Proof Theory

Resolution

@ Let P be a set of clauses {C1, (5, ... C,}, where

e each clause C; is of the form (Ly V Ly V ---V L), and where
e each L is a literal: i.e. a possibly negated atom

@ For simplicity, consider a propositional P: where each atom is a

proposition.
@ A model for P makes every one of C;'s in P true.
@ Let G be a literal (called “Goal”)
?
e Consider the question: P = G
@ We can use a proof procedure, based on resolution to answer this
question.
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Proof Theory

Resolution (Propositional case)

(A V Cl) (_‘A Vv C2)
(Cl V C2)

@ This is a form of Proof Rule.
(Modus Ponens is a special case of Resolution)

o {(A V Cl), (—|A\/ CQ)} |= (Cl V C2)

@ How to constructs proofs using resolution?
Use the following two rules:

(€ P)

P|—(A\/C1) Pl—(—\A\/CQ)
{C}UP"C Pl_(Cl\/Cz)

@ A proof system based on resolution is sound, but not complete.

Res

e E.g., p= (pV q) but there is no way to derive it using Resolution.
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Proof Theory

Resolution Proof (An Alternative View)

The clauses of P are all in a “soup”.

Resolution rule picks two clauses from the “soup”, of the form AV (;
and AV G

and adds (; V (G to the “soup”.

The newly added clause can now interact with other clauses and
produce yet more clauses.

Ultimately, the soup consists of all clauses C such that P C.
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Proof Theory

Resolution Proof (An Example)

P =

{(pVq),(=pVr)(~qVr)}

Here is a proof for P = r:

Clause Number | Clause | How Derived
1 pVq e P

2 -pVr|eP

3 -gqVr|€eP

4 qVr Res. 1 & 2
5 r Res. 3& 4
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Proof Theory

Refutation Proofs

@ While resolution alone is insufficient to prove all logical consequences,

resolution is sufficient to show inconsistency
i.e. show when P has no model.

This leads to Refutation proofs for showing logical consequence.
?
Say we want to determine P |= r, where r is a proposition.

This is equivalent to checking if P U {—r} has an empty model.

This we can check by constructing a resolution proof for PU{—r} [
where [] denotes the unsatisfiable empty clause.

CSE 505 Resolution October 29, 2008 5/ 30

Proof Theory

Refutation Proofs: An Example

Let P={(pVq),(mpVr),(mgVr),(pVs)} and G=(rVs)

Clause Number | Clause | How Derived
1 pVg | € PU-G
2 -pVr|ePU-G
3 gqVr| ePUG
4 —r e PU-G
5 —S e PU-G
6 qVr Res. 1 & 2
7 r Res. 3& 6
8 [l Res. 4 & 7
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Proof Theory

Refutation in Predicate Logic

parent (pam, bob). anc(X,Y)

parent (tom, bob). parent (X,Y).

parent (tom, liz). anc(X,Y)

parent(X,Z) ,anc(Z,Y).

@ For what values of @ is anc(tom,Q) a logical consequence of the

above program?
Assume V@.—anc(tom, Q)

But the program says parent (tom,

From M.P., we can conclude that VQ.—parent (tom, Q)

bob).

We know that VX, Y.anc(X,Y) C parent(X,Y) (from the program)
Which is equivalent to VX, Y.-anc(X,Y) D —parent (X,Y)
It then follows that VY.—anc(tom,Y) D —parent(tom,Y)

@ Hence we know that VQ.—anc(tom, Q) is not true; the evidence is Q

= bob.
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Proof Theory

Refutation: An Example

parent (pam, bob).

October 29, 2008

parent (tom, bob). < anc(tom, Q)

parent (tom, 1liz).
parent (bob, ann).

anc(X,Y) < parent(X,Y)

parent (bob, pat). «— parent(tom, Q)

parent(pat, jim).

anc(X,Y) :-

L]
parent (X,Y). .
anc(X,Y) :- (=bob
parent (X,Z),
anc(Z,Y).
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Proof Theory

Refutation: An Example (contd.)

«— anc(tom, Q)

parent (pam, bob) . anc(X,Y) < parent(X,Z), anc(Z,Y)
parent (tom, bob).
parent (tom, liz).
parent (bob, ann).
parent (bob, pat).
parent (pat, jim).

— parent(tom,Z’), anc(Z’, Q)
parent (tom, bob) «

«— anc(bob, Q)

anc(X,Y) :- anc(X,Y) « parent(X,Y)
parent (X,Y).
anc(X,Y) :- /
parent (X,Z), « parent (bob, Q)
anc(Z,Y). parent (bob, ann) «
[]
Q=ann
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Unification
Unification

@ Operation done to “match” the goal atom with the head of a clause
in the program.
@ Forms the basis for the matching operation we used for Prolog
evaluation.
e f(a,Y) and f£(X,b) unify when X=a and Y=b.
e f(a,X) and f£(X,b) do not unify.
e X and f£(X) do not unify
(but they “match” in Prolog!)
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Unification

Substitutions

A substitution is a mapping between variables and values (terms).

@ Denoted by {Xi/t1,Xo/t2,...,Xn/tn} such that
o X; # t;, and
e X; and X; are distinct variables when i # j.

@ Empty subsititution is denoted by e.

@ A substition is said to be a renaming if it is of the form
{X1/Y1,..., Xn/Yn} and Yq,..., Y, is a permutation of Xi,..., X,.
@ Example: {X/Y,Y/X} is a renaming substitution.
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Unification

Substitutions and Terms

@ Application of a substitution:
o XO=tif X/ted.
o X0 =X if X/t &0 for any term t.

@ Application of a substitution {Xi/t1,...,X,/ta} to a term/formula
F:

e is a term/formula obtained by simultaneously replacing every free
occurrence of X; in F by t;.
e Denoted by F6 [and F@ is said to be an instance of F]

e Example:

p(f(X,Z), f(Y, a)){X/g(Y)’ Y/Z7 Z/a} - p(f(g(Y), 3)7 f(Z7 a))
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Unification

Composition of Substitutions

@ Composition of substitutions § = {Xi/s1,...,Xm/sm} and
o = {Yl/tl, ceey Yn/tn}i
o First form the set {X1/s10,..., Xn/smo, Y1/t1,..., Yo/ta}
e Remove from the set X;/s;o if sjoc = X;
o Remove from the set Y;/t; if Y; is identical to some variable X;

@ Example: Let 0 =0 ={X/g(Y),Y/Z,Z/a}. Then o =

(X/g(Y),Y/Z,2]a}{X/e(Y),Y/Z,Z]a} ={X/g(Z),Y /a,Z/a}

@ More examples: Let § = {X/f(Y)} and 0 = {Y/a}
o Ho ={X/f(a),Y/a}
o 0o = [X/F(Y),Y/a}

e Composition is not commutative but is associative: 6(oy) = (6o)y
e Also, E(Ao) = (Ef)o
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Unification

l[dempotence

@ A subsitution 6 is idempotent iff 660 = 6.
@ Examples:
o {X/g(Y),Y/Z,Z/a} is not idempotent since
{X/e(Y),Y/Z,2]a}{X/a(Y),Y/Z,Z/a} ={X/e(Z),Y/a,Z/a}

o {X/g(Z),Y/a,Z/a} is not idempotent either since

{X/g(2),Y/a,2/a}{X/8(Z),Y/a, Z/a} = {X/g(a), Y /a,Z/a}

o {X/g(a),Y/a,Z/a} is idempotent

e For a substitution 0 = {X1/t1,..., Xp/tn},
] Dom(Q) = {Xl,XQ, . . Xn}
o Range(6) = set of all variables in t1,...¢t,

@ A substition 6 is idempotent iff Dom(#) N Range(6) = ()
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Unification

Unifiers

@ A substitution 0 is a unifier of two terms s and t if sf is identical to

to.
@ 0 is a unifier of a set of equations {s; = t1,...,s, = t,}, if for all /,
s;i0 = t;0.

@ A substitution € is more general than o (written as ¢ >~ o) if there is
a substitution w such that o = 6w

@ A substitution 0 is a most general unifier (mgu) of two terms (or a
set of equations) if for every unifer o of the two terms (or equations)
0>o

e Example: Consider two terms f(g(X), Y, a) and f(Z, W, X).

o 01 ={X/a,Y/b,Z/g(a), W/b} is a unifier
o 0, ={X/a,Y/W,Z/g(a)} is also a unifier
e 0, is a most general unifier
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Unification

Equations and Unifiers

@ A set of equations & is in solved form if it is of the form
{X1 =t1,..., Xp, = tp} iff no X; appears in any t;.

@ Given a set of equations £ = {X1 = t1,..., X, = t,} the substitution
{X1/t1,... Xy/ts} is an idempotent mgu of &.

@ Two sets of equations £ and &, are said to be equivalent iff they
have the same set of unifiers.

@ To find the mgu of two terms s and t, try to find a set of equations in
solved form that is equivalent to {s = t}.
If there is no equivalent solved form, there is no mgu.
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Unification

A Simple Unification Algorithm (via Examples)
e Example 1: Find the mgu of f(X,g(Y)) and f(g(Z),Z)

{f(X.g(Y)) =1(s(2),2)} = {X=2g(2),8(Y)=2}
= {X=g(2),Z2=8(Y)}
= {X=g(g(Y)),Z=g(Y)}
e Example 2: Find the mgu of (X, g(X), b) and f(a,g(Z),2)

{f(X,g(X),b)=1f(a,g(2),2)} = {X=a,g(X)=g(Z2),b=2}

~ (XZag(a)=e(2),b=27)
= {X=aa=2Zb=7}
= {X=aZ=ab=17}
= {X=3,Z=ab=a}
= fail
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Unification

A Simple Unification Algorithm

Given a set of equations &:

repeat
select s =t € ¢&;
case s = t of
1. f(Sl,...,Sn) = f(tl,...,tn)l
replace the equation by s; = ¢t; for all i
2. f(s1,...,50) = g(t1,...,tm), f A gorn#m:
halt with failure
3. X =X : remove the equation
4. t = X : where t is not a variable
replace equation by X =t
5. X = t: where X # t and X occurs more than once in &:
if X is a proper subterm of t
then halt with failure (5a)
else replace all other X in £ by t (5b)
until no action is possible for any equation in £
return £
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Unification

A Simple Unification Algorithm (More Examples)

@ Example 1: Find the mgu of f(X, g(Y)) and f(g(Z) Z)

{f(X,g(Y)) =1(g(2),2)} = {X=g(2)8(Y)=2}  casel
= {X=g(2),Z2=¢g(Y)} case 4
= {X=g(g(Y)),Z=g(Y)} casebb
@ Example 3: Find the mgu of (X, g(X)) and f(Z, 2)
{f(X,g(X))=1f(Z,2)} = {X=2Zg(X)=2Z} casel
= {(X=Z2,g(Z)=2} casebb
= {(X=27,Z=g(2)} case4
= fail case ba
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Unification

Complexity of the unification algorithm
Consider
E={g(X1,..., Xn) = g(f(Xo, Xo), F(X1, X1), ..., F(Xn—1, Xn—1)}.

@ By applying case 1 of the algorithm, we get
{X1 = f(Xo, Xo0), Xo = £( X1, X1), ..., Xy = F(Xn—1, Xn—-1) }

o If terms are kept as trees, the final value for X, is a tree of size O(2").

@ Recall that for case 5 we need to first check if a variable appears in a
term, and this could now take O(2") time.

@ There are linear-time unification algorithms that share structures
(terms as DAGs).

@ X =t is the most common case for unification in Prolog. The fastest
algorithms are linear in t.

@ Prolog cuts corners by omitting case 5a (the occur check), thereby
doing X = t in constant time.
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Unification

Most General Unifiers

@ Note that mgu stands for a most general unifier.

@ There may be more than one mgu. E.g. f(X) = f(Y) has two mgus:
o {X/Y}
o {Y/X}

@ If 8 is an mgu of s and t, and w is a renaming, then 6w is an mgu of
s and t.

@ If 8 and o are mgus of s and t, then there is a renaming w such that
0 =ow.
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SLD Resolution

SLD Resolution

— Aty A1, Ai At Am By Bi,...,B,
— (A1,...,Ai_1, Bi,.... By, Aii1, ..., Am)d

where:
Q Ajs are atomic formulas

Q@ By« Bi,...,B,is a (renamed) definite clause in the program

e 9 = mgu(A,-, Bo)

@ A; is called the selected atom.

e Given a goal «+ Aq,...,A, a function called the selection function or
computation rule selects A;.
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SLD Resolution

SLD resolution (contd.)

@ When the resolution rule is applied, from a goal G and a clause C, we
get a new goal G'.
We then say that G’ is derived directly from G and C:

e

@ An SLD Derivation is a sequence

CSE 505

C G
Go~3 Gy Gi ~ Gigp -+

Resolution

SLD Resolution

Refutation & SLD Derivation

parent (pam, bob).
parent (tom, bob).
parent (tom, 1liz).
parent (bob, ann).
parent (bob, pat).
parent(pat, jim).

anc(X,Y) :-
parent (X,Y).

anc(X,Y) :-
parent (X,Z),
anc(Z,Y).

CSE 505

— anc(tom, Q)
anc(X,Y)
«— parent (X,Y)
«— parent(tom, Q)
parent (tom, bob) «

Q=bob

Resolution

October 29, 2008 23 /30

anc(tom, Q)

~» parent(tom, Q)
~ U
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SLD Resolution

SLD Derivation (contd.)

«— anc(tom, Q)

parent (pam, bob) | anc(X,Y)
parent (tom, bob)| «— parent(X,Z2), anc(Z,Y)
parent (tom, 1liz)|
parent (bob, ann)|
parent (bob, pat)|
parent(pat, jim)|

«— parent (tom,Z’), anc(Z’, Q)
parent (tom, bob) «

anc(tom, Q)

bob,
«— anc(bob, Q) ~» parent(tom, Z’),

anc(X,Y) :- anc(X,Y)

anc(Z’, Q)
parent (X,Y). / « parent(X,Y) ~» anc(bob, Q)
anc(X,Y) :- ~ parent (bob, Q)
parent(X,2), | — Parent(bob, ) P :
anc(Z,Y). parent (bob, ann) « ~
O
Q=ann
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SLD Resolution
Computed Answer Substitution
@ Let 6y,6,...,0,_1 be the sequence of mgus used in derivation

C Cnfl
Cb ~3 Cﬁ"' Gﬁ—l ~> Gh

Then 6 = 0y61 - - - 0,_1 is the computed subtitution of the derivation.

@ Example:
Goal Clause Used mgu
anc(tom, Q) anc(X’,Y’) :-

parent (X’,Z’), anc(Z’,Y’) | 6o = {X'/tom, Y'/Q}
parent (tom, Z’),

anc(Z’, Q) parent (tom, bob). 61 = {Z' /bob}
anc (bob, Q) anc(X’’, Y’?) :-
parent (X’’, Y’’). 6> = {X" /oob, Y /Q}
parent (bob, Q) parent (bob, ann). 03 = {Q/ann}

0

@ Computed substitution for the above derivation is 06,160,035 =

{X’/tom, Y'/ann, Z’ /bob, X" /bob, Y /ann, Q@ /ann}

CSE 505 Resolution October 29, 2008 26 / 30



SLD Resolution

Computed Answer Substitution (contd.)

@ A finite derivation of the form

C Co_
GO“”g Gi--- Gpo1 5 Gn

where G, = [ (i.e., an empty goal) is an SLD refutation of Gy.
@ The computed substitution of an SLD refutation of G, restricted to

variables of G, is a computed answer substitition for G.

@ Example (contd.): The computed answer substitution for the above
SLD refutation is
{X'/tom, Y'/ann, Z' /bob, X" /bob, Y /ann, Q /ann} restricted to Q:

{Q/ann}
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SLD Resolution

Failed SLD Derivation

@ A derivation of a goal clause Gy whose last element is not empty, and
cannnot be resolved with any clause of the program.

@ Example: consider the following program:
grandfather (X,Z) :- father(X,Y), parent(Y,Z).
parent(X,Y) :- father(X,Y).
parent(X,Y) :- mother(X,Y).
father(a,b).
mother(b,c) .

@ A derivation of grandfather(a,Q) is:

~» father(a,Y’), parent(Y’,Q)
~+ parent (b,Q)
~» father(b,Q)
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SLD Resolution

SLD Tree

A tree where every path is an SLD derivation

«— grandfather(a, Q)

grandfather (X,Z) :- — father(a,Z’), parent(Z’, Q)
father(X,Y), parent(Y,Z).

parent (X,Y) :- father(X,Y).

parent(X,Y) :- mother(X,Y). < parent(b, Q)
father(a,b).
mother(b,c). «— father(b, Q) «— mother (b, Q)
O
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SLD Resolution

Soundness of SLD resolution

@ Let P be a definite program, ® be a computation rule, and 6 be a
computed answer substitution for a goal G. Then VY G@ is a logical
consequence of P.

@ Proof is by induction on the number of resolution steps used in the
refutation of G.

@ Base case uses the following lemma:
o Let F be a formula and F’ be an instance of F, i.e. F' = F0 for some

substitution 6.
Then (VF) = (VF').
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