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The packed-memory array (PMA) is a data structure that maintains a dynamic set of N elements in sorted order
in a Θ(N)-sized array. The idea is to intersperse Θ(N) empty spaces or gaps among the elements so that only
a small number of elements need to be shifted around on an insert or delete. Because the elements are stored
physically in sorted order in memory or on disk, the PMA can be used to support extremely efficient range
queries. Specifically, the cost to scan L consecutive elements is O(1 + L/B) memory transfers.

This paper gives the first adaptive packed-memory array (APMA), which automatically adjusts to the input
pattern. Like the traditional PMA, any pattern of updates costs only O(log2 N) amortized element moves and
O(1 +(log2 N)/B) amortized memory transfers per update. However, the APMA performs even better on many
common input distributions achieving only O(logN) amortized element moves and O(1 +(logN)/B) amortized
memory transfers. The paper analyzes sequential inserts, where the insertions are to the front of the APMA,
hammer inserts, where the insertions “hammer” on one part of the APMA, random inserts, where the insertions
are after random elements in the APMA, and bulk inserts, where for constant α 2 [0,1], Na elements are inserted
after random elements in the APMA. The paper then gives simulation results that are consistent with the asymp-
totic bounds. For sequential insertions of roughly 1.4 million elements, the APMA has four times fewer element
moves per insertion than the traditional PMA and running times that are more than seven times faster.

Categories and Subject Descriptors: D.1.0 [Programming Techniques]: General; E.1 [Data Structures]: Ar-
rays; E.1 [Data Structures]: Lists, stacks, queues; E.5 [Files]: Sorting/searching; H.3.3 [Information Storage
and Retrieval]: Information Search and Retrieval

General Terms: Algorithms, Experimentation, Performance, Theory.

Additional Key Words and Phrases: Adaptive Packed-Memory Array, Cache Oblivious, Locality Preserving,
Packed-Memory Array, Range Query, Rebalance, Sequential File Maintenance, Sequential Scan, Sparse Array.

1. INTRODUCTION

A classicalproblemin datastructuresanddatabasesis how to maintaina dynamicsetof
N elementsin sorted order in a Θ(N)-sizedarray. Theideais to intersperseΘ(N) empty
spacesor gaps amongthe elementsso that only a small numberof elementsneedto be
shiftedaroundon an insertor delete.Thesedatastructureseffectively simulatea library
bookshelf,wheregapsontheshelvesmeanthatbooksareeasilyaddedandremoved.

Remarkably, suchdatastructurescanbeef�cient for any patternof inserts/deletes.In-
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deed,it hasbeenknown for overtwo decadesthatthenumberof elementmovesperupdate
is only O(log2 N) both amortized[Itai et al. 1981] andin the worst case[Willard 1982;
1986;1992].Sincethesedatastructureswereproposed,thisproblemhasbeenstudiedun-
derdifferentnames,includingsparsearrays[Itai etal.1981;Katriel 2002],sequential�le
maintenance[Willard 1982;1986;1992],andlist labeling [Dietz 1982;DietzandSleator
1987; Dietz andZhang1990; Dietz et al. 1994]. The problemis alsocloselyrelatedto
the order-maintenanceproblem[Dietz 1982; Tsakalidis1984; Dietz andSleator1987;
Benderet al. 2002].

Recentlytherehasbeenrenewed interestin thesesparse-arraydatastructuresbecause
of their applicationin I/O-ef�cient andcache-obliviousalgorithms.TheI/O-ef�cient and
cacheobliviousversionof thesparsearrayis calledthepackedmemoryarray (PMA) [Ben-
der et al. 2000;2005]. The PMA maintainsN elementsin sortedorderin a Θ(N)-sized
array. It supportsthe operationsinsert, delete,andscan. Let B be the numberof ele-
mentsthat �t within a memoryblock. To insertan elementy after a given elementx,
whengiven a pointerto x, or to deletex, costsO(log2 N) amortizedelementmovesand
O(1+(log2 N)/B) amortizedmemorytransfers.ThePMA maintainsthedensityinvariant
that in any region of sizeS (for S greaterthansomesmallconstantvalue),thereareΘ(S)
elementsstoredin it. To scanL elementsaftera givenelementx, whengivena pointerto
x, costsΘ(1+L/B) memorytransfers.

ThePMA hasbeenusedin cache-oblivious B-trees[Benderet al. 2000;Benderet al.
2002;Brodalet al. 2002;Benderet al. 2004;Benderetal. 2005;Benderet al. 2006],con-
currentcache-obliviousB-trees[Benderetal.2005],cache-obliviousstringB-tree[Bender
etal. 2006],andscanningstructures[Benderetal. 2002].A sparsearrayin thesamespirit
asthePMA wasindependentlyproposedandusedin thelocality-preservingB-treeof [Ra-
man1999],althoughtheasymptoticspaceboundsaresuperlinearandthereforeinferior to
thelinearspaceboundsof theearliersparse-arraydatastructures[Itai et al. 1981;Willard
1982;1986;1992]andthePMA [Benderetal. 2000;2005].

We now give moredetailsabouthow to implementsearchin a PMA. For example,the
updateandscanboundsabove assumethatwearegivena pointerto anelementx; wenow
show how to �nd sucha pointer. A straightforwardapproachis to usea standardbinary
search,slightly modi�ed to dealwith gaps. However, binary searchdoesnot have good
datalocality. As a result, binary searchis not ef�cient when the PMA resideson disk
becausesearchrequiresO(1+ logdN/Be) memorytransfers.An alternativeapproachis to
usea separateindex into thearray;theindex is designedfor ef�cient searches.In [Raman
1999]that index is a B-tree,andin [Benderet al. 2000;Benderet al. 2002;2004;Bender
et al. 2005] the index is sometype of binary searchtree, laid out in memoryusinga so-
calledvanEmdeBoaslayout[Prokop1999;Benderet al. 2000;2005].

Theprimaryuseof the PMA in the literaturehasbeenfor sequentialstoragein mem-
ory/disk of all the elementsof a (cache-oblivious or traditional)B-tree. An early paper
suggestingthis ideawas[Raman1999]. The PMA maintainslocality of referenceat all
granularitiesandconsequentlysupportsextremelyef�cient sequentialscans/rangequeries
of the elements.The concernwith traditionalB-treesis that the 2K or 4K sizesof disk
blocksaretoo small to amortizethecostof disk seeks.Consequently, on moderndisks,
randomblock accessesarewell over anorder-of-magnitudeslower thansequentialblock
accesses.Thus, locality-preservingB-treesandcache-oblivious B-treesbasedon PMAs
supportrangequeriesthat run an orderof magnitudefasterthan thoseof traditionalB-
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trees[Benderet al. 2006]. Moreover, sincetheelementsaremaintainedstrictly in sorted
order, thesestructuresdo not suffer from agingunlike most �le systemsanddatabases.
The point is that traditionalB-treesage: As new blocksareallocatedanddeallocatedto
the B-tree,blocksthat arelogically neareachother, arefar from eachotheron the disk.
Theresultis thatrange-queryperformancesuffers.

ThePMA is an ef�cient andpromisingdatastructure,but it alsohasweaknesses.The
main weaknessis that the PMA performsrelatively poorly on somecommoninsertion
patternssuchassequentialinserts.For sequentialinserts,thePMA performsnearits worst
in termsof thenumberof elementsmovedperinsert.ThePMA'sdif�culty with sequential
insertsis thattheinsertions“hammer”ononepartof thearray, causingmany elementsto
beshiftedaround.AlthoughO(log2 N) amortizedelementsmovesandO(1+(log2 N)/B)
amortizedmemorytransfersis surprisinglygoodconsideringthe stringentrequirements
on thedataorder, it is relatively slow comparedwith traditionalB-treeinserts.Moreover,
sequentialinsertsarecommon,andB-treesin databasesarefrequentlyoptimizedfor this
insertionpattern.It would bebetterif thePMA couldperformnearits best,not worst,in
thiscase.

In contrast,oneof thePMA'sstrengthsis its performanceoncommoninsertionpatterns
suchasrandominserts.For randominserts,thePMA performsextremelywell with only
O(logN) elementmoves per insertandonly O(1+ (logN)/B) memorytransfers. This
performancesurpassestheguaranteesfor arbitraryinserts.

Results. This paperproposesanadaptive packed-memoryarray (abbreviatedadaptive
PMA or APMA), which overcomesthesede�cienciesof the traditional PMA. Our struc-
ture is the �rst PMA thatadaptsto insertionpatternsandit givesthe largestdecreasein
the costof sparsearrays/sequential-�lemaintenancein almosttwo decades.TheAPMA
retainsthe sameamortizedguaranteesasthe traditionalPMA, but adaptsto commonin-
sertionpatterns,suchassequentialinserts,randominserts,andbulk inserts,wherechunks
of elementsareinsertedat randomlocationsin thearray.

Wegive thefollowing resultsfor theAPMA:

� We �rst show that the APMA hasthe “rebalanceproperty”, which ensuresthat any
patternof insertionscost only O(1+ (log2 N)/B) amortizedmemorytransfersand
O(log2 N) amortizedelementmoves.Becausetheelementsarekeptin sortedorderin
the APMA, aswith the PMA, scansof L elementscostsO(1+ L/B) memorytrans-
fers. Thus,theadaptive PMA guaranteesperformanceat leastasgoodasthatof the
traditionalPMA.

We next analyzetheperformanceof theAPMA undersomecommoninsertionpatterns.

� We show that for sequentialinserts, whereall the insertsare to the front of the ar-
ray, theAPMA makesonly O(logN) amortizedelementmovesandO(1+(logN)/B)
amortizedmemorytransfers.

� Wegeneralizethisanalysisto hammerinserts, wheretheinsertshammeronany single
elementin thearray.

� Wethenturnto randominserts, whereeachinsertoccursafterarandomlychosenele-
mentin thearray. Weestablishthattheinsertioncostis againonly O(logN) amortized
elementmovesandO(1+(logN)/B) amortizedmemorytransfers.

� We generalizeall thesepreviousresultsby analyzingthecaseof bulk inserts. In the
bulk-insertinsertionpattern,we pick a randomelementin thearrayandperformNa

insertsafter it for α 2 [0,1]. We show thatfor all valuesof α 2 [0,1], theAPMA also
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only performsO(logN) amortizedelementmoves and O(1+ (logN)/B) amortized
memorytransfers.

� We next perform simulationsand experiments,measuringthe performanceof the
APMA on theseinsertionpatterns.For sequentialinsertionsof roughly 1.4 million
elements,theAPMA hasover four timesfewer elementmovesperinsertionthanthe
traditionalPMA andrunningtimesthatarenearlyseven timesfaster. For bulk inser-
tionsof 1.4 million elements,wheref (N) = N0:6, theAPMA hasovertwo timesfewer
elementmovesperinsertionthanthetraditionalPMA andrunningtimesthatareover
threetimesfaster.

2. ADAPTIVE PACKED-MEMORY ARRAY

In this sectionwe introducetheadaptive PMA. We �rst explain how theadaptive PMA
differs from the traditional PMA. We then show that both PMAs have the sameamor-
tizedbounds,O(log2 N) elementmovesandO(1+ (log2 N)/B) memorytransfersper in-
sert/delete.Thus,adaptivity comesat noextraasymptoticcost.

Description of Traditional and Adaptive PMAs. We�rst describehow to insertinto both
the adaptive andtraditionalPMAs. Henceforth,PMA with no precedingadjective refers
to eitherstructure.Whenwe insertanelementy afteran existing elementx in thePMA,
we look for a neighborhoodaroundelementx that hassuf�ciently low density, that is,
we look for a subarraythat is not storingtoo many or too few elements.Oncewe �nd
a neighborhoodof the appropriatedensity, we rebalancethe neighborhoodby spacing
out the elements,including y. In the traditionalPMA, we rebalanceby spacingout the
elementsevenly. In theadaptivePMA, wemayrebalancetheelementsunevenly, basedon
previousinsertions,thatis, weleaveextragapsnearelementsthathaverecentlyhadinserts
afterthem.

We dealwith a PMA thatis too full or empty, aswith a traditionalhashtable.Namely,
we recopytheelementsinto a new PMA that is a constantfactor largeror smaller. In this
paper, this constantis statedas2. However, the constantcouldbe larger or smaller(say
1.2) with almostnochangein runningtime. This is becausemostof thecostfrom element
movescomefrom rebalancesratherthanfrom recopies.

We now give someterminology. We divide thePMA into Θ(N/ logN) segments, each
of sizeΘ(logN), andwelet thenumberof segmentsbeapowerof 2. Wecall acontiguous
groupof segmentsa window. We view the PMA in termsof a treestructure,wherethe
nodesof thetreearewindows. Theroot nodeis thewindow containingall segments,and
a leaf nodeis a window containinga singlesegment.A nodein thetreethat is a window
of 2i segmentshastwo children,a left child that is thewindow of the �rst 2i� 1 segments
anda right child thatis thewindow of thelast2i� 1 segments.

We let the heightof the treebe h, so that 2h = Θ(N/ logN) and h = lgN � lg lgN +
O(1). Thenodesat eachheight` have anupperdensitythresholdτ` anda lowerdensity
thresholdρ` , whichtogetherdeterminetheacceptabledensityof keys within a window of
2` segments.As thenodeheightincreases, theupperdensitythresholdsdecrease andthe
lower densitythresholdsincrease. Thus,for constantminimum andmaximumdensities
Dmin andDmax, wehave

Dmin = ρ0 < � � � < ρh < τh < � � � < τ0 = Dmax. (1)

Thedensitythresholdson windows of intermediatepowersof 2 arearithmeticallydis-
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tributed.For example,themaximumdensitythresholdof a segmentcanbesetto 1.0, the
maximumdensitythresholdof the entirearrayto 0.5, the minimumdensitythresholdof
theentirearrayto 0.2, andtheminimumdensityof a segmentto 0.1. If thePMA has32
segments,thenthemaximumdensitythresholdof asinglesegmentis 1.0,of two segments
is 0.9, of four segmentsis 0.8, of eightsegmentsis 0.7, of 16segmentsis 0.6,andof all 32
segmentsis 0.5.

More formally, upperandlower densitythresholdsfor nodesat height` arede�ned as
follows:

τ` = τh +(τ0 � τh)(h � `)/h (2)

ρ` = ρh � (ρh � ρ0)(h � `)/h. (3)

Moreover,

2ρh < τh, (4)

becausewhenwe doublethesizeof anarraythatbecomestoo dense,thenew arraymust
bewithin thedensitythreshold.1 Observe thatany valuesof τ0, τh, ρ0, andρh thatsatisfy
(1)-(4) andenablethe arrayto have sizeΘ(N) will work. The importantrequirementis
that

τ` � 1 � τ` = O(ρ` � ρ` � 1) = O(1/ logN) .

We now give moredetailsabouthow to insertelementy afteranexisting elementx. If
thereis enoughspacein the leaf (segment)containingx, thenwe rearrangethe elements
within theleafto makeroomfor y. If theleaf is full, thenwe�nd theclosestancestorof the
leaf whosedensityis within thepermittedthresholdsandrebalance.To deleteanelement
x, we remove x from its segment. If the segmentfalls below its densitythreshold,then,
asbefore,we �nd the smallestenclosingwindow whosedensityis within thresholdand
rebalance.As describedabove, if theentire arrayis above themaximumdensitythreshold
(resp.,below the minimum densitythreshold),thenwe recopythe keys into a PMA of
twice (resp.,half) thesize.

We introducefurther notation. Let Cap(u`) denotethe numberof array positionsin
nodeu` of height`. Sincethereare2` segmentsin thenode,thecapacityis Θ(2` logN).
Let Gaps(u`) denotethe numberof gaps,i.e., un�lled array positionsin nodeu` . Let
Density(u`) denotethefractionof elementsactuallystoredin nodeu` , i.e., Density(u`) =
1� Gaps(u`)/Cap(u`).

Rebalance. We rebalancea nodeu` of height` if u` is within threshold,but we detect
thata child nodeu` � 1 is outsideof threshold.Any nodewhoseelementsarerearrangedin
theprocessof a rebalanceis swept.Thus,we sweepa nodeu` of height` whenwe detect
thatachildnodeu` � 1 is outsideof threshold,butnow u` neednotbewithin threshold.Note
thatwith thisrebalancescheme,thistreecanbeimplicitly ratherthanexplicitly maintained.
In this case,a rebalanceconsistsof two scans,oneto the left andoneto the right of the
insertionpointuntil we �nd aregion of theappropriatedensity.

In a traditionalPMA we rebalanceevenly, whereasin theadaptive PMA we rebalance
unevenly. Theideaof theAPMA is to storea smallernumberof elementsin theleavesin

1There are straightforward ways to generalize (4) to further reduce space usage. Introducing this generalization
here leads to unnecessary complication in presentation.
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which therehave beenmany recentinserts.However, sincewe mustmaintainthe bound
of O(log2 N) amortizedelementmoves,we cannotlet thedensityof any child nodebetoo
highor too low.

PROPERTY 1. (rebalance property) After a rebalance, if each node u` (except the root
of the rebalancing subtree) has density within u` ’s parent’s thresholds, then we say that the
rebalance satisfies the rebalanceproperty. We say that a node u` is within balanceor well
balancedif u` is within its parent’s thresholds.

Thefollowing theoremshows if eachrebalancesatis�estherebalanceproperty, thenwe
achieve goodupdatebounds.Theproof is essentiallythat in [Benderet al. 2000;2005],
but therebalancepropertyappliesto a widesetof rebalancingschemes.

THEOREM 1. If the rebalance in a PMA satisfies the rebalance property, then inserts
and deletes take O(log2 N) amortized element moves and O(1+ (log2 N)/B) amortized
memory transfers.

PROOF. Let u` bea nodeat level `. A rebalanceof u` is triggeredby aninsertor delete
thatpushesonedescendantnodeui ateachheighti = 0, . . ., ` � 1 above its upperthreshold
τi or below its lower thresholdρi. (If this werenot the case,thenwe would rebalancea
nodeof a lowerheightthan`.)

Consideroneparticularsuchnodeui. Beforethesweepof ui'sparentui+ 1,

Density(ui) > τi or Density(ui) < ρi .

After thesweepof ui+ 1, by therebalanceproperty,

ρi+ 1 � Density(ui) � τi+ 1 .

Thereforewe needat least

(τi � τi+ 1)Cap(ui)

insertsor at least

(ρi+ 1 � ρi)Cap(ui)

deletesbeforethe next sweepof nodeui+ 1. Thereforethe amortizedsizeof a sweepof
nodeui+ 1 perinsertinto child nodeui is at most

max
�

Cap(ui+ 1)

(τi � τi+ 1)Cap(ui)
,

Cap(ui+ 1)

(ρi+ 1 � ρi)Cap(ui)

�
= max

�
2

τi � τi+ 1
,

2
ρi+ 1 � ρi

�

= O(logN).

Whenwe insertan elementinto the PMA, we actually insert into h = Θ(logN) such
nodesui, oneat eachlevel in the tree. Thereforethe total amortizedsizeof a rebalance
per insertioninto the PMA is O(log2 N). Thus,the amortizednumberof elementmoves
perinsertis O(log2 N). Becausea rebalanceis composedof a constantnumberof sequen-
tial scans,theamortizednumberof memorytransfersper insertis O(1+ (log2 N)/B), as
promised.

Observe thatTheorem1 appliesto both insertionsanddeletions;in contrast,we focus
only on insertionsin therestof thepaper, for thesakeof simplicity. However, it is likely
that,with onlyminormodi�cationsto thepredictor, thesameboundsfor commoninsertion
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Algorithm 1 Predictor.insert(x)
1: if 9 a cell c suchthatc.element= x then
2: SWAP(c, c.nextcell) f If c is not the head pointer. g
3: c.count c.count+1
4: if c.count> logN then
5: tail.count tail.count� 1 f When c.count is at the maximum logN. . . g
6: c.count c.count� 1 f Decrease the tail's count instead of increasing c.count. g
7: end if
8: else
9: if head.nextcell = tail then

10: tail.count tail.count� 1 f Decrease tail's count when no free space. g
11: else
12: head head.nextcell
13: head.element x
14: head.count 1
15: head.leaf x.leaf f In other cases, create a new cell for new element. g
16: end if
17: end if
18: if tail.count= 0 then
19: tail  tail.nextcell f The tail cell is removed when its count drops to zero.g
20: end if

distributionscanbemadeto applyto deletiondistributionsandto distributionscombining
bothoperations.Theredoesnotseemto beany signi�cant additionaldif�culties in dealing
with deletions.

Prediction. In apredictordatastructurewekeeptrackof asmallcollectionof elements,
calledmarker elements,thatdirectly precedeelementsrecentlyinsertedinto theAPMA.
Thepredictorstoresa pointerto thoseleaf nodesof theAPMA (i.e., Θ(logN)-sizedseg-
mentsof thearray)thatcontainmarkerelements.For eachmarkerelement,we countthe
numberof recentlyinsertedelementsthatdirectly follow themarker.

We give terminologyfor prediction.For an elementx, let insert number I(x) denotea
countfrom 0 to logN estimatingthenumberof insertsafterx in thelastO(log2 N) inserts.
Thepredictoris designedsothat

� I(x) is alwaysanunderestimateof thenumberof inserts,and
� I(x) never growsabove logN.

Below, we explain why andhow thesepropertiesareenforced.Furthermore,if elementx
is not in thepredictor, thenwe de�ne I(x) = 0.

Wenow de�ne theinsertnumberI(u`) of anodeu` at level ` in theAPMA. Speci�cally,
let insertnumberI(u`) bethesumof theinsertnumbersof elementsin u` . Whenrebalanc-
ing a node,we reallocateelementsunevenlyamongits descendantleafsaccordingto their
insertnumbers.Thelargertheinsertnumber, thefewer elementsareallocated.

We now explain how the predictordetermines(1) which elementsto storeasmarker
elementsand(2) whatthecountnumbersarefor eachelement.To do so,we explain how
to implementthepredictor.

Thepredictoris a circular linked list, storedin anarray. Thepredictorcontainsβ logN
cells,for constantβ. Two pointers,a headpointeranda tail pointer, indicatethefront and
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Tail Pointer
element

Header Pointer

1 logN
2

� � �� � �

3

Countleaf

� � �

Fig. 1. The predictor. Each cell contains a marker element x, the leaf node in the APMA where x resides, and the
count number I(x).

thebackof the linked list. Eachcell in thecircular linked list storesa markerelementx.
Associatedwith x aretwo piecesof data,(1) apointerto theleafnodein theAPMA where
x currentlyresidesand(2) thecountnumberI(x) (seeFig. 1).

When a new elementx is determinedto be a markerelement,it is insertedinto the
predictor;x is insertedat theheadof thelinkedlist (wherethehead-pointerpoints).When
an elementx is no longerneededas a markerelement,it is deletedfrom the predictor;
beforex is deleted,x will alwaysbe storedat the tail of the linked list (wherethe tail-
pointerpoints).

Whena new elementy is insertedinto the APMA after an elementx, we �rst check
whetherx is a markerelement(i.e., storedin thepredictor). If x is a markerelement,we
storex andits auxiliary informationonecell forwardin theAPMA (unlessx is alreadyat
theheadof thepredictor).Let w betheelementdisplacedby x. We storew (andauxiliary
information)in thecell vacatedby x. We alsoincreasetheelementx's countnumberby 1
unlessit is alreadyat themaximumO(logN). Let z betheelementstoredin thetail of the
predictor. If x is alreadyat themaximumO(logN), thenwe decrementz's countnumber
insteadof incrementingx's countnumber. (This decrementis onereasonwhy the count
numberof x is anunderestimate.)

If x is not a markerelement,thentherearetwo cases.If thereareemptycells in the
predictor, thenwe storex at the headof the predictor. If thereareno emptycells in the
predictor, thenwedecreasethecountnumberof z (theelementstoredin thetail) insteadof
storingx in thepredictor. (This lack of spaceis anotherreasonwhy thecountnumberof x
is anunderestimate.)

This decrementmay reducethe countnumberof z to 0. If so, we deletez from the
predictor. A new freecell spaceis now availablefor futureinserts.

Thepredictoralgorithmis engineeredto tolerate“randomnoise” in the insertions.By
randomnoise,wemeanthatsomeof theinsertionsmaynotfollow aninsertiondistribution
(suchasheadinsert,hammerinsert,bulk insert,etc). Our guaranteesstill applyevenif as
much as a constantfraction of insertionsare after randomelementsin the APMA. To
understandwhy our predictortoleratesrandomnoise,observe thata few arbitraryinserts
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will not bestoredin thepredictorunlessthetail countdropsbelow zero. If a poorchoice
of elementis, in fact, storedin thepredictor, it will soonbeswappedto the tail if no new
insertsfollow.

Uneven Rebalance. Now we presentthe algorithm for uneven rebalance(SeeAlgo-
rithm 2). Assumethat nodesu` � 1 and v` � 1 are left and right children of u` at level `
andthat therearem orderedelementsf x1,x2, . . .,xmg storedin u` . Theunevenrebalance
performsasfollows:

Algorithm 2 Rebalance.uneven(u` )
1: u` � 1  u` 's left child;
2: v` � 1  u` 's right child;
3: if (u` � 1 is empty)or (v` � 1 is empty)then
4: return;
5: end if
6: splitnum maxf Cap(u` � 1)ρ` ,m � Cap(v` � 1)τ`g;

7: optvalue 

�
�
�
�
�

P splitnum
j= 1 I(x j)

Cap(u` � 1) � splitnum
�

P m
j= splitnum+ 1 I(x j)

Cap(v` � 1) � (m � splitnum)

�
�
�
�
�
;

8: for i = splitnumto minf Cap(u` � 1)τ` ,m � Cap(v` � 1)ρ`g do

9: curvalue 

�
�
�
�
�

P i
j= 1I(x j)

Cap(u` � 1) � i
�

P m
j= i+ 1I(x j)

Cap(v` � 1) � (m � i)

�
�
�
�
�
;

10: if optvalue> curvaluethen
11: optvalue curvalue;
12: splitnum i;
13: end if
14: end for
15: u` � 1  f x1, . . .,xsplitnumg;
16: v` � 1  f xsplitnum+ 1, . . .,xmg;
17: Rebalance.uneven(u` � 1);
18: Rebalance.uneven(v` � 1);

� If I(xi) = 0 for all i 2 [1,m], thenweperformanevenrebalancefor this nodeu` .
� Otherwise,we perform an uneven rebalance.Our uneven rebalanceis designedso

that,thebiggertheinsertnumbers,themoregapsweleave. Speci�cally, we minimize
thequantity

�
�
�
�

I(u` � 1)

Gaps(u` � 1)
�

I(v` � 1)

Gaps(v` � 1)

�
�
�
� , (5)

subjectto theconstraintthattherebalancepropertymustbesatis�ed.Whenwe rebal-
ance,we split at an elementxi, meaningthatwe putelementsf x1, . . .,xig in u` � 1 and
f xi+ 1, . . .,xmg in v` � 1. Theobjectiveis to �nd theindex i to minimize

�
�
�
�
�

P i
j= 1I(x j)

Cap(u` � 1) � i
�

P m
j= i+ 1I(x j)

Cap(v` � 1) � (m � i)

�
�
�
�
�
, (6)

subjectto theconstraintsthatthedensitiesof bothleft child andright child arewithin
parent's threshold,i.e.,
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i 2
h
Cap(u` � 1)ρ` , Cap(u` � 1)τ`

i
, (7)

i 2
h
m � Cap(v` � 1)τ` , m � Cap(v` � 1)ρ`

i
. (8)

� Werecursively allocateelementsin u` � 1 andv` � 1'schild nodesandproceeddown the
treeuntil we reachtheleaves.Onceweknow thenumberof elementsin eachleaf,we
rebalanceu` in onescan.

For example, in the insert-at-headcase,the insert numbersof right descendantsare
always0. Thus,minimizing thesimpli�ed objectivequantityjI(u` � 1)/Gaps(u` � 1)j means
maximizingGaps(u` � 1).

Now we show how to implementtherebalancesothat thereis no asymptoticoverhead
in the bookkeepingfor the rebalance.Speci�cally, the numberof elementmoves in the
uneven rebalanceis dominatedby the size of the rebalancingnode,asdescribedin the
following theorem:

THEOREM 2. To rebalance a node u` at level ` unevenly requires O(Cap(u`)) opera-
tions and O(1+Cap(u`)/B) memory transfers.

PROOF. Therearethreestepsto rebalancinga nodeu` unevenly. First, we checkthe
predictorto obtaintheinsertnumbersof theelementslocatedin all descendantnodesof u` .
Becausethesizeof thepredictoris O(logN), thissteptakesO(logN) operationsandO(1+
(logN)/B) memorytransfers.Second,we recursively determinethenumberof elements
to bestoredin u` 's children,grandchildren,etc.,down to descendentleaves. Naively, this
procedureusesO(`Cap(u`)) operationsandO(1+ `Cap(u`)/B) memorytransfers;below
we show how to performthis procedurein O(Cap(u`)) operationsandO(1+Cap(u`)/B)
memorytransfers.Third, we scanthe nodeu` puttingeachelementinto the correctleaf
node.Thus,this laststepalsotakesO(Cap(u`)) operationsandO(1+Cap(u`)/B) memory
transfers.

We now show how to implementthe secondstepef�ciently . We call the elementsin
thepredictorweightedelementsandtheremainingelementsunweighted. Recallthatonly
weightedelementshavenonzeroinsertnumbers.In the�rst step,weobtainall information
aboutwhichelementsareweighted.Then,westartthesecondstep,which is recursive. At
the �rst recursive level, we determinewhich elementsareallocatedto the left andright
childrenof u` , i.e., we �nd theindex i minimizing (6). At �rst glance,it seemsnecessary
to checkall indicesi in order to get the minimum, which takesO(Cap(u`)) operations,
but we cando better. Observe that whenthe index i is in a sequenceof unweightedel-
ementsbetweentwo weightedelements,the numeratorin (6) doesnot change.Only the
denominatorchanges,andit doessocontinuously. Soin orderto minimize(6) at the�rst
recursive level, it is not necessaryto checkall elementsin nodeu` . It is enoughto check
whichtwocontiguousweightedelementstheindex i is betweensuchthat(6) is minimized.
Sincethereareat mostO(logN) weightedelements,thenumberof operationsat eachre-
cursive level is at mostO(logN). Furthermore,becausethereare` recursive levels, the
numberof operationsin thewhole recursive stepis at mostO(` logN), which is lessthan
O(Cap(u`)). By storingtheseweightedelementscontiguouslyduring the rebalance,we
obtainO(1+Cap(u`)/B) memorytransfers.
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3. ANALYSIS OF SEQUENTIAL AND HAMMER INSERTIONS

In thissectionwe�rst analyzetheadaptivePMA for thesequentialinsertpattern,where
insertsoccurat thefront of thePMA. Thenwe generalizetheresultto hammerinserts.

For sequentialinserts,we provethefollowing theorem:

THEOREM 3. For sequential inserts, the APMA has O(logN) amortized element moves
and O(1+(logN)/B) amortized memory transfers.

Wegivesomenotation.In therestof thissection,weassumethatu` is theleftmostnode
at level ` andv` � 1 is the right child of u` . Recallthat leaveshave height0. Supposethat
we insertN elementsin the front of an arrayof sizecN (c > 1). Sincewe alwaysinsert
elementsat thefront, rebalancesoccuronlyat theleftmostnodeu` (0 � ` � h). If weknow
thenumberof sweepsof u` in theprocessof insertingtheseN elements,thenwealsoknow
thetotalnumberof moves.

In order to boundthe numberof sweepsat eachlevel, we needmore notation. For
κ � `, let Nk(`, i) bethenumberof sweepsof theleftmostnodeuk at level κ betweenthe
(i � 1)th sweepandthe ith sweepof nodeu` . We imaginea virtual parentnodeuh+ 1 of
theroot nodeuh, whereuh+ 1 hassize2cN. Thus,thetime whentheroot nodeuh reaches
its upperthresholdτh, afterwe insertN elements,is thetime whenthevirtual parentnode
performsthe �rst rebalance.Thus,Nk(h + 1,1) is the numberof sweepsof nodeuk at
level κ duringtheinsertionof theseN elements(0 � κ � h). Sinceeachsweepof uk costs
2k logN moves,thetotalnumberof movesis:

hX

k= 0

Nk(h+1,1)2k logN.

This quantityis the sumof the sweepcostsat eachlevel, until the virtual nodeneedsits
�rst rebalance.Thus,theamortizednumberof elementmovesis

1
N

hX

k= 0

Nk(h+1,1)2k logN. (9)

Sequential Inserts with Only Upper Thresholds. For pedagogicalreasons,we now con-
siderthesimplercaseof a PMA with no lower-boundthresholdsandshow thatTheorem3
holdsin this specialcase.This lack of lower-boundthresholdsmakesit signi�cantly eas-
ier to achieve the boundsfrom Theorem3. By providing this simpleranalysiswe give
insight into the origin of Theorem3's boundsandwhy the subsequentanalysisis more
complicated.

LEMMA 4. For sequential inserts, the APMA with no lower-bound thresholds has
O(logN) amortized element moves and O(1+ logN/B) amortized memory transfers.

PROOF. RecallthatNk(`,1) is thenumberof sweepsof theleftmostchild uk at level κ
until ancestornodeu` performsits �rst rebalance.Observe thatjustbeforeu` performsthe
�rst rebalance,u` � 1 reachesits thresholdτ` � 1. We want to �nd thenumberof sweepsof
uk beforeu` � 1 reachesits upperthresholdτ` � 1.

We decomposethis processinto two phases.Phase1 endsbeforethe �rst rebalanceof
nodeu` � 1 whenwehave τ` � 22` � 2 elementsin theleft child u` � 2 of u` � 1 and0 elementsin
theright child v` � 2 of u` � 1 (seeFig. 2). Accordingto ouruneven-rebalancestrategy, since
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` � 1

` � 2

u`

u` � 1

u` � 2

`

00

=)

u`

u`−1

u`−2

0τ`� 2

Fig. 2. In the simple case, Phase 1 of node u` starts from Density(u`−2) = 0 (left) and ends at
Density(u`−2) = τ`−2 (right). The shaded region is rebalanced.

all insertsareto theleft child, weallocateτ` � 12` � 2 elementsto v` � 2 and(τ` � 2 � τ` � 1)2` � 2

elementsto u` � 2 at the endof Phase1, i.e., we give the maximumallowed numberof
elementsto theright child. Now we considerPhase2, which takesplacebetweenthe�rst
rebalanceandthesecondrebalanceof u` � 1 (seeFig. 3). Sincetheright child v` � 2 of u` � 1
alreadyhasdensityτ` � 1, whenu` � 2 reachesits thresholdτ` � 2 again,thedensityof u` � 1 is
(τ` � 2 + τ` � 1)/2 > τ` � 1 at theendof Phase2, which is above its upperthreshold.

`− 1

`− 2

u`

u`−1

u`−2

`

(� ` � 2 � � ` � 1)

� ` � 1

=)

u`

u` � 1

u` � 2

� `−1� `−2

Fig. 3. In the simple case, Phase 2 of node u` starts from Density(u`−2) = τ`−2 � τ`−1 (left) and ends
at Density(u`−2) = τ`−2 (right). The shaded region is rebalanced.

To summarize,the�rst timethatwerebalanceu` � 1 is whenwemoveelementsfrom u` � 2
into v` � 2. This rebalanceis triggeredbecauseu` � 2 is above its threshold.Thenext time
u` � 2 goesabove its thresholdτ` � 2, u` � 1 is alsoabove its thresholdτ` � 1, andwetriggerthe
�rst rebalanceof u` . Thus,thereareatmosttwo sweepsof nodeu` � 1 beforeit reachesits
thresholdτ` � 1. Thatis

Nk(`,1) � Nk(` � 1,1)+Nk(` � 1,2). (10)

To calculate(9), we�rst show thatNk(` � 1,2) < Nk(` � 1,1). RecallthatNk(` � 1,2)
is thenumberof sweepsof the leftmostchild uk at level κ betweenancestornodeu` � 1's
�rst sweep(rebalance)and secondsweep. The above inequality is true becauseat the
endof both phasesu` � 2 reachesits threshold,but the �rst phasestartswith u` � 2 having
density0 (anemptydatastructure),andthesecondphasestartswith u` � 2 having density
τ` � 2 � τ` � 1. Thus,by pluggingNk(` � 1,2) < Nk(` � 1,1) in (10),wehave therecurrence

Nk(`,1) � 2Nk(` � 1,1).
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Theamortizednumberof elementmovesis

1
N

hX

k= 0

Nk(h+1,1)2k logN =

hX

k= 0

Nk(h+1,1)2k� h

�
hX

k= 0

�
2h� k+ 1Nk(κ,1)

�
2k� h

=

hX

k= 0

2 = O(logN).

Sequential Inserts in APMA with Lower and Upper Thresholds. We now considerthe
generalcaseof a PMA with boththe lower- andupper-boundthresholdsandarereadyto
prove Theorem3.

PROOF OF THEOREM 3: The proof is a generalizationof the proof of Lemma4; we
boundNk(`,1), thenumberof sweepsof theleftmostchild uk at level κ until theancestor
nodeu` performsthe�rst rebalance.Thedif�culty with boththelower- andupper-bound
thresholdsis thatwe mustdecomposethe time beforethe �rst rebalanceof u` into more
than2 phases,andthuswe obtaina morecomplicatedrecurrenceto solve. We decompose
this processinto threephases.Phasei of nodeu` (1 � i � 3), startsafter the (i � 1)th
sweepof u` � 1 andendsat theith sweepof u` � 1. At theendof thelastphase,u` performs
its �rst rebalance,which is thethird sweepof u` � 1. Thus,wehave atmostthreesweepsof
nodeu` � 1 beforethe�rst rebalanceof u` :

Nk(`,1) � Nk(` � 1,1)+Nk(` � 1,2)+Nk(` � 1,3).

Now weprove theabove claim analyzingthedensitiesin eachphase.

` � 1

` � 2

u`

u`−1

u`−2

`

00

=)

u`

u` � 1

u` � 2

0� ` � 2

Fig. 4. Phase 1 of node u` starts from Density(u`−2) = 0 (left) and ends at Density(u`−2) = τ`−2
(right). The shaded region is rebalanced.

I) We considerthedensitiesof child nodesu` � 2 andv` � 2 of u` � 1 at theendof Phase1.
The�rst rebalanceof u` � 1 occurs(seeFig. 4) whenu` � 2 reachesits upperthreshold
τ` � 2. For sequentialinserts,weallocateasmany freespacesaspossibleto u` � 2, while
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ensuringthatu` � 2 andv` � 2 havedensitiesbetweenρ` � 1 andτ` � 1. Thus,afterthe�rst
rebalance,whichhappensafterτ` � 2Cap(u` � 2) inserts,we have densities:

Density(u` � 2) = ρ` � 1,

Density(v` � 2) = τ` � 2 � ρ` � 1.

It is immediatethat the densitysettingof u` � 2 is legal; we now explain why the
above densitysettingof v` � 2 is legal, i.e.,satis�estherebalanceproperty. Noticethat
ρ` � 1 � τ` � 2 � ρ` � 1 � τ` � 1, since2ρ` � 1 � τ` � 1 < τ` � 2 by (1) and(4) andτ` � 2 � τ` � 1 =
O(1/ logN) < ρ` � 1 by (1) and(2).

`− 1

`− 2

u`

u` � 1

u` � 2

`

� ` � 1

(� ` � 2 − � ` � 1)

=)

u`

u` � 1

u` � 2 (� `−2 − � `−1)

� `−2

Fig. 5. Phase 2 of node u` starts from Density(u`−2) = ρ`−1 (left) and ends at Density(u`−2) = τ`−2

(right). The shaded region is rebalanced.

II) We now considerthe densitiesof child nodesu` � 2 and v` � 2 at the endof Phase2.
Whenu` � 2 reachesits thresholdagain,Phase2 of nodeu` ends(seeFig. 5). After
u` � 1 doesthesecondrebalance,which happensafter (τ` � 2 � ρ` � 1)Cap(u` � 2) inserts,
we have densities:

Density(u` � 2) = 2τ` � 2 � ρ` � 1 � τ` � 1,

Density(v` � 2) = τ` � 1.

It is immediatethat the densitysettingof v` � 2 is legal; we now show that the den-
sity settingof u` � 2 is legal. Notice thatρ` � 1 < 2τ` � 2 � ρ` � 1 � τ` � 1 < τ` � 1, because
2ρ` � 1 < τ` � 2 < τ` � 2+(τ` � 2 � τ` � 1) by(1) and(4) and2(τ` � 2 � τ` � 1) = O(1/ logN)<
ρ` � 1 by (1) and(2).

III) Now we considerthe densitiesof child nodesu` � 2 andv` � 2 at the endof Phase3.
When u` � 2 reachesits thresholda third time, which happensafter (τ` � 1 � τ` � 2 +
ρ` � 1)Cap(u` � 2) inserts,Phase3 of nodeu` ends(seeFig. 6). Whenu` � 1 doesthe
third sweep,thedensityof u` � 1 is (τ` � 2 + τ` � 1)/2 > τ` � 1, sou` � 1 is above threshold.
Thus,theendof Phase3 is the�rst rebalanceof u` .

Thus,thereareatmostthreesweepsof u` � 1 beforethe�rst rebalanceof u` , thatis,

Nk(`,1) � Nk(` � 1,1)+Nk(` � 1,2)+Nk(` � 1,3). (11)

WecannotsimplyusetheboundNk(`,1) � 3Nk(` � 1,1) for ouranalysis,sincethisbound
naively leadsto O(N log(3=2) ) amortizedmoves,which is far from ourgoalof O(logN).

To establishour bound,weprove thefollowing recurrencesfor Phase2 andPhase3:

Nk(` � 1,2) � 2Nk(` � 2,2), (12)
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` � 1

` � 2

u`

u`−1

u`−2

`

τ`−1

(2τ`−2 � τ`−1 � ρ`−1)

=)

u`

u`−1

u`−2 τ`−1

τ`−2

Fig. 6. Phase 3 of node u` starts from Density(u`−2) = 2τ`−2 � τ`−1 � ρ`−1 (left) and ends at
Density(u`−2) = τ`−2 (right). The shaded region is rebalanced.

and

Nk(` � 1,3) � Nk(` � 1,2). (13)

Solving(11),(12),and(13)will yield thedesiredbound.
We alreadyshowed(11); now we show (12). We proceedby breakingPhase2 into two

subphases.The�rst subphasebeginswhenPhase2 begins,i.e.,afterthe�rst rebalanceof
u` � 1, andit endsafter thenext sweepof u` � 2. Thesecondsubphasebeginswhenthe�rst
subphaseends,andit endsafter thenext anothersweepof u` � 2. We will show thatat the
endof Subphase2, u` � 2 is above threshold,meaningthatSubphase2 endswith a sweep
of u` � 1, i.e.,Phase2 endsaswell.

� At thebeginningof Subphase1,nodeu` � 3 hasdensityρ` � 2 by therebalanceproperty.
(Sinceinsertionsareat the beginning of the array, we want u` � 3 to be assparseas
possible,andtherebalancepropertysaysthatafterarebalanceDensity(u` � 3) � ρ` � 2.)
Thesweepof u` � 2 is triggeredoncethedensityof u` � 3 reachesτ` � 3 (seeFig. 7). At
theendof Subphase1, after (τ` � 3 � ρ` � 2)Cap(u` � 3) inserts,thedensityof u` � 3 and
v` � 3 are:

Density(u` � 3) = 2ρ` � 1 � ρ` � 2 + τ` � 3 � τ` � 2,

Density(v` � 3) = τ` � 2.

It is immediatethatthedensityof v` � 3 is legal;weshow thatthedensityof u` � 3 is legal
too.Noticethatρ` � 2 < 2ρ` � 1 � ρ` � 2+τ` � 3 � τ` � 2 < τ` � 2, because2ρ` � 2 < 2ρ` � 1 and
τ` � 2 < τ` � 3 by (1) and2ρ` � 1 < τ` � 1 < τ` � 2 andτ` � 3 � τ` � 2 = O(1/ logN) < ρ` � 2 by
(1) and(4).
Wenow show thatthenumberof sweepsof uk in Subphase1 is equalto Nk(` � 2,2).
Observe thatSubphase1 is exactly Phase2 of the nodeu` � 1 becausethey bothstart
with the nodeu` � 3 having densityρ` � 2 andendwith the nodeu` � 3 having density
τ` � 3. Although in Subphase1 and Phase2 of nodeu` � 1, nodev` � 3 hasdifferent
densities,this differencedoesnot matterbecausethedensityof v` � 3 doesnot affect
whenSubphase1 andPhase2 of nodeu` � 1 end.

� At thebeginningof Subphase2, u` � 3 hasdensity2ρ` � 1 � ρ` � 2 + τ` � 3 � τ` � 2 > ρ` � 2,
andthesubsequentsweepof u` � 2 is triggeredoncethe densityof u` � 3 reachesτ` � 3
again(seeFig. 8). Sincethe densityof v` � 3 is τ` � 2, the densityof u` � 2 is (τ` � 3 +
τ` � 2)/2 > τ` � 2 at theendof Subphase2, sou` � 2 is above its upperthreshold.Thus,
theendof Subphase2 is thesweepof u` � 1.
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� ` � 1 � ` � 2 � � ` � 1

u`

u` � 1

� ` � 2

2� ` � 1 � � ` � 2 > � ` � 2
u` � 3

u` � 2

=)

� `−2 − � `−1

u`

u`−1

� `−3

2� `−1 − � `−2 > � `−2
u`−3

u`−2

Fig. 7. Subphase 1 starts from Density(u`−3) = ρ`−2 (left) and ends at Density(u`−3) = τ`−3 (right). The
shaded region is rebalanced.

Wenow provethatthenumberof sweepsof uk in Subphase2 is lessthanNk(` � 2,2),
becauseboth Subphase2 andPhase2 of nodeu` � 1 endwith nodeu` � 3 reachingits
upperthresholdτ` � 3, but Subphase2 startswith nodeu` � 3 having densitygreaterthan
ρ` � 2 while Phase2 of nodeu` � 1 startswith nodeu` � 3 having densityρ` � 2.

� ` � 2 � � ` � 1

u`

u` � 1

u` � 2

u` � 3

( > � ` � 2 ) � ` � 2

=)

� ` � 2 � � ` � 1

u `

u ` � 1

u ` � 2

u ` � 3

� ` � 3 � ` � 2

Fig. 8. Subphase 2 starts from Density(u`−3) � ρ`−2 (left) and ends at Density(u`−3) = τ`−3 (right).
The shaded region is rebalanced.

Thus,thereareat mosttwo subphasesin Phase2 of nodeu` andeachsubphasehasthe
numberof sweepsof nodeuk at mostNk(` � 2,2), which shows (12). SinceRecurrence
(12) hasthebasecaseNk(κ,2) = 1, we obtainthesolution

Nk(` � 1,2) � 2` � k� 1. (14)

Now we establishtherecurrencein (13). BothPhase2 andPhase3 endwith nodeu` � 2
reachingits upperthresholdτ` � 2, while Phase3 startswith thenodeu` � 2 having density
2τ` � 2 � τ` � 1 � ρ` � 1 > ρ` � 1. Phase2 startswith nodeu` � 2 having densityρ` � 1.
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Wenow establishthedesiredbound.Plugging(14) and(13) into (11),wehave

Nk(`,1) � Nk(` � 1,1)+Nk(` � 1,2)+Nk(` � 1,3)

� Nk(` � 1,1)+2Nk(` � 1,2)

� Nk(` � 1,1)+2� 2` � k� 1

� 2` � k+ 1. (15)

Finally, theamortizednumberof movesis

1
N

hX

k= 0

Nk(h+1,1)2k logN =

hX

k= 0

Nk(h+1,1)2k� h

�
hX

k= 0

(2h� k+ 2)2k� h =

hX

k= 0

4 = O(logN).

Observe thatafterany inserttheelementsaremoved from a contiguousgroup,andthe
movescanbeperformedwith aconstantnumberof scans.Thereforetheamortizednumber
of memorytransfersis O(1+(logN)/B).

Hammer Inserts. Wenow considerthehammerinsertiondistribution, wherewe always
inserttheelementsat thesamerank. We show that theanalysisfrom sequentialinsertion
distribution(Theorem3) applieshere.

THEOREM 5. When inserted elements have fixed rank (hammer inserts), the APMA has
O(logN) amortized element moves and O(1+(logN)/B) amortized memory transfers.

PROOF. In thehammer-insertcase,wealwaysinsertnew elementsafteragivenelement
x. Notice that in therebalancingsubtreerootedat u` , thereis a uniquepathfrom theleaf
nodecontainingthe elementx to the root nodeu` . Let nodeui (i � `) be theancestorof
x at level i, andlet vi beui's sibling. An importantdifferencebetweenthis proof andthe
proofof Theorem3 is thatui� 1 andsiblingvi� 1 maynow beeitherleft or right childrenof
ui for i < `.

Recall that, as in the proof of Theorem3, for level κ � `, Nk(`, t) is the numberof
sweepsof theleftmostnodeuk at level κ betweenthe(t � 1)th sweepandthetth sweepof
nodeu` .

Intuitively,wewantto useasimilarargumentasin theproofof Theorem3, to show that
Nk(`,1) is boundedasin (15),up to a constantfactor, thatis, for constantβ,

Nk(`,1) � β2` � k+ 1.

This approachcomescloseto working,but requiresa muchmoretechnicalgeneraliza-
tion. In particular, aswe show, Recurrences(11) and(13) still hold,but thereis onevalue
of i+1 below whichRecurrence(12) mightnot.

In the following, we explain why theremay exist a node ui+ 1 below which Recur-
rence(12) doesnot hold. Thenwe explain that

Nk(i+1,2) = O(2i+ 1� k),

which is the sameasthesolutionof Recurrence(12) up to a constantfactor. Finally, we
explain why theanalysisfrom Theorem3 still appliesevenwhenthereexistssucha node
ui+ 1.
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We �rst explain why theremay exist a nodeui+ 1 for which Recurrence(12) doesnot
hold. To do so, we examinethe densityof the child ui after the �rst sweepof ui+ 1 and
demonstratethatDensity(ui) canbedifferentwith sequentialinsertsandhammerinserts.
With sequentialinserts,a rebalancetries to put asfew elementsaspossiblein ui andas
many elementsaspossiblein vi withoutdisobeying theupperandlowerdensitythresholds.
With hammerinserts,we alsowantui to be assparseaspossiblewhile still maintaining
therebalanceproperty.

But now we have an additionalconstraint,the hammerconstraint, that nodex must
remainin ui. What we meanby this additionalconstraintis the following. Supposethat
ui is a left child, andvi is a right child. In a rebalancewe try to put asfew elementsas
possiblein ui andasmany elementsaspossiblein vi. But if thelastelementin ui is x then
we cannotreducethedensityof ui any further— thenext elementto move into vi is x, but
thenvi becomesui.

To summarize,therearetwo casesin which hammerinsertsmaydiffer from sequential
inserts.The �rst caseis whenui is a left child andx is the rightmostelementin ui after
a sweepof ui+ 1. Thesecondcaseis whenui is a right child andx is theleftmostelement
in ui after a sweepof ui+ 1. In bothcasesRecurrence(12) maynot hold for ui+ 1. (If x is
not in oneof thesetwo positionsat theendof arebalance,thenthecritical constraintis the
rebalancepropertyratherthanthehammerconstraint,aswith sequentialinserts.)

We now explain thatin bothcases,thenumberof sweepsof uk betweenthe�rst sweep
andthesecondsweepof ui+ 1, Nk(i+1,2), still hasthesolutionO(2i+ 1� k). Whennodeui

is a right child andx is the leftmostelementin ui, theboundfollows from theanalysisin
Theorem3 becausetheinsertpatternof ui matchesthesequential-insertcase.Thedif�cult
caseis whenui is a left child andx is the rightmostelementin ui after the �rst sweepof
ui+ 1. Wecall this thetail-insert case. Thiscasecorrespondsto astagebeginningafterany
sweepof ui+ 1 whentheelementx is therightmostelementin ui andendingwhennodeui

reachesits upperthreshold,i.e., at the next sweepof ui+ 1. We call this interval the tail-
insert stageof ui. Below, we givea boundonthenumberof sweepsof uk in thetail-insert
case.

Weusethefollowing claim:

CLAIM 6. Consider the tail-insert stage of ui: the stage starts after one sweep of ui+ 1
and ends just before the next sweep of ui+ 1, and x is the rightmost element in ui at the
beginning of the stage. Then the number of sweeps of node uk during the stage is O(2i� k).

We prove theabove claim in theappendix.Theproof is similar to Theorem3, but signi�-
cantlymoretechnical.

Finally, we show why, givenClaim 6, theanalysisfrom Theorem3 appliesto hammer
inserts.Recurrence(12) is trueabove anintermediatenodeui, thatis,

Nk(` � 1,2) � 2` � i� 2Nk(i+1,2).

Moreover, by Claim 6,

Nk(i+1,2) � β2i+ 1� k

for someconstantβ atnodeui. Therefore,

Nk(` � 1,2) � β2` � k� 1.

ACM Transactions on Computational Logic, Vol. V, No. N, July 2007.



An Adaptive Packed-Memory Array · 19

Thus,thesolutionfor Recurrence(11) is

Nk(`,1) � 2` � k+ 1β,

andthetheoremfollows.

4. ANALYSIS FOR RANDOM AND BULK INSERTIONS

In the previous sectionwe analyzethe sequentialandhammerinsertiondistributions,
wherethe insertshammeron onepart of the PMA. In this sectionwe �rst analyzeran-
dominsertiondistribution, wherewe insertafter randomelementsin thearray. Thenwe
generalizeall of thesedistributionsandconsiderthebulk insertiondistribution.

Thebulk insertiondistribution for functionNa, 0 � α � 1, is de�ned asfollows: pick
a randomelementandinsertNa elementsafter it; thenpick anotherelementandrepeat.
Bulk insertgeneralizesall distributionsseenso far: For α = 0, we have randominserts,
andfor α = 1, wehave sequentialor hammerinserts.

Random Inserts. We now give the performancefor the traditional PMA andAPMA
with randominserts.In thetraditionalPMA or APMA, eachinsertioncausesonly a small
numberof elementsto bemovedor triggersarecopyingof theentirearray.

THEOREM 7 [ ITAI ET AL. 1981; BENDER ET AL. 2004]. Consider random insertions
into a traditionalPMA or APMA, in which each new element is inserted after a random ele-
ment in the PMA or APMA. Whenever the density of the entire array is below the maximum
density threshold, then each insert causes O(logN) element moves and O(1+(logN)/B)
memory transfers with high probability, i.e., probability polynomially small in N. Specifi-
cally, each insert causes O(α logN) element moves and O(1+α(logN)/B) memory trans-
fers with probability at least 1� 1/Na.

Even simpler rebalanceschemesperform well underrandominserts,as shown in [Itai
et al. 1981;Benderet al. 2004]. Publications[Itai et al. 1981;Benderet al. 2004] show
that thereare O(logN) moves with high probability for randominserts,even with the
followingsimplerebalanceprocedure:Whenweinsertanelementy afteranelementx, we
simplypushtheelementsto theright or left to makeroomfor y. Themaximumnumberof
elementsmovedis O(logN) with high probability. Thus,for thetraditionalPMA, aslong
asthedensitythresholdsin theleavesis a constantlessthan1, we neednobig rebalances
in thetree.

Bulk Inserts. For bulk inserts,we have thefollowing theorem:

THEOREM 8. For bulk inserts with f (N) = Na (0� α � 1), the APMA achieves O(logN)
amortized element moves and O(1+(logN)/B) memory transfers.

Theintuition for Theorem8 is asfollows: Conceptually, wedividethevirtual treeinto a
top treewith Θ(N/( f (N) logN)) leaves,eachof which is theroot of a bottomtreeT with
Θ( f (N)) leaves,i.e.,Θ( f (N) logN) arraypositions.Thus,wesplit thevirtual treeatheight
h0= dα logNe. Bulk insertscanbeanalyzedby lookingat theprocessasacombinationof
randomandhammerinserts:randominsertsin the top treeA with big leaf nodesof size
f (N) logN andhammerinsertsin a bottomtreeT of size f (N) logN. In an insertion,we
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A

T

log N − dα log Ne

dα log Ne

Fig. 9. An illustration showing the tree divided at height dα logNe.

randomlychoosea leaf nodeof top treeA anddoa hammerinsertat thebottomsubtreeof
thechosenleafnodeof A.

We �rst show that f (N) = Na (0 � α � 1) hammerinsertsinto T costsO(logN) amor-
tizedmoveswhenall thenodesarewell balanced.Then,weexplain thatthesef (N) inserts
triggerat mostonerebalancein thetop treeA. Thus,from thepoint of view of A, thereis
a big elementof size f (N) inserted,andthisbig insertcostsO(logN) amortizedmovesin
theleaf node.

Weprove thefollowing lemmafor f (N) = Na.

LEMMA 9. Consider inserting f (N) = Na elements after a fixed element x in subtree
T of size Na logN. Suppose that at the beginning of these insertions, each node in T is well
balanced. Then, the amortized number of moves is O(logN) and the amortized number of
memory transfers is O(1+(logN)/B).

PROOF. We �rst show that all sweepsduring the insertionsof Na elementsoccur in
subtreeT . Becausethe root nodeis well balanced,the densityof the root is at most
τh′+ 1. Thus, beforeroot uh′ goesoutsideof its upper threshold,we can insert at least
(τh′ � τh′+ 1)(N

a logN) = Θ(Na) elementswithout triggeringsweepsabove level h0.
Now we give someassumptionsandnotation.For simplicity we assumethat thereare

sequentialinsertionswithin T . (We know from the proof of Theorem5 that sequential
insertsandhammerinsertshave the sameanalysisexceptat one level of the recurrence
relations.) Now we denotethe leftmost nodein T at level ` as u` . As in the proof of
Theorem5, we useNk(`, i) to denotethenumberof sweepsof nodeuk at level κ between
the(i � 1)th andith sweepof u` . Thus,theamortizednumberof elementmovesis at most

1
Na

h′X

k= 0

Nk(h
0+1,1)2k logN. (16)

We bound(16) by consideringtheworstcasewhenall u` have densityashigh asτ`+ 1,
0 � ` � h0. The time whenu` doesits �rst rebalanceis the time whenu` � 1 reachesits
upperthresholdτ` � 1. This periodcanbedecomposedinto two phases,asbefore:

� Phase1 of nodeu` startswith nodeu` � 2 having densityτ` � 1 andnodev` � 2 having
densityτ`+ 1. Phase1 endswith nodeu` � 2 having densityτ` � 2. Thus,after the �rst
rebalanceof u` � 1 (seeFig. 10),whichoccursafter(τ` � 2 � τ` � 1)Cap(u` � 2) inserts,we

ACM Transactions on Computational Logic, Vol. V, No. N, July 2007.



An Adaptive Packed-Memory Array · 21

have densities:

Density(u` � 2) = τ` ,

Density(v` � 2) = τ` � 1.

`− 1

`− 2

τ`+1

τ`

`

τ`+1

τ`+2

τ`� 1

=) τ`+2

τ`� 2 τ`+1

Fig. 10. Phase 1 of node u` starts from Density(u`−2) = τ`−1 (left) and ends at Density(u`−2) = τ`−2

(right). The shaded region is rebalanced.

� Phase2 of nodeu` startswith nodeu` � 2 having densityτ` andendswith nodeu` � 2
having densityτ` � 2. When nodeu` � 1 doesits secondsweep(seeFig. 11), which
occursafter(τ` � 2 � τ`)Cap(u` � 2) inserts,thedensityof nodeu` � 1 is (τ` � 2+τ` � 1)/2>
τ` � 1, sonodeu` � 1 is above its threshold.Thus,theendof Phase2 is the�rst rebalance
of nodeu` .

`− 1

`− 2

`

τ`+2

τ`� 1τ`

=) τ`+2

τ`� 2 τ`� 1

Fig. 11. Phase 2 of node u` starts from Density(u`−2) = τ` (left) and ends at Density(u`−2) = τ`−2
(right). The shaded region is rebalanced.

Thus,we have recurrenceNk(`,1) � Nk(` � 1,1)+Nk(` � 1,2). However, we cannot
usethe straightforwardboundNk(`,1) � 2Nk(` � 1,1) as we did in Lemma4. When
we try to usethis bound,we obtainthe solutionNk(`,1) � 2` � k+ 1. Thus,we obtainan
amortizednumberof moves

1
Na

h′X

k= 0

Nk(h
0+1,1)2k logN �

1
Na

h′X

k= 0

2h′� k+ 22k logN

= O(log2 N),

which is greaterthanour goalof O(logN). Instead,we needa tighteranalysis.
Now we analyzeNk(` � 1,2) in moredetail. The boundNk(` � 1,2) is the number

of sweepsof nodeuk at level κ betweenthe �rst andsecondsweepsof u` � 1. After the
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�rst rebalanceof u` � 1, we have Density(v` � 2) = τ` � 1 andDensity(v` � 3) = τ` � 2 according
to our rebalancestrategy for thesequential-insertpattern,i.e., bothv` � 2 andv` � 3 already
have densitiesashighastheirparents'upperthresholds(seeFig. 12). Thetimewhenu` � 1
doesits next sweepis thetime whenu` � 2 reachesits threshold.Becausev` � 3 hasdensity
τ` � 2, this is alsothe�rst timewhenu` � 2 doesits next sweep,andbecausev` � 4 hasdensity
τ` � 3, this is also the �rst time when u` � 3 doesits next sweep,i.e., both N` � 2(` � 1,2)
andN` � 3(` � 1,2) are1. This processcontinuesa numberof levels down the treeto be
determinedbelow, but not to theleaves.

`− 2

`− 3

`− 4

`− 5

τ` +7 τ` � 3

τ` +2 τ` � 2

τ` � 4τ` +18

τ` τ` � 1

Fig. 12. The densities of node u` ’s descendants at the beginning of Phase 2 of node u` .

Theprocessdoesnot continueto theleavesbecauseafterthe�rst rebalanceof u` � 1, the
densityof eachleftmostchild is decreasingfrom top to bottom.Thus,at somelevel ` � j,
nodeu` � j maybesosparsethattherearenot enoughelementsto �ll its right child v` � j� 1
to densityτ` � j. Speci�cally, we claim thataslong asDensity(u` � j) � τh, thenwe can�ll
v` � j� 1 to densityτ` � j. Because

Density(u` � j) � τh

� (τh +ρh)/2

= (τ` � j +ρ` � j)/2

by (2) and(3), we can�ll v` � j� 1 to densityτ` � j while keepingthedensityof u` � j� 1 great
thanρ` � j. Thus,thereis only onesweepof u` � j in Phase2 of u` , i.e.,N` � j(` � 1,2) = 1.

We now calculatethe lowest level x such that Density(ux) � τh. First, we give the
densitiesof thenodesabove level x afterthe�rst rebalanceof u` � 1.

CLAIM 10. For level ` � j > x,

Density(u` � j) = τ`+ 3�2 j−2� j� 1. (17)

Theproofof thisclaim is by inductionon j. Thebasecaseis j = 2. Eq.(17) is satis�ed
becauseDensity(u` � 2) = τ` . Now assumethat the claim is true for level ` � j and all
levels above. We show that the claim is alsotrue for level ` � j � 1. Becausè � j > x,
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Density(u` � j) � (τ` � j +ρ` � j)/2. Thus,wecan�ll v` � j� 1 to densityτ` � j. Thus,weobtain

Density(u` � j� 1) = 2Density(u` � j) � Density(v` � j� 1)

= 2τ`+ 3�2 j−2� j� 1 � τ` � j

= τ`+ 3�2 j−1� j� 2.

So(17) is truefor level ` � j � 1.
Now weneedsolve theinequality

τ`+ 3�2 j−2� j� 1 � τh (18)

to determinex. Ineq.(18) is equivalentto

3� 2 j� 2� j � 1 � h � `.

Becausè � h0= α logN for some�x edconstantα, j = lg lgN � O(1). Thatis, thelowest
level thatx canbeis ` � lg lgN +λa , whereλa is aconstantthatdependsonly on α. Thus,
we have formula

Nk(` � 1,2) = 1 (19)

for ` � 1 � κ � ` � lg lgN +λa .
For thoselevelslower than` � lg lgN +λa , we usesimplebut straightforwardbounds:

eachsweepof a nodecostsatmosttwo sweepsof its left child, assumingthateachnodeis
within balance.Thus,we have formula

Nk(` � 1,2) � 2` � lg lgN+ l a � k , (20)

for 0 � κ � ` � lg lgN +λa .
Combining(19)and(20),we obtain

Nk(` � 1,2) � d2` � lg lgN+ l a � ke. (21)

Now wearereadyto boundNk(`,1) by using(21):

Nk(`,1) � Nk(` � 1,1)+Nk(` � 1,2)

� Nk(κ,1)+

` � 1X

i= k

Nk(i,2)

= 1+

` � 1X

i= k

Nk(i,2)

� 1+

` � 1X

i= k

d2i� lg lgN+ l a � ke

� ` � κ+1+

` � 1X

i= k+ lglg N� l a

2i� lglg N+ l a � k

� ` � κ+1+2` � lglg N+ l a � k.

Finally, we establishthattheamortizednumberof movementsfor theseNa elementsis
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atmost

1
Na

h′X

k= 0

Nk(h
0,1)2k logN

�
1

Na

da logNeX

k= 0

(h0� κ+1)2k logN +
1

Na

da logNeX

k= 0

2h′� lg lg N+ l a � k2k logN

= O(logN).

Now we boundthe numberof memorytransfers. Observe that after any insert, the
elementsmoved from a contiguousgroup,andthe movescanbe performedwith a con-
stantnumberof scans. Thereforethe amortizednumberof memory transferis O(1+
(logN)/B).

BasedonLemma9, Theorem8 is provedasfollows.
PROOF OF THEOREM 8: WeconsidereachbottomsubtreeT . Supposethatanancestor

of therootof T doesarebalance.Thentherootof T hasdensityatmostτh′+ 1. Thus,wecan
insertat least(τh′ � τh′+ 1)Θ(Na logN) = Θ(Na) elementswithout triggeringsweepsabove
level h0, i.e., insertingNa elementsin T triggersatmostonerebalancein topsubtreeA.

Now weconsideraround of Na insertsinto somebottomsubtreeT . Weshow thatthere
areO(logN) amortizedelementmovesin theAPMA. Recallthatwe usethepredictorto
storerecentinserts. For the �rst Na inserts,the predictoronly usesonecell. Whenthe
next Na insertsstartto hammer, thepredictorusesthesecondcell to storenew elements.
After thecountnumberin thesecondcell reacheslogN, whichmeanstherearelogN new
elementsat thesecondposition,thecountnumberin the�rst cell beginsto decrease.Thus,
at most2logN insertsremove the �rst cell, meaningthat thehammer-insertpatternstarts
afterthe�rst 2logN inserts.Thus,wedividetheNa insertsin theroundinto two parts:the
�rst 2logN onesandtheNa � 2logN subsequentones.This is onedividing point.

Theseconddividing point is whensomeinserttriggersa rebalancein thetopsubtreeA.
We assumetheseconddividing point is afterthe�rst one.Thealternative is similar to the
following analysis,althoughsomewhat easier. Thesetwo dividing pointssplit the round
into threeparts. We analyzethe costof the rebalancein the bottomsubtreeT for these
partsasfollows:

1. Therebalancecostfor the�rst part,theinsertionof the�rst 2logN elements,is atmost
3Na logN. To seewhy, observe that thereexists a nodeu0of sizeNa , suchthat these
2logN elementstriggeratmostonerebalanceabove u0, by anargumentsimilar to that
above. This rebalanceis within T , andthereforecostsat mostNa logN. Thus, the
totalcostis thecostof thisrebalance,atmostNa logN, plusthecostof therebalances
below u0, atmost(2logN � 1)Na .

2. Thesecondpart is from the(2logN)th elementinsertto theelementinserttriggering
the rebalancein the top subtreeA. The total cost is at most the worst-casecost in
Lemma9, which is O(Na logN).

3. Thethird part is from theelementinserttriggeringtherebalancein the top subtreeA
to the lastelementinsertof theseNa elements.FromLemma9, thecostis lessthan
thecostto insertall Na elementsin subtreeT whoseancestordid therebalance,which
is O(Na logN).
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Thus,withoutcountingtherebalancecostin thetopsubtreeA, theaveragecostfor each
round is O(Na logN)/Na = O(logN). If we can show that the averagecost in the top
subtreeA is alsologN, thenthetheoremis proved.

Fromtheview point of topsubtreeA, thebulk insertis similar to randominsertsof “big
elements”of sizeNa in A, becausebig elementtriggersat mostonerebalancein A anda
leaf nodeof sizeNa logN is a blackbox thathasO(logN) amortizedmoves. Sothebulk
insertis: randomlychoosea leaf nodein A, a black-boxoperationto insertNa elements
in the leaf node,eachwith O(logN) moves. If the leaf nodereachesits threshold,thena
rebalanceis triggeredatmostoncein A. Thus,asin Theorem7, wehave O(logN) element
moves in the top subtreeA. As before,the memory-transferboundfollows becauseall
rebalancesareto contiguousgroupsof elements.

5. EXPERIMENTAL RESULTS

In this sectionwe describeour simulationandexperimentalstudy. We show that our
resultsareconsistentwith the asymptoticboundsfrom theprevious sectionsandsuggest
theconstantsinvolved.Wealsodemonstratethatthebookkeepingfor theadaptivestructure
haslittle computationaloverhead.

We ran our experimentsasfollows: For eachinsertpattern,we beganwith an empty
arrayandaddedelementsuntil thearraycontainedroughly1.4million elements.Webegan
our measurementsoncethe arrayhadsizeat least100,000. We recordedthe amortized
numberof elementmoves per insert as well as the running times. We consideredthe
sequential,hammer, random,andbulk insertiondistributionsfrom theprevious sections.
Wealsoaddednoiseto thedistributions,combining,for example,thehammerandrandom
distributions,showing that the predictoris resilient to this noise. Eachgraphplots the
intermediatedatapointsin a singlerun.

We ran our experimentson a Pentium4 CPU 3.0GHZ, with 2GB of RAM, running
WindowsXP professional,anda 100GATA disk drive. Our �le containedup to 221 keys,
and the total memoryusedwasup to 1.4 GB. We implementeda searchinto the PMA
asa simplebinarysearch.Thebinarysearchwasappropriatesinceour experimentswere
smallenoughthat they did not involve pagingto disk. Consequently, thesearchtime was
dominatedby theinsertiontime into thePMA.

Theadaptive PMA is ultimately targetedfor usedin cache-oblivious andlocality pre-
servingB-trees,wherethesearchtimebecomesrelatively moreexpensivebecausethedata
structuresdo not �t in main memory. In this casethe binary searchwill be too slow be-
causeit lackssuf�cient datalocality. (Thenumberof memorytransfersfor thePMA insert
is O(1+(logN)/B), which is dominatedby thecostof a binarysearch,O(logdN/Be), as
well astheoptimalexternal-memorysearchcost,O(1+ logB N).) Thus,our next roundof
experimentson largerdatasetsis to berun with theobjectiveof speedingup insertsin the
cache-obliviousB-tree.

Sequential inserts. We �rst comparedtheadaptive andtraditionalPMAs on sequential
insertions. For sequentialinsertsof roughly 1.4 million elements,the APMA hasfour
timesfewer elementmovesper insertionthanthetraditionalPMA andrunningtimesthat
arenearlyseventimesfaster.

Fig. 13shows theaveragenumberof elementmovesin thePMAs. Thex-axis indicates
the numberof insertedelementsup to 1.4 million. The y-axis indicatesthe numberof
elementmovesdivided by lgN. For both the adaptive andtraditional PMA, we choose
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Fig. 13. Sequential inserts: average moves per insert
divided by lgN. The array size grows to two million
and 1.4 million elements are inserted.
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Head-Insert pattern comparison between APMA and traditional PMA

traditional PMA with head-insert
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Fig. 14. Sequential inserts: the running time to insert
up to 1.4 million elements.

the upperand lower density thresholdsas follows: τ0 = 0.92, τh = 0.7, ρh = 0.3, and
ρ0 = 0.08. In our experiments,we doublewhen the array getstoo full. Thus, before
doubling, the arrayhasdensityover 0.7 andafter, the arrayhasdensityover 0.35. (By
increasingthearraysizeby only a (1+ ε)-factor for constantε, we canmakethedensity
of theentirearrayat least(1+ ε)ρh with only a smalladditive increasein thenumberof
elementsmoved. Thus,we canhave an arraywhosedensityis alwaysarbitrarycloseto
70%full.) Theroughly �at line shows theperformanceof theAPMA. Theseexperiments
suggestthattheconstantin front of thelgN (seeTheorem3) is roughly2.5 for thedensity
thresholdschosen.Becausewe aremeasuringnumberof elementmoves,theseresultsare
machineindependent.Fig.14givestherunningtimesfor ourexperiment.Observethatthe
APMA runsalmost7 timesfastereventhoughtheamortizednumberof elementmovesis
only 4 timessmaller. Hence,theoverheadfor theadaptive PMA is small.We suspectthat
this decreasehasto do with cachingissues;theAPMA hasa smallerworking setthanthe
traditionalPMA.
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Random-Insert pattern comparison between APMA and traditional PMA

traditional PMA with random-insert
APMA with random-insert

Fig. 15. Random inserts: average moves per insert di-
vided by lgN. The array size grows to two million and
1.4 million elements are inserted.
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Random-Insert pattern comparison between APMA and traditional PMA
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Fig. 16. Random inserts: the running time to insert up
to 1.4 million elements.

Random inserts. For randominsertionsthetraditionalPMA performsslightly betterthan
theAPMA becausethereis seeminglynoadvantagein unevenrebalalancesandbecausethe
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traditionalPMA haslessoverhead.For randominsertionsof 1.4 million elementswith the
samedensitythresholdsandaxesasin Figures13and14,boththeadaptiveandtraditional
PMAs have the sameasymptoticperformance(seeTheorem7). The traditionalPMA's
constantseemto belessthan10%smaller. Figures15and16show thatboththeamortized
numberof elementmovesandtherunningtimesarecomparable,with thetraditionalPMA
performingslightly better, asexpected.Fig. 16 indicatesthat the bookkeepingoverhead
for theAPMA is small.
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Bulk-Insert pattern comparison between APMA and traditional PMA, Bulk size f(N)=N^0.6

traditional PMA with bulk-insert
APMA with bulk-insert

Fig. 17. Bulk inserts: average moves per insert divided
by lgN. The array size grows to two million and 1.4
million elements are inserted.
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Bulk-Insert pattern comparison between APMA and traditional PMA, Bulk size f(N)=N^0.6

traditional PMA with bulk-insert
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Fig. 18. Bulk inserts: the running time to insert up to
1.4 million elements.

Bulk inserts. Wenext investigatedthebulk-insertdistribution,comparingboththeadap-
tive and traditionalPMAs. For bulk insertionsof 1.4 million elements,the APMA has
roughly2.3 timesfewerelementmovesperinsertionthanthetraditionalPMA andrunning
timesthatareover 3.4 timesfaster. Fig. 17 shows theaveragenumberof elementsmoves
in thePMAs with thesamethresholdsasin Fig. 13 andbulk parameterN0:6. Theroughly
�at line showstheperformanceof theAPMA. Theseexperimentssuggestthattheconstant
in front of thelgN (seeTheorem8) is roughly4 for thechosendensitythresholdsandbulk
parameter. Fig. 18showstherunningtimesof thetraditionalandadaptive PMAs.

 0

 2

 4

 6

 8

 10

 12

 200000  400000  600000  800000  1e+006  1.2e+006  1.4e+006

 a
ve

ra
ge

 m
ov

em
en

ts
 fo

r 
A

P
M

A
 a

nd
 P

M
A

 o
ve

r 
lg

 N

 The Number of Inserted Elements

Bulk-similar-Insert pattern comparison between APMA and traditional PMA, 5 fixed elements are chosen

traditional PMA with bulk-similar-insert
APMA with bulk-similar-insert

Fig. 19. Multiple sequential inserts: average moves per
insert divided by lgN. The array size grows to two mil-
lion and 1.4 million elements are inserted.
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Bulk-similar-Insert pattern comparison between APMA and traditional PMA, 5 fixed elements are chosen

traditional PMA with bulk-similar-insert
APMA with bulk-similar-insert

Fig. 20. Multiple sequential inserts: the running time to
insert up to 1.4 million elements.
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Multiple sequential inserts. We next considera distribution that performssequential
insertsinto multiplepartsof thearrayatonce.We�rst chooseR randomelementsandthen
insertoneelementat a time after oneof thesechosenelements.As long asthe number
of chosenelementsR is lessthan the numberof elementsstoredin the predictor, most
predictionsaregoodandtheperformanceof APMA remainsO(logN). Figures19and20
comparethe performanceof the traditionalandadaptive PMAs whenwe choose5 �x ed
elements.TheAPMA in this casehasa performanceonly slightly worsethanthat in the
sequential-insertcasewhile traditionPMA still performsmuchworse.
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Half-Random-Half-Head-Insert pattern comparison between APMA and traditional PMA

traditional PMA with half-random-half-head-insert
APMA with half-random-half-head-insert

Fig. 21. Half random, half sequential inserts: average
moves per insert divided by lgN. The array size grows
to two million and 1.4 million elements are inserted.
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Half-Random-Half-Head-Insert pattern comparison between APMA and traditional PMA

traditional PMA with half-random-half-head-insert
APMA with half-random-half-head-insert

Fig. 22. Half random, half sequential inserts: the run-
ning time to insert up to 1.4 million elements.

Half random and half sequential inserts. Finally, we analyzea distribution that adds
noiseto sequentialinserts. We deciderandomlywhetherto inserta new elementat the
front of thePMA or after a randomelement.Thus,roughlyhalf of the insertedelements
form randomnoise. Figures21 and22 comparetheperformanceof the traditionalPMA
and APMA. The roughly �at curve in Fig. 21 is the performanceof APMA, which is
slightly worsethanthat in randominsertsandbetterthanthat in sequentialinserts,while
theperformanceof traditionalPMA is about3 timesworsethanthatof randominserts.

6. CONCLUSION

We introducedanadaptive packed-memoryarray. Theadaptive PMA guaranteesa per-
formanceat leastas good as that of the traditional PMA, while simultaneouslyadapt-
ing to commoninsertiondistributions. Thus,the adaptive PMA alwaysachievesat most
O(log2 N) amortizedelementmovesandO(1+(log2 N)/B) memorytransfersperupdate,
but it achieves only O(logN) amortizedelementmoves and O(1+ (logN)/B) memory
transfersfor sequentialinserts,hammerinserts,randominserts,and bulk inserts. Our
simulationsandexperimentsareconsistentwith theseasymptoticbounds. Several open
problemsremain. For example,canwe show sometype of working-setpropertyfor an
adaptive PMA? Perhapssuchan investigationwill requirestudy into the designof other
predictors.Thenext stepin this researchis to usetheadaptive PMA in a cache-oblivious
B-treeandto measurethespeedupobtainedfor updates.
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APPENDIX

PROOF OF CLAIM 6: Wegivemoredetailsof whathappensduringthetail-insertstage.
During thetail-insertstage,new elementsareinsertedafterx, therightmostelementof ui

at thebeginningof thestage.At theendof thestage,nodeui reachesits upperthreshold,
whichtriggersthenext sweepof nodeui+ 1. Observethatsweepsoccurringduringthetail-
insertstagedonot involvevi, ui'ssibling. This is becausethetail-insertstageendswhenui

reachesits upperthreshold,which triggersthesweepof ui+ 1. We will boundthenumber
of sweepsof uk duringthetail-insertstageof ui.

Below, we show that it suf�ces to prove Claim 6 whenthetail-insertstagebegins with
Density(ui) = ρi+ 1. To do so,we show that the fewer elementstherearein ui at thestart
of the tail-insertstage,themoresweepstherewill be of uk (descendantof ui) during the
stage.Thatis, thenumberof sweepsof uk is maximizedwhennodeui startswith density
ρi+ 1, thelowestdensitypossibleaftera sweepof ui+ 1.

We now explain why the worst caseis when Density(ui) = ρi+ 1. Recall that x is in
uk , andsinceall insertsareafter x, they areall in uk. If nodeui hasa low densityat the
beginning of the stage,thenmore elementscanbe insertedafter x and into uk without
triggeringa sweepof ui+ 1, whichmeansthattherearemoresweepsof uk duringthestage.

We presentadditionalnotation. We de�ne Ck(i, t) to be the numberof sweepsof uk
betweenthe(t � 1)th andthe tth sweepof ui sincethebeginning of the tail-insertstage.2

We de�ne Phaset of ui to bethephasestartingafter the(t � 1)th sweepof ui andending
at the tth sweepof ui sincethebeginningof the tail-insertstage.Thus,by theabove two
de�nitions, thenumberof sweepsof uk in thePhaset of ui equalsCk(i, t). To simplify the
proof,weconstrainthedensitythresholdsτ0, τh, ρ0, andρh asfollows:

τ0 � τh = ρh � ρ0 and τ0 � 5ρ0. (22)

For example,settingρ0 = 0.16, ρh = 0.32, τh = 0.64 andτ0 = 0.8 satis�es (1)-(4) and
(22). Therefore,by (2) and(3), for any 0 � ` � h we obtain

τ` +ρ` = τ0 +ρ0 = τh +ρh and τ` � 5ρ` . (23)

Observe that for any choiceof constantsρ0 and τ0, thereexists a constantβ, suchthat
τ0 � βρ0. In this proof, we adoptthe constraintthat τ0 � 5ρ0 for the sakeof relative
simplicity; we will explain why the resultsalsocarry throughif we choosesomebigger
constantinstead.

To establishClaim 6, wedecomposethesequenceof insertionsbeforethe�rst sweepof
ui+ 1 sincethebeginningof thetail-insertstageinto phasesof ui, asde�ned above. By the
similar analysisto thatof Theorem3, we show thatthereareat mostthreephasesof node
ui beforethe�rst sweepof ui+ 1.

Now we prove that thereareat mostthreephasesof ui in thetail-insertstageof ui; we
dosoby analyzingthedensitiesin eachphase.

I) Considerthe densitiesof child nodesui� 1 andvi� 1 of nodeui at the endof Phase1
of ui. The�rst sweepof ui occurs,whenui� 1 reachesits thresholdτi� 1 (seeFig. 23).
After the�rst sweepof ui (whichis thebeginningof Phase2),weclaimthatthemarker

2Thus, Ck(i, t) is defined analogously to Nk(i, t), except that we begin counting from the beginning of the tail-
insert stage rather than from the first insert into the APMA.
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Fig. 23. Phase 1 of ui starts from Density(ui−1) = ρi (left) and ends at Density(ui−1) = τi−1 (right).
The marker element x is indicated by a black dot. The region that is rebalanced at the end of the phase
is shaded.

elementx is eithertheleftmostelementof theright child of ui or therightmostelement
of theleft child of ui.
We now prove this claim. Notice that the numberof elementsin ui before x is
2ρi+ 1Cap(ui� 1) andthenumberof elementsin ui afterx is (τi� 1 � ρi)Cap(ui� 1). To
seewhy, observethatby assumptionthephasebeginswhenDensity(ui) = ρi+ 1. Since
all insertsareafter x, the numberof elementsbeforex staysthe same.A rebalance
of nodeui is triggeredwhenui� 1 reachesits threshold,after(τi� 1 � ρi)Cap(ui� 1) ele-
mentshave beeninserted.
It is legalfor ui� 1 andvi� 1 tocontain2ρi+ 1Cap(ui� 1) elementsand(τi� 1� ρi)Cap(ui� 1)
elements,and thereforethe sweepat level i � 1 is constrainedby the hammercon-
straint(notdensityconstraints).Markerelementx is alwaysstoredin thechild having
thesmallerdensity(by thehammerconstraint).Thus,if therearemoreelementsbe-
forex thanafterx, thenx is in theright child of ui (ui� 1 is a right child). Otherwise,x
is in theleft child of ui (ui� 1 is a left child).
In the�rst case,whenx is theleftmostelementof theright child of ui, theinsertpattern
into ui� 1 in Phase2 is exactly thehead-insertcase.Thus,by Theorem3, thenumber
of sweepsof uk in Phase2 is givenby Ck(i,2) = O(2i� k).
In thefollowing we considerthesecondcase,whenx is the rightmostelementof the
left child of ui. Thus,after the �rst sweepof ui, by thehammerconstraint,we have
thethefollowing densities:

Density(ui� 1) = 2ρi+ 1,

Density(vi� 1) = τi� 1 � ρi.

II) Now (for theabovesecondcase)weconsiderthedensitiesof childnodesui� 1 andvi� 1
of nodeui at theendof Phase2. Thesecondsweepof ui occurswhenui� 1 reachesits
upperthresholdagain(seeFig.24). Recallthatat thebeginningof thephase,wechose
to put themarkerelementx in thechild of ui having thesmallerdensity, andsincewe
arein thesecondcase,this wastheleft child of ui. Thus,by thehammerconstraint,

2ρi+ 1 < τi� 1 � ρi . (24)

Whenui� 1 reachesits threshold,the numberof elementsafter x in ui is the number
of elementsin ui� 1 afterx (thenew elementsinsertedin Phase2) plusthenumberof
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is shaded.

elementsin vi� 1, i.e.,

(τi� 1 � 2ρi+ 1)Cap(ui� 1)+ (τi� 1 � ρi)Cap(vi� 1). (25)

Observe that(25) is greaterthanτi� 1Cap(vi� 1) by (24). Therefore,thesecondsweep
of ui is constrainedby therebalanceproperty, not thehammerconstraint.In particular,
afterthesecondsweepof ui, nodevi� 1 hasdensityτi, theupperthresholdof its parent
ui; nodeui� 1 has(theremaining)densityτi� 1 +(τi� 1 � ρi) � τi, which equalsτi� 1 �
ρi� 1 by (23). Thus,afterthesecondsweep,wehave thefollowing densities:

Density(ui� 1) = τi� 1 � ρi� 1,

Density(vi� 1) = τi.

III) We now considerthedensitiesof child nodesui� 1 andvi� 1 of nodeui at the endof
Phase3. (Wefocusontheabovesecondcasein thefollowing,but the�rst caseis now
essentiallythe same.)The third sweepof ui occurswhenui� 1 reachesits threshold
for a third time (seeFig. 25). When ui doesthe third sweep,the densityof ui is
(τi� 1 + τi)/2 > τi, soui is above its upperthreshold.Thus,theendof Phase3 is the
�rst sweepof ui+ 1 sincethebeginningof thetail-insertstage.
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Fig. 25. Phase 3 of ui starts from Density(ui−1) = τi−1 � ρi−1 (left) and ends at Density(ui−1) = τi−1

(right). The marker element x is indicated by a black dot. The region that is rebalanced at the end of
the phase is shaded.
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We have thereforeshown that(for thesecondcase)thereareat mostthreesweepsof ui

beforethe�rst sweepof ui+ 1, thatis,

Ck(i+1,1) � Ck(i,1)+Ck(i,2)+Ck(i,3) . (26)

For the�rst case,we have thesimilar recurrence

Ck(i+1,1) � Ck(i,1)+O(2i� k)+Ck(i,3) . (27)

As we will show in (28), Recurrence(27) in the �rst caseis actuallyboundedby Recur-
rence(26). In therestof thisappendix,we only needfocuson (26).

Until now, theproofhasbeensimilarto theproofof Theorem3. However, if wecontinue
to decomposePhase2, we �nd that in the worstcasetherearethreesubphases.Further-
more,wecannotusetherecurrenceCk(i,3) � Ck(i,2) to proveourboundasin Theorem3,
becausetherecurrenceis truebut tooweak.

To establishour bound,we insteadprove thefollowing recurrencesfor Phases2 and3:

Ck(i,2) � Ck(i � 1,1)+Ck(i � 3,1)+O(2i� k) , (28)

and

Ck(i,3) � Ck(i � 3,1)+O(2i� k) . (29)

Beforewe establishRecurrences(28) and(29), we prove the following claim, which de-
scribesasubphasein bothPhases2 and3:

CLAIM 11. Consider a tail-insert stage of ui� 2 starting at Density(ui� 2) = 4ρi+ 1 and
ending when node ui� 2 reaches its upper threshold. The number of sweeps of uk during
this stage is at most Ck(i � 3,1).

PROOF OF CLAIM 11: We �rst give thedensitiesof nodesui� 3, ui� 4, vi� 3, andvi� 4 at the
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Fig. 26. The tail-insert stage of ui−2 starts from Density(ui−4) � ρi+ 1 (left) and ends at
Density(ui−4) = τi−4 (right). The marker element x is indicated by a black dot. At the end of the
tail-insert stage of ui−2, node ui−1 is rebalanced.

beginningof thetail-insertstageof ui� 2. Weshow thattherebalanceis constrainedby the
upperdensitythresholdsof vi� 3 andvi� 4, that is, at thebeginningof the tail-insertstage,
Density(vi� 3) = τi� 2 andDensity(vi� 4) = τi� 3.

Thetail-insertstageof ui� 2 beginsaftera sweepof ui� 2, andthereforeby therebalance
property

Density(vi� 3) � τi� 2 and Density(vi� 4) � τi� 3 .
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From(23),we obtain

Density(vi� 3) � 5ρi� 2 and Density(vi� 4) � 5ρi� 3 .

From(1), we obtain

Density(vi� 3) � 5ρi+ 1 and Density(vi� 4) � 5ρi+ 1 . (30)

Now we boundthe densitiesof ui� 3 and ui� 4. The numberof elementsin ui� 3 is the
numberof elementsin ui� 2 minusthenumberof elementsin vi� 3 (andsimilarly for ui� 4),
thatis,

Density(ui� 3) = 2Density(ui� 2) � Density(vi� 3) , (31)

Density(ui� 4) = 2Density(ui� 3) � Density(vi� 4) . (32)

From(30),we obtain

Density(ui� 3) � 8ρi+ 1 � 5ρi+ 1 = 3ρi+ 1 . (33)

Now from (30) and(33),

Density(ui� 4) � 6ρi+ 1 � 5ρi+ 1 = ρi+ 1 . (34)

Inequalities(33) and(34) show thatat thebeginningof thestage,thedensitiesof ui� 3
andui� 4 areabove the lower boundthresholdsρi� 2 andρi� 3, respectively, which means
that vi� 3 and vi� 4 are at their parents'upperthresholds,i.e., Density(vi� 3) = τi� 2 and
Density(vi� 4) = τi� 3.

Wenow explain thatwhennodeui� 4 reachesits upperthreshold,thenui� 2 alsoreaches
its upperthreshold(seeFig. 26). This is becausewhenDensity(ui� 4) = τi� 4, we already
have Density(vi� 4) = τi� 3. Therefore,ui� 3 is above its upperthreshold.We alreadyhave
Density(vi� 3) = τi� 2, andthereforeui� 2 is alsoabove its upperthreshold.

Therefore,the numberof sweepsof uk in the tail-insert stageof ui� 2 is equalto the
numberof sweepsof uk in the tail-insertstageof ui� 4 (sinceui� 4 is the rightmostgrand-
child of ui� 2; seeFig. 26). By thede�nition of thetail-insertstage,thenumberof sweeps
of uk in the tail-insertstageof ui� 4 (which startswith Density(ui� 4) � ρi+ 1) is lessthan
Ck(i � 3,1) (the numberof sweepsof uk in the tail-insert stageof ui� 4 that startswith
Density(ui� 4) = ρi� 3).

Now we arereadyto prove (29). To do so, we give the densitiesof the sibling nodes
ui� 2 andvi� 2 at thebeginningof Phase3. RecallthatPhase3 startswith nodeui� 1 having
densityτi� 1 � ρi� 1, vi� 1 having densityτi, and the markerelementx residingin ui� 1.
Sincethenumberof elementsbeforex doesnotchange,nodeui� 1 thushas2ρi+ 1Cap(ui� 1)
elementsbeforex and(τi� 1 � ρi� 1 � 2ρi+ 1)Cap(ui� 1) elements(the remainingelements)
afterx.

Wenow show thatthenumberof elementsafterx is smallerthanthenumberof elements
beforex in nodeui� 1. Becauseτi� 1 � 5ρi� 1 by (23),we obtain

τi� 1 � ρi� 1 � 2ρi+ 1 � 4ρi� 1 � 2ρi+ 1.

Fromρi� 1 < ρi+ 1 by (1), wehave

τi� 1 � ρi� 1 � 2ρi+ 1 � 2ρi+ 1 . (35)
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Equation(35) saysthat the numberof elementsafter x is smallerthanthe numberof el-
ementsbeforex. Thus,the markerelementx residesin the right child of ui� 1, which is
ui� 2.

Wenow breakPhase3 of ui into subphasesandboundthenumberof sweepsof uk in the
subphases.Subphaset of Phase3 of ui is theperiodbetweenthe(t � 1)th andtth sweeps
of ui� 1.

Now thereare two cases.CaseA is that nodevi� 2 hasdensityτi� 1, i.e., this level is
constrainedby the rebalanceproperty. Thenwe only have onesubphasein Phase3 of
ui becausewhen ui� 2 reachesits upperthresholdτi� 2, then its parentui� 1 hasdensity
(τi� 1 + τi� 2)/2 > τi� 1, whichmeanstheendof Phase3.

In thefollowing,weconsiderCaseB whenthesweepat level i � 2 is constrainedby the
hammerconstraint.In CaseB, we decomposePhase3 into two subphasesasfollows:

����

��

i − 2

i − 1 ui� 1

4ρi+1 2τi� 1 − 2ρi� 1 − 4ρi+1

vi� 2 ui� 2

=)

��

���	

ui � 1

4� i +1 � i � 2

vi � 2 ui � 2

Fig. 27. Subphase 1 of Phase 3 starts from Density(ui−2) = 2τi−1 � 2ρi−1 � 4ρi+ 1 (left) and ends at
Density(ui−2) = τi−2 (right). The marker element x is indicated by a black dot. The region that is
rebalanced at the end of Subphase 1 is shaded.

� We considerthe densitiesof ui� 2 and vi� 2 at the beginning andendof Subphase1
(seeFig. 27). At thebeginningof Subphase1, becauseof thehammerconstraint,the
densityof theleft child vi� 2 is 4ρi+ 1 (sincethenumberof elementsbeforex is always
ρi+ 1Cap(ui) – seethe beginning of the appendix)andthe densityof the right child
ui� 2 is 2τi� 1 � 2ρi� 1 � 4ρi+ 1 (the remainingelementsin nodeui� 1). At the endof
Subphase1, nodeui� 2 reachesits upperthresholdτi� 2.
NoticethatduringSubphase1, themarkerelementx is the �rst elementin nodeui� 2
andthuswithin ui� 2 we have thehead-insertcase.Therefore,by Theorem3, thereare
O(2i� 2� k) sweepsof uk in Subphase1.

� Wenow considerthedensitiesof ui� 2 andvi� 2 at thebeginningandendof Subphase2
(seeFig. 28). Thebeginningof Subphase2 is right after thesweepof nodeui� 1. By
therebalanceproperty, thedensityof theright child at thebeginningof Subphase2 is
τi� 1 becausebeforethesweepits densitywasτi� 2 (> τi� 1). After thesweepof node
ui� 1, the markerelementx moves to the left child of ui� 1. Therefore,the left child
becomesnodeui� 2 andDensity(ui� 2) = 4ρi+ 1 +(τi� 2 � τi� 1).
Subphase2 endswhennodeui� 2 reachesits upperthresholdτi� 2. Becausethedensity
of vi� 2 is alreadyat parentui� 1's thresholdτi� 1, theendof Subphase2 is theendof
Phase3.
Wenow provethatthenumberof sweepsof uk in Subphase2 is lessthanCk(i � 3,1),
the numberof sweepsfrom Claim 11. Both Subphase2 andthe tail-insertstageof
ui� 2 in Claim 11endwhennodeui� 2 reachesits thresholdτi� 2.
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��

��i − 2

i − 1 ui−1

4� i+1 � i−2 − � i−1 � i−1

vi−2

=)

��

����
vi−2

4ρi+1

ui−1

τi−2 � 4ρi+1 τi−1

� τi−1

Fig. 28. Subphase 2 of Phase 3 starts from Density(ui−2) = 4ρi+ 1 + τi−2 � τi−1 (left) and ends at
Density(ui−2) = τi−2 (right). The marker element x is indicated by a black dot. At the end of Sub-
phase 2, node ui , the parent of ui−1, is rebalanced.

However, Subphase2 startswith moreelementsafter themarkerelementx thandoes
the tail-insertstageof ui� 2 andthe samenumberof elementsbeforethe markerel-
ementx. In particular, Subphase2 has4ρi+ 1Cap(ui� 2) elementsbeforeand(τi� 2 �
τi� 1)Cap(ui� 2) elementsafter x. In contrast,the tail-insertstageof ui� 2 hasno ele-
mentsafterand4ρi+ 1Cap(ui� 2) elementsbeforex.
Thus,thenumberof sweepsof uk in Subphase2 is atmostthenumberof sweepsof uk
in thetail-insertstageof ui� 2 becausefewer elementscanbeinsertedinto ui� 2 before
ui� 2'supperthresholdis reached.

In summary, thereareatmosttwo subphasesin Phase3 andthenumberof sweepsof uk in
thesetwo subphasesis atmostCk(i � 3,1) plusO(2i� 2� k), whichestablishes(29).

Wenow prove(28). To doso,wedecomposePhase2 of ui into threesubphases,andwe
analyzethedensitiesof ui� 2 andvi� 2 in eachsubphase.

� Weconsiderthedensitiesof ui� 2 andvi� 2 at thebeginningandendof Subphase1 (see
Fig. 29). At thebeginningof Subphase1, Density(ui� 2) = ρi� 1 andDensity(vi� 2) =
4ρi+ 1 � ρi� 1 by therebalanceproperty.
Hereandbelow we assumethat 4ρi+ 1 � ρi� 1 � τi� 1. The alternative, that 4ρi+ 1 �
ρi� 1 > τi� 1, is thesimplecase.ThenDensity(vi� 2) = τi� 1. As a consequence,there
areonly two subphasesin Phase2 of ui, andtherecurrenceis simpler.
Subphase1 endswith thedensityof ui� 2 reachingits upperthresholdτi� 2. Thenum-
berof sweepsof uk in Subphase1 is exactlyequalto Ck(i � 1,1) becausebothof them
startatDensity(ui� 2) = ρi� 1 andendwith Density(ui� 2) = τi� 2.

	


��
i − 2

i − 1

ρi � 14ρi +1 − ρi � 1

ui � 1

vi � 2 ui � 2

2ρi +1

=)


�
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4� i +1 − � i � 1 � i � 2
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Fig. 29. Subphase 1 of Phase 2 starts from Density(ui−2) = ρi−1 (left) and ends at Density(ui−2) =

τi−2 (right). The marker element x is indicated by a black dot. The region that is rebalanced at the end
of Subphase 1 is shaded.

� We next considerthe densitiesof ui� 2 and vi� 2 at the beginning and end of Sub-
phase2 (seeFig. 30). The beginning of Subphase2 is right after the rebalanceof
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ui� 1. Noticethatthereare4ρi+ 1Cap(ui� 2) elementsbeforethemarkerelementx and
(τi� 2 � ρi� 1)Cap(ui� 2) elementsafterx. Becauseτi� 2 � 5ρi� 2 by (23),we obtain

τi� 2 � ρi� 1 � 5ρi� 2 � ρi� 1.

Becauseρi� 2 < ρi� 1 < ρi+ 1 by (1), we have

τi� 2 � ρi� 1 < 4ρi+ 1 . (36)

Equation(36) saysthatthenumberof elementsafterx is lessthanthenumberof ele-
mentsbeforex in nodeui� 1. Therefore,themarkerelementx will bein theright child
of ui� 1 afterthesweep.By thesameargumentasin Phase3, we assumethesweepat
level i � 2 is constrainedby thehammerconstraint.Otherwise,Density(vi� 2) = τi� 1,
andthereareonly two subphasesin Phase2.
Thus,we considerthecasethatvi� 2 is still below its parent's threshold,i.e., Phase2
needsa third subphasebeforeit �nishes.
We now boundthenumberof sweepsof uk in Subphase2. Sincethemarkerelement
x is the leftmostelementin ui� 2, andthuswithin ui� 2 we have thehead-insertcase.
Therefore,by Theorem3, thereareO(2i� 2� k) sweepsof uk in Subphase2.

������

��

i − 2

i − 1 ui−1

4� i+1 � i−2 − � i−1

vi−2 ui−2

=)

��

����

ui � 1

4� i +1 � i � 2

vi � 2 ui � 2

Fig. 30. Subphase 2 of Phase 2 starts from Density(ui−2) = τi−2 � ρi−1 (left) and ends at
Density(ui−2) = τi−2 (right). The marker element x is indicated by a black dot. The region that is
rebalanced at the end of Subphase 2 is shaded.

� Finally, we considerthe densitiesof ui� 2 andvi� 2 at the beginning andendof Sub-
phase3 (seeFig. 31). Subphase3 is sameasSubphase2 of Phase3. By the same
argument,thenumberof sweepsof uk in Subphase3 is Ck(i � 3,1).
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i − 2

i − 1 ui−1

4� i+1 � i−2 − � i−1 � i−1

vi−2
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Fig. 31. Subphase 3 of Phase 2 starts from Density(ui−2) = 4ρi+ 1 + τi−2 � τi−1 (left) and ends at
Density(ui−2) = τi−2 (right). The marker element x is indicated by a black dot. At the end of Sub-
phase 3, node ui is rebalanced.
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In summary, thereareatmostthreesubphasesin Phase2 andthenumberof sweepsin these
threesubphasesis at mostCk(i � 1,1) plusO(2i� 3� k) plusCk(i � 3,1), which establishes
(28).

Wecannow prove ourdesiredbound.Plugging(28)and(29) into (26),we obtain

Ck(i+1,1) � Ck(i,1)+Ck(i � 1,1)+2Ck(i � 3,1)+O(2i� k) .

We prove our boundby induction.AssumeCk( j,1) � β2 j� k for j � i andtheconstantin
O(2i� k) is α. If we chooseβ biggerthan4α, then

Ck(i+1,1) � β2i� k +β2i� 1� k +2β2i� 3� k +α2i� k

=
7
4

β2i� k +α2i� k

� β2i+ 1� k .

Therefore,Ck(i+1,1) � β2i+ 1� k is truefor all i > 0, asclaimed.
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