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CHAPTER 2
SUMS

Part 3: Multiple Sums (3) General Methods - Lecture 8a



SUMS
GENERAL METHODS



Method 0
PROBLEM | : Find a Closed Formula for
n
Dn = Z k2
k=0

Method 0 : Look it up p.72 of

\ CRS Standard Mathematical Tables \ and give answer:

Dn:

n(n+1)(2n+1)
6

Other references:
Handbook of Math functions: Abramowitz, Stequr
Handbook of Integer Sequences, Sloane



Method 1

Method 1
Guess the answer and prove by Mathematical Induction

n(n+3)(n+1) &

2
Op= =252 = Y k
Re-write as

O =0, Op=0p 1+0°
Use inductive assumption for n:=n-—1
3on=(n—1)(n—1+3)n+3m = (n—1)(n—J)n+3n?
= -3 +in+3m=n+3r+1n
=n(r?+3n+%)=n(n+3)(n+1)



Method 2: Perturbation Method

Perturbation Method is a method that often allows us to
evaluate a CF form for a certain sums

The idea is to start with an unknown sum and call it S;:

Sn = Zzzoak
Then we re-write S, in two ways, by splitting off both
its last term a, . and its first term ag:

Sn+ant = a +Z:jak put ki=k+1

=dao+ Z k41 =4do + Z A1
1<k+1<n+1 0<k<n

n
= ap+ ZkzoakJr‘l



Method 2: Perturbation Method

We get a formula:

n
Sntanit = a0 +Y 4o+

Goal of the Perturbation Method is to work on the last
sum

Yi_od-+1 andtry to express it on terms of S,

If it works and if we get a multiple of S, we solve the
equation on S, and obtain the closed formula CF for the
original sum

If it does not work - we look for another method



Method 2: Perturb the Sum

n
Method 2: Perturb the Sum o, =) K
k=0

We use the perturbation formula: for a; = 0 in this case

n
Sn+ap1 = ap +Zkzoak+1

n n
On+(n+1)2=Y (k+1)2 =Y (K®+2k+1)
k=0 k=0
n n n
=Y K+2Y k+ ) 1
k=0 k=0 k=0

n
=0,+2) k+(n+1)

k=0
Nice calculation but | NO RESULT | for !

Method failed



Method 2: Perturb the Sum

Nevertheless we get something:

n
(n+12=2Y k+(n+1)
k=0
n
2Y k=(n+1?—(n+1)
k=0
n
2Y k=(n+1)(n+1-1)
k=0
n
BONUS: Y k=""+D
k=0 2




Method 2: Perturb the Sum

n
Back to our problem: |0, =Y k*
k=0

IDEA: use perturbation for

n n
=Y k| toget as we did for | }_ k
k=0 k=0

We use as before the perturbation formula: for ag =0 in
this case

n
Sn+anit = a +Y ,_o8k+1
We evaluate
n

n
D+ (n+1)°% =Y (k+1)°= Y} (kK*+3k*+3k+1)
k=0 k=0

Reminder: |(a+b)® =a®+3a?b+3ab? +b°




Method 2: Perturb the Sum

We evaluate now
h+(n+1)2 =Y7_o(k3+3k?+3k +1)

n n n n
=Y K+3Y K*+3) k+ ) 1
k=0 k=0 k=0 k=0
= +[30,|+32%5 )+ (n+1)  Gotitl
We have now
(n+1)2=[30, |+ 325 4 (n+1)
30n|= (n+1)3-3%20 _(n41)
=(n+1)((n+1)2=3n—1)=(n+1)(nP + }n)

o (n+1)(3n+;)n




Method 3: Repertoire

Method 3: |Build a repertoire‘

n
Back to our problem: evaluate |o,= Z k?
k=0

To solve it we now generalize the recursive formula
(1) \ RF: Ry=a«, Ry= R, 1 +ﬁ+yn\

n

we have used to evaluate the sum Z (a+bk) toa
k=0

formula

(@) |RF: Ro=a, Ro=Rn_1+p+yn+ 8r]

n
which we now use to evaluate the sum Z (a+ nk?)
k=0



Method 3: Repertoire

Now the general form of the closed form CF formula is
CF: Ry=A(na+B(n)B+ C(n)y+D(n)s]

Observe that when , we get the case (1) and as
we have already evaluated before

A(n)=1, B(n)=n, C(n)="T4"

General closed formula CF becomes

@) |Ro=a+nB+ Tyt D(n)s




Method 3: Repertoire

We need to evaluate m

We use a repertoire function |R,=n° forall ne N

to evaluate o, B, v, o (if exists)
Our recurrence

(2)

RF:

Ro =0, Rp=PRo_1+B+yn+ 6r2

We evaluate Ro=Ro=0 iff

We set R, = R, =n°, forall ne N and evaluate
n=(n-123+B+yn+8n? forall ne N
0=n?(8-3)+n(y+3)+(f—1) forall ne N
This is possible only when

[5=3} [r=-3

=




Method 3: Repertoire

Our closed CF formula is
CF:  Rp=a+nB+ 2 y+ D(n)s

For Rp=n*and «=0,B=1,y=-3,6§=3
it becomes
m =0+ n-3(n?+n)+ 3D(n)

3D(n) =n®—n+3(n?+n)

=n(rP+3n+1%) :‘ n(n+%)(n+1) ‘ and

D(n) = n(n+%§(n+1)

-
CF: Rp=oa+nB+ ”2;”y+ nntg)(0+1) 5




Method 3: Repertoire

Observe that our sum

n
On= Y k?| written as
k=0

is a special case of

O0=0, Op=0,_1+ NP

Ro=a, Rp=Rs1+B+yn+én?

for « =0, =0, y=0, 6 =1

and closed formula

1

CF: Rp=a+nf+ Py M)t

becomes

Ry oy = )0

3

and

n _ n(n+3)(n+1)

) K

k=0




Method 4: Replace Sums by Integrals

fla) = a?

d, = Z k*  (here n = 10)
k=0

area of k' rectangle = k?




Method 4: Replace Sums by Integrals

n 371"
X2 dx = [X]
0

Area under the curve up to nis / 3

0

Hence




Method 4: Replace Sums by Integrals

Error=E,=0,— ;nS

We want a recursive formula for E,
1

Ep 1=0p4- g(n_ 1)3
:Dn,1—%(n3—3n2+3n—1)
15 5 3 1
=0 —— - — _
n—gM+m —2ntz
=0 +n2—1n3+ LA
— =n-1 3 3




Method 4: Replace Sums by Integrals

We have that E,=0,— fn3 and obtained

1 1
Epn1=0,1+m—=-n*+-—n

3

Since O,=0, 1+n? we have

En: |:\n—1r,3

3
13
=0, 1+ — 3"

1 1
=Op 1 +M—m+ (—

3

3

~~

En—1

1
—En_1+n—§



Hence

and

Method 4: Replace Sums by Integrals

1
En=E, 14+n—=
n n—1+n 37

Eo=0

En:ké(k_;)

(RF Formula)

(SUM Formula)



Method 4: Replace Sums by Integrals

We evaluate:

n 1 n
=) k=3 L1
k=1 k=1
B nn+1)_1n
- 2 3

n(n+1)




Method 4: Replace Sums by Integrals

Evaluate:
i

[On]=Ent 5
_n(n+1) 1n+n73
o 2 3 3
_ 3n*+3n-2n+2n
o 6

2m+3n+n

6




Method 4: Replace Sums by Integrals

Check:

n(n+3%)(n+1)
3

Op=

i+ +in 2m 4?2 4
B 3 B 6

2 +3n%+n
— s




Method 5: Expand and Contract

Method:

Replace the original single sum by a seemingly more
complicated DOUBLE sum (expend ) that can be in turn
simplified (contract)

Example of replacement

n
Y k=Y «k
k=1

1<j<k<n

Proof on the next slide



Method 5: Expand and Contract

I
1=
x
=

n
Y K
k=1

>
Il
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Il
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=~
T
N

I
M{
=
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™
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1<j<k<n




Method 5: Expand and Contract

We have used in the proof a following property (yet to be
proved!)

(A<j<k)n(1<k<n=1<j<k<n

Observe that we have two possibilities for j and k:
> k,or j<K.

Note that when j > k, the sum ZJ’-‘:1 1 does not exist (DNE) so
this case is impossible



Method 5: Expand and Contract
The case j < k is obvious, i.e. we have that
(1<j<kn(1<k<n=(<j<k<n) when j<k

We have hence proved the following general property of
changing the limits of summation for future use

k
Y Ya= Y g (PROPERTY)




Method 5: Expand and Contract

1<j<k<n
=(1<j<n)
NG<k<n)

é(j+n)(n—j+1)

] 2




Method 5: Expand and Contract

Dn:ik2: Y k
kf

1<j<k<n

22( n(n+1)+ 12>

N =
.M:
N —
.MD

SP(n+1)+5Y -

1 /

J
1

15 1 1
= 3N (n+1)+zn(n+1)——

J

—1n n+1 (n+1) 1D
T2 2 2 ™

s

ES
Il
o




Method 5: Expand and Contract

gEl —1n n+1 (n+1)
2 "7 2 2 ’

n(n+3)(n+1)
3

Hence

O, =

Note that in the above we used

n n
Y n(n+1)=n(n+1) Y. 1=nr?(n+1).
j=1 j=1



Method 5: Expand and Contract

Prove by Method 5 the following property

i K3+ i K2 =2
k=1 k=1

Y ik

1<j<k<n

We use this property in Chapter 2, problem 15

First we evaluate Y7, k3 +
and }i<jck<n/ -k

L

n+1

n+1)% intermsof Y7, k?
k=1

n—1

=Y (k+13+(n+1)®

k=0



Method 5: Expand and Contract

Y K+(nt1)’ =1+ zn; Ke(k+1)+ Zn:(2k+1)(k+1)
k=1 k=1 k=1

(k+1)3=(Kk2+2k+1)(k-+1)=k2(k+1)+(2k+1)(k+1)

n n
=1+ Y k-k(k+1)+ Y (2k+1)(k+1)
PRARGSANp M

:22;(1/
=1+ Zk(ZZ/) Z (2k? +3k+1)
n n
:1+2Z Zk~j+ 2Zk2+32k+21
k=1j=1 k=1 k=1 k=1

.3 n
=1+2 )’ k~/+§n(n+1)+n+22k2

1<j<k<n k=1



Method 5: Expand and Contract

Adding the factor Y/, k?—(n+1)® to both sides, we get

n n n
YK+ Y k=2 ¥ kj+ 3Y) K
k=1 k=1 k=1

1<j<k<n
~——
=n(n+1/2)(n+1)
n(n+1
+3 (2+ ) L (n+1)— (n+1)°
=2 Z k-j

1<j<k<n

+ n<n+;> (n+1)+gn(n+1)+(n+1)_(n+1)3




Method 5 : Expand and Contract

We evaluate now the last factor

n(n+1) (n+1)+gn(n+1)+(n+1)—(n+1)3:(n+1) {n(n+1)+3n

2 2) "2
+1 —(n+1)2}

1 3
— 2, _pe 2
_(n+1)<n tontgn

+1 —n2—2n—1>

=(n+1)(2n—2n)
=0



Method 5: Expand and Contract

Hence we have proved that

Y K+Y k=2 Y ki

k=1 k=1 1<j<k<n

Note that we used in the proof already proved property

Y Y ki=Y Y ki= ¥ ki

k=1 j=1 j=1k=1 1<j<k<n




Short Proof

n n

YK+Y K=2 Y ki

k=0 k=0 1<j<k<n

n
Y K2+ Y K =040+ ) (K2 +K®)
k=0 k=1

— Y K(k+1)
k=1 ~———~—"
k(k+1L)jse Ko
T:):j:”

n



Short Proof

K
use 22:1 Zj:1 ajk
=L1<j<k<n Tk

=2 Z k-j

1<j<k<n




