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Abstract. Our previous work [26] introduced Belief Logic Programming
(BLP), a novel form of quantitative logic programming with correlation
of evidence. Unlike other quantitative approaches to logic programming,
this new theory is able to provide accurate conclusions in the presence of
uncertainty when the sources of information are not independent. How-
ever, the semantics defined in [26] is not sufficiently general—it does
not allow cyclic dependencies among beliefs, which is a serious limita-
tion of expressive power. This paper extends the semantics of BLP to
allow cyclic dependencies. We show that the new semantics is backward
compatible with the semantics for acyclic BLP and has the expected
properties. The results are illustrated with examples of inference in a
simple diagnostic expert system.

1 Introduction

Quantitative reasoning has been widely used for dealing with uncertainty and
inconsistency in knowledge representation and management, and, more recently,
on the Semantic Web [14]. Among the various forms of quantitative reasoning,
quantitative logic programming is a very important one.

Based on the approaches of uncertainty deduction, Lakshmanan and Shiri
[11] classified the proposed quantitative logic programming frameworks into
annotation-based and implication-based as follows:

— In the annotation-based frameworks such as [2,9,10,16,15,17,24], a rule is
of the form A : f(B1,...,5n) := B1: 1 A... A By, : 3, which asserts “the
certainty of A is at least (or is in) f(f41, ..., Bn), whenever the certainty of B;
is at least (or is in) 3;, 1 <i<n.”

— In the implication-based frameworks such as [1,11,8,12,13,20,22,5], a rule
is of the form g : A :- By A ... A B, which asserts “ the certainty that
B A ...\ By, implies A is at least (or is in) 5.7

In the annotation-based frameworks, when function f in every rule is a con-
stant function, the certainty of the rule head does not depend on the certainty of
atoms in the rule body. Recursive loops are not a problem in such cases. When
function f is not a constant function, such as in [15], the certainty of the rule
head depends on the certainty of atoms in the rule body. Recursive loops are
looked on as feedback connections and may cause infinite feedback.



Things are different when we look at implication-based frameworks. In some
cases, such as [13, 11], certainty values are assigned to atoms, rules are treated as
constraints, and models of a program satisfy all the constraints in the program.
Recursive loops do not present a problem in such cases. In other frameworks,
such as [8,19,22], certainty values are assigned to possible worlds and certainty
of the head of a rule cannot be computed until certainty of atoms in the rule
body is established. Consequently recursive loops cause a problem: it becomes
impossible to compute certainty of the atoms involved in a recursive loop. Some
frameworks in this category [8,19] simply do not allow programs with recursive
loops. Some others, such as [6,22], eliminate recursive loops by introducing time
parameters into atoms involved in loops, either explicitly or implicitly.

In a vast open world like the Semantic Web, it is often impossible for an
application to acquire complete information from one information source, thus
combination and correlation of evidence from multiple sources are necessary. In
our previous work [26], we introduced a novel form of implication-based quan-
titative reasoning, called Belief Logic Programming (BLP) [26]. BLP can take
into account correlation of evidence obtained from different, but overlapping and,
possibly, contradicting information sources. This makes BLP very suitable for
Web reasoning. BLP’s semantics is based on belief combination functions and is
inspired by Dempster-Shafer theory of evidence [3,21]. In [26], we related BLP
semantics to Dempster-Shafer theory and also showed the connection with cer-
tain forms of defeasible reasoning, such as Courteous Logic Programming [7] and,
more generally, Logic Programming with Courteous Argumentation Theories
(LPDA) [25]. [26] also provides a detailed motivation of BLP and the arguments
showing limitations of the earlier logic programming approaches—those based on
probability theory, Fuzzy Logic, Dempster-Shafer theory, and other approaches
[1,2,9-11,13,15,17-19, 24]. The same limitations apply to other frameworks of
uncertainty reasoning in the Semantic Web, e.g., [4,23]. In this paper we will not
rehash the detailed motivation of BLP but focus on how to deal with recursive
loops in BLP.

Like other quantitative logic programming frameworks, BLP faces the same
challenge from recursive loops, and the semantics defined in [26] was restricted
to belief logic programs without cyclic dependency among atoms. In the present
paper we extend the previous work to belief logic programs with cycles by adapt-
ing a novel approach: instead of introducing time parameters to eliminate loops,
we analyze the program structure and discard the support from unwanted loop
influence. We define a transformational semantics and a fixpoint semantics in
which self-supported beliefs are discarded. We also show that the proposed se-
mantics are reasonable and are backward compatible with the semantics defined
in [26]. The query answering algorithms proposed in [27] can also be adapted to
belief logic programs with cycles, but for reason of focus and space we will not
address query answering in this paper.

The paper is organized as follows. Section 2 explains the problem in detail by
a motivating example. Section 3 is an overview of the syntax and the semantics
for acyclic BLP programs. In Section 4, we introduce a transformational se-



mantics and a fixpoint semantics for general BLP programs, which may include
cycles. Section 5 concludes the paper. Proofs can be found in [28].

2 DMotivating Example

Suppose that the rate of false positive test results for a certain disease is 20%.
Furthermore, suppose that the certainty that someone who had a contact with
a contagious person will also contract that same disease is 60%.

Now, let us assume that the tests for two persons, p; and po, came back
positive, but there is no evidence that p; and ps had a contact. An expert
system might then diagnose both p; and p, as having contracted the disease
with certainty 80%. Now, suppose that the test for two other persons, p3 and py,
came back positive and p3 and p4 are known to have had a contact. Common
sense then suggests that ps3 and p, are more likely to have the disease compared
with p; and ps.

The support (or dependence) relation with regard to ps3 and p4 is shown in
Figure 1. We can see that there is a loop (a cyclic dependency) between “p3 has
disease” and “p4 has disease”.

‘ disease(p3) ’ ‘contact(pS,p4)‘ ‘ disease(p4) ‘
A

test_pos(p3) test_pos(p4)

Fig. 1. Support Relation w.r.t. ps and p4 in disease example

Due to the cyclic dependency, the belief in “ps has disease” pumps up the
certainty of “ps has disease” and vice versa. In fact, this dependency is a self-
supporting feedback loop, and if we keep combining evidence produced by this
feedback loop, the belief in ps and py’s diagnoses will end up close to 1. Clearly
such inference is undesired. The problem, therefore, is: how can we discard loop
influence when combining all the supporting evidence?

Our method, described in Section 4, identifies and discards such self-supporting
feedback. After presenting the method, we will revisit the above example and
show that the new method produces inference that is in accord with intuition.

3 Preliminaries

3.1 Syntax of BLP

A belief logic program (or a blp, for short) is a set of annotated rules. Each
annotated rule has the following format:

[v,w] X :- Body



where X is a positive atom and Body is a conjunction of literals, i.e., a conjunc-
tion of atoms and negation of atoms. ! An atom in BLP has the form p(t1, ..., t,),
where p is a predicate and t; is a constant or a variable, 1 <14 < n. We will use
capital letters to denote positive atoms, e.g., A, and a bar over such a letter will
denote negation, e.g., A. The annotation [v,w] is called a belief factor, where
v and w are real numbers such that 0 < v < w < 1.

The informal meaning of the above rule is that if Body is true, then this rule
supports X to the degree v and X to the degree 1 — w. The difference, w — v, is
the information gap (or the degree of ignorance) with regard to X.

An annotated rule of the form [v,w] X :- trueis called an annotated fact;
it is often written simply as [v, w] X. In the remainder of this paper we will deal
only with annotated rules and facts and refer to them simply as rules and facts.

Definition 1. Given a blp P, an atom X is said to depend on an atom 'Y

— directly, if X is the head of a Tule R and'Y occurs in the body of R;
— andirectly, if X is dependent on Z, and Z depends on'Y . O

A blp P is said to be cyclic if there is an atom that depends on itself.
Otherwise P is said to be acyclic. In [26], we required that in a blp there can
be no circular dependency among atoms, i.e., [26] only considered acyclic blps.
This is a serious limitation of express power. In this paper we will remove this
restriction and allow circular dependency in Section 4.

3.2 Combination Functions

Definition 2. Let D be the set of all belief factors, ® : D x D — D is said to
be a belief combination function if @ is associative and commutative. O

Due to the associativity of @, we can extend it from two arguments to nullary
case, single argument, and three and more arguments: ¢() = [0,1], &([v,w]) =
(v, w], B([v1,w1], ..., [vk, wg]) = P(B([v1,w1], ..., [Vk—1, Wk—1]), [Uk, wk]). Note that
the order of arguments in a belief combination function is immaterial, since such
functions are commutative, so we often write such functions as functions on
multisets of belief factors, e.g., @({[v1, w1], ..., [vg, wk]}).

Different types of beliefs might require different ways to combine them, so
predicates in the same blp might be using different combination functions. Here
are some popular combination functions:

— Dempster’s combination rule:
b ¢DS([03 0]7 [17 1]) = [Ov H
° QSDS([/Ul’ wl}? [Uzv ’UJQD = [Ua ’LU] if{[vh U)1], [U27 wQ]} 7é {[Oa 0]7 [17 1]}a where
v = ’Ul'w2+v2kwlivl'v2, w = wl'w2, and K =1 +v1 - Wo + Vg - W1 — V] — V2.
In this case, K # 0 and thus v and w are well-defined.
— Mazimum: "™ ([vy,w1], [va, wa]) = [maz(vi,ve), maz(w, ws)].
— Minimum: @™ ([vy, w1], [ve, we]) = [min(vy, v2), min(wy, ws)].

! In the BLP syntax and semantics in [26], rule bodies are Boolean combinations of
literals. Since every blp can be transformed into an equivalent blp without body-
disjunctions, as shown in [27], here we assume there is no disjunction in rule bodies.



3.3 Semantics of Acyclic BLP

Given a blp P, the definitions of Herbrand Universe Up and Herbrand Base Bp
of P are the same as in the classical case. As usual in logic programming, the
easiest way to define a semantics is by considering ground (i.e., variable-free)
rules. We assume that each atom X € Bp has an associated belief combination
function, denoted ®x.2 Intuitively, @x is used to help determine the combined
belief in X accorded by the rules in P that support X.

Definition 3. A truth valuation over a set of atoms « is a mapping from «
to {t,f,u}. The set of all possible valuations over o is denoted as TVal(a).

A truth valuation I for a blp P is a truth valuation over Bp. Let TVal(P)
denote the set of all the truth valuations for P, so TVal(P) = TVal(Bp). O

Definition 4. A support function for a set of atoms « is a mapping me, from
TVal(e) to [0,1] such that 3 ;cryaa) Mal(l) = 1.

The atom-set « is called the base of m,. A support function for a blp P
is a mapping m from TVal(P) to [0,1] such that 3 ;cryqp mI) = 1. O

If v is a set of atoms, we will use Bool(«a) to denote the set of all Boolean formulas
constructed out of these atoms (i.e., using A, V, and negation).

Definition 5. Given a truth valuation I over a set of atoms a and a formula
F € Bool(a), I(F) is defined as in Lukasiewicz’s three-valued logic: I(AV B) =
maz (1(A),I1(B)), I(AN B) = min(I(A),I(B)), and I(A) = =I(A), where f <
u<tand t=1£f, ~f =t, -u=u. Wesay that I = F if I(F) = t. O

Definition 6. A mapping bel : Bool(Bp) — [0,1] is said to be a belief
function for P if there exists a support function m for P, so that for all F €

Bool(Bp), bel(F) = ZIETVal(P) such that T=F m(I). u

Belief functions can be thought of as interpretations of belief logic programs.
However, as usual in logic programming, we are interested not just in interpre-
tations, but in models. We define the model of an acyclic blp next.

Definition 7. Given an acyclic blp P and a truth valuation I, we define P’s
reduct under I to be Py = {R | R € P,I E Body(R)}, where Body(R)
denotes the body of the rule R.

Let P(X) denote the set of rules in P with the atom X in the head. P’s
reduct under I with X as head is defined as Pr(X) = P;rn P(X). Thus,
P;(X) is simply that part of the reduct Py, which consists of the rules that have
X as their head. U

We now define a measure for the degree by which I is supported by P(X).

Definition 8. Given an acyclic blp P and a truth valuation I for P, for any
X € Bp, we define sp(I,X), called the P-support for X in I, as follows.

2 Separate belief combination functions can be associated to different predicates or
even ground atoms.



1. If Pr(X) = o, then
- IfI(X)=t or I(X)="{, then sp(I,X) =0;
— IfI(X) =u, then sp(I,X) =1.
2. If Pr(X) ={Ry,...,Rn}, n > 0, let [v,w] be the result of applying Px to
the belief factors of the rules Ry,...,Ry,. Then
— IfI(X) =t, then sp(I,X) = v;
— IfI(X) =1, then sp(I,X) =1—w;
— IfI(X) =, then sp(I,X) = w —v. O

Informally, I(X) represents what the truth valuation I believes about X. The
above interval [v, w] produced by the @x represents the combined support ac-
corded by the rule set Pr(X) to that belief. sp(I, X) measures the degree by
which a truth valuation I is supported by P(X). If X is true in I, it is the com-
bined belief in X supported by P given the truth valuation I. If X is false in I,
sp(I,X) is the combined disbelief in X. Otherwise, it represents the combined
information gap about X.

We now introduce the notion of P-support for I as a whole. It is defined as
a cumulative P-support for all atoms in the Herbrand base.

Definition 9. If I is a truth valuation for an acyclic blp P, then

mp(l) = ] sp(I,X) O
XeBp
Theorem 1. For any acyclic blp P, ZIGTVGZ(P) mp(l) = 1. (]

This theorem is crucial, as it makes the following definition well-founded.

Definition 10. The model of an acyclic blp P is the following belief function:

model(F) = > mp(I), where F € Bool(Bp). O
I€TVal(P) such that I=F

In [26] we showed that model is a “correct” (and unique) belief functionthat
one should expect: it provides each atom in the Herbrand base with precisely the
right amount of support from all the applicable rules. Namely, if S is a suitable
set of the rules that support A (see [26] for a precise formulation) then

model(A A A pes Body(R)) model (A A A pes Body(R))
= = —w

model (A zes Body(R)) model (A pes Body(R))

where [v,w] = &x(BFs) and BFs is the multiset of belief factors of rules in S.

4 Semantics for General BLP

We introduce some necessary notions first.



Definition 11. Let P be a blp. Bp can always be partitioned into disjoint atom
sets Cy, ..., Ck, such that two atoms are in the same set if and only if they depend
on each other. We call Cq,...,Cy the atom cliques of P and use clique(A) to
denote the atom clique that contains atom A.

A clique ordering for P is a bijective function, Order : {Cy,...,Cx} —
{1,...,k}, such that, for any pair of atoms X and Y, X does not depend on'Y
if order(clique(X)) < order(clique(Y)). O

We can safely infer that every atom clique in an acyclic blp has size 1, but
not vice versa. Actually a blp can be cyclic even if there is only one atom in it
— that atom, A, can depend on itself via the rule [v,w] A :- A.

4.1 Transformational Semantics for General BLP

In this section, we define a semantics for general (i.e., possibly cyclic) blps.
We only consider ground blps in the semantics as usual. First, we transform a
cyclic blp P into an acyclic blp P, which captures all the non-trivial and non-
redundant belief derivations. Then the minimal model of P is defined to be the
minimal model of the acyclic blp P’.

To simplify the description of the transformation, we assume that each rule,
R, has a unique identifier, denoted IDgr — a new propositional constant.

Definition 12. The dependency graph, H, of a ground blp P is a directed
bipartite graph whose nodes are partitioned into a set of atom nodes (‘a-nodes,
for short) and rule nodes (r-nodes, for short). The nodes and edges are defined
as follows:

— For each atom A in P, H has an a-node labeled A.

— For each rule R in P, H has an r-node labeled with proposition IDg.

— For each rule R in P, an edge goes from the r-node labeled IDg to the a-node
labeled with R’s head.
For each rule R in P and each atom A that appears in R’s body, an edge
goes from the a-node labeled A to the rnode labeled IDRg. O

The dependency graph H describes the dependency relation over Bp. Not
only does H stores the information whether an atom A depends on another
atom B, but also the structural information such as through which rules (or
through which path) A depends on B. The structural information will be useful
for us to split the undesired loop influence from the other supports.

Definition 13. Let P be a blp and H be P’s dependency graph. A directed graph
G is called a partial-proof DAG of P for the atom A (pp-DAG for A,
for short) if it has the following properties:

1. G is a maximal acyclic subgraph of H satisfying conditions 2-4, below.

2. Node A is the root of G, i.e., every node in G is on a path leading to A.

3. Every a-node in G belongs to clique(A) and has exactly one child.

4. If an a-node D belongs to clique(A), and D’s parent is in G, then D itself is
also in G. O



It is clear that an atom A can have more than one pp-DAGs. Each of them
corresponds to a successful SLD-style derivation path for 7 — A, starting from
outside of cligue(A). The following example helps illustrate the observation.

Ezample 1. Returning to the example in Section 2. Suppose that the rate of false
positive test results for a certain disease is 20%. The certainty that someone who
had a contact with a contagious person will also contract the same disease is 60%.
An expert system uses the following BLP rules to generate possible diagnosis.

[0.8,1] disease(?X) :- test_pos(?X).
[0.6,1] disease(?X) := contact(?X,?Y) A disease(?Y).

Suppose that the test for two persons, ps and py, came back positive and ps and
p4 are known to have had a contact. We get the following blp P; after grounding.

Py r1 : [0.8,1] disease(ps) :- test_pos(ps).
ro 1 [0.8,1] disease(ps) :- test_pos(ps).
rs : [0.6,1] disease(ps) :- contact(ps,ps) A disease(ps).
ry : [0.6,1] disease(py) := contact(pg,p3) A disease(ps).
rs . [1,1] test_pos(ps).
re :  [1,1] test_pos(ps).
r7: [1,1] contact(ps, ps).

rg: [1,1] contact(py, ps).

There are five atom cliques in Py: {test_pos(ps)}, {test_pos(p4)}, {contact(ps,ps)},
{contact(py, p3)} and {disease(ps), disease(ps)}. The dependency graph and the
pp-DAGs are shown in Figure 2 and Figure 3, respectively. O

contact(p4,p3)

Fig. 2. The dependency graph for Example 1

Definition 14. Let G be a pp-DAG of P for the atom A. Another pp-DAG G’
of P is said to be a child pp-DAG of G if:

1. G’ is a subgraph of G; and

2. G'’s root, B, is a child of A’s child in G. O



[0.6,1]

disease(p3) ‘ disease(p4)

Fig.3. The pp-DAGs in Example 1: g1, g2 are for disease(p3), gs, ga are for
disease(pd).

In Example 1, g; is a child pp-DAG of g4, while g3 is a child pp-DAG of gs.
Now we are ready to define the transformation that converts cyclic blps to
acyclic ones.

Definition 15. Decyclification of P, denoted acyclic(P), is obtained from P
as follows. Let S be the set of new atoms labeled with pp-DAGSs of P:

S = {AY9A € Bp and G is a pp-DAG with root A}

For each rule R € P of the form
[v,w] Ao o= Ala---7Ak7Ak+17--~7A7n7D1;-~-aDl7Dl+17-~-aD7m-

where A; € clique(Ap),1 < i <mn, D; & clique(Ap),1 < j < m, replace R with
the rule
[v,w] Ag :- IDp

where I Dg is the proposition that identifies R, plus, for every list Gy, ..., G of
pp-DAGs such that

— G; is a pp-DAG with the root A;, 0 < i <mn, and

— IDpg is Ao’s child in Gy, and

— G is a child pp-DAG of Gp, 1 < j <n,

we add the rules of the form

[v,w] A = AQ. AP AT AT Dy,...,Dy, Digrs- .., Do
[1,1] IDp :- AP, AJ- A7 A9 Dy,...,D,Diy,.... Dy O

Intuitively, for each A, A9 is defined in such a way that its degree of belief is
precisely that part of the belief in A, which is justified by the derivations that
correspond to the pp-DAG G. IDp is defined in such a way that its degree of
belief is the belief in R’s body being derived without any loop influence. And
the degree of belief in Ay is obtained by combining the support to Ag from all
the IDp’s such that R has Ag as head.



Note that in the resulting program, given any pair of atoms Azg’ and A]gj ,
Alg depends on Ajg-j if and only if G; is a child pp-DAG of G;. Thus, it is clear
that the decyclification transformation eliminates all cycles.

Now we define the model of a general blp as follows.

Definition 16. For a (possibly cyclic) blp P, mp is a support function for P
such that for any I € TVal(P),

T?lp([) = Z macyclic(P) (I/)
I’ETVal(acyclic(P)),I’|BP:I

The model of P is a belief function for P, model.(P), such that for any formula
F in Bool(Bp), model.(P)(F) = model(acyclic(P))(F). (For acyclic blps, m
and model are defined in Definitions 9 and 10.) O

In other words, the semantics for acyclic BLP can be applied on acyclic(P) to
compute the model of P. In practice, the query answering algorithm in [27] can
be used on acyclic(P) to compute model.(P)(F) for any F in Bool(Bp).

Ezample 2. (Example 1 continued.) Applying the decyclification transformation
on Py, we get the following acyclic blp P}.

P [0.8,1] disease(ps) := ri.
[1,1] m :- test_pos(ps).
[0.8,1] disease(ps) := ra.
[1,1] 7o := test_pos(p4).
[0.6,1] disease(ps) := rs.
[1,1] 5 := contact(ps, ps) A diseased?(py).
[0.6,1] disease(ps) := ry.
[1,1] 4 := contact(pa,ps) A diseased (ps).
[0.8,1] diseased* (p3) :— test_pos(ps).
[0.8,1] disease9?(py) :- test_pos(pa).
[0.6,1] disease93(ps3) := contact(ps,ps) A diseased?(py).
[0.6,1] diseased*(py) := contact(py,ps) A diseased* (ps).
[1,1] test_pos(ps).
[1, 1] test_pos(p4).
[1,1] contact(ps, ps).
[1,1] contact(ps, ps).

If the combination function associated with disease is #P°, we get the fol-
lowing conclusions: bel(disease(ps)) = bel(disease(ps)) = 0.896. Note that the
support for ps having the disease is greater than 0.8 because p3 has positive test
results and the prior contact with py pumps up the confidence in the diagno-
sis. Note that the decyclification transformation eliminates the self-supporting
feedback loop of disease(ps) and disease(ps). Otherwise, bel(disease(ps)) and
bel(disease(ps)) would have ended up close to 1 via these self-supporting feed-
back loops. O



The following theorem shows that the semantics of general blps is an exten-
sion of the semantics for acyclic blps.

Theorem 2 (Backward Compatibility). Let P be an acyclic blp, and F €
Bool(Bp). Then mp = 1hp and model.(P)(F') = model(P)(F). O

The following theorem shows that defining the semantics of BLP through
the decyclification is “reasonable” because it discards self-supported beliefs, i.e.,
belief in A produced by the rules that contain A in their bodies.

Theorem 3 (Self-support). Let P be a (possibly cyclic) blp, and A an atom
in Bp. Let P’y be the blp obtained from P by deleting all the rules that contain
A in their bodies. Then model.(P)(A) = model.(P,)(A). O

Ezample 3. (Example 2 continued.) Let Py be P; — {R,} where P; is the pro-
gram in Example 1 and R, is the fourth rule of P;. In the BLP semantics, Ps,
Py and P) (the decyclification of Py, as shown in Example 2) give the same
amount of support in disease(ps). O

4.2 Fixpoint Semantics and Modular Acyclicity

We now provide an alternative, fixpoint semantics for general blps, and show
that the fixpoint semantics can be simplified for a special class of cyclic blps,
called modularly acyclic blps.

First, for atom cliques we define some terms similar to those in Definition 7.

Definition 17. Let P be a blp, I a truth valuation, and C an atom clique in the
dependency graph of P. P(C) is defined as the set of rules in P that has an atom
from C in the head. P’s reduct under I with respect to C, denoted P;(C), *
is obtained from P(C) by

1. Replace a rule body with false if it contains an atom X € C and I(X) # t.

2. Deleting every atom X & C such that 1(X) = t.

3. If the combination P4 is such that Vv, w P4 ([v, w], [a,b]) = [a,b], and P has
a fact of the form [a,b] A, then delete all the other rules with A in head.

If P;(C) is acyclic, we say P is weakly cyclic with respect to I and C. O

Definition 18. Suppose I is a truth valuation over a set of atoms 3 and o C 3.
We define the restriction of I to «, denoted I |, to be the truth valuation over
a such that VX € o, I |o (X) = I(X).

We write I |o=7 if I(X) =7 for all X € a, where T € {t, f,u}. O

Let Iy be an empty truth valuation @ — {t,f, u}, i.e., a trivial valuation
with an empty domain. Since I is the only truth valuation over @, it follows
that TVal(@) = {Iz} and YavI € TVal(a) I |z= Iz. We also define a special
support function mg : 7Val(@) — [0, 1] to be mg(Iy) = 1; it is the only support
function for @.

Next we define a Tppm operator.

3 Note that the definitions of P(C) and P;(C) here is different from the definitions of
P(X) and P;(X) (in Definition 7): C is an atom clique, while X is an atom.



Definition 19. Let P be a blp with n atom cliques and a clique ordering Ord.
Let Cy,...,C, be the atom cliques of P, such that Ord(C;) =i,1 <1i < n, and
letag=0, a; =C1U---UC;,1 <i < n.

Given a support function m for ap,0 < k < n, Tp,o,,d(m) s a support
function for agy1 such that for every truth valuation I € TVal(ag41),

Tp.ora(m)(1) = m(I |a,) - mq(I ley,,) (1)
where Q = Pry,, (Cr1). O

Theorem 4 (Equivalence of fixpoint and transformational semantics).
Let P be a blp with n atom cliques and Ord a clique ordering of P. Beginning
with mg = my, let my, be TIT,’]COTd(mO), k=0,1,...,n. The support function m,
coincides with mp. O

The above theorem shows that the fixpoint semantics does not depend on
the choice of the clique ordering in P and that this semantics coincides with the
transformational semantics of Section 4.

Next, we will show that the computation in (1) can be simplified for a special
class of cyclic blps.

Definition 20. Let P be a blp with n atom cliques and a clique ordering Ord.
Let Cq,...,Cy, be the atom cliques of P, such that Ord(C;) =i,1 <i <n, and let
g =9, a; =CiU---UC;,1 << n. Also let my, = Tj,{ford(mg), k=0,1,...,n.

P is modularly acyclic if for every 0 < k < n —1 and for every I €
TVal(ak) such that mg(I) # 0, P is weakly cyclic with respect to I and Cp4q. O

If P is modularly acyclic, it follows from Theorem 2 that mq (I |c, ) in (1)
is equivalent to rmq (I |c,,, ), where @ is Py, (Cy+1), as defined in Definition 19.
(Indeed, it follows from Definition 20 that @ is acyclic if P is modularly acyclic.)
Since the computation of m does not involve decyclification, the computation of
the model of a modularly acyclic blp can be greatly simplified.

Proposition 1. Let P be a blp. If in every cycle in P (i.e., in every cycle in
the dependency graph of P), there is a rule R such that some atom in R’s body
s mot in the head of any rule, then P is modularly acyclic. O

Ezample 4. Let us return to the diagnosis case for p; and py in Section 2. Sup-
pose that the test for two persons, p; and ps, came back positive, but there is
no evidence that p; and ps had contact. The resulting blp Ps is

8,1] disease(p1) :- test_pos(p1).

8,1] disease(ps) :- test_pos(pa).
.6,1] disease(py) :- contact(pi,p2) A disease(ps).
6,1] (p2) :
1,1]

1,1]

disease(po contact(ps, p1) N disease(py).
test_pos(p1)
(

test_pos(p2).



with atom cliques C; = {test_pos(p1)}, Co = {test_pos(p2)}, Cs = {contact(p1,p2)},
Cy = {contact(pa,p1)}, Cs = {disease(p1), disease(pz2)}.

Since contact(p1,p2) and contact(ps,p1) are not supported by any rule, it
follows from Proposition 1 that Ps is modularly acyclic. The belief in disease(p)
is 0.8 and so is the belief in disease(ps). O

More interestingly, a blp can be modularly acyclic even when the condition
in Proposition 1 is not satisfied, as shown in the following example.

Ezxample 5. Consider a blp Py

[08,1] a :- d. [1,1] d.
[0.8,1] b :- e. [1,1] e.
[0.6,1] a := bAc. [0.5,0.5] ¢;.
[0.6,1] b := a A ca. [1,1] eq :- 71

According to Definition 20, P, is modularly acyclic. The underlying intuition
is as follows. The last rule is the only rule that supports co, so we know that
c2 and ¢ can not both be true in a truth valuation. Consequently, the rule
[0.6,1] a := bAcy and the rule [0.6,1] b :~ a A ¢z do not both fire in a truth
valuation. So, the cycle is “weak” and this program is modularly acyclic. O

4.3 Discussion

In this section, we will contrast our method with an alternative approach of
eliminating cycles by adding time parameters, which is utilized in [6] and im-
plicitly in [22]. Adopting a similar methodology, the program of Example 1 can
be transformed to the following blp:

[0.8,1] disease(ps,T) test_pos(ps).
[0.8,1] disease(ps, T) :- test_pos(pa).
[0.6,1] disease(ps, T) := contact(ps,ps) A disease(py, T — 1).
[0.6,1] disease(ps,T) := contact(ps,ps) A disease(ps, T — 1).
[1,1] disease(ps, T) disease(ps, T — 1).
[1,1] disease(ps, T) disease(py, T — 1).
[1,1] test_pos(ps). [1, 1] contact(ps, pa)-
[1,1] test_pos(ps). [1,1] contact(py, p3)-

As a consequence of adding time parameters, the fifth and sixth rules must be
added to ensure consistency. It is also worth noting that the first two rules assert
that the test results provide support for diagnoses at any time point.

It is not difficult to observe the differences between the above transformed
program and P} in Example 2 by our approach. One critical question in the
time parameter methodology in [6] is, for a query ¢(.), at which time point ¢
does ¢(.,t) yield the correct answer. In [22], this problem is avoided by choosing
the stationary state. However, this is based on a restriction that only stationary
dynamic Bayesian networks can be modeled. Another assumption in the time



parameter methodology is that an atom without time parameter takes the same
value all the time. In this particular example, such an assumption translates
to that ps and ps are having contact at all the time points. Obviously, this
assumption may not hold in all applications. Our approach avoids the above
problems by providing an alternative method to eliminate cycles.

It is worth noting that, the fact that we do not use the time parameter
methodology to eliminate cycles does not mean that we do not allow time pa-
rameters. In the applications where time parameters are appropriate and feed-
backs over time are desirable, time parameters may also be encoded into blps,
e.g, [09,1] p(X,T) :- p(X,T —1).

5 Conclusions

In [26] we introduced a novel logic theory, Belief Logic Programming, for rea-
soning with uncertainty, which can correlate structural information contained
in derivation paths for beliefs. In this paper we extended the previous work to
cyclic BLP by defining a transformational and a fixpoint semantics in which
self-supported belief is discarded. We also showed that the proposed semantics
are backward compatible with the semantics for acyclic BLP [26] and has the
expected properties.

For future work, we plan to lift the decyclification transformation to non-
ground level and extend the query answering algorithm proposed in [27] to cyclic
BLP.
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