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Abstra
tWe des
ribe an implementation issue that 
ame up in the development of a softwarepa
kage for the Largest Empty Re
tangle problem. The arti
le on whi
h the algorithm isbased assumes that the input points are in general position, namely that no two pointshave the same x or y 
oordinates. This assumption is restri
tive and as we show below isfairly easy to relax. We des
ribe how we modify the algorithm to support arbitrary set ofinput points.1 Introdu
tionThe Largest-Empty-Re
tangle problem is de�ned as follows: Given a set of input points in IR2and a bounding box B su
h that all the input points are lo
ated inside B, �nd the largestaxis-parallel re
tangle that 
ontains no points in its interior and is 
ontained inside B (we referto this obje
t by Largest Empty Re
tangle, or LER for short). See Figure 1 for an illustration.We use the following notation: P = fp1 : : : png are the set of n input points. Let x(pi) be the x
oordinate of pi.We developed a CGAL pa
kage that solves this problem using 
oating-point arithmeti
. It isbased on the algorithm of M. Orlowski [2℄. In his paper Orlowski makes the typi
al assumptionthat the input points are in general position, and in parti
ular that no two points have the samex or y 
oordinates (in what follows we refer without loss of generality only to points with thesame x values). Sin
e this assumption is somewhat arti�
ial, and indeed two points may have�This work has been supported in part by The Israel S
ien
e Foundation founded by the Israel A
ademy ofS
ien
es and Humanities (Center for Geometri
 Computing and its Appli
ations), by the ESPRIT LTR proje
tNo. 26473 (ECG), and by the Hermann Minkowski { Minerva Center for Geometry at Tel Aviv University.1



Figure 1: LER examplethe same x 
oordinates, we have to devise a way to modify the algorithm su
h that it supportspoints with the same x or y 
oordinates.We next mention three possible ways to relax the general position assumption.Points Perturbation. We pro
ess ea
h input point in its turn. Let x0(pi) be the x 
oordinatevalue of pi after the pro
ess on pi has been 
ompleted. We perturb x(pi) a little if there existsj < i su
h that x(pi) = x0(pj). If x(pi) is perturbed, it is perturbed su
h that there is no j < isu
h that x0(pi) = x0(pj). The disadvantage of this pro
ess is that the x values of some pointsmight be modi�ed.Axis Perturbation. The idea is to rotate the axis 
oordinate system su
h that no two pointshave the same x values. The disadvantage of this way is that the rotation is a relatively time-
ostly operation.Algorithm Modi�
ation. The idea is to modify the algorithm su
h that the assumption ofgeneral position is removed. We developed su
h an modi�
ation whi
h is easy to implement,thus we 
hose this option in our implementation.In the next se
tion we des
ribe where in LER indeed the general position assumption is
ru
ial, and how to modify the algorithm to remove it.
2



2 Modifying the AlgorithmOrlowski de�ned a restri
ted re
tangle (RR for short) as an empty re
tangle whi
h is boundedin four dire
tions by either points or bounding box edges. Noti
e that the LER must be anRR. Otherwise there is at least one dire
tion in whi
h the RR may be stret
hed and remainempty (thus introdu
ing a larger RR). The algorithm traverses all RR's (there are O(n2) su
hre
tangles) and �nds the largest among them. In order to do that, the algorithm introdu
esthree phases in whi
h three kinds of RR's are traversed. In the �rst one all RR's whose twoopposite edges are bounded by edges of B (we denote this kind of RR's by R1) are tested. In these
ond phase, all other RR's that are bounded by at least one edge of B (we denote this kind ofRR's by R2) are tested. In the third phase all other RR's (we denote this kind of RR's by R3)are tested. An example of the three kinds are illustrated in Figure 2. The algorithm uses severalsorted lists of points, ordered both in as
ending and des
ending orders. These sorted lists arethe 
ase in whi
h the general position assumption matters. Sin
e the algorithm assumes generalposition, it does not make the order of two points with the same x value. Our solution is toorder two points with the same x values by their y values, either in as
ending or des
endingorder (noti
e that if they have the same y value too, then we 
an regard them as one point).In what follows if we 
hose an as
ending order, we denote the sorting by S", and if we 
hose ades
ending one, we denote the sorting by S#. Theorem 1 proves that by using S", S# and theanalogous sorts along the y axis, the algorithm remains a

urate and gives 
orre
t results evenif there are points in general position. We implemented the algorithm a

ordingly. A similarte
hnique 
an be found at Chapter 5.5 of [1℄.
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Figure 2: Example of three RR's, one for ea
h kindThe next theorem proves that our modi�
ations gives a

urate and robust results. Thistheorem also summarizes our modi�
ation. In order to understand the proofs, the user must be3



familiar with the algorithm.Theorem 2.1 Given a set of input points, the Largest Empty Re
tangle algorithm with our mod-i�
ations gives a

urate and robust results in the sense that it allows points in general position.Our modi�
ation involves the 
hanging of the various sorts as explained above.Proof: Sin
e the algorithm traverses RR's and �nd the largest among them, all we need to dois to prove that all RR's are traversed. We show for ea
h phase how ea
h RR is traversed, evenif it is restri
ted by several points in general position.First Phase. In this phase, the algorithm traverses RR's of kind R1. We des
ribe the traversalof RR's whose top and bottom edges laying on B. The traversal of RR's whose left and rightedges laying on B is analogous. We use S". Suppose that an RR, a, is restri
ted by severalpoints with the same x on its left. We get that a is traversed with the point with the biggesty value among them. On the other hand, if a is restri
ted by several points with the same xvalue on its right, it is be traversed with the point with the smallest y value among them. Forexample, 
onsider Figure 3. The RR is traversed with the points r and t.
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Figure 3: General position points restri
ting an RR of kind R1Se
ond Phase. In this phase, the algorithm traverses RR's of kind R2. We des
ribe thetraversal of RR's whose bottom edges laying on B. The traversals of other RR's of this kind areanalogous. We use S". Suppose an RR, a, is restri
ted by several points on its left, top and rightedges. We get that a is traversed with the following three points: the point with the biggest yvalue on its left edge, the point with the smallest x value on its top edge and the point with4



the smallest y value on its right edge. Note that points on its top edge 
orners are regarded asbelonging to its right and left edges. For example, 
onsider Figure 4. The RR is traversed withr, s and v as the restri
ting points.
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Figure 4: General position points restri
ting an RR of kind R2Third Phase. In this phase, the algorithm traverses RR's of kind R3. Suppose an RR, a, isrestri
ted by several points on ea
h of its edges. In the third phase, the points are traversedsu
h that for ea
h one, all the RR's that are restri
ted by the point from below are traversed.Thus ea
h point on a's bottom edge traverses a on
e. Let b be a point on a's bottom edge. weorder the points on b's left tent by as
ending y, and if two points have same y values, by anas
ending x. On the other hand, we order the points on b's right tent by as
ending y and if twopoints have same y values, by a des
ending x. We get that a is traversed on
e for ea
h pointon its bottom edge and ea
h traversal is with the following points: the point with the biggest yvalue on its left edge, the point with the smallest x value on its top edge, and the point with thesmallest y value on its right edge. Note that points on 
orners of a are regarded as belongingto its right and left edges. For example, 
onsider Figure 5. The RR is traversed on
e with p, s,t and w and on
e with q, s, t and w as the restri
ting points. �
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qpFigure 5: General position points restri
ting an RR of kind R33 Con
lusionsWe des
ribed in general the algorithm behind the Largest Empty Re
tangle pa
kage. Thealgorithm, as des
ribed in [2℄, assumes that the input points are in general position. We deviseda way to relax this assumption in our implementation. By that we a
hieved a more general andstill robust implementation.A
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