Chapter 11 (Part 2)
Gentzen Sequent Calculus GL

The proof system GL for the classical propo-
sitional logic is a version of the original
Gentzen (1934) systems LK.

A constructive proof of the completeness the-
orem for the system GL is very similar to
the proof of the completeness theorem for
the system RS.

EXxpressions of the system like in the original
Gentzen system LK are Gentzen sequents.

Hence we use also a name Gentzen sequent
calculus.



Language of GL: £ = L{U7m,j’ﬁ’}.

We add a new symbol to the alphabet: —.
It is called a Gentzen arrow.

The sequents are built out of finite sequences
(empty included) of formulas, i.e. elements
of F*, and the additional sign —.

We denote, as in the RS system, the finite
sequences of formulas by Greek capital let-
ters I, A, >, with indices if necessary.

Sequent definition: a sequent is the expres-
sion

M — A,
where ', A € F*.



Meaning of sequents Intuitively, we interpret
a sequent

Al, ceny An — Bl, ceny Bm,

where n,m > 1 as a formula

(A1 N..NAp) = (B1U...UBp).

The sequent: Aq,.... A, — (wheren > 1)

means that A1 N..NA, yields a contra-
diction.

The sequent — Bj,....,By, (where m > 1)
means = (B1 U...U Bm).

The empty sequent: — means a contra-
diction.



Given non empty sequences: [, A, we de-
note by
or
any conjunction of all formulas of I, and
by
N

any disjunction of all formulas of A.

The intuitive semantics (meaning, interpre-
tation) of a sequent ' — A (where ', A
are nonempty) is

[ — A = (O’r:>5A).



Formal semantics for sequents (expressions
of GL)

Let v: VAR — {T,F} be a truth assign-
ment, v* its (classical semantics) extension
to the set of formulas F.

We extend v* to the set
SEQ={T — A" I‘,AE}“*}

of all sequents as follows: for any sequent
[ — A e SEQ,

U*(r — A) = U*(O'r) = U*(éA)

In the case when I = () or A = () we define:

v(—A) = (T =v"00a)),

v'(F— ) = (W"(or) = F).



The sequent I — A is satisfiable if there
is a truth assignment v : VAR — {1, F'}
such that v*(IF — A) =T.

Model for I — A is any v, such that

V(M — A) =T.

We write it
vE I — A

Counter- model is any v such that

v’ (F — A)=PF

We write it

v T — A



Tautology is any sequent I’ — A\, such that
v*(IT — A) =T for all truth assignments
v: VAR — {T,F}, i.e.

= I — A.

Example Let T — A be a sequent

a,(bNa) — —b,(b=a).

The truth assignment v for which v(a) =T
and v(b) = T is a model for  — A, as
shows the following computation.

v*(a, (bNa) — —b,(b=a)) = v (o4 (pra)) =
v (0p,(b=a)y) = v(a) N (v(b) Nv(a)) =
—v(b) U (v(b) = v(a)) = TNTcapT = —T U
(T=T) = T=(FUT) = T=T = T.



Observe that the only v for which v*(I") =
v*(a,(bNa) =T is the above v(a) =T and
v(b) =T that is a model for T — A.

It is impossible to find v which would falsify
it, what proves that

= a,(bNa) — —b,(b= a).



Definition of GL

Axioms of GL: Any sequent of variables (pos-
itive literals) which contains a propositional
variable that appears on both sides of the
sequent arrow —, i.e any sequent of the
form

/ / / /
I_ ,Cl,,l_z —_— Al,a,AQ,

for any a € VAR and any sequences
.5, A ,A’2 c VAR*.

Inference rules of GL

We denote by I‘/, A finite sequences formed
out of literals i.e. out of propositional vari-
ables or negations of propositional variables.
[, A denote any finite sequences of formu-
las.



Conjunction rules

' A BT — A
" (AnB),r — A"

(N—)

/

r — AAAN T — ABA
r — A, (AnB), A’

Y

Disjunction rules

r — A ABA
r — A, (AUB), A"

(— V)

rAr — A :r'.Br — A
' (AUB), T — A




Implication rules

AT — A B, A

— = ,
( )r’,r — A, (A= B), A

/

r'r — AAA BT — A A

=
(=) M (A= B),lT — AA

Y

Negation rules

r''r — a,AA
M -AT — AA

rAr — AA

o) e A A
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We define:
GL = (SEQ, AL, (U), (=V), (N), (=N), (=), (= =), (=7))

Formal proof of a sequent [ — A in the

proof system GL we understand any se-
quence

{1 — A1, o — Do, ..., [ — Ay

of sequents of formulas (elements of SEQ),
such that '{ — Ay € AL, Iy, — Ay =
I — A,and foralli (1 <i<n)Il; —
A; € AL, or [; — A, is a conclusion of
one of the inference rules of GL with all
its premisses placed in the sequence

{1 — Ay, ....[,_1— ;1.
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We write, as usual,

Fe, I — A

to denote that ' — A has a formal proof
in GL.

A formula A € F, has a proof in if the sequent
—— A has a proof in GL, i.e. we define:

FaL A ioff — A
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A proof tree, or GL-proof of  — A is a
tree

Tr—a

of sequents satisfying the following condi-
tions:

1. The topmost sequent, i.e the root of
TI_—>A is — A,

2. All leafs are axioms,

3. The nodes are sequents such that each se-
quent on the tree follows from the ones im-
mediately preceding it by one of the rules.
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We write the proof- trees indicating addition-
ally the name of the inference rule used at
each step of the proof.

Remark Proof search, i.e. decomposition tree
for a given formula A and hence a proof
of A in GL is not always unique!!
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For example, a tree-proof (in GL) of the de
Morgan law

(=(and) = (—a U b))
is the following.

— (—(aﬂb) = (—ICLU —|b))

| (—=)
=(anb) — (—aU—b)
| (— V)
-(anb) — =—a,—b
| (— )
b,-(aNb) — -a
| (— )

b,a,—(aNb) —
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Exercise 1 : Write all other proofs of —(a N
b) = (—a U —b)) in GL.

EXxercise 2: Verify that the axiom and the rules
of inference of QL are sound, i.e. that the
following theorem holds.

Soundness Theorem for GL: For any sequent
[ — A e SEQ,

if Fog T — A then = T — A.

Completeness Theorem For anysequentl —
A e SEQ,

Fe, T — A iff &= IT— A

The proof of the Completeness Theorem is
similar to the proof for the RS system and
IS assigned as an exercise.
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