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Abstract

The stabbing number of a geometric structure inIR2 with re-
spect to lines is the maximum number of times any line stabs
(intersects) the structure. We present algorithms for con-
structing popular geometric data structures with small stab-
bing number and for computing lower bounds on an optimal
solution. We evaluate our methods experimentally.

1 Introduction

Many geometric applications require constructing an “opti-
mal” geometric network (e.g., spanning tree, matching, or tri-
angulation) on an input set of points in the plane. A common
objective function is to minimize the total length of the net-
work. In this paper we study the objective function of mini-
mizing the (line)stabbing number, SN , of the network – the
maximum number of times any line is stabbed (intersected)
by the network. Geometric structures of low stabbing num-
ber arise in various computational geometry problems, e.g.,
implicit point location, polygon containment, and hidden sur-
face removal. While it is known that structures of low stab-
bing number exist (e.g.,SN of stabbing numberO(

√
n) for

spanning trees), the problem of minimizingSN is known to
be NP-hard, and little is known about provable approxima-
tion; see [1, 2].

Given a set ofn pointsP in IR2 and a specification of a type
of geometric structureD that is to be constructed on the points
of P , the goal is to find an instanceD of D that minimizes
SN . Let E denotes the edges in the output andL be the set
of all lines inIR2. Formally, the goal is to optimize
min

D∈D
max

l∈L
|{e ∈ E : e 1 l|} where1 is the predicate

that tests whether its arguments intersect.

In this work we consider three important geometric net-
work structures: spanning trees, triangulations, and perfect
matchings. In Section 2 we describe several heuristics to min-
imize theSN . In Section 3 we present a heuristic to compute
lower bounds, based on the notion of “shattering”.
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2 Heuristics for Upper Bounds
We build three geometric structures: spanning trees (denoted
by S), triangulations (T ) and perfect matchings (P). We use
a greedy strategy for each, with the objective to iteratively se-
lect edges to minimize the increase inSN . For computing
S we use a variant of theKruskal algorithm, selecting edges
that minimize the increase inSN (denoted byA), instead of
shortest edges. For computingT andP , the greedy heuris-
tic is similar: we iteratively add the edge that minimizes the
increase inSN , until the output is complete.

For any linel ∈ L that does not intersect any point ofP , let
Pr(l) andPl(l) be the sets of points inP that lie to the right
and left ofl respectively (for horizontal lines,Pr(l) andPl(l)
will be the points above and below). We say that two lines
l1, l2 ∈ L are topologically equivalent if Pr(l1) = Pr(l2).
Note that topologically equivalent lines stab the same subset
of edges in anyD, so in our heuristics we do not differenti-
ate between them. Givenn points inIR2, there aren2 topo-
logically equivalent congruence classesG = G1 . . . Gn2 . To
discretize our algorithm, we select a representative from each
and denote this set byG′ which will be the stabbing line can-
didate set. In order to constructG′, we build the arrangement
of lines in the dual plane corresponding toP , take the center
of mass of each bounded face, and translate the centers back
to the primal plane. Note that if a congruence class contains
both lines with positive slope and lines with negative slope,
then it will have two representatives in this method; we filter
one to eliminate multiplicities.

Let E′ = {[p1, p2]|p1, p2 ∈ P, p1 6= p2}. We iteratively
select edges to place inD, selecting the next edge as follows:
For each edgee ∈ E′, let e

L
be the set of lines inG′ that

stabe. Let D′ be the current structure at some step. For each
g ∈ G′ ,let n(D′, g) be the number of edges inD′ that are
stabbed byg. Let e

G′ be the set of lines that stabe. Then,
e

G′ defines a histogram one based on the values of the set
{n(D′, g)|g ∈ e

G′}. At each step of the algorithm, we select
the edgee with the lexicographic least histogram value (bins
with bigger index are more significant in this relation). After
selecting the edge, we increment the corresponding values in
the histograms of all of the edges that are stabbed by lines that
stabe.

In the algorithms discussed above we usedE′ as the candi-
date set for buildingD, and, at each step, we choose one edge
from E′. To improve the running time, we use the following
heuristics to decrease the size of the candidate setE′.
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Figure 1: Results of our implementation on a set of 50 points:spanning tree, triangulation, and matching (left to right). The
thick line in each subfigure is a witness to the stabbing number.

Localization. Intuitively, short edges should usually be bet-
ter candidates than long ones since, usually, fewer lines stab
them. LetR(P ) be the maximum distance between any point
in P and its nearest neighbor, and letr(P ) = c ∗ R(P ) for
some constantc (we chosec = 5). We modifyE′ as follows:
E′ = {(p1, p2)|p1, p2 ∈ P, |(p1, p2)| ≤ r(P )}. In the case
that the newE′ is not sufficient to buildD (e.g., if the input
consists of two distant clusters, and we want to constructM),
we doubler(P ) and updateE′(P ) accordingly. Our experi-
ments have shown that this heuristic decreases the size ofE′

(and the processing time) significantly, without affectingthe
results substantially. We denote this optimization heuristic by
OPTl.

Divide and Conquer. Using a quadtree technique, we re-
cursively partition the space into four quadrants, computeD

recursively in each, and then connect the instances of the
four quadrants. We use the same ideas we discussed above
for selecting edges. This idea also decreased the processing
time significantly without affecting the output quality sub-
stantially. We denote this heuristic optimization byOPTdq.

Another time-saving heuristic we performed was to con-
sider a random sample ofG′ when buildingD. We denote
this heuristic byOPTs(β), for sampling probabilityβ.

Finally, we compared our results to standard methods to
compute structures onP , without regards to stabbing number:
minimum (Euclidean) spanning tree, Delaunay triangulation,
and greedy (Euclidean) perfect matching.

Preliminary results with the above techniques are presented
in Table 1.

3 Heuristic for Lower Bound
Let L′ ⊂ L andA(L′) be an arrangement induced byL′. Let
f be any face ofA(L′) and suppose that the number of points
in P that lie insidef is at most1 (we say in this case thatL′

shatters P [3]). Consider the edges of any geometric network
D. SinceL′ shattersP , eache ∈ D is stabbed by at least
one edge ofL′. It follows from the Pigeonhole Principal that
there is a linel ∈ L′ that stabsD at least⌊n−1

|L′| ⌋ times. (Note
that n − 1 is the number of edges inD.) Finding the min-

imum shattering set was shown to be NP-complete [3]. We
compute a lower bound by finding a shattering set as follows.
We greedily select lines fromG′, where the greedy choice is
to select a line that separates as many pairs of points inP that
are still not separated by previously selected lines.

Table 2 presents preliminary results with our implementa-
tion for the minimum spanning tree. It shows that the dif-
ferent optimizations we performed did not harm the quality
of the result much and that our heuristics outperformed the
Euclidian minimum spanning tree. The table also shows that
there is a gap between our lower and upper bounds. Further
experimentation will attempt to estimate the growth rate of
the upper/lower bound ratio.

10 20 50 100 200

A (general algorithm) 3.6 5 7.2 9.6 13
OPTs(0.1) 4.8 6.8 9.4 11.2 15.2
OPTs(0.2) 4.6 6.6 8.6 10.6 14.8
OPTs(0.3) 4.4 6 8 10.2 14.6
OPTs(0.5) 4.2 5.8 7.6 10.2 14.2
OPTs(0.75) 4 6.2 7.6 10 13.8
OPTs(0.9) 4 6 7.4 9.8 13.4

OPTl 3.8 5.2 7.4 10 13.2
OPTdq 3.6 5 7.6 10.4 13
MST 4 6.6 9.2 12 16.4

Lower Bound 2 2 3 4 5
Table 1: Average upper and lower bounds on the stabbing number
obtained with our heuristics for spanning trees. The experiments
were performed with random set of points. MST denotes the Eu-
clidean minimum spanning tree.
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Greedy D and Q Random s.t x/y monotone Onion

Random 8 9 11 28 15
Convex 2 2 7 23 2
X shape 4 4 8 32 26

Grid 8 9 15 29 13
Clustures 7 7 12 14 13

Table 2: Average upper and lower bounds on the stabbing number
obtained with our heuristics for spanning trees. The experiments
were performed with random set of points. MST denotes the Eu-
clidean minimum spanning tree.
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