdatasetsis to berun with the objective of speedingip insertsin the
cache-obliiousB-tree.

Sequential inserts. We rst comparedhe adaptve andtraditionalPMAs on sequential
insertions. For sequentiainsertsof roughly 1.4 million elementsthe APMA hasfour
timesfewer elementmovesperinsertionthanthetraditional PMA andrunningtimesthat
arenearlyseventimesfaster

Fig. 13 shawvs theaveragenumberof elementmovesin the PMAs. Thex-axisindicates
the numberof insertedelementsup to 1.4 million. The y-axis indicatesthe numberof
elementmovesdivided by IgN. For both the adaptie andtraditional PMA, we choose
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Head-Insert pattern comparison between APMA and traditional PMA Head-Insert pattern comparison between APMA and traditional PMA
14 T T T T

traditional PMA with head-insert —— ' i i i
“APMA

" raditional PMA with head-insert ——
with head-insert ——x--- 1201 APMA

with head-insert ------

4t 4

the total time (second) during all inserts
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-

2L d 20

average movements for APMA and PMA over Ig N

B el

200000 400000 600000 800000 1e+006  12e+006  1.4e+006 200000 400000 600000 800000 1e+006  1.2e4006  1.4e+006
The Number of Inserted Elements ‘The Number of Inserted Elements

Fig. 13. Sequential inserts: average moves per insert Fig. 14. Sequential inserts: the running time to insert
divided by IgN. The array size grows to two million up to 1.4 million elements.
and 1.4 million elements are inserted.

the upperand lower density thresholdsas follows: 19 = 0.92, 1, = 0.7, p, = 0.3, and
po = 0.08. In our experiments,we doublewhenthe array getstoo full. Thus, before
doubling, the array hasdensityover 0.7 and after, the array hasdensityover 0.35. (By

increasinghearraysizeby only a (14 ¢€)-factor for constant, we canmakethe density
of the entirearrayatleast(1+ €)py with only a smalladditive increasen the numberof

elementanoved. Thus,we canhave anarraywhosedensityis alwaysarbitrary closeto

70%full.) Theroughly at line shavs the performanceof the APMA. Theseexperiments
suggesthatthe constanin front of thelgN (seeTheorem3) is roughly 2.5 for thedensity
thresholdshosen Becausave aremeasuringiumberof elementmoves,theseresultsare
machinendependentFig. 14 givestherunningtimesfor ourexperiment.Obsene thatthe

APMA runsalmost? timesfastereventhoughthe amortizednumberof elementmovesis

only 4 timessmaller Hence the overheador theadaptve PMA is small. We suspecthat
this decreasdasto do with cachingissuesthe APMA hasa smallerworking setthanthe

traditional PMA.

Random-Insert pattern comparison between APMA and traditional PMA Random-Insert patiem comparison between APMA and traditional PMA
4 T T T T 20 T T T

T T T T T T T
traditional PMA with random-insert —+— traditional PMA with random-insert —+—
APMA with random-insert ----- APMA with random-insert -----

2F e e e e |

average movements for APMA and PMA over Ig N
the total time (second) during all inserts
5

05 4

200000 400000 600000 800000 1e+006  1.2e4006  1.4e+006 200000 400000 600000 800000 1e+006  12e+006  1.4e+006
‘The Number of Inserted Elements The Number of Inserted Elements

Fig. 15. Random inserts: average moves per insert di- Fig. 16. Random inserts: the running time to insert up
vided by IgN. The array size grows to two million and to 1.4 million elements.
1.4 million elements are inserted.

Random inserts. For randominsertionghetraditionalPMA performsslightly betterthan
theAPMA becauséhereis seeminglynoadwantagen unevenrebalalanceandbecauséhe
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traditionalPMA haslessoverhead For randominsertionsof 1.4 million elementswith the
samedensitythresholdandaxesasin Figuresl3and14, boththeadaptie andtraditional
PMAs have the sameasymptoticperformancgseeTheorem7). The traditional PMA's
constanseento belessthan10%smaller Figuresl5and16 showv thatboththeamortized
numberof elementmovesandtherunningtimesarecomparablewith thetraditionalPMA

performingslightly better asexpected. Fig. 16 indicatesthat the bookkeepingoverhead
for the APMA is small.

Bulk-Insert pattern comparison between APMA and traditional PMA, Bulk size f(N)=N"0.6 Bulk-Insert pattem comparison between APMA and traditional PMA, Bulk size f(N)=N"0.6

j j j " traditional PMA with bulk-insert —— j j j " raditional PMA with bulk-insert —— |
APMA with bulkcinsert ~—x-—- APMA with bulkcinsert ~—x-—-
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Fig. 17. Bulk inserts: average moves per insert divided Fig. 18. Bulk inserts: the running time to insert up to
by IgN. The array size grows to two million and 1.4 1.4 million elements.
million elements are inserted.

Bulk inserts. We next investigatedhe bulk-insertdistribution, comparingooththeadap-
tive and traditional PMAs. For bulk insertionsof 1.4 million elementsthe APMA has
roughly2.3 timesfewer elementmovesperinsertionthanthetraditionalPMA andrunning
timesthatareover 3.4 timesfaster Fig. 17 showvs the averagenumberof elementsnoves
in the PMAs with the samethresholdsasin Fig. 13 andbulk parameteN%®. Theroughly
at line shovsthe performancef the APMA. Theseaxperimentssuggesthatthe constant
in front of thelgN (seeTheorenB) is roughly4 for thechoserdensitythresholdandbulk
parameterFig. 18 shavs therunningtimesof thetraditionalandadaptie PMAs.

Bulk-similar-Insert pattern comparison between APMA and traditional PMA, 5 fixed elements are chosen
12 T T T

Bulk-similar-Insert pattern comparison between APMA and traditional PMA, 5 fixed elements are chosen

T T T
traditional PMA with bulk-similar-insert —+—
APMA with bulk-similar-insert ------

T T T
traditional PMA with bulk-similar-insert —+—
APMA with bulk-similar-insert ------
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x

average movements for APMA and PMA over Ig N
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.
the total time (second) during all inserts
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The Number of Inserted Elements

Fig. 19. Multiple sequential inserts: average moves per
insert divided by IgN. The array size grows to two mil-
lion and 1.4 million elements are inserted.

‘The Number of Inserted Elements

Fig. 20. Multiple sequential inserts: the running time to
insert up to 1.4 million elements.
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Multiple sequential inserts. We next considera distribution that performssequential
insertsinto multiple partsof thearrayatonce.We rst chooseR randomelementsandthen
insertone elementat a time after one of thesechosenelements.As long asthe number
of chosenelementsR is lessthanthe numberof elementsstoredin the predictor most
predictionsaregoodandthe performancef APMA remainsO(logN). Figures19and20
comparethe performanceof the traditionaland adaptve PMAs whenwe choose5 x ed
elements.The APMA in this casehasa performanceonly slightly worsethanthatin the
sequential-insertasewhile tradition PMA still performsmuchworse.

Half-Random-Half-Head-Insert pattern comparison between APMA and traditional PMA Half-Random-Half-Head-Insert pattern comparison between APMA and traditional PMA

"raditional PMA with half-random-half-head-insert —— '
APMA

Traditional PMA with half-random-half-head-insert ——
with half-random:-halF-head-insert —-—- APMA

with half-random-hal-head-insert ------

the total time (second) duri
@
8

e

average movements for APMA and PMA over Ig N
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L L L L L L L x 7 L L L L L L
200000 400000 600000 800000 1e+006 1204006 1.4e+006 200000 400000 600000 800000 1e+006  12e+006  1.4e+006
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Fig. 21. Half random, half sequential inserts: average Fig. 22. Half random, half sequential inserts: the run-
moves per insert divided by IgN. The array size grows ning time to insert up to 1.4 million elements.
to two million and 1.4 million elements are inserted.

Half random and half sequential inserts. Finally, we analyzea distribution that adds
noiseto sequentiainserts. We deciderandomlywhetherto inserta new elementat the
front of the PMA or after a randomelement.Thus,roughly half of the insertedelements
form randomnoise. Figures21 and 22 comparethe performanceof the traditional PMA
and APMA. The roughly at curve in Fig. 21 is the performanceof APMA, which is
slightly worsethanthatin randominsertsandbetterthanthatin sequentiainserts,while
the performancef traditionalPMA is about3 timesworsethanthatof randominserts.

6. CONCLUSION

We introducedan adaptive packed-memonrarray Theadaptve PMA guarantees per
formanceat leastas good as that of the traditional PMA, while simultaneouslyadapt-
ing to commoninsertiondistributions. Thus,the adaptve PMA alwaysachiezesat most
O(log®N) amortizedelementmovesandO(1+ (log?N) /B) memorytransfersperupdate,
but it achieres only O(logN) amortizedelementmoves and O(1+ (logN)/B) memory
transfersfor sequentialinserts,hammerinserts,randominserts,and bulk inserts. Our
simulationsand experimentsare consistentwith theseasymptoticbounds. Several open
problemsremain. For example,canwe shov sometype of working-setpropertyfor an
adaptve PMA? Perhapssuchaninvestigationwill requirestudyinto the designof other
predictors.The next stepin this researchs to usethe adaptve PMA in a cache-obliious
B-treeandto measurehe speedumbtainedfor updates.
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APPENDIX

PrROOF OF CLAIM 6: We give moredetailsof whathappengluringthetail-insertstage.
During thetail-insertstage new elementsareinsertedafterx, the rightmostelementof u;
atthe baginning of the stage.At the end of the stage nodeu; reachests upperthreshold,
whichtriggersthenext sweepof nodeu;; 1. Obsenre thatsweepsccurringduringthetail-
insertstagedo notinvolvev;, u;'ssibling. Thisis becausé¢hetail-insertstageendswhenu;
reachests upperthresholdwhich triggersthe sweepof u;+ 1. We will boundthe number
of sweepof ux duringthetail-insertstageof u;.

Below, we show thatit sufces to prove Claim 6 whenthetail-insertstagebegins with
Density(u;) = pi+1. To do so,we shav thatthe fewer elementgherearein u; atthe start
of thetail-insertstage the more sweepgsherewill be of uyx (descendansf u;) duringthe
stage.Thatis, thenumberof sweepof ui is maximizedwhennodeu; startswith density
pi+ 1, thelowestdensitypossibleaftera sweepof uj+ 1.

We now explain why the worst caseis when Density(uj) = pi+1. Recallthatx is in
Uk, andsinceall insertsareafterx, they areall in ux. If nodeu; hasa low densityat the
beaginning of the stage,then more elementscan be insertedafter x andinto uy without
triggeringa sweepof u;+ 1, which meanghattherearemoresweepf uy duringthe stage.

We presentadditionalnotation. We de ne (i(i,t) to be the numberof sweepsof uy
betweerthe (t 1)th andthetth sweepof u; sincethe beginning of the tail-insertstage?
We de ne Phaset of u; to bethe phasestartingafterthe(t 1)th sweepof u; andending
atthetth sweepof u; sincethe beginning of the tail-insertstage.Thus,by the above two
de nitions, the numberof sweepf uy in the Phase of u; equalséi (i, t). To simplify the
proof, we constrainthedensitythresholds g, T4, po, andpy, asfollows:

To Th=pPn Po and To 5po. (22)

For example, settingpo = 0.16, p, = 0.32, 1, = 0.64 and1p = 0.8 satis es(1)-(4) and
(22). Thereforepy (2) and(3),forary 0 ¢ hweobtain

T+p =To+pPo=Th+pn and T 5p-. (23)

Obsenre that for ary choiceof constantpg and 1o, thereexists a constant3, suchthat
To PBpo. In this proof, we adoptthe constraintthattg  5pg for the sakeof relative
simplicity; we will explain why the resultsalsocarry throughif we choosesomebigger
constaninstead.

To establisiClaim 6, we decomposéhe sequencef insertionsbeforethe rst sweepof
Ui+ 1 Sincethe baginning of thetail-insertstageinto phase®f uj, asde ned abore. By the
similar analysisto thatof Theorem3, we shaw thatthereareat mostthreephase®f node
u; beforethe rst sweepof uj+ 1.

Now we prove thatthereareat mostthreephasef u; in thetail-insertstageof u;; we
do soby analyzingthedensitiesn eachphase.

I) Considerthe densitiesof child nodesu; 1 andv; 1 of nodeu; atthe endof Phasel
of uj. The rst sweepof u; occurswhenu; 1 reachests thresholdt; 1 (seeFig. 23).
After the rst sweepof u; (whichis thebeginningof Phase), we claimthatthemarker

2Thus, Ge(i,t) is defined analogously to Ni(i,t), except that we begin counting from the beginning of the tail-
insert stage rather than from the first insert into the APMA.
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Fig. 23. Phase 1 of u; starts from Density(ui_1) = p;i (left) and ends at Density(ui—1) = Ti_1 (right).
The marker element x is indicated by a black dot. The region that is rebalanced at the end of the phase
is shaded.

elemenk is eithertheleftmostelemenbf theright child of u; or therightmostelement
of theleft child of u;.

We now prove this claim. Notice that the numberof elementsin u; beforex is
2pi+ 1Capu; 1) andthe numberof elementsn u; afterxis (t; 1 pi)Caplu; 1). To
seewhy, obsenre thatby assumptiorthe phasebeginswhenDensity(u;) = pi+ 1. Since
all insertsare after x, the numberof elementsheforex staysthe same. A rebalance
of nodev; is triggeredwhenu; 1 reachests thresholdafter(ti 1 pi)Capui 1) ele-
mentshave beeninserted.

Itislegalforu; 1andv; 1tocontain2pi+1Capu; 1) elementand(ti 1 pi)Capu 1)
elementsandthereforethe sweepat level i 1 is constrainedby the hammercon-
straint(notdensityconstraints)Markerelemenix is alwaysstoredin thechild having
the smallerdensity(by the hammerconstraint). Thus,if therearemoreelementde-
forex thanafterx, thenx is in theright child of u; (u; 1 is aright child). Otherwise x
isin theleft child of u; (u; 1 is aleft child).

Inthe rst casewhenx is theleftmostelemenbf theright child of u;, theinsertpattern
into u; 1 in Phase is exactly the head-insertase.Thus,by Theorem3, the number
of sweepsf uk in Phase? is givenby (i (i,2) = 0(2' ¥).

In thefollowing we considerthe secondcase whenx is the rightmostelementof the
left child of u;. Thus,afterthe rst sweepof u;, by the hammerconstraintwe have
thethefollowing densities:

Density(u; 1) = 2pij+1,

Densityvi 1) = Ti 1 pi-
Now (for theabove secondcase)we considetthedensitieof childnodesu; ; andv; 1
of nodeu; attheendof Phase. Thesecondsweepof u; occurswhenu; 1 reachests
upperthresholdagain(seeFig. 24). Recallthatatthebeginning of the phasewe chose

to putthemarkerelementx in thechild of u; having the smallerdensity andsincewe
arein theseconcasethis wastheleft child of u;. Thus,by thehammerconstraint,

20i+1<Ti 1 Pi- (24)

Whenu; 1 reachests threshold,the numberof elementsafterx in u; is the number
of elementsn u; 1 afterx (thenew elementdnsertedin Phase?) plusthe numberof
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Fig. 24. Phase 2 of u; starts from Density(ui_1) = 2pi+ 1 (left) and ends at Density (ui—1) = Ti—1 (right).
The marker element x is indicated by a black dot. The region that is rebalanced at the end of the phase
is shaded.

elementsnv; 1,i.e.,
(i1 2pi+1)Capui 1)+ (Ti 1 pi)Capvi 1). (25)

Obsenre that(25)is greaterthant; 1Cap(vi 1) by (24). Therefore the secondsweep
of u; is constrainedby therebalancgroperty notthehammerconstraint.In particular
afterthe secondsweepof uj, nodev; ; hasdensityt;, theupperthresholdof its parent
uj; nodeu; 1 has(theremaining)densityt; 1+ (ti 1 pi) T, whichequalst; 1

pi 1 by (23). Thus,afterthe secondsweepwe have thefollowing densities:

Densityfui 1) = T 1 Pi 1,
Densityvi 1) = T.

We now considerthe densitiesof child nodesu; ; andv; ; of nodeu; at the endof
Phase3. (We focusontheabore secondtasen thefollowing, but the rst caseis now
essentiallythe same.) The third sweepof u; occurswhenu; 1 reachests threshold
for a third time (seeFig. 25). Whenu; doesthe third sweep,the density of u; is
(ti 1+T1)/2 > T1i, sou; is above its upperthreshold.Thus,the endof Phases is the
rst sweepof uj+ 1 Sincethe beginningof thetail-insertstage.

i1 ‘ N wt ‘

L, o
A

)
/\
JEO T ]

i—1 i

Fig. 25. Phase 3 of u; starts from Density(ui_1) =Ti—1  pi—1 (left) and ends at Density(ui_1) = Ti—1
(right). The marker element x is indicated by a black dot. The region that is rebalanced at the end of
the phase is shaded.
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We have thereforeshawvn that (for the secondcasethereareat mostthreesweepf u;
beforethe rst sweepof uj+ 1, thatis,

G(i+1,1)  Ge(i,1) + Ge(i,2) + (1, 3) (26)
For the rst casewe have thesimilar recurrence
G(i+1,1)  Ge(i,)+0(2 *)+Gei,3). 27)

As we will shaw in (28), Recurrencg27) in the rst caseis actuallyboundedby Recur
rence(26). In therestof this appendixwe only needfocuson (26).

Until now, theproofhasbeensimilarto theproofof TheorenB. However, if we continue
to decomposéhase2, we nd thatin the worstcasetherearethreesubphasesFurther
more,we cannotusetherecurrence’ (i,3)  (k(i, 2) to prove our boundasin Theorens,
because¢herecurrenceés true but too weak.

To establishour bound,we insteadprove thefollowing recurrence$or Phase® and3:

G(i,2) G(i L) +G(i 3,1)+02 X, (28)
and
G(i,3)  G(i 3,1)+0(2" %). (29)

Beforewe establishRecurrence$28) and(29), we prove the following claim, which de-
scribesasubphasén bothPhase® and3:

CLaIM 11. Consider a tail-insert stage of u; 2 starting at Density(u; 2) = 4pj+1 and
ending when node u; 2 reaches its upper threshold. The number of sweeps of uy during
this stage isat most Gk(i 3,1).

PrROOF OF CLAIM 11: We rst givethedensitieof nodesu; 3, Uj 4,V 3, andv; 4 atthe

/\ @E |

Fig. 26. The tail-insert stage of uj_p starts from Density(ui_4) pi+1 (left) and ends at
Density(ui—a) = Ti—4 (right). The marker element x is indicated by a black dot. At the end of the
tail-insert stage of u;_, node u;_1 is rebalanced.

beaginning of thetail-insertstageof u; 2. We shaow thattherebalances constrainedy the
upperdensitythresholdof v; 3 andv; 4, thatis, atthe beginning of the tail-insertstage,
Densityvi 3) =Ti 2 andDensityv; 4) =T; 3.
Thetail-insertstageof u; » beginsafterasweepof u; », andthereforeby therebalance
property
Densityvi 3) T 2 and Densityvi 4) T 3.
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From(23), we obtain
Densityvi 3) 5pi 2 and Densityv; 4) 5pi 3.
From(1), we obtain
Densityvi 3) 5pi+1 and Densityv; 4) 5pi+1. (30)

Now we boundthe densitiesof u; 3 andu; 4. The numberof elementsin u; 3 is the
numberof elementsn u; > minusthenumberof elementsn v; 3 (andsimilarly for u; 4),
thatis,

Densityu; 3) = 2Densityu; 2) Densityv; 3), (31)
Density(u; 4) = 2Densityu; 3) Densityvi 4). (32)

From(30), we obtain

Density(Uj 3) 8pi+1 5Pir1=3pPi+1. (33)
Now from (30) and(33),

Density(Ui 4) 6pi+1 5Pi+1= Pi+1. (34)

Inequalities(33) and(34) show that at the beginning of the stage the densitiesof u; 3
andu; 4 areabove the lower boundthresholds; 2 andp; 3, respectrely, which means
thatv; 3 andv; 4 areat their parents'upperthresholds,.e., Densityvi 3) =1, 2 and
Densityvi 4) =T; 3.

We now explainthatwhennodeu; 4 reachests upperthresholdthenu;  alsoreaches
its upperthreshold(seeFig. 26). This is becausevhenDensity(u; 4) =T1; 4, we already
have Density(v; 4) =Ti 3. Thereforey; 3 is above its upperthreshold.We alreadyhave
Densityvi 3) =Ti 2, andthereforeu; ; is alsoabove its upperthreshold.

Therefore,the numberof sweepsof uk in the tail-insertstageof u; » is equalto the
numberof sweepof uk in the tail-insertstageof u; 4 (sinceu; 4 is the rightmostgrand-
child of u; »; seeFig. 26). By thede nition of the tail-insertstage the numberof sweeps
of uk in thetail-insertstageof u; 4 (which startswith Density(u; 4) pi+1) is lessthan
Ge(i 3,1) (the numberof sweepsof uk in the tail-insertstageof u; 4 that startswith
Density(u; 4) =pi 3). O

Now we arereadyto prove (29). To do so, we give the densitiesof the sibling nodes
u; 2 andv; » atthebeaginningof Phase3. RecallthatPhases startswith nodeu; 1 having
densityt; 1 P 1, Vi 1 having densityt;, and the markerelementx residingin u; 1.
Sincethenumberof elementbeforex doesnotchangenodeu; 1 thushas2pis1Capu; 1)
elementdbeforex and(ti 1 pi 1 2pi+1)Caplu; 1) elementgthe remainingelements)
afterx.

We now shav thatthenumberof elementsfterx is smallerthanthenumberof elements
beforex in nodeu; 1. Becausa; 1 5p; 1 by (23),we obtain

T 1 Pi1 20i+1 4P 1 2pir1.
Fromp; 1 < pi+1 by (1), wehave

Ti1 Pi1 2Pi+1  2Pi+1- (35)
ACM Transactionson Computational Logic, Vol. V, No. N, July 2007.
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Equation(35) saysthatthe numberof elementsafterx is smallerthanthe numberof el-
ementsheforex. Thus,the markerelementx residesin the right child of u; 1, which is
Ui 2.

We now breakPhase3 of u; into subphaseandboundthe numberof sweepf uk in the
subphasesSubphast of Phases of u; is the periodbetweerthe (t  1)th andtth sweeps
of uj 1.

Now therearetwo cases.CaseA is thatnodev; 2 hasdensityt; 1, i.e., this level is
constrainedoy the rebalanceproperty Thenwe only have one subphasén Phase3 of
u; becausavhenu; , reachests upperthresholdt; 2, thenits parentu; 1 hasdensity
(i 147 2)/2>T1 1, whichmeangheendof Phases.

In thefollowing, we considerCaseB whenthesweepatlevel i 2 is constrainedy the
hammerconstraint.n CaseB, we decompos®hases into two subphaseasfollows:

P |
N

| o e

P —2 ’ Vi

dpit1 21 1 —2pi 1 —4pin 4in i2

Fig. 27. Subphase 1 of Phase 3 starts from Density(ui—2) =2Ti_1  2pi—1  4pi+1 (left) and ends at
Density(ui—2) = Ti—2 (right). The marker element x is indicated by a black dot. The region that is
rebalanced at the end of Subphase 1 is shaded.

We considerthe densitiesof u; > andv; > at the beginning andend of Subphasd
(seeFig. 27). At thebeginning of Subphasd, becausef the hammerconstraintthe
densityof theleft child v; 7 is 4p;i. 1 (sincethe numberof elementdeforex is always
pi+1Capui) — seethe baginning of the appendix)andthe densityof the right child
U 2is 2t 1 2pi 1 4pi+1 (the remainingelementsn nodeu; 1). At the endof
Subphaséd, nodeu;  reachests upperthresholdr; ».

Noticethatduring Subphasd, the markerelementx is the rst elementin nodeu; »
andthuswithin u; > we have thehead-insertase.Thereforepy Theorem3, thereare
0(2' 2 ¥) sweepmf uy in Subphasd.

We now considetthedensitieof u; 2 andv;  atthebeginningandendof Subphase
(seeFig. 28). The bgginning of Subphase is right afterthe sweepof nodeu; 1. By
therebalanceroperty thedensityof theright child at thebeginning of Subphas@ is
T; 1 becausdeforethe sweepits densitywast; 2 (> T; 1). After the sweepof node
Ui 1, the markerelementx movesto the left child of uj ;. Thereforetheleft child
becomesodeu; ; andDensityui 2) =4pi+1+ (T 2 Ti 1)

Subphas@ endswhennodeu; ; reachedts upperthresholdr; ,. Becausehedensity
of v; 7 is alreadyat parentu; 1'sthresholdt; 1, the endof Subphase is the endof
Phases.

We now prove thatthenumberof sweepf uy in Subphas@ is lessthani (i 3,1),
the numberof sweepdrom Claim 11. Both Subphase& andthe tail-insert stageof
Ui 2in Claim11endwhennodeu; > reachests thresholdr; ».
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Fig. 28. Subphase 2 of Phase 3 starts from Density(ui_2) = 4pi+1+ Ti—2 Ti—1 (left) and ends at
Density(ui—2) = Tj—2 (right). The marker element x is indicated by a black dot. At the end of Sub-
phase 2, node u;, the parent of u;_1, is rebalanced.

However, Subphase@ startswith moreelementsafterthe markerelementx thandoes
the tail-insertstageof u; » andthe samenumberof elementsdbeforethe markerel-
ementx. In particular Subphas® has4p;+1Cafu; 2) elementseforeand(t; 2

Ti 1)Capyu; 2) elementsafterx. In contrastthetail-insertstageof u; » hasno ele-
mentsafterand4pi: 1Capu; 2) elementdeforex.

Thus,thenumberof sweep®f uk in Subphase is atmostthenumberof sweepof uy
in thetail-insertstageof u; » becausdewer elementsanbeinsertednto u; » before
u; 2'supperthresholds reached.

In summarythereareat mosttwo subphases Phase3 andthenumberof sweepf uk in
thesetwo subphaseis atmost G (i 3,1) plusO(2' 2 k), which establishe$29).

We now prove (28). To do so,we decompos@®hase? of u; into threesubphasesndwe

analyzethedensitieof u; 2 andv; » in eachsubphase.

We considetthedensitieof u; 2 andv; , atthebeginningandendof Subphasé (see
Fig. 29). At the beginning of Subphasd, Density(u; 2) = p; 1 andDensityv; 2) =
4pi+1 pi 1 bytherebalanceroperty

Hereandbelon we assumehat4pi+1 pi 1 T; 1. Thealternatve, that4p;. 1

pi 1> Ti 1,isthesimplecase.ThenDensityvi 2) =T1; 1. As aconsequencehere
areonly two subphasem Phase of u;, andtherecurrences simplet

Subphaséd endswith the densityof u; » reachingts upperthresholdrt; 2. Thenum-
berof sweepof uk in Subphasé is exactlyequalto Gk (i 1,1) becausdothof them
startat Density(ui 2) = pi 1 andendwith Density(u; 2) =T; 2.
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Fig. 29. Subphase 1 of Phase 2 starts from Density(ui_2) = pi—1 (left) and ends at Density(ui_2) =
Tj—2 (right). The marker element x is indicated by a black dot. The region that is rebalanced at the end
of Subphase 1 is shaded.

We next considerthe densitiesof u; > andv; 2 at the beginning and end of Sub-
phase2 (seeFig. 30). The beginning of Subphase is right after the rebalanceof
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Ui 1. Noticethatthereare4pi.1Capu; 2) elementdeforethe markerelementx and
(ti 2 pi 1)Capu; 2) elementsafterx. Becausa; » 5p; 2 by (23),we obtain

Ti2 Pi1 Spi2 Pi1
Becausei 2 <pi 1< pi+1by (1), wehave
T2 P 1<4Pi+1. (36)

Equation(36) saysthatthe numberof elementsafterx is lessthanthe numberof ele-
mentsbeforex in nodeu; 1. Thereforethemarkerelement will bein theright child

of u; 1 afterthesweep.By the sameamgumentasin Phase3, we assumehe sweepat

leveli 2is constrainedy the hammerconstraint.Otherwise Density(v; 2) =Ti 1,

andthereareonly two subphases Phase?.

Thus,we considerthe casethatv; ; is still below its parentsthresholdj.e., Phase?

needsa third subphasdeforeit nishes.

We now boundthe numberof sweepof uy in Subphase@. Sincethe markerelement
X is the leftmostelementin u; », andthuswithin u; 2 we have the head-insertase.
Thereforepy Theorem3, thereareO(2' 2 *) sweepf uy in Subphase.

N |
| u ” o |

Fig. 30. Subphase 2 of Phase 2 starts from Density(ui_2) = Ti_2 pi—1 (left) and ends at
Density(ui—2) = Ti—2 (right). The marker element x is indicated by a black dot. The region that is
rebalanced at the end of Subphase 2 is shaded.

Finally, we considerthe densitiesof u; 2 andv; » atthe beginningandendof Sub-
phase3 (seeFig. 31). Subphase& is sameas Subphase of Phase3. By the same
argumentthe numberof sweep®f ui in Subphas&is G (i  3,1).

i—1 ’ ® Uj—1 ‘ ’ ° Ui—1 | ‘
9 /\
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Fig. 31. Subphase 3 of Phase 2 starts from Density(ui_2) = 4pi+1+ Ti—2 Ti—1 (left) and ends at
Density(ui—2) = Tj—2 (right). The marker element x is indicated by a black dot. At the end of Sub-
phase 3, node u; is rebalanced.
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In summarythereareatmostthreesubphase Phase? andthenumberof sweepsn these
threesubphaseis atmostGi (i 1,1) plusO(2' 3 X) plus(i  3,1), which establishes
(28).

We cannow prove ourdesiredbound.Plugging(28) and(29) into (26), we obtain

GGi+11) G, )+G(i L1)+2G( 3,1)+0(2 K.

We prove our boundby induction. Assumeci(j, 1) B2l kfor j iandtheconstanin
0(2 ¥)isa. If wechoosep biggerthan4a, then

Ck(|+1,1) le k+82i 1 k+282I 3 k+(X2i k
= Lzl[szi K+a2 K
Bzi+l k'
Therefore G (i+1,1) B2*! Xistrueforall i > 0, asclaimed.

|
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