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Abstract. We give processor-allacation algorithms for grid architec-
tures, where the objective is to select processorsfrom a set of available
processorsto minimize the average number of communication hops.
The assaiated clustering problem is asfollows: Givenn points in <9, nd
a sizek subsetwith minimum average pairwise L ; distance. We present a
natural approximation algorithm and show that it is a %-approximation
for two-dimensional grids; in d dimensions, the approximation guarantee
is 2 % which is tight. We also give a polynomial-time approximation
scheme (PT AS) for constant dimension d, and we report on experimental
results.

1 Intro duction

We give processor-all@ation algorithms for grid architectures. Our objective
is to selectprocessordo run a job from a set of available processorssothat the
averagenumber of communication hops between processorsassignedto the job
is minimized. Our problem is restated as follows: given a set P of n points in
<9 nd asubsetS of k points with minimum averagepairwise L ; distance.



Motivation: Processor Allocation in Supercomputers. Our algorithmic work is
motivated by a problem in the operation of supercomputers. Speci cally, our
algorithms and simulations targeted Cplant [6,25], a commadity-based super-
computer dewveloped at SandiaNational Laboratories, and Red Storm, a custom
supercomputer dewveloped at Cray. Other supercomputersat Sandiahave similar
features. Red-Storm-like machines exist and are available as Cray XT3/4s. In
these systems, a scheduler selectsthe next job to run basedon priority. The
allocator then independertly placesthe job on a set of processorswhich ex-
clusively run that job to completion. Security and memory constraints forbid
migration, preemption, or multitasking. These constraints make the allocation
decisionmore important sinceit cannot be changed oncemade.

To obtain maximum throughput in a network-limited computing system,the
processorsallocated to a single job should be physically near eat other. This
placemern reducescommunication costsand avoids bandwidth contention caused
by overlapping jobs. Experiments have shown that allocating nearby processors
to ead job canimprove throughput on a range of architectures [3,16,20,21,23,
28]. Seweral papers suggestthat minimizing the average number of communica-
tion hops is an appropriate metric for job placemen [15,20,21]. Experimerts
with a communication test suite demonstrate that this metric correlateswith a
job's completion time [16].

Early processor-all@ation algorithms allocate only convex sets of processors
to ead job [5,8,18,30]. For sudh allocations, ead job's communication can
be routed entirely within processorsassignedto that job, so jobs contend only
with themseles.But requiring corvex allocations reducesthe achievable system
utilization to levelsunacceptablefor a high-performancesystemthat hasto sene
a wide community of users[14,26].
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Fig. 1. lllustration of MC: Shells around processorA for a3 1 request.

Recen work [7,16,19,22,26,28] allows discortiguous allocation of processors
but tries to cluster them and minimize contention with previously allocatedjobs.
Mache, Lo, and Windisch [22] proposethe MC algorithm for grid architectures:
For eat free processor,algorithm MC evaluates the quality of an allocation
certered on that processor.It courts the number of free processorswithin a
submeshof the requestedsizecertered on the given processorand within \shells"
of processorsaround this submesh;seeFigure 1 reproduced from [22]. The cost



of an allocation is the sum of the shell numbers of the allocated processorsMC
choosesthe allocation with lowest cost. Since users at Sandia do not request
processordn a particular shape, in this paper, we considerMC1x1, a variant in
which shell0is1 1 and subsequeh shellsgrow in the sameway asin MC.

Originally, processorallocation on the Cplant system was not basedon the
locations of the free processors.The allocator simply veri ed that enough pro-
cessorswere free before dispatching a job. The last allocator used space- lling
curves and 1D bin-packing techniques based upon work of Leung et al. [16].
We also had Cplant implementations of a 3D version of MC1x1 and the greedy
heuristic (called MM) analyzedin this paper. Cplant hassincebeenretired from
active serviceat Sandia.

Related Algorithmic Work. Krumke et al. [15] consider a generalization of our
problem on arbitrary topologiesfor seweral measuresof locality, motivated by
allocation on the CM5. They proveit is NP-hard to approximate averagepairwise
distancein general,but give a 2-approximation for distancesobeying the triangle
inequality.

A natural special caseof the allocation problem is the unconstrained problem,
in the absenceof occupied processors:For any number k, nd k grid points
minimizing average pairwise L distance. For moderate values of k, these sets
can be found by exhaustive seart; seeFigure 2. The resulting shapesappear to
approximate somelideal" rounded shape, with better and better approximation
for growing k. Karp et al. [13] and Bender et al. [4] study the exact nature
of this shape, shown in Figure 3. Surprisingly, there is no known closed-form
solution for the resulting corvex curve, but Bender et al. [4] have expressedit
asadi erential equation. The complexity of this special caseremains open, but
its mathematical di cult y suggeststhe hardnessof obtaining good solutions for
the generalconstrained problem.

In recon gurable computing on eld-programmable gate arrays (FPGAS),
varying processorsizes give rise to a generalization of our problem: place a
set of rectangular modules on a grid to minimize the overall weighted sum of
L, distancesbetween modules. Ahmadinia et al. [1] give an optimal (nlogn)
algorithm for nding an optimal feasible location for a module given a set of
n existing modules. At this point, no results are known for the generalo -line
problem (place n modules simultaneously) or for on-line versions.

Another related problem is min-sum k-clustering: separate a graph into k
clustersto minimize the sum of distancesbetweennodesin the samecluster. For
generalgraphs, Sahni and Gonzalez[24] show it is NP-hard to approximate this
problem to within any constart factor for k 3. In a metric space,Guttmann-
Bed and Hassin[11] give a 2-appraximation, Indyk [12] givesa PTAS for k = 2,
and Bartel et al. [2] give an O((1=) log'* n)-approximation for generalk.

Fekete and Meijer [10] consider the problem of maximizing the averagel ;
distance. They give a PTAS for this dispersion problem in <¢ for constart d,
and show that an optimal set of any xed sizecan be found in O(n) time.
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Fig. 2. Optimal unconstrained clusters for small values of k; numbers shown are the
averagel ; distances, with truncated decimal values.

Our Results. We consider algorithms for minimizing the averagel; distance
between allocated processorsin a mesh supercomputer. In particular, we give
the following results:

{ We prove that a greedy algorithm we call MM is a %-approximation algo-
rithm for two-dimensional grids. This reducesthe previous best factor of
2 [15]. We show that this analysisis tight.

{ We presen a simple generalization of MM to d-dimensional grids and prove
that it givesa 2 % approximation, which is tight.

{ We give a polynomial-time approximation scheme (PTAS) for points in <¢
for constart d.

{ Weprovethat the d-dimensionalversionof MC1x1 hasapproximation factor
at most d times that of MM.

{ Using simulations, we comparethe allocation performanceof MM to that of
other algorithms. As a byproduct, we get insight on how to place a stream
of jobs in an online setting.

Our work alsoled to a linear-time dynamic programming algorithm for the

1-dimensionalproblem of points on a line or ring; seeLeung et al. [17]for details.

2 The Manhattan Median Algorithm

2.1 Description of the Algorithm

Given a set S of k points in the plane, a point that minimizes the total
L, distance to these points is called an (L1) median. Given the nature of L;
distances, this is a point whosex-coordinate (resp. y-coordinate) is the median
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Fig. 3. Plot from Bender et al. [4] of a quarter of the optimal limiting boundary curve
for the unconstrained problem; the dotted line is a circle.

of the x (resp. y) values of the given point set. We can always pick a median
whosecoordinates are from the coordinates in S. There is a unique median if k
is odd; if k is even, possiblemedian coordinates may form intervals.

The natural greedyalgorithm for our clustering problem is as follows:

Considerthe setl cortaining the O(nY) intersection points of the horizontal
and vertical lines through the points of input P. For ead point p2 | do:

1. Take the k points closestto p (using the L; metric), breaking ties
arbitrarily .
2. Compute the total pairwise distance betweenall k points.

Return the set of k points with smallesttotal pairwise distance.

We call this strategy MM, for M anhattan M edian. We prove that MM is a
%-approximation on two-dimensionalmeshes;more generally, we shov that MM
isa?2 %-approximation algorithm. (Note that Krumke et al. [15] call a minor
variation of this algorithm Gen-Alg and shaw it is a 2-approximation in arbitrary
metric spaces,making simple use of triangle inequality.)

2.2 Lower Bound

For S P, let w(S) denote the sum of L; distancesbetween points in S.
For a point p in the plane, we usep, and py to denoteits x- and y-coordinates,
respectively.

Theorem 1. MM is not better than a 2 %-approximation.

Proof. We construct an example basedon the cross-plytope in d dimensions,
i.e., the d-dimensional L; unit ball. Let " > 0 be small. Denote the origin with



O and the i unit vector with & . The example has k=2 points at O and O + e;.
In addition, there are k=(4d) pointsat O (1 ")e;, O+ (2 ")er, O (1 "e
fori=2;:::;d,andO+e; (1 ")g fori=2;:::;d.

For d = 2, this correspnds to the situation shown in Figure 4: there are two
\central" clusters of k=2 points at (0;0) and (1; 0), and six \decoy" clusters of
k=8 pointsat (0; (1 )), (1 (@ ), (2 ;0),and( 1+ ;0). The optimal
solution consistsof the points at (0; 0) and (1; 0), which yield a total distance of
k?=4. The "-perturbation preverts MM from nding this solution; instead, it is
lured into picking the decq clusters of sizek=8, and any choice of median yields
a set of points spanning a diamond: k=2 points in the certer, and k=8 points in
or near eat of the surrounding cornersof the L; unit ball, asindicated around
(0;0) in the gure. The resulting total distanceis 7k?(1 ( ))=16, for aratio

of2 1=7=

® k=8 points

o k=2 points
20;1 ") °1;1 ")

( 1%."0) 0;0) ;0 2 " 0)

Fig. 4. A classof exampleswhere MM yields a ratio of 7=4.

In generald, MM always picks a set of clusters in the shape of a cross-
polytope, with k=2 points in the certer, and k=4d in ead of the corners. The
resulting total distanceis (k?=4)(2 1=(2d)) (1+ (")). A better (in fact, opti-
mal) solution consistsof the points at O and O + e;, giving a total distance of
k2=4. u

In the above classof examples,we chosean "-perturbation to guarantee a
bad choice, without having to resort to tie-breaking assumptionsfor a lower
bound. For the upper bound on the worst-caseratio establishedin the next
section, it suces to consider any kind of tie-breaking, without the need to
employ perturbation.

2.3 Upp er Bound

Now we show that 2 % for points in d-dimensional space (and thus, %

in the plane) is indeed the worst-casebound. We focus on possible worst-case



arrangemers and uselocal optimalit y to restrict the possiblearrangemerts until
the claim follows.

Let OPT be a subsetof P of sizek for which w(OPT) is minimum. Without
lossof generality assumethat the origin is a median point of OPT. This means
that at most k=2 points of OPT have positive x;-coordinates, and at most k=2
points have negative x; -coordinates. Let MM be the set of k points closestto the
origin. Sincethis is one candidate solution for the algorithm, its sum of pairwise
distancesis at least as high asthat of the solution returned by the algorithm.

Without loss of generality, assumethat the largest L, distance of a point in
MM to the origin is 1, so MM lies in the L unit circle C. (Note that C is a
cross-plytope; for the special cased = 2, it is diamond-shaped.) We say that
points are either inside C, on C, or outside C. All points of P inside C are in
MM and at least somepoints on C are in MM. If there are more than k points
on and inside C, we selectall points inside C plus those points on C maximizing
w(MM); this yields an upper bound on the value of w(MM).

Clearly 1 w(MM)=w(OPT). Let ¢ be the supremum of w(MM )=w(OPT)
over all inputs P. By assumingthat ties are broken badly, we can assumethat
there is an input for which w(MM)=w(OPT) = :

Lemma 1. For any n and k, there are point setsP with w(P) = n for which
w(MM)=w(OPT) attains the value .

Proof. The setof arrangemers of n points in the unit sphereC is a compactset
in dn-dimensional space.By our assumption on breaking ties, w(MM )=w(OPT)
iS upper semicortinuous, soit attains a maximum. t

We shaw that w(MM) is at most 2 % times larger than w(OPT).

Theorem 2. MM isa?2 %-approximation algorithm for minimizing the sum
of pairwise L; distancesin a d-dimensional mesh.

Proof. For easeof presenation, we assumewithout loss of generality that P =
MM [ OPT. Let B =OPT\ MM, 0= OPT B andA=MM B.

Claim 0: No point p2 O lies outside C.

If a point p2 O lies outside C we can move it a little closerto the origin
without entering C. Since it remains outside C, the point does not become
part of MM, so w(OPT) is reduced, w(MM) remains the same and the ratio
w(MM)=w(OPT) increases,which is impossible.

Claim 1: All points inside C are in MM.

It follows from the de nition of MM that all points inside C are in MM.
Notice that this implies that no point p2 O can lie inside C.

Claim 2: Without loss of geneality, we may assumethat the origin is also
a median of MM.

Supposethat the origin is not a median of MM. We considerthe casewhen
more than k=2 points of MM have positive x;-coordinate; the other casesare
handled analogously We set the x;-coordinate of the point in MM with smallest
positive x;-coordinate to zero. By assumption, this causesthe point to move



away from at least as many points of MM as it movestoward. Thus, w(MM)
doesnot decreaseThe origin is a median of OPT sow(OPT) doesnot increase.
Therefore, the ratio w(MM)=w(OPT) cannot decrease.Since the ratio cannot
increaseby assumption, it must remain the same.Thus, we have constructed a
point set achieving w(MM)=w(OPT) = ¢ with onefewer point having positive
x1-coordinate. Repeating this processwill make somepoint on the line x; = 0
a median.

Claim 3: No point p2 A lies inside C.

Supposethere is a p 2 A that lies inside C. Moving p away from the origin
increasesMM becausep is moved further away from the median of MM. Since
p Z OPT, OPT doesnot increase,although it may decreaseSow(MM )=w(OPT)
increaseswhich is impossible.This implies that all points inside C arein B and
that points from A and O lie on the boundary of C.

Claim 4: Without loss of geneality, we may assumethat all points p 2 A
on C lie in a corner of C.

Supposep 2 A lies on an edgeof C but not in a corner. Let D be the sum
of the L, distancesfrom p to all points in MM  p. Consider the set Q of all
points g for which the sum of the L; distancesfrom q to all points in MM p
is at most D. The sum of distancesis the sum of cornvex functions soit is also
a convex function and the set Q is a corvex polygon through p. Therefore, we
can move p along the edgeof C on which it lies sothat it either movesoutside
of Q or remains on the boundary of Q. In the former case,w(MM) increases.
In the latter, w(MM) remains the same.In either case,w(OPT) stays the same
or decreases!f w(MM) increasesand/or w(OPT) decreasesw(MM)=w(OPT)
increases,which is impossible. If both stay the same, we can move p until it
reachesa corner of C. For an illustration of what the con guration may look like
seeFigure 5(a).
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Fig. 5. Points of A, O and B (a) after claim 4 and (b) during motion usedin claim 5.



Claim 5: Without loss of geneality we may assumethat all points in O[ B
lie in a corner of C or on the origin.

We prove the claim by cortradiction. Supposethere is a set of points S for
which the claim is false.Let p2 O[ B be a point that doesnot lie in a corner of
C or on the origin. Let S(p) be the points that lie on the axis-parallel rectangle
through p with cornerson C. The setS(p) is illustrated in Figure 5(b). We move
the points in S(p) simultaneouslyin suc away that they stay on an axis-parallel
box with cornerson C.

For an intuitiv e description of this motion, considerd = 2, asshawn in Figure
5(b). We move all points in S(p) with maximal x,-coordinates but not on C
upwards by . We move all points in S(p) with maximal x,-coordinates and on
C upwards while remaining on C. Similarly the other points of S(p) move either
left, right or down. We choose small enoughsud that no point from S n S(p)
erters the rectangle on which S(p) lies. This move changesw(MM) by some
amount , and w(OPT) by someamount ,. Howewer if we move all points in
the opposite direction (i.e. points with maximal y-coordinates downwards, etc.)
w(MM) and w(OPT) changeby , and , respectively. Soif ,=,6 , one
of thesetwo movesincreasesw(MM)=w(OPT), which isimpossible.If ,=,=
we keepmoving the points in the samedirection until there is a combinatorial
change,i.e. a point from SnS(p) erters the rectangle on which S(p) lies, a point
in S(p) reachesC, or the rectangle collapsesinto a line.

More generally, local moves consist of cortin uous changesin point coordi-
nates, performed in a way that presenesthe number of coordinate values. This
meansthat to move a point having a coordinate value di erent from 0;1; 1,
then all other points sharing that coordinate value are moved to keepthe iden-
tical coordinates the same.

Note that under these moves,the functions OPT and MM are locally linear,
sothe ratio of MM and OPT is locally constant, strictly increasing, or strictly
decreasing.If a move decreaseshe ratio, the opposite moveincreasesit, cortra-
dicting the assumptionthat the arrangemen is worst-case.

If the ratio is locally constart during a move, it will corntinue to be extremal
until an evert occurs, i.e., when the number of coordinate identities between
points increases,or the number of point coordinates at 0;1; 1 increase.While
there are points with coordinates di erent from 0;1; 1, there is always a move
that decreaseshe total degreesof freedom,until all dn degreesof freedom have
beeneliminated. Thus, we can always reacd an arrangemen with point coordi-
natesvaluesfrom the setf0;1; 1g. This leavesthe origin and the 2d positions

e asonly positions within the cross-plytope.

We can now complete the proof of Theorem 2. Let b denote the number of
points at the origin. Thesepoints are all in B = OPT\ MM, becausethey were
originally inside C. Let x1;:::;X24 be the numbers of points in the 2d corners

oints in the 2d corpers of C contained in OPT, forming the set Z. As both
P ¥
izfl Xi = k band .231 z; = k Db, the total sum of distancesbetween points

in the origin and points in the cornersof C is b(k b) for both MM and OPT,



resulting in w(MM) = b(k b) + w(X) and w(OPT) = b(k b)+ w(Z). We will
discussbounds for w(X) and w(Z) and combine them to achieve the desired
result.

An upper bound for w(X) is obtained by considering cortin uous variables
for the x;; noting that the Manhattan distance betweena}_l, distinct corners of
C is 2, we seethat w(X) is bounded from above by max?2 igj XiXj under the

constraint ,231 Xi = k b It is an easyexerciseto seethat this maximum is
achieved by making all x; equal, i.e., x; = %’ As there are d(2d 1) distinct

: i (k b)?@d 1)
pairs of cornersof C, this yields the upper bound of =——= = for w(X).
For the rest of the proof, we distinguish two cases,depending on the value
of b. For b % we simply usew(Z) 0, yielding the upper bound
w(MM) _ bk b)+ w(X)

wW(OPT) bk b+ w(Z) @)
2dok b+ (k b?@2d 1) 5
2dbk b) @
_ 4. Kk b@Ed 1)
=1+ b 3
The latter is maximized for b as small as possible,i.e., b= % , SO

w(MM) _ bk b+ w(X) 4
w(OPT) bk b+ w(Z) @

(k=2)(2d 1)
1+ —dk (5)
=2 o (6)

as claimed. p

For b < % we note that w(Z) is bounded from below by min 2 igj ZiZ
under the constraint ,231 z; = k b, asthe origin must be a median of OPT,
the additional constraints z; % can be imposed.Evaluating this relaxation is
equally straightforw ard: an optimal solution is obtained by z, = % andz; = % b,

sok % b is alower bound on w(Z). Thus, we get
w(MM)  2dok b+ (k b?@2d 1)

w(OPT) 2db(k  b) + dk(k 2b) 0
_ (k b(2db+ (k b2d 1) ®)
d(2bk 22+ k2 2bk)
_ (k b(2d 21k+b. )
dkz 2v%) '
To seethat the latter is bounded from above by 2 % = “"Z—dl, it suces to

show that

2(k b(@Rd 1k+b) < @d 1)(k® 27 for b< ;;

10



which simpli es to
(4d 2)k? (4d 4)bk 2% < (4d 1)k (8d 2

or
(8d 47 (4d 4)bk kZ< O

To seethe latter, note that the function f(x) = (8d 4)x?> (4d 4)kx k2
is negative for x = 0 and its rst derivative f q(x) = 8(2d 1)x 4(d 4k is
positivefor 0 x  &;asf (%) = 0, we concludethat f (b) < 0 for all b2 [0; X[,
and the claim holds.

t

3 Analysis of MC1x1

MC was originally preserted as a heuristic algorithm, but we prove that
MC1x1 has approximation ratio (2 2=k)d in dimensiond. Krumke et al. [15]
usedthe sameideasto provethat a variant of MM isa (2 2=k)-approximation
algorithm; their argumen also appliesto MM.

Theorem 3. MC1x1lis a (2 2=k)d-approximation algorithm for minimizing
the sum of pairwise L; distancesin a d-dimensional mesh.

Proof. Recall that MC1x1 minimizes the sum of the selectedpoints’ shell num-
bers. Let point v be the certer of the shellsfor the selectedallocation and let
be the sum of the shell numbersfor points of MC1x1. First, we bound w(MC1x1)
in terms of . The total distance from v to all points of MC1x1 is at most d
sincea point in shelli is at most id stepsfrom v. Thus, w(MC1x1) (k 1) d
sincethis is the distance if all paths are routed through v.

Now we bound w(OPT) in terms of . For this, we usethe conceptof a star,
which is a set of points with oneidentied asits certer. The length of a star
is the total distance betweenthe certer and its other points. The smallest star
with k points haslength at least sincea point distancei from the star's certer
is in the i™ shell around that certer. Thus, the total distance from one point of
OPT to the othersis at least . Sincesumming the lengths of stars of OPT with
ead point asthe certer counts the distance between ead pair of points twice,
w(OPT) k =2 and the lemma follows by combining our bounds. t

4 Polynomial-Time Appro ximation Schemes

As noted in the introduction, the complexity of nding a subsetof k points
of small averageManhattan distancefor a set of n points in d-dimensional space
that hasminimum averagedistanceis still unknown. Giventhe fact that eventhe
description of optimal subsetsfor the unconstrained, two-dimensional problem
is unknown, we conjecture the following.

11



Conjecture 1 UnlessP=NP, there is no polynomial-time algorithm for nding
a minimum average Manhattan distance subsetfor points in constant dimension
d 2

In the following, we give a polynomial-time approximation scheme (PTAS)
for points in d-dimensionalspace.For easeof presenation and notation, we start
with two-dimensional space,then describe necessarygeneralizations.

41 PTAS for Tw o-Dimensional Space

Let w(S;T) be the sum of all the distancesfrom points in S to points in T.
Let wy (S;T) and wy (S; T) be the sum of x- and y- distancesfrom points in S to
points in T, respectively. Sow(S;T) = wx(S;T)+ wy (S;T). Let w(S) = w(S;S),
Wy (S) = Wy (S;S), and wy(S) = wy(S;S). We call w(S) the weightof S.

Let S = fsp;s1;:::;8 10 be a minimum-weight subsetof P, wherek is an
integer greater than 1. We label the x- and y-coordinates of a point s 2 S by
some(Xa;Yp) With 0 a< kandO0 b< ksudthat xg x; ::: X¢ 1and
Yo VY1 i Yk 1-(Note that in general,a & bfor a point s= (Xa;Vp).) We
canderive the following equations:wy (S) = (kK 1)(xk 1 Xo)+ (k 3)(xk 2
x1)+ i andwy(S) = (kK 1)y 1 Yo)t (kK 3)yk 2 Yyt i We
show that there is a polynomial-time approximation scheme (PTAS), i.e., for
any xed positivem = 1=", there is a polynomial approximation algorithm that
nds a solution within (1 + ") of the optimum.

The basicideais similar to the oneusedby Fekete and Meijer [10]to selecta
set of points maximizing the overall distance:We nd (by enumeration) a subdi-
vision of an optimal solution into m m rectangular cells C; , eat containing a
speci ¢ number k;; of selectedpoints. The points from ead cell C; are selected
in a way that minimizes the total distanceto all other cellsexceptfor the m 1
cellsin the same\horizontal" strip or the m 1 cellsin the same\v ertical" strip.
As it turns out, this canbe donein away that the total neglecteddistancewithin
the strips is bounded by a small fraction of the weight of an optimal solution,
yielding the desiredapproximation property. SeeFigure 6 for the setup.

For easeof presertation, we assumethat k is a multiple of m and m > 2.
Approximation algorithms for other values of k can be constructed in a similar
fashion. Considera division of the plane by a setof m+ 1 x-coordinates ¢ 1

m- Let X. = fp =xXy)ji X i+19 be the vertical strip between

assumethat ead of the m strips X; corntains preciselyk=m points of an optimal
solution. (A small perturbation does not change optimalit y or approximation
properties of solutions. Thus, without lossof generality, we assumethat no pair
of points shareeither x-coordinate or y-coordinate.)

In a similar manner, assumewe know m+ 1 y-coordinates ¢ I m
so that an optimal solution has precisely k=m points in ead horizontal strip

Yy=fp=(Xy)j i Yy iag

12
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Fig. 6. Dividing the point setinto horizontal and vertical strips.

Let Cj = X;\ Yj, and let k;j be the number of points in OPT that are
chosenfrom C; . Sincefor all i;j 2 f1;2;:::;mg,
X X
ky = ki = k=m;

0 I<m 0 I<m

we may assumeby enumeration over the O(k™) possiblepartitions of k=m into
m piecesthat we know all the numbersk;; .

Finally, de ne the vectorr j := ((2i+ 1 m)k=m;(2j + 1 m)k=m). Our
approximation algorithm is asfollows: from ead cell C;; , choosek; points that
are minimum in direction r j , i.e., selectpoints p = (x; y) for which (x(2i + 1
m)k=m;y(2j + 1 m)k=m) is minimum. For an illustration, seeFigure 7.

In the following we show that selectingpoints of C;; this way minimizes the
sum of x-distancesto points not in X; and the sum of y-distancesto points not
in Y; . Before giving full technical details, we summarize:

Theorem 4. The problem of selecting a subsetof minimum total L; distance
for a set of points in <? allowsa PTAS.

(2+1 m)k . (4+1 m)k
m ’ m

Lo

Fig. 7. Selecting points in cell C».
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Correctness of the PTAS

Let APX be the point set selectedby the algorithm described in Section 4.
It is clearthat APX canbe computed in polynomial time. We will proceedby a
seriesof lemmasto determine how well w(APX) approximates w(OPT). In the
following, we considerthe distancesinvolving points from a particular cell Cj; .
Let APXj; be the set of k;j points that are selectedfrom C; by the heuristic,
and let OPT; be a set of k;j points of an optimal solution that are attributed
to Cjj . Let APX; , OPT; , APX j and OPT ; bethe setof k=m points selected
from X; and Y; by the heuristic and an optimal algorithm respectively. Finally
APX; = APX nAPX; , APX j := APX nAPX j, OPT; := OPT nOPT; and
OPT j := OPT nOPT ;.

For the rest of the notation notice that

X
W(APX) = [Wx (APX ij s APX; ) + Wy(APX ij ; APX J)]
X X
+ wy (APX; ) + wy (APX ;):
i j

We rst show that the rst part is smallerthat w(OPT). Wethen shaw that
the secondand third part are small fractions of w(APX).

Lemma 2.

WX(APXij  APX; )+ Wy(APXij  APX j)
WX(OPTij ;OPT; ) + Wy(OPTij ; OPT j)Z

Proof. Considera point p2 OPT; nAPX; . Wewill replaceit with an arbitrary
point p° 2 APXj nOPTj that was chosenby the heuristic instead of p. Let
p p°= h = (hy;hy). When replacing p in OPT by p®in APX, we decreasethe
x-distanceto the ik=m points left of C;j by hy, while increasingthe x-distance
to (m i 1)k=m points right of C; by hy. In the balance,this yields a change
of (2i + 1 m)k=m)hy. Similarly, we get a changeof ((2j + 1 m)k=m)hy for
the y-coordinates. Since p° was chosento minimize the inner product hp%r j i
we know that the inner product h;r i 0, sothe overall change of distances
is negative.

Performing these replacemeits for all points in OPT n APX, we can trans-
form OPT to APX, while decreasingthe sum of distanceswy (OPT ;OPT; )+
wy (OPTj ; OPT ;). to the sumw, (APXj; ; APX; ) + wy (APXj ; APX ;) u

Corollary 1.

WX(APXij s APX; )+ Wy(APXij s APX j) W(OPT)Z

14



In the following two lemmaswe show that

X
wx (APX; )

is a small fraction of w(APX). Analogous proofs can be given for

X
wy (APX j):
i
Lemma 3.
WX(APXI ) MP;():
O<i<m 1 m
Proof. Let | = i+ i Sincei_(m i 1) m 2forO<i<m 1, we
have wy (APX; ) r';zz S M i =5 for0<i<m 1. SinceAPX has
ik=mand (m i 1)k=m pomts to the left of i and right of ;.1 respectively,
we have
X . .
Wy (APX) km T Lk
O<i<m 1 m m
o)
wy (APX; ) Lw (APX):
_ X ' m 2% '
0<i<m 1
t
Lemma 4. Fori=0andi=m 1wehavewy(APX; ) %:
Proof. Without lossof generality assumei = 0. Let Xg; X3; ' X(k=m) 1 bethe
x-coordinates of the points po; p1;:::; Pk=m) 1 iIN APXo . SO
WAPX—hlx x+£3x X1 +
x ( 0)= - ko1 Xo - Ko X1
k k
- 1 + — 3 +
- (1 Xo) - (1 X1)
k k
—(1 Xo)+ —(1 Xi1)+ o1 Xk
Since 1 x; x x; where0 | < k=m and x is the x-coordinate of any

point in APX, and since there are (m 1)k=m points in APX, , we have
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1 X < e Wx (P s APXo ) so

(m Dk
k m X _
APX _ i APX
Wy ( 0) m(m 1Dk k Wy (i s 0)
0 i< o+
1 X _
— | Wy (pi; APXo )
0 i< X
= LW (APXo ; APXy )
- m 1 X 0 0
1WX(APX)Z

t
Combining the three lemmas, we get the claimed result and the proof of
Theorem 2.

X
W(APX) = WX(APX ij s APX; )+ Wy(APX ij s APX j)
|;IX X
+ Wy (APX; ) + wy (APX )
i j
w(OPT) + ml 2(WX(APX) + wy (APX))
+ 2 1(WX (APX) + wy (APX))
1
= w(OPT) + APX) + APX):
W(OPT) + = w(APX) + —~—w(APX)
Sow(APX) 1 15 2. w(OPT):

4.2 PTAS for General d
It is straightforward to generalizethe PTAS to arbitrary, xed dimensiond.

Theorem 5. For any xed d, the problemof selecting a subsetof minimum total
L, distance for a set of points in <¢ allows a PTAS.

Sketchof Proof. Form = (1="), we subdivide the setof n points with d(m+ 1)
axis-aligned hyperplanes, suc that (m + 1) are normal for ead coordinate di-
rection. Moreover, any setof (m+ 1) hyperplanesnormal to the samecoordinate
axis is assumedto subdivide the optimal solution into k=m equal subsets,called
slices Enumeration of all possible structures of this type yields a total of n™
choices of hyperplanesin eah coordinate, for a total of n™ possible choices.
For eat choice, we have a total of m? cells, ead cortaining between 0 and k
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points; thus, there are O(mk9) di erent distributions of cardinalities to the dif-
ferert cells. As in the two-dimensionalcase,ead cell picks the assignednumber
of points extremal in its gradient direction.

It is easily seenthat for ead coordinate x;, the above choice minimizes the
total sum of x;-distancesbetweenpoints not in the samex;-slice. The remaining
technical part (showing that the sum of distanceswithin slicesare small com-
pared to the distancesbetween di erent slices)is completely analogousto the
details described for the two-dimensional caseand omitted. t

5 Exp eriments

The work discussedsofar is motivated by the allocation of a singlejob. In the
following, we examine how well our algorithms work in the context of streamsof
jobs; in those scenarios,the set of free processorsavailable for ead job depends
on previous allocations.

To understand the interaction betweenthe quality of an individual allocation
and the quality of future allocations, we ran a simulation involving pairs of
algorithms; in essencegnealgorithm (the situation algorithm) createsa sequence
of instanceson which the other algorithm (the decision algorithm) is evaluated.
More precisely the situation algorithm placesa sequenceof jobs; at eat step
of this iteration, this determinesthe free processorsavailable for the next job.
Pretending the next job has higher priorit y, we compute the achievable average
sum of pairwise distances,as determined by the decisionalgorithm. This value
is recordedto keeptrack of the decisionalgorithm's performance.Howevwer, this
allocation is not carried out; instead, the situation algorithm is used for the
actual placemen, in turn creating a decisioninstance for the next iteration, etc.
In this manner, ead ertry in Table 1 represetts the average sum of pairwise
distancesfor the decisionalgorithm, with processoravailability determined by
the situation algorithm.

Our simulation usedthe algorithms MC1x1, MM, MM+Inc, and Hilb ertBF.
MM+Inc useslocal improvemert on the allocation of MM, replacing an allocated
processorwith an excluded processorthat improves average pairwise distance
until it reaces a local minimum. Hilb ertBF is the 1-dimensional strategy of
Leung et al. [16] used on Cplant. The simulation usedthe LLNL Cray T3D
trace from the Parallel Workloads Archive [9]. This trace has 21323jobs run on
a machine with 256 processorstreated asa 16 16 meshin the simulation.

In ead row, the algorithms are ranked in the order MM+Inc, MM, MC1x1,
and Hilb ertBF. This is consistent with the worst-caseperformancebounds; MM
is a 7/4-approximation, MC1x1 is a 4-approximation, and Hilb ertBF has ap-
proximation ratio (N)onanN N mesh.

6 Conclusions

The algorithmic work described in this paper is one step toward developing
algorithms for scheduling mesh-connectednetwork-limited multipro cessorsWe
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Situation Decision Algorithm
Algorithm |MC1x1| MM |[MM+Inc |Hilb ertBF
MC1x1 52565218 5207 5432
MM 53235288 5276 5531
MM-+Inc 53195281 5269 5495
Hilb ertBF | 50905059 5046 5207

Table 1. Average sum of pairwise distances when the decision algorithm makes allo-
cations with input provided by the situation algorithm.

have given provably good algorithms to allocate a single job, a problem we con-
jecture to be NP-hard. The next stepis to study the allocation of job sequences,
a markedly di erent algorithmic challenge.

The di erence between making a single allocation and a sequenceof allo-
cations is already illustrated by the diagonal entries in Table 1, where the free
processorsdepend on the samealgorithm's previous decisions. These give the
ranking (from best to worst) Hilb ertBF, MC1x1, MM+Inc, and MM. The lo-
cally better decisionsof MM+Inc seemto paint the algorithm into a corner over
time. Figures 1, 2, and 3 help explain why. When starting on an empty grid, MC
producesconnectedrectangular shapes. Locally, these shapesare slightly worse
than the round shapes produced by MM, but rectangles have better pacding
properties becausethey avoid small patches of isolated grid nodes.

We con rmed this behavior over an ertire trace using Procsimity [27,29],
which simulates messagesnoving through the network. Weran the NASA Ames
iPSC/860 trace™ from the Parallel Workloads Archive [9], scaling down the
number of processorsfor ead job by a factor of 4. This made the trace run
on a machine with 32 processorsallowing usto nd the greedyplacemer that
minimizes average pairwise distance at that step. For averagejob ow time,
MC1x1 was best, followed by MM, and then greedy We did not run MM+Inc
in this simulation. Hilb ertBF was much worsethan all three of the algorithms
mentioned in part dueto diculties usingit on a nonsquaremesh.

Basedon theseresults and the work of Leung et al. [16], oneof the rst allo-
cators dewveloped and licensedfor the Red Storm (Cray XT3/4) supercomputer
usesa machine speci ¢ space- lling curve and a 1D bin-packing technique. We
expect to have Red Storm implementations of a 3D version of MC1x1 and the
greedy heuristic (called MM) analyzedin this paper.

Thus, the online problem in an iterated scenariois the most interesting open
problem. We believe that a natural attack may be to consideronline pading of
rectangular shapes of given area. We plan to pursue this in future work.
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