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Abstract

This work introduces the concepts and methods for Ricci owdom-
puter scientists and engineers. Readers can understabdakground the-
ories as well as the implementation details, such that tiaeyncake Ricci
ow software easily and nd potential applications in grapé eld.

First, the basic concepts from local differential geometny brie y in-
troduced, the concepts of metric, curvature are explainatktails. Then
different energies are de ned to quantitative measure isi@son of para-
meterizations. The conformal parameterizations are esipda

Second, the theories from global differential geometry tamroughly
explained, such as manifolds, af ne atlas, Riemann susfaBé&mann uni-
formization theorem. Then Ricci ow is introduced to confually deform
surfaces, such that the solution surfaces have constarsisaalcurvatures.

Third, the concepts and methods from continuous geomedrgystem-
atically translated to the discrete setting via circle pagknetric. The dis-
crete Ricci ow is thoroughly explained, the existence oé tplution, the
exponential convergence, the variational energy, the biga/imethod are
explained.

Finally, discrete Ricci ow is implemented based a commonsmé-
brary. The details of the algorithms are illuminated. Expental results
are illustrated and discussed.

Readers who are only interested in the implementation afiRiv can
skip the rst two chapters.
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1 Introduction

Shape representation and deformation are fundamentdépnslin computer graph-
ics. Ricci ow is a theoretic solid and piratical simple methfor tackling these
problems.

Ricci Flow was rst introduced in differential geometry byalhilton [3] in
19805. Later, Hamilton generalize Ricci ow for 3-manifolds. Ik been broadly
studied and developed by pure mathematicians and has Isebesn applied to
prove the famous Poincare conjecture on the topology of BHalds [7].

Circle packing was introduced by Thurston [9], which is alljg to transfer
conformal mappings from smooth surface case to combirggmaphs.

Chow and Luo [1] combined Ricci ow with circle packing andtaklished
the theoretic foundations of combinatorial Ricci ow.

Gu and Luo [] implemented the Ricci ow algorithms and impealvthe ef-
ciency by changing gradient ow to Newton's method. The rhet has been
applied for global parameterizations, and further madifplines.

In the following discussion, we brie y draw the big picturesoth continuous
setting and discrete setting. They are systematicallyl’daaach other.

1.1 Motivation

Shape representation and deformation are the centralgmngbh computer graph-
ics and geometric modelling.

In engineering elds, triangular meshes are commonly usedpresent shapes,
its connectivity models the topology, the edge lengths iless the metric (intrin-
sic geometry), the dihedral angles further determine thieglting of the mesh
in R3.

The edge lengths determine the curvature on each vertexthBuhverse is
much more dif cult,

Problem 1 Given curvature on the mesh, how to nd compatible edge les®jt

This problem has fundamental importance. The solutionitogioblem will
allow the users to model the shapes by designing their aunevat

For example, surface parameterizations have played arriamgoole in graph-
ics. Many real applications in graphics heavily rely on paeterizations, such as
texture mapping, shape comparison, uid simulation, geimenorphing and so
on. Surface parameterization is equivalent to nd a spemal guration of edge
lengths, such that the curvatures of vertices are zero, lgathe mesh is at.
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Another example is for parametric surface, especiallynggsli In order to
model natural shapes with manifold structure, specialrpatar atlas need to be
constructed, such that all the chart transition functioressaf ne. Finding the
af ne atlas is equivalent to nd a at metric of the mesh.

For surface fairing, it is desirable to distribute the ctiova more uniformly
on vertices. It is straightforward to compute the resultngvature, but dif cult
to nd the edge length and the embedding of the mesh.

Ricci ow is the powerful tool to solve the problem. It offethe freedom
to traverse the intrinsic shape space (all the admissibtegacations of edge
lengths)that can be represented by a mesh, enable the asaemiel shapes by
designing their curvature distributions. The most direetl @pplications include
global surfaces parameterizations, manifold splinesasarfairing, shape match-
ing, shape morphing etc.

1.2 Continusing Setting

A surface in the Euclidean spaBg has three level information,
Topology,
Riemannian Metric,
Embedding.

Topology is determined by the number of boundaries and learaflthe surface.
Metric is a structure such that the lengths and angles ofetaingectors can be
measured. Embedding is the way the surface sigin

Gaussian curvature is the measurement of how close a nelgbdbof a point
on the surface to a plane, it is solely determined by the Rmnemaa metric, and
independent of the embedding of the surface. But, the Gaarssiurvature is
con ned by the topology of the surface.

A topological surface can be equipped with different Rieman metrics.
Two metrics are conformal or angle preserving if for any tamgent vectors, the
angles between them are the same measured by the differemtand&herefore,
all possible Riemannian metrics of a surface can be clagddyethis conformal
equivalence relation.

Any surface embedded iR® has a unique metric induced by the Euclidean
metric ofR3. The surface can be equipped by a unique metric, which iscova
equivalent to the induced metric, and it has constant Geaissiurvature. One can



ask a much broader question:

Given a function satisfying the topological constrainh@ne nd a Riemannian
metric, such that the Gaussican curvature induced by theienetjuals to the
function? If it exists, how to compute it?

The answer to these questions are the main focus of thisialjtooughly
speaking,

The metric exists, it is unique in each conformal class. it ba computed using
Ricci ow.

The basic idea of Ricci ow is to deform the current metric tammally driven
by the difference between current Gaussian curvature atfet Gaussian cur-
vature pointwisely. The ow will converge to the desired metthe curvature
error shrinks exponentially fast.

The above problem can be modelled as a variational problaoh ghat by
minimizing the energy, the desired metric can be reached.efergy function is
convex, therefore it has unique global optima. Ricci owusf{the gradient ow.
By using Newton's method, the convergence speed can besfurtiproved.

1.3 Discrete Setting

In computer graphics and geometric modeling, general sesfinR? are repre-
sented as triangular meshes. Each mesh has three levehatfon,

Topology, indicated by the connectivity of the mesh.
Riemannian Metric, the edge lengths.
Embedding, the dihedral angles for edges.

The Gaussian curvature of a vertex is the measurement offteeedce of its
one ring neighbor with the plane. Itis de ned as the diffareetween the sum-
mation of its adjacent angles a@d. The Gaussian curvature is solely determined
by the edge lengths. The total Gaussian curvature of alicesrequals t@
where is the Euler number of the mesh.

In smooth case, a conformal deformation has the followingiat properties,

1. Ittransform an in nitesimal circle to an in nitesimal aile.

2. It preserves the intersection angles among the in nitescircles.



(@) (b)
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Figure 1: Conformal mapping and its properties. Conformal mappings pre-
serves angles, the right angles of checkers in are presarvi@. Conformal
mapping transforms the in nitesimal circles on the textptane to the in nitesi-
mal circles on the surface, it also preserves the tangenciyabés.

A cone is associated with each vertex, such that the cone &aglals to the
curvature of the vertex, the boundary of each cone is a cideh edge connect-
ing 2 vertices, the correspondir®circles intersect each other. The edge length
is determined by the radii of the circles and their interieecangle. We call this
kind of edge lengths aircle packing metriof the mesh.

One can change the circle radii, preserving the interseengles of a circle
packing metric. This kind of deformation is the analogy affaymal deformation
in smooth case, and called the discrete conformal defoomati

Given a closed mesh equipped with a circle packing metrie, can con-
formally deform its metric such that the nal metric can balieed in constant
Gaussican curvature spaces. Namely, a closed genus zenacarebe embedded



in asphere, each edge is a geodesic, the length equals tethe;ma closed genus
one mesh can be embedded in the plane, each edge is realizadthbysegment
with the length of the metric; a high genus closed mesh careakzed in the
hyperbolic disk, each edge is a geodesic with the lengthi ggeby the circle
packing metric.

One can ask a much broader question:

Given a function satisfying the topological constraint ded on the vertices, can
one nd a circle packing metric, such that the Gaussican etuve induced by the
metric equals to the function? If it exists, how to compue it

The answer to these questions are the main focus of thisialjtooughly

speaking,
The curvature function has more constraints than topolaigoonstraint. If the
curvature function satis es all the constraints, then theele packing metric ex-
ists, it is unique in each conformal class. It can be computadg discrete Ricci
OW.

The basic idea of discrete Ricci ow is to deform the vertedirdriven by the
difference between current Gaussian curvature and thett&agussian curvature
on each vertex. The ow will converge to the desired meting turvature error
shrinks exponentially fast.

The above problem can be modelled as a variational problaoh ghat by
minimizing the energy, the desired metric can be reached.efergy function is
convex, therefore it has unique global optima. Ricci owusf{the gradient ow.
By using Newton's method, the convergence speed can besfurtiproved.

2 Smooth Ricci ow

This section introduces the concepts and theoretic resudtsiooth surface Ricci
ow.

We rst introduce the major relevant concepts from locafefiéntial geome-
try, then from global differential geometry.

2.1 Local Differential Geometry

Suppose a surfac@  R® has a parametric representation,
r(u;v) = (x(u;v); y(u; v); z(u; v))

for points(u; v) in some domain iflR?. The parameterization regular if
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1. x1(u;Vv); X2(u; v); x3(u; v) are smooth functions.

2. The tangent vectors

e _@
@uv @’

are linearly independent at every point.

ru—

Therefore, thanormalvector
r r
n(u;v)= —~
Jlu  Iy)

is well de ned everywhere.
The rst fundamental form of is de ned as

ds?’ = Edu? + 2Fdudv+ Gdv?;
where
E=ry rg;F=r1y ry;G=r1y ry:

Suppose two tangent vectors(at v) are
dri = rydug + rydvy;dro = rydu, + rydvy;
then the inner product of them is de ned as

E F dU2

<drgdry>g=  dup dv F G dv
2

Thus, the length and angles of tangent vectors can be meldsythe rst funda-

mental form. First fundamental form is also called Riemannian metriof the

surface. The geometry determined by the metric is calledntin@sic geometry

which is independent of the embedding of the surfade®irsuch as the geodesics.
The surface embedding is described by the second fundahiemba

Il = Ldu?+2Mdudv + Ndv?;

where
L=rpw NM=ry N;N=r, n:

First fundamental form and the second fundamental formttegaeletermines the
surface uniquely up to rotation and translatiorrih
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The the map between the surfade; v) to the normal vecton(u; v) is called
Gauss mapits derivative mapV : dr(u;v) ! dn(u;v) is called theMeingarten

map which is a linear map, and can be represented easilyas r,! ny+
Ny,
we L M EF !
M N F G

The determinant of the matrb¥/ represents the area distortion of the Gauss map,
and is de ned assaussian curvature

LN M2

K=IWI= g2

By de nition, Gaussian curvature requires the embeddinpesurfacel(; M; N ),
but in fact, it can be computed solely using the metkc¢F; G), namely, it is in-
trinsic. The formula is

"),

P —
1 o (.El o
"E

K= p=— —
PEG[( P=

v+ ( )ul
Consider a curve on surfaga(s); v(s)), assume the tangent direction of the
curve has an anglgs) with r, then thegeodesic curvaturef the curve is de ned

as
d 1 @nE 1 @nG

= — P cos + p—
ds 2 G @v 2 E @Qu

Geodesic curvature is also intrinsic.

Suppose there are two surface patct®&gu; v) and Sy(u;v), the map
Si(u;v) I Sy(u;v) is called aconformal mappingif

Kg sin :

Ei(u;v) _ Fi(u;v) _ Ga(u;v) _
Eo(u;v)  Fa(u;v)  Go(u;v)

(u;v);

where (u;v) is called theconformal factor It can be easily veri ed that, any two
intersecting curves 08, will be mapped t&,, and the intersection angle doesn't
change. Therefore, conformal mapping is also cadlegle preserving mapping

Especially, the parameterizatidn; v) of S(u;v) is aconformal parameteri-
zation if the metric can be represented as

ds? = (u;Vv)?(du? + dv?):



Many geometric computations will be simpli ed using confoal parameter, such
as the Gaussian curvature

K(u;v)= g4In (u;v):

where
= i @ + @)
¢ 2@ @Y’
is the Laplace-Beltrami operator. Conformal mapping presetheshapesf the
parameter domain, it is highly desirable to use conformahp@terization for
graphics applications, such as texture mapping.

Although, conformal parameterization has no angle digiarst will intro-
ducearea distortion If conformal factor function equals to one everywherer¢he
will be no area distortion at all, the resulting map isiammetric map In gen-
eral two surfaces have an isometric map between them, df@eame metric, so
the Gaussian curvature functions are equal. It is impasdigcause surfaces are
usually curved, and the parameter plane is at.

In order to measure the area distortion for a conformal patarization, we
de ne the followingarea distortion energy

Z

( (uv) 1%dA= ( (u;v) 1)* ?(u;v)dudy;
S S

with the assumption, both the parametric domain area edqoidle surface area
and equals to one, otherwise, we can normalize the surfatenamely
z z

dA=1; dudv=1:
S D

whereD is the parameter domain.

2.2 Global Differential Geometry

General surfaces can not be covered by a single parameteimlanstead, they
may need many local parameters overlapping one anotherefbine, one region
on the surface may be covered by several parameter chartsheAgeometric
meaningful quantities should be consistent under diffgparameterizations.

A manifoldof dimensiom is a connected Hausdorff spadefor which every
point has a neighborhoad that is homeomorphic to an open sub¥ebf R2.
Such a homeomorphism

Ut v
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is called acoordinate chart An atlasis a family of charts (U ; )g for which
U constitute an open covering bf.

Supposd (U ; )gandf(U ; )gare two charts on a manifolsl , U \
U 6 ;, the chart transition is

(U\U)! (U\U):

If all chart transition functions are af ne maps &7, the atlas is called an
af ne atlas.

Theorem 2 A surface admits an af ne atlas, if and only if it has zero Eulam-
ber.

Af ne atlas plays an crucial role for manifold splines. A fare admits a manifold
spline if and only if it admits an af ne atlas. In practicejstimportant to compute
an af ne atlas. This can be accomplished by Ricci ow.

If all chart transition functions are holomorphic functgrhe atlas is called
an conformal atlas If a metric surface admits an conformal atlas, it is called a
Riemann surface

Theorem 3 All metric surfaces are Riemann surfaces.

Therefore, we can use conformal parameter charts to cowevrtible surface. Rie-
mann surface has special vector elds, the so-called hotphio 1-forms, which
have zero curl and divergence, and have been applied foalgtobformal surface
parameterization [].

The global de nition of a metric is as the following: on chdat ; g, the
metric has the form

011 Y2
%1 G2
on another chaftU ; g, the metricis
ou @u ' ou eu T
u u u u
O G2 _ g—u @ 01 Y2 g—u @ :
\' \' \' \'
D1 G2 Gu OV %21 OG22 Gu OV

We simply us€M; g) to denote a manifol¥ equipped with a Riemannian metric
g.

SupposeM is a manifold, it can be equipped with different metrics. Blit
metrics satisfy the following Gauss-Bonnet formula,

9



Theorem 4 A surface with a Riemannian meti(iM; g), then
Z Z
KdA + Kgds=2 (M);
M @M

whereK is the Gaussican curvature induced @K 4 is the geodesic curvature,
@ Mis the boundary oM, (M) is the Euler number d1 .

This means the metric has the topological constraints.
Any closed metric surfacéM; g) has a special metrg, such thag is confor-
mal equivalent t@, andg has constant Gaussian curvature everywhere.

Theorem 5 Any closed metric surfagéM; g) admits a canonical metrig, such
that

1. gis conformally equivalenttg,g= g,

2. ginduces constant Gaussian curvature.

Namely, closed genus zero surface can be conformally defdnm a spherical
metric, with+1 curvature; genus one surface can be conformally deformed to
have at metric, withO curvature; high genus surfaces can have a hyperbolic met-
ric conformally equivalent to its original metric, withl curvature.

Suppose the desired Gaussian curvakures assigned to the surfadé, we
would like to nd a desired metrig, such that it induceK . Ricci ow is able to
accomplishiit.

De nition 6 A Ricci ow for a surfacgM; g) is de ned as

dg;
d—tJ:(K K)gi:

Basically, the metric is deformed by the difference betwiencurrent curvature
and the target curvature.

Theorem 7 1. Forallthe time, the solution to the Ricci ow exists andaure.
2. The convergence is exponentially fast.

3. The metrics of the solutions are conformal equivalenhéodriginal metric.

10



4. IfK 0, and the surface area is normalized to be a constant, themtie
metric will induce a constant curvature.

Basically, supposé€M; g) is a metric surface equipped with a Riemannian
metricg, > 0is a positive functions de ned ol . Then the Gaussian curvature
map : g ! Kisahomeomorphism between the conformal metric space

G=fgj :M! R'g;

and the curvature space
yA z

K=fKjK:M! R; KdA + Kgds=2 (M)g:
M @M

Theinversemap ':K ! g can be computed using Ricci ow.
The solution to the Ricci ow

g _

i Kgi ;

conformally deform the metric
gi (t) = g; (O)e oK)

The conformal factor = e o K()d is the global minimum of the following
energy, z
E()= KgdA%;
M

with the normalized area, such that
Z

whereK 4 is the Gaussian curvature under the metgricdA 4 is the area element
under the metricg .

3 Discrete Ricci Flow
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Continuous Surface

Discrete Mesh

Metric (First fundamental form)

edge length

Second fundamental form

dihedral angle

For convex surfaces, metric
determines the embedding

For convex meshes, edge lengths
determine the dihedral angles

Gau55|an curvature

K= o [(52), +(GE),]

Discrete G%ussian curvature
Ki =2 i«

fix 2F i

Geodesm Curvature

Discrete q§0d83|c curvature
Ki = fk2F|’VI2@M

Conformal equivalent metrics
:M! R*;fgg

circle packing metrics based ¢M; )
f(M; ;)g

conformal mapping

a mapping betweefM; ; 1)

and(M; ; »), preserves edge angles
auss-Borget formulae piscrete Gauis_,s-Bonnet formulae
w KAA +  gyKgds=2 wemmKit voeuKi=2
None Combinatorial constraints
for Gaussian curvature on vertices
Ricci ow discrete Ricci ow
dg,, =(K K)glj dl =(Ki Kj)
|3|CC| ow energy ggg:rete Ricci ow energy
2 dA i Kidln i

The solutlon to Ricci ow exists,
unique. The ow exponentially converge

the solution to discrete Ricci ow exists

sunique. The ow exponentially converges.

[

The ow dg” Kgj with normalized
total area Ieads to a metric with

The ow & = K; ; with normalized

total area Ieads to a metric with

constant Gaussian curvature

constant Gaussian curvature.

Table 1: Concepts and theories in continuous setting ardedessetting
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(a) genus one mesh (b) A at circle packing metric

Figure 2:A at circle packing metric for a genus one mesh.

(a) circle packing metric (b) Zoomed in of (a)

Figure 3:Circle packing metric.

The major theoretic results of Ricci ow for smooth surfacas be systemat-
ically translated to the discrete setting. The bridge fronosth surface to trian-
gular mesh is the so callegircle packingmetric [9].

In this section, we explain the theoretical background etudite Ricci Flow
and show its exponential convergence rate. Theoretic preari be found in [1].
Conventional Ricci ow is a gradient ow of some energy fornve introduce a
novel algorithm based on the Newton's method, it convergasmiaster.

A two dimensional simplicial complex (triangular mesh) isndtedM =
(V; E;F), whereV is the set of all vertices is the set of all non-oriented edges
andF the set of all faces. We usg;i = 1; ;N to denote its vertices; to
denote an oriented edge fromto v;, andfj, to denote an oriented face with
verticesv;; v; ; v which are ordered counter-clockwise such that the face alsrm

13



Figure 4:Circle packing metric for a triangle . Triangle[vs; v; V3] has vertices
V1, V2, V3, and edge®;,, €3, €3;. Three circles centered &f, v,, andvs, with
radii 1; , and 3 intersect one another, with intersection angles gf »3 and

31, Which are the weights associated with the edges. The edgghke of the
triangle are determined by and j by the cosine law.

toward outside.

3.1 Circle Packing

The following key observation plays vital role for systeinally translating smooth
Ricci ow to discrete Ricci ow,

Observation 8 A conformal mapping has the following two properties,
1. It transform in nitesimal circles to in nitesimal cir@s.

2. It preserves the intersection angles between two insmbal circles.

Figure 1 illustrates these properties of a conformal mapdmorder to trans-
late conformal mappings from smooth surface category wrelis mesh category,
Thurston de nedcircle packingas the followings,

1. Change in nitesimal circles to circles with nite radii.
2. Each circle is centered at a vertex like a cone, the radidenoted as; for

vertexv;.

14



Vi

2 K,

Figure 5: Circle packing metric and curvature. For a canonical tetrahedron,
the edges lengths are &l 1:0, and the radius at each vertexriss 0:5. The
curvature on each vertex equaltp= . The weights on all edges are 0 .

SRS
/| .

Circle packing metric sgaige/ature Space

Figure 6:Gaussian curvature is a homeomorphism between the circle g&ing
metric space and the curvature space. The inverse map can be@mputed
using Ricci Flow. Starting from the known metricy and the known curvature
ko, using Ricci Flow, as we ow to the target curvatufe, , the metric ows to
the corresponding metrig = (K ).

3. An edge has two vertices, the two circles intersect eduoér otith an inter-
section angle, the angle is denoted gsfor edgeg; , and called theveight

The way to determine the radii and the intersection angle; is to make
themcompatibleto the induced metric frorR®.

De nition 9 A mesh with circle packingM; ;) , whereM represents the trian-

gulation (connectivity),= f ;;v; 2 Vgarethe vertexradii,= f ;g 2 Eg
are the angles associated with each edgelikrete conformal mapping
M) (M)

solely changes the vertex radij but preserves the intersection angles

15



In really, a discrete conformal mappings can approximata@osh conformal
mapping with arbitrary accuracy. If we keep subdividing thesh and construct
re ner and re ner circle packing, the discrete conformalppangs will converge
to the smooth conformal mapping. For a rigorous proof, werrtfe readers to
[8].

In graphics and geometric modeling applications, meshesisually embed-
ded inR 3, and the metrics are induced from thoséRdf We can nd the optimal
weight with initial circle radii , such that the circle packing met(d; ;)
is as close as possible to the Euclidean metric in the leastregense.

Namely, we wantto ndM; ;) by minimizing the following functional

X
min -l 1% 1)

ej 2E

wherel;; is the edge length @d; in R3.

After nding the optimal circle packingM; ;) , we will use discrete Ricci
ow to adjust the vertex radii to deform the mesh, therefore, the deformation is
discrete conformal.

3.2 Discrete Metric and Gaussian Curvature

We rst de ne the circle packing metric and the Gaussian aiwe for the mesh.
De nition 10 A metricon the triangular mesM is an edge length function
l:E! R*;
satisfying the triangle inequality, namely for each fége,
i + 1 > 1y

The intersection angle associated with each edge is de sddleaweight of
the edge,

De nition 11 Aweighton the meshis afunction de ned onedgest ! [0; 5].

De nition 12 A radiusfunction assigns to each vertexa positive numberj,
VIR *.

A circle packing(M; ;) uniquely determines a metric, de ned as

16



De nition 13 A circle packingM; ;) deduces a metric. The edge lengths
associated with the edgg is computed using the Cosine law,

q

lij: i2+ J-2+2ijCOS ij - (2)

This metric is called theircle packing metriof (M; ;) . The metrics deduced
from ; using the Cosine Law are called tlércle-packing metricbased on

(M; ) .

Figure 4 illustrates a circle packing metric for a trianfje . The triangle is
formed by the centers of three circles of radii ; and  intersecting at angles
ik and .
The discrete Gaussian curvature is de ned as the differbet@een the one-
ring neighbor of the vertex and the plane.

De nition 14 Given a metric, let the angle of vertexin ;. be denoted by‘i'k .
Then the discrete Gaussian curvatle at an interior vertexv; is de ned as
X "
Ki = 2 { ; Vi 62@M1 (3)

fijk 2F

while the discrete Gaussian curvature for a boundary vevieg de ned as
X "
Ki = ' Vi 2 @M: (4)

fijk 2F

Figure 5 demonstrates the circle packing metric for mesinéar by a tetrahe-
dron, where all the edge weights are zero, all the vertex aad0:5, and all the
vertex curvatures are.

The Gaussian curvature at each individual vertex is amyittaut thetotal
curvature is determined by the topology of the surface, dis@ted by the Gauss-
Bonnet theorem:

Theorem 15 (Gauss-Bonnet)SupposéV is a mesh, the total discrete Gaussian
curvature equals to the product 8f and its Euler number,

Kj =2 : (5)
where = jVj+ jFj j Ej.

17



Furthermore, for any circle packing met(®; ;) , : E! [0;5]andany
proper subsédt of verticesV,

X X
Ki(r) > ( (e)+2 (F); (6)

i21 (esv)2Lk (1)

whereF, is the set of all faces iM whose vertices are ih, Lk (I) is the link of
|, the set of pairge; v) of an edgee and a vertex satisfying

1. the end points of are not inl ,
2. the vertew isinl, and(3) eandv form a triangle.

The following fundamental theorem states that the map batvibe vertex
radii and the discrete Gaussian curvatdres a homeomorphism(a one to one
continuous map, the inverse is also continuous):

Theorem 16 (Vertex Radii and Curvature) LetP be the set of normalized ver-
tex radii, such that the product of the radii is one

P=f =( 1 2 » ) 2RI L =19

The Gaussian curvature map
P! R"

sends the vertex radii to its curvature

( )=(Ku( )Ka( ) Ka()):

By the Gauss-Bonnet Theorem, its image lies in the convgxopelY de ned by
the set of all linear Inequalities 6 on the hyperplane de rsdEquation 5. The
map : P! Y isahomeomorphism.

This theoretic result is very useful for practical applioas. It allows the user
to design surfaces by designing their vertex curvaturegstnen nding the corre-
sponding edge lengths using discrete Ricci ow, and nallyding the positions
of vertices.

18



3.3 Ricci Flow

One can assign discrete values for Gaussian curvétufer a weighted mesh
(M; ) aslong a¥ satis es the Conditions 5 and 6. Having done so, we wish to
nd the unique circle packing metric which induces the curvatut€. For this
purpose, we introduce the discrete Ricci Flow.

De nition 17 (Discrete Ricci Flow) We de ne the discrete Ricci Flow as

di

a:(Ki Ki) i (7)

whereK; is the desired discrete Gaussian curvature at vewtex

De nition 18 (convergence) A solution to Equation 7 exists anddsnvergentf
1. limy;  Ki(t) = K forall i,
2. limy; ()= 2R* foralli.

A convergent solutiononverges exponentialiy there are positive constants
C1; C, So that for alltimg O

jKi(t) Kijj ce

and
jit) i ce ®h

In theory, the discrete Ricci Flow is guaranteed to be exptaky convergent.

Theorem 19 Supposé€M; ) is aclosed weighted mesh. Given any initial circle-
packing metric based on the weighted mesh, the solutionedli$crete Ricci
Flow 7 in the Euclidean geometry with the given initial vaksts for all time
and converges exponentially fast. The solution convemjdgsetmetric  (K).

The basic idea to show the convergence is to use variatippabach. Special
energy form is constructed, Ricci ow is the neigative getti ow of the energy.
The energy form is convex (namely, the Hessian matrix istpesile nite every-
where), therefore, global minima exists and unique. Foaitket theoretic proof,
we refer the readers to [1].
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3.4 Variational Approach

Discrete Ricci Flow is the solution to a variational problemamely, it is the neg-
ative gradient ow of some convex energy, and therefore we use Newton's
method to further improve the convergence.

Letu; = In ;. Under this change of variable, the Ricci Flow in Equation 7
takes the following form:

du;
d—tl = (Ki Kj);
The corresponding energy form is de ned as
VAN
f(u)= (Ki  Kj)du;
Uo j=1
whereu = (Ug;Up;  ;Up),Ugis(0;0; ;0).

Thus@%fj = K; Kj,thatis, the Ricci Flow 7 is the negative gradient ow of
the energy .
The Heissian matrix of the enerdyis

@ _ oK
@uy ey
8 P Bl . .
ok ok 1 Prar |7
= = 0 i 6 j;eij 62E
@y @ 3 P c| i6ie 2E
. j K m I J!eij
where i )
_ i K
Ac = 1 ooy
Bi = 2 k(i+ x¥2 )
'_‘_ (i+ k);(i;j)z
i _ i
Ck - (i+ k)(li+1)2

which can be veri ed to be positive de nite. Al is strictly conve, it there-
fore has a unique global minimum, so both the Gradient Deéstethod and
Newton's method can be used to stably nd this minimum.
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4 Implementation

Discrete Ricci ow can be easily implemented using commorsmébraries
based on halfedge data structure, such as OpenMesh, CGALT&ie imple-
mentation is very simple, it takes a graduate studémhinutes for coding.

4.1 Data structure

First, we de ne the following traits for vertices, edgesl|fredges,

Corner angle, representing the angles. Suppose a corneectorg vertex
vi, and in facd i , then the corner angle is denoted 53 Each half-edge
represents a corner. Corner angle is a trait associatecualittedges.

Edge weight , representing the intersection angles of circle packirg, d
noted as ;; for edges; .

Edge length, representing the discrete metric on the mesioted as; for
edges; .

Vertex radius , denoted as; for vertexv;.
Vertex Gaussian curvature, denotedador vertexy;.

The parameter for a vertex, denoggdfor vertexv;.

4.2 Ricci ow algorithm
The Ricci Flow algorithm is summarized as the following step

1. Assign the weight for each edge and the radii for each xégteninimizing
the energy in Equation 1. If the faces of the initial mesh dosecto right
angles, or the application does not require conformality, can instead
simply set

(&) O 8e 2E; L 8y 2V:
2. Compute the current metiig, using the Cosine law
|§: i2+ j2+2ijCOS ij -

davidxgu
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. Compute corner angles for all corners of the mesh,
) 12 + 12 |2
E = cos 1 jk ki ij

2 L

. Compute the discrete Gaussian curvature for each vertex,
X .
Ki=2 Ik

|
fijk 2F

. Update the vertex radii using
i= it (Ki Ki) o (8)

where is a step length. In practice, the step length can be variedrdi
cally to improve the ef ciency.

. Normalize the vertex radii, such that the product of alk equal to one.

. Check the deviation between ed€handK;, and nd the maximum error
error = max jK;  Kjj
|

If the error is less than a predetermined threshold, stofne@itise, goto
Step2.

The procedure converges fast. By xing a verigxthe error curve
y(t) = jKi(x)  Ki(X)]

is an exponential curve, as depicted in gure 7.

5 Global parameterizations

Discrete Ricci ow gives engineers the freedoms to modeldindaces by design
curvatures rst. In many applications, it is straightfomdato nd the desired
curvature rst, then nd the metric and the embedding.

Global surface parameterization problem can be intergrase nding a spe-

cial metric, such that the curvature is zero at every verkeept for several sin-
gularities or boundary vertices.
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Figure 7:Curvature error curve.

5.1 Pipeline

In conventional global conformal surface parametrizati@pecial metric is com-
puted on the mesh such thatgt 2 singularities, the curvature is equal t@
and at all other vertices, the curvature is zero. The postaf the singularities
can not be assigned arbitrarily, as they are determined éyg#ometry of the
surface—see Figure?, for example. The singularities are the centers of the oc-
tagons. Their positions are determined by the conformatsire of the surface
and the cohomologous type of the holomorphic 1-form. Foaitkdt explanation,
we refer readers td].

The Ricci Flow method allows the user to freely assign siagtiés for global
parameterizations, as long as they satisfy the Gauss-Bdma®rem 5 and the
connectivity condition 6.

We formulate theconstraint global parameterization probleas the follow-

ing,
De nition 20 Given a meshM , a set of singular verticebvy; vy; ;VmQ, the
target Gaussian curvature of the singularities are givéh,; K,; ;K g, the

constraint global parameterizatias to nd a metric, such that it induces the
Gaussian curvatur&;,

1. For a singular vertex;, K; = K.
2. For a nonsingular vertey;, K; = 0.

An af ne atlas can be deduced from a at metric, the atlas camsed for real
applications, such as texture mapping, texture synthgsismetry images, and
manifold splines.

The wholepipeline of constructing the af ne atlas can be summarized as
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(a) Singularity Selection (b) Local connectivity Modi dah

(c) Charti cation (cut graph) (d) Planar Embedding

Figure 8:3 holes model with10k faces, one singularity with curvature 8 .

5.2

1
2
3.
4
5

. Singularity selection.

. Connectivity Modi cation.

Ricci ow.

. Mesh chatrti cation.

. Planar Embedding of each chart.

Singularity selection

The choice of the singularities will affect the quality oktlglobal parameteriza-
tions. Because Ricci ow deforms the metric conformallye timal parameteri-
zation has no angle distorsion, but the area distorsiorggréevaries very much.
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Figure 19 demonstrates that the choice of the position dfitigularity affect the
area distortion energies.

The discrete area distortion energy is an analogy of the #mayea distortion
energy 9,

X Ak 2
E( ;)= (— DA 9)
f 2m ik
whereA; is the area of fac;x using the at metricAjx is the area of the face
using original metric induced from the EuclideRA metric,
q

s= %(lij +lik + i) Ak = s(s Ii)(s  lik)(s  li):

It is a challenging problem to adjust the singularities toimize the area
distortion,

Problem 21 Given a mesh embedded R¥, how to determine the number, the
positions and the curvature distributions of singularstia order to minimize the
area distortion energy 9.

If the surface is a closed genus one mesh, then no singul@xvsrneeded.
For high genus mesh, we could select only one singular varté>concentrate all
the curvature at it. If the mesh is open, we can assign tatgeatures of zero to
all interior vertices and only update the radii at interiertices. In this way, the
curvature will be automatically distribute itself alongethoundary. We call this a
free boundary condition

5.3 Local Connectivity modi cations

In order to determine the desired at metric, the combinalaronstraints for the
curvature in Equation 6 have to be satis ed.

If both the initial curvature con guration and the targeteature con guration
satisfy these constraints, any intermediate curvaturgyooation during the Ricci
Flow will also satisfy the constraints. Thus, itis enouglmdy consider the target
curvature.

If some singularities violate the combinatorial constawe need to modify
the local connectivity in their neighborhood. The mesh @amtivity can be easily
modi ed using conventional mesh operations, sucledge collapsgedge swap
edge splif5].

In practice, we use the following heuristic method to modiifg connectivity
around each singular vertex, such that the following detare met:
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1. The topological valence of a singular verteis no less thad 2O thus
the average corner angle arount less than.

2. For all the vertices in the rsh-rings of neighbors of the singular vertex,
their valences are no less th@nn is a small integer, which in our imple-
mentation is choose to be betwekand3.

The Figure?? illustrates the connectivity of the 2-ring neighborhoodtiod
singular vertex on a gentsmesh.

5.4 Mesh charti cation

Mesh charti caion refers to nd an open covering of the mesugh that differ-
ent charts overlap each other. The basic idea is to nd a setiofesG, which
go through all the singularities, such that the méksican be sliced open along
the curves to form a topological disk. Such curves forrmuaigraph as intro-
duced in the work ogeometry imagel?]. If there is only one singularity, the cut
graphG can be constructed using a set of canonical homology basmsytinthe
singularity [4].

The mesh is now cut open along the cut graph to form a dartvhich is
called thecentral chart Vertices on the cut graph with valenée2 are called
the nodes All the singularities are also nodes. The cut graph is sd#pdrinto
segments, each of which connects two nod8s= [ Sk, wheresy denotes a
segment. We cover each segmgnby a chart

Uc = [ vi2sNis Nj = [ fijic:

whereN; represents the one ring neighborhood of vextex\e callUy's bound-
ary charts Then the central chak covers all the faces of the mesh, the boundary
charts covers the boundaries of the central chart, the whesh is covered by all
the charts. The transition functions among the charts ateranslation and rota-
tion in R?.

The algorithm for computing an open covering\dfis as follows:

1. Compute a cut grap® using a canonical homology basis or e.g. the method
used for constructing geometry images.

2. Slice the mesh along the cut graph to form a topologic&l blis

3. Find the nodes in the cut graph, and separate the cut graphdgments.
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4. For segment, compute the union of the one ring neighba$hob all its
vertices.

5. The open covering & is formed byM andUy, where

M M[kUk:

5.5 Planar embedding

Each chart can be attened on the plane face by face usingahmetric.
The algorithm is straight forward: Suppose a circle packimggricl; based
on(M; ;) isknown,then

1. Compute the dual graph of the mesh, each node represeat® anfthe
mesh.

2. Compute a minimal spanning tree of all the nodes in the gizgdh.

3. Suppose the root of the tree is a fdgg, then embed this face onto the
planeR?,

pi = (0;0);p; = (Ij;0); P = (li cos [; I sin [):

4. Use breadth- rst-searching method to traverse the tieeg a nodé;y is
accessed, embégl on to the plane. Supposeandy; has been embedded
in R? already,p, can be computed easily,

P— jk
I-ke 1i
pk= ——— B (p; P+ pi;
ij

where all the vertex planar parametgxsp;; px are treated as complex

numbers.

Figure?? demonstrates a planar layout of a at metric of a genus ongetlo
mesh. If we shift the planar parameter domain, the left baonavill t to
the right boundary, the top boundary will t the bottom bowng consistently.
Namely, we carperiodically atten the mesh with the at metric.
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6 Global Parameterizations Examples

Our implementation is based on a generic half edge meshyilpgd using at-
tributes to represent edge lengths, vertex radii and curgatn the following, we

demonstrate the experimental results.

6.1 Data Structure

class Mesh : public PosGraph::Modeling::OMTriMeshBase<M

{

/I custom property

/I vertex radius
OpenMesh::VPropHandleT<double>
/I vertex target curvature
OpenMesh::VPropHandleT<double>
/I vertex current curvature
OpenMesh::VPropHandleT<double>
/I edge length
OpenMesh::EPropHandleT<double>
/I edge weight
OpenMesh::EPropHandleT<double>
/I corner angle
OpenMesh::HPropHandleT<double>

public:
typedef PosGraph::Modeling::OMTriMeshBase<MeshTraits

public:

Mesh(void);
"Mesh(void);

virtual void SetEdgeWeight();
virtual void SetVertexRadius();

VPropRadius;
VPropTargetCurvature,
VPropCurvature;
EPropLength;
EPropWeight;

HPropAngle;

virtual void SetVertexTargetCurvature();
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virtual void RicciFlow( double step length = 1e-4, double c

protected:

/lcompute edge lengths

void calcEdgelLengths();

/lcompute corner angles

void calcCornerAngles();

/lcompute vertex curvature

void calcVertexCurvature();

/lcompute vetex radius

void calcVertexRadius( double step length = le-4 );

/lcompute vertex curvature error
double calcVertexCurvatureErr();

urvature_eri

3
6.2 Methods
void Mesh::calcEdgeLengths() {
Edgelter e_it;
for ( e_it=edges_begin(); e_it'=edges_end(); ++e_it)
{
double a = property(VPropRadius, to_vertex_handle( halfe dge handl
double b = property(VPropRadius, to_vertex_handle( halfe dge handl
double C = property(EPropWeight, e_it );
property( EPropLength,e_it) = sqrt( a *a+b*x b+ 2+ axbx
}
} void Mesh::calcCornerAngles() {
Halfedgelter h_it;
for ( h_it = halfedges_begin(); h_it != halfedges_end(); ++ h_it)

{
HalfedgeHandle phe
HalfedgeHandle nhe

prev_halfedge handle( h_it );
next_halfedge _handle( h_it );
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double a = property( EPropLength, edge_handle( h_it ) );
double b = property( EPropLength, edge_handle( phe ) );
double ¢ = property( EPropLength, edge handle( phe ) );

double angle = acos(( a *a+b=*b-c *xc)2 =+ a=x b))
property( HPropAngle, h_it ) = angle;

}

void Mesh::calcVertexCurvature() {
Vertexlter v_it;
for ( v_it = vertices_begin(); v_it != vertices_end(); ++v_ it)

{
VertexIHalfedgelter vh_it;
double curvature = 2 * 3.1415926535;

for( vh_it = vih_iter( v_it ); vh_it ; ++ vh_it )
{

}

curvature -= property( HPropAngle, vh_it );

property( VPropCurvature, v_it ) = curvature;

}

void Mesh::calcVertexRadius( double step_length ) {
Vertexlter v_it;
for ( v_it = vertices_begin(); v_it != vertices_end(); ++v_ it)
{
double K = property( VPropCurvature, v_it );
double TK = property( VPropTargetCurvature, v_it );
double r = property( VPropRadius, v_it );

double dr = 2.0 * (TK - K) =* r * step_length;
r+= dr;

property( VPropRadius, v_ it ) = r;
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}

void Mesh::RicciFlow( double step_length, double
curvature_error_threshold ) {
double curvature_err;

while( true )

{
calcEdgelLengths();
calcCornerAngles();
calcVertexCurvature();
calcVertexRadius();

curvature_err = calcVertexCurvaturekrr();

if( curvature_err < curvature_error_threshold )
break;

}

double Mesh::calcVertexCurvatureErr() {
Vertexlter v_it;

double max_error = -1,

for ( v_it = vertices_begin(); v_it != vertices_end(); ++v_ it)

{
double current_curvature = property( VPropCurvature, v_i t);
double target curvature = property( VPropTargetCurvatur e, V_il
double error = fabs( target curvature - current_curvature );

max_error = ( error > max_error )? error : max_error;

}

return max_error;
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(@) (b)

Figure 9:David Head model with 15k faces, with boundary singularities, each

with curvature % where m is the number of boundary vertices. The area

distortion is0:960747
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(@) (b)

(©) (d)

Figure 10:David Head model with 15k faces, with 2 singularities, each with
curvature . The center of the red regions are singularities. The blueesuare
the cut graph. The area distortioni851826
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(@) (b)

() (d)

Figure 11:David Head model with 15« faces, with4 singularities, each with
curvature . The center of the red regions are singularities. The blueesuare
the cut graph. The area distortion0830786
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Figure 12:Ipheginia model with 30k faces,4 singularities, each with curva-
ture, area distortions are 1:075546ang50:74075]respectively.



Figure 13:Ipheginia model with 30k faces,8 singularities, each with curva-
ture, area distortions is0:571903
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(a) Domain Mesh (b) Flat metric

(c) Control Net (d) Manifold Spline

(e) Spline surface
with domain triangles

Figure 14: Manifold spline for an open surface. The bunny mesh has three
boundaries, two are at the ear tips, one is at the bottle. fline @las is computed
using Ricci Flow under free boundary condition.
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(a) Rocker Arm Model (b) planar layout

Figure 15: Rocker arm model with 1k faces and5k faces, no singularities.
The area distortions are0:5543230:576723espectively. Planar layout of a at
metric on a genus one closed mesh.

(a) Domain Mesh (b) Control Net

(c) Manifold Spline (d) Spline surface

Figure 16: Manifold spline for a genus one surface, rocker ienodel.

38



(a) singularity vertex (b) Flat circle packing metric

(c) onering neighborhood  (d) Central chart and the one reighibor

(e) Open covering (f) Open covering
front view back view
39
(g) Central chart (h) boundary charts

Figure 17:Af ne atlas using Ricci Flow.



(a) Domain Mesh (b) Control Net  (c) Manifold Spline  (d) Sgisurface

Figure 18: Manifold spline for a genus two surface.
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(a) Center singular Vertex (b) at metric of (a)

(c)Singularity on side (d) at metric of(c)

Figure 19: The position of a singular vertex will affect the at metric dras-

tically. (a) and (b) shows the at metric when the singular vertex ieded in
the center region, the metric is very uniform. (c) and (d)velibe at metric

when the singular vertex is selected on the side of the mheehmetric is highly
nonuniform. Also (d) shows that the at metric induces an iersion (locally
embedding ) but not an global embedding.

41



(a) Sculpture Model (b) planar layout

Figure 20:Sculpture model with 2k faces, one singularity with curvature 8 ,
the area distortion is0:658119

(a) original mesh (b) central chart

(c) zoomed in of (b) (d) further zoomed in of (b)

Figure 21: Sculpture model with 10k faces, one singularity with curvature
8 , area distortion is 1:000959
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(a) mesh with singularities (b) central chart, which is an
immersion, not an embedding

(c) segmentation and cut graph (d) charts

Figure 22: Genus six buddaha model with10k faces, ve singularity with
curvature 4 , area distortion is 1:467170
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