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Harmonic Map |
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Surface Parameterization

Map the surfaces onto canonical parameter domains
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Spherical harmonic map
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Let (M,qg) and (N, h) be Riemannian manifolds, u: M — N is a
C! mapping.

ds = 5 gapdx“dx?,dsf = $ hj(u(x))du'du’.

The pull back metric of h induced by u is u*(ds3 ) is a
symmetric bilinear form

o'?u oul
ur(dsg) =y 1 Zh” ) 35a 5589 xYdxP.
ap i)

The energy density of mapping u is defined as
ou' aul
2 _ ap , Z- 77
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Energy of the mapping

Equivalently, choose an orthogonal frame field under u*(dsﬁ),
each basis vector field is of unit length under g, the dual
1-forms are {w;, W, -+ ,wn}, such that

u*(ds?) = i Aa(wg)?.

a=1

The the energy density of the mapping u is given by

n
duf? =Y Aq.
a=1
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Harmonic Energy and Harmonic Mapping

Definition (Harmonic Energy)
The harmonic energy functional E (u) is defined as

E(u) = [ Idufduy,
M

where dvy = (detg)%dx is the volume element of M.

4

Definition (Harmonic Mapping)

In the space of mappings, the critical points of E (u) are called
harmonic mappings.
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Harmonic Energy Conformal Invariant

Suppose u is a mapping from a surface (S,g) to (N,h).
Suppose § = e? g is another metric of S, conformal to g, then

|dul?> =e~?*|du|?, /det§ = e?}\/detg,

Then g = g. Harmonic energy is invariant under conformal
metric transformation.

Theorem

Harmonic energy only depends on the conformal structure of
the surface, independent of the choice of Riemannian metric.
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Harmnonic function

Suppose Q ¢ R? is a planar domain, f : Q — R is a function.
The gradient of f is given by

(ﬁ ﬂ)T
ox’' oy’ -

The harmonic energy of the function is given by
E(f) = / (0O, O Yalxdly .
Q

Harmonic function satisfies

0? 0?

where A is the Laplace-Beltrami operator.
A=0-0,

the divergence of gradient.
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Harmnonic function

Suppose (S, Q) is a surface. We choose the isothermal

coordinates
g = e?A Y (dx? 4-dy?).

Suppose f : S — R is a function defined on S. The gradient of f

is defined as
Ogf := e~ Of.
The harmonic energy density is
of of
f2: =2 (xy)rr Y2 _2'

df = e N[+ (5]

The area element
e? dxdy.

The Laplace Beltrami operator is given by

Ag:=e A
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Harmnonic function

suppose f : S — R is a harmonic function, f is zero on the
boundary of S, f|ps =0, then Agf =0.

d
—/ <D(f+£g),D(f+£g)>de:/ < Of,0g > dvg = 0.
deJs S

choose an arbitrary function g : S — R, such that the restriction
ofgon dSis 0. O-(gOf) =< Og, Of > +gAf.

/<Df,Dg >dv3:/D-(ng)—gAf:/ ng—/gAf
s s s s

O
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Harmonic Mapping

Suppose N is embedded in R3, u: S — N is a harmonic
mapping, then
Agqu™N =0.

where Agu = (Agu1,Aguz, Aguz). Namely, Agu is orthogonal
to the tangent plane at the target space.
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Heat Flow method

Definition (Heat flow)

Letu:S — N c R3, the heat flow is given by

du(x,t)

The heat flow method will deform a mapping to the harmonic
mapping under special normalization conditions.
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Heat Flow method

Harmonic mapping from a genus zero closed surface to the unit
sphere must be a conformal mapping.

Letu: S — S2. Choose isothermal coordinates of both
surfaces, define

Jdu du

¢(Z):<0_Z’0_Z>
then 1 ; d ;
u2 ou, du du

if @(z) =0, then the mapping is conformal.

On the other hand, o‘s—(zz) =0, then ¢(z) is holomorphic.
¢(z)dz? is globally defined, the so-called Hopf differential.
Sphere has no non-zero holomorphic quadratic differentials.
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Mobius transformation

The conformal automorphism from a sphere to itself must be a
M0Obius transformation

az-+b
cz+d’

ad —bc=1,a,b,c,d e C.
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Rado’s theorem

Theorem (Rado)

Let Q c R? is a convex domain with smooth boundary. For any
homeomorphism ¢ : ST — 99, there exists a unique harmonic
mapping u : D — Q, such that u|;D = ¢, furthermore, u is a
diffeomorphism.
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Discrete Approximation

We use piecewise linear triangle mesh to approximate the
original surface. suppose u : M — R the harmonic energy is
given by

E(U):%[ Z Wij(f(vi)—f(vj))z.
Vvi,Vi|eM

The discrete Laplace-Beltrami operator is given by

Af(vi) =S wi(F(v) —f(vi))-
]

where wj; is the cotangent formula.
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