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Chapter 2, Problem 11 

 

 

 

 

 

 

 



Chapter 2, Problem 11 
Question 

 
The general rule (2.56) for summation by parts 

is equivalent to: 

 

 (𝑎𝑘+1

0≤𝑘<𝑛

− 𝑎𝑘)𝑏𝑘

=  𝑎𝑛  𝑏𝑛 − 𝑎0 𝑏0 −   𝑎𝑘+1(𝑏𝑘+1

0≤𝑘<𝑛

− 𝑏𝑘),𝑓𝑜𝑟 𝑛 ≥ 0 

 

Prove this formula directly by using the 

distributive, associative and commutative laws 

 

 

 

 

 



Solution 

 (𝑎𝑘+1

0≤𝑘<𝑛

− 𝑎𝑘)𝑏𝑘

=   (𝑎𝑘+1𝑏𝑘
0≤𝑘<𝑛

− 𝑎𝑘𝑏𝑘)         (𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝐿𝑎𝑤) 

=   𝑎𝑘+1𝑏𝑘

𝑛−1

𝑘=0

−   𝑎𝑘𝑏𝑘

𝑛−1

𝑘=0

         (𝐴𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝐿𝑎𝑤) 

   

We can write, 

 𝑎𝑘𝑏𝑘

𝑛−1

𝑘=0

=   𝑎𝑘𝑏𝑘

𝑛

𝑘=0

− 𝑎𝑛𝑏𝑛   

 

=   𝑎𝑘+1𝑏𝑘

𝑛−1

𝑘=0

−   𝑎𝑘𝑏𝑘

𝑛

𝑘=0

+ 𝑎𝑛𝑏𝑛       

   

=   𝑎𝑘+1𝑏𝑘

𝑛−1

𝑘=0

−   𝑎𝑘𝑏𝑘

𝑛

𝑘=1

+ 𝑎𝑛𝑏𝑛 −  𝑎0𝑏0      

 

=   𝑎𝑘+1𝑏𝑘

𝑛−1

𝑘=0

−   𝑎𝑘+1𝑏𝑘+1

𝑛−1

𝑘=0

+ 𝑎𝑛𝑏𝑛 −  𝑎0𝑏0      



=   (𝑎𝑘+1𝑏𝑘

𝑛−1

𝑘=0

− 𝑎𝑘+1𝑏𝑘+1) +  𝑎𝑛𝑏𝑛 −  𝑎0𝑏0      

 

=   𝑎𝑘+1(𝑏𝑘

𝑛−1

𝑘=0

− 𝑏𝑘+1)  + 𝑎𝑛𝑏𝑛 −  𝑎0𝑏0      

 

=  𝑎𝑛𝑏𝑛 −  𝑎0𝑏0 −   𝑎𝑘+1(𝑏𝑘+1

𝑛−1

𝑘=0

− 𝑏𝑘)     

 

So we have proved 

 (𝑎𝑘+1

0≤𝑘<𝑛

− 𝑎𝑘)𝑏𝑘

=  𝑎𝑛  𝑏𝑛 − 𝑎0 𝑏0 −   𝑎𝑘+1(𝑏𝑘+1

0≤𝑘<𝑛

− 𝑏𝑘),𝑓𝑜𝑟 𝑛 ≥ 0 


