CSE371 Q2 PRACTICE SOLUTIONS

Reminder: We define H semantics operations U and N as follows
aUb=maz{a,b}, anb=min{a,b}.

The Truth Tables for Implication and Negation are:
H-Implication

=|F L1 T
F|T T T
1L |JF T T
T|F L T

H Negation
-|F 1 T
T F F

QUESTION 1 We know that
v: VAR — {F, L, T}

is such that
v*((anbd)=(a=¢)) =L

under H semantics. evaluate v*(((b= a) = (a = —¢)) U (a = b)).

Solution : v*((aNb) = (a = ¢)) =L under H semantics if and only if (we use shorthand notation) (aNbd) =T
and (e = ¢) =Ll ifandonlyif a =T,b=T and (T = ¢) =L if and only i f ¢ =1. L.e. we have that

v*((anb)=(a=c)=L iff a=T, b=T,c=1.
Now we can we evaluate v*(((b=a) = (a = —¢)) U (a = b)) as follows (in shorthand notation).
v*((b=a)= (a= —¢))U(a=0b)) =
(T=T)=T=-L)HUuT=1T))=
(T=T=F)UT)=T.

We define a 4 valued L, logic semantics as follows. The language is

[.: = [.:{_\’ﬁ’qu} .



We define the logical connectives =, =, U, N of L4 as the following operations in the set {F, Ly, 15, T},
where {F < 11 < 1o <T}.

Negation —
- {FvJ—hJ-QaT}_){F7J—1aJ—27T}7

such that
-1y =14, mleg=1y, -F=T, =T =F.

Conjunction N

N: {F, Ly, Lo, T} x {F, L, 15, T} — {F, L1, 1,,,T}

such that for any a,b € {F, 11, 15, T},
anNb=min{a,b}.

Disjunction U

U: {F,J_17J_2,T}X{F,J_l,J_Q,T}—>{F,J_17J_2,T}
such that for any a,b € {F, 11, 15, T},

aUb = max{a,b}.

Implication =
= {FaLlaL27T}X{F7L17J~2aT}—>{F7J~1aL27T}7
such that for any a,b € {F, L1, 15, T},

0= b= —aUb ifa>b
Tl T otherwise



QUESTION 2
Part 1 Write all TTables for L4

Solution :
L4 Negation L4 Disjunction
-|F 1, 1, T UJF 1, 1, T
T 1, 1, F FLF 1L 1L T
1y |y 1Ly 1o T
1o | 1o 1o 1o T
L, Conjunction T|T T T T
g E J};l J; E L4-Implication
J—l F J_l J_l J—1
J_Q F J_l J_Q J_Q = ‘ F J—1 J—2 T
T|F 1, 1, T F| T T T T
4Ly T T T
lo | 1o 1o T T
T|F 1, 15 T

Part 2 Verify whether
I:L4((a = b) = (—a Ub))

Solution : Let v be a truth assignment such that v(a) = v(b) = L;.

We evaluate v*((a = b) = (maUb)) = ((L1 = L) = (L1 ULy))=(T= (L1Uly)=(T= 1;)=1;.

This proves that v is a counter-model for our formula and
#L4((a = b) = (—aUb)).

Observe that a v such that v(a) = v(b) = L is also a counter model, as v*((a = b) = (-aUb)) = ((Ls =
J_Q) = (_‘J_Q U J_Q)) = (T = (J_Q U J_Q)) = (T = J_Q) = 1.

QUESTION 3 (5pts ) Prove using proper logical equivalences (list them at each step) that
1. (A& B)=((ANn-B)U(-ANB)),

Solution: —(A < B)=%/=((A = B)N (B = A))=deMor9an(~(A = B)U~(B = A))
=negimpl (AN =B) U (BN =A))=mmut (AN -B)U(~AN B)).

2. (BN-C)= (~AUB)) = (B= C)U(A = B)).

Solution: ((BN-C) = (AU B))=""?(=(BN-C)U (-AU B))=deMorgan((-BU--C) U (AU B))
—dneg((<B U C) U (=AU B))=""((B = C) U(A = B)).



QUESTION 4  We define an EQUIVALENCE of LANGUAGES as follows:

Given two languages:
[:1 = ﬁco]\[l and EQ = LCONQ, for CON1 75 CONQ.
We say that they are logically equivalent, i.e.

L1 = Lo
if and only if the following conditions C1, C2 hold.
C1: For every formula A of L1, there is a formula B of Lo, such that
A= B,
C2:  For every formula C of Lo, there is a formula D of £4, such that
C=D.

Prove that LZ{ﬁm} = L{ﬁp}.

Solution: The equivalence of languages holds due to two definability of connectives equivalences:

(AmB)Eﬁ(AiﬁB), (AiB)Eﬁ(AﬂﬁB).

QUESTION 5 Given a proof system:

(A= B)

S=(Linsy, E=F AX={(A= A),(A=> (-A= B))}, (ﬂm )-

Definition: System S is sound if and only if
(i) Axioms are tautologies and

(ii) rules of inference are sound, i.e lead from all true premisses to a true conclusion.

1. Prove that S is sound under classical semantics.
Solution:
(i) Both axioms of S are basic classical tautologies.

(ii) Consider the rule of inference of S.
r) (A= B)
(B= (A= B))’

Assume that its premise (the only premise) is True, i.e. let v be any truth assignment, such that v*(A =
B) =T. We evaluate logical value of the conclusion under the truth assignment v as follows.

v'(B= (A= B)=v"(B)=T=T

for any B and any value of v*(B).



2. Prove that S is not sound under K semantics.

Solution: Axiom (A = A) is not a K semantics tautology.
3. Write a formal proof in S with 2 applications of the rule (r).

Solution: Required formal proof is a sequence A;, As, A3, where
A= (A= A)
(Axiom)
Ay =(A= (A= 4))
Rule (r) application 1 for A= A, B = A.
As=((A=A) = (A= (4= 4)))
Rule (r) application 2 for A= A,B = (A = A).

QUESTION 6 Prove, by constructing a formal proof that

Fs (A= B)= (A= (-A= B))).

Solution: Required formal proof is a sequence A, As, where
A= (A= (-A= B))
Axiom
As = (A= B)= (A= (-A= B)))
Rule (r) application for A = A, B = (-A = B).



