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Time of Arrival (Time of Arrival (ToAToA))

• Used in GPS.
• Need synchronization.
• If round-trip time is 

used, then accurate 
clocks are only needed 
at the anchors.
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Time Difference of Arrival (Time Difference of Arrival (TDoATDoA))

• Anchor B1 and B2 send 
signal to A simultaneously. 
The time difference of 
arrival is recorded.

• A stays on the hyperbola:

• Do this for B2 and B3.
• A stays at the intersection 

of the two hyperbolas.
• If the two hyperbolas have 

2 intersections, one more 
measurement is needed.
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Angle of Arrival (Angle of Arrival (AoAAoA))

• A measures the direction of an incoming link by radio 
array.

• By using 2 anchors, A can determine its position. 
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PapersPapers
• Rigidity and localization.
• [Eren04] Tolga Eren, David Goldenberg, Walter Whitley, 

Yang Richard Yang, A. Stephen Morse, Brian D.O. Anderson 
and Peter N. Belhumeur, Rigidity, Computation, and 
Randomization of Network Localization. In Proceedings of 
IEEE INFOCOM, Hong Kong, China, April 2004. 

• Testing rigid graphs.
• [Jacobs97] D. J. Jacobs and B. Hendrickson, An algorithm 

for two dimensional rigidity percolation: The pebble 
game. J. Comput. Phys., 137:346-365, 1997. 

• Please check the additional readings for more information on 
rigidity theory.
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Rigidity theoryRigidity theory

• Given a set of rigid bars connected by 
hinges, rigidity theory studies whether you 
can move them continuously.
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Rigidity and global rigidityRigidity and global rigidity

Rigid=
No continuous 
deformation

Globally rigid=
unique realization

Not rigid
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FrameworkFramework

• Graph G=(V,E). 
• Configuration: P(V), an assignment of vertices to 

points in Rd.
• Framework G(P) in Rd: a graph G and an 

assignment of vertices to points in Rd.
• A graph has multiple frameworks with different 

edge lengths.
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Generic configurationGeneric configuration

• An configuration is generic if the coordinates are 
algebraically independent over the rationals.

• Intuitively, no degeneracy.
• We can assume that sensor nodes are in generic 

positions.

• We focus on R2 in this lecture.
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Rigid frameworkRigid framework

• A framework is rigid if there is no 
continuous deformation that preserves the 
edge lengths. 

• A framework is flexible otherwise.
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Configuration spaceConfiguration space

• A configuration P={p1, p2, …, pn} can be 
represented by a point in R2n, each node introduces 
2 variables. 

• Define lengths L={lij for eij} of the edges in G=(V, E).
• Configuration space C(L): collection of all 

realizations that satisfy edge length constraints L, a 
subset of R2n. 

• We usually factor out rigid motion (translation and 
rotation), by pinning down the endpoints of an 
edge. 

• Rigid motion has 3 degrees of freedom.
• The degree of freedom of C is now 2n-3.
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Questions about configuration spaceQuestions about configuration space

• Is there any realization of G with edge length L?
– Is C(L) non-empty?

• How many realizations?
– How many points does C(L) contain?

• How many DOF does a framework have?
– What is the dimension of the configuration space?

• Can you deform continuously from any realization 
to another realization?

– Is C(L) connected?
– What is the topology of C(L)? How many connected 

components of C(L)?
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Dimension of the configuration spaceDimension of the configuration space

• 0-dimension: the framework is rigid, if it has 
only 1 point, then it is globally rigid.

• Otherwise, it’ s flexible.

rigid Globally rigidNot rigid
= flexible
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Minimally rigidMinimally rigid

• A framework is minimally rigid, if it is flexible 
once an edge is removed. 

• A framework is redundantly rigid, if it is still 
rigid upon the removal of an edge. 

Minimally rigid Not minimally rigid
= redundantly rigid
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Minimally rigid, rigid, globally rigidMinimally rigid, rigid, globally rigid

Rigid

Minimally Rigid Globally Rigid
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Questions about configuration space are Questions about configuration space are 
hardhard

• Computational algebraic geometry 

• Topology

Questions about tangent space are easy: 
infinitesimal rigidity
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Infinitesimal rigidityInfinitesimal rigidity

• The configuration space 

• Take the derivative at a point in C.

, 0i j i jp p p p¶ - ¶ - =
��� � �� � �� � ��

velocity

22{ | , }iji i j i jC p R p p p p l= Î - - =
�� �� �� �� ��
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Infinitesimal rigidityInfinitesimal rigidity

• An infinitesimal motion
satisfies a linear system: for each edge ij, 

• Plus the “pin down” equations: vi=vj=0, for 
some edge ij. 

• How to compute an infinitesimal motion? �
solve the linear equations.

• The linear system always has a trivial 
solution vi=0.  Otherwise, the infinitesimal 
motion is non-trivial.

, 0i j i jp pv v- - =
��� � ����

{ }1 2, ,..., nv v v v=
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Infinitesimally flexibleInfinitesimally flexible

• A framework G(P) is infinitesimally flexible if 
it has a non-trivial infinitesimal motion. 

• If a framework is flexible, then there exists a 
non-trivial infinitesimal motion v. 

• Flexible � infinitesimally flexible
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Infinitesimally rigidInfinitesimally rigid

• A framework G(P) is infinitesimally rigid if it 
has no non-trivial infinitesimal motion. 

• If a framework is infinitesimally rigid, then it 
is rigid. 

• Infinitesimally rigid � rigid
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Rigidity v.s. infinitesimal rigidityRigidity v.s. infinitesimal rigidity

• Infinitesimally rigid � Rigid 
• Flexible � infinitesimally flexible 
• There exist rigid, but not infinitesimally rigid

frameworks.

, 0i j i jp pv v- - =
��� � ����
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Computing an infinitesimal motionComputing an infinitesimal motion

• Computing an infinitesimal motion is easy --- solve 
linear equations. 

• Rigidity matrix: Rv=0
• Global motions: linear subspace of dimension 3
• G(P) infinitesimally rigid iff rank(R) = 2n-3.

0pj- pi0pi-pj0

i j

m rows

2n columns

Global translation
and rotation

, 0i j i jp pv v- - =
��� � ����

m edges
n nodes
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Graphs and frameworksGraphs and frameworks

• So far, we talk about the rigidity of a framework 
(graph + a mapping to R2). 

• A graph can have rigid, infinitesimally flexible, or 
flexible frameworks.

• But we can define generic rigidity of a graph. 
(Intuitively, the rigidity of generic configurations of a 
graph).
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Generically rigid graphsGenerically rigid graphs

• A graph is generically rigid if it is rigid on an open 
dense subset of the configuration space.

• A generically rigid graph can have rigid, 
infinitesimally flexible, or even flexible frameworks.

• Theorem: If a graph has a single infinitesimally 
rigid framework, then all its generic realizations are 
rigid.
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Combinatorial rigidityCombinatorial rigidity

• A framework is either infinitesimally flexible or 
infinitesimally rigid – tested by linear algebra.

• Thus a graph can be characterized to be either rigid 
or flexible, in the generic sense.

• Hint: maybe generic rigidity is actually free of the 
mapping, but is an essential property of the graph.

• There is a combinatorial way of deciding the generic 
rigidity of a graph G. 

• For “almost all” formations, rigidity is a property of the 
connectivity and not of the geometry of the formation.
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IntuitionIntuition

Total degrees of freedom: 2n

How many distance constraints are necessary to limit a 
framework to only trivial motion?

==
How many edges are necessary for a graph to be rigid?
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Each edge can remove a single degree of freedom

How many edges are necessary to make a graph of n nodes 
rigid?

Rotations and translations will always be possible, so at 
least 2n-3 edges are necessary for a graph to be rigid.
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Are 2nAre 2n--3 edges sufficient?3 edges sufficient?

n = 3, 2n-3 = 3

yes

n = 4, 2n-3 = 5

yes

n = 5, 2n-3 = 7

no
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Further intuitionFurther intuition

• Need at least 2n-3 “well-distributed” edges.

• If a subgraph has more edges than necessary, some 
edges are redundant.

• Non-redundant edges are independent, i.e., their 
corresponding rows in the rigidity matrix are independent.

• Each independent edge removes a degree of freedom.
• Therefore, 2n-3 independent edges guarantee rigidity.
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LamanLaman conditioncondition

Laman condition:
A graph is generically minimally rigid in 2D if and 

only if it has 2n-3 edges and no subgraph of k 
vertices has more than 2k-3 edges.

A graph is generically rigid if it contains a Laman
graph.
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LamanLaman conditioncondition

• Laman condition:
A graph is generically minimally rigid in 2D if and only 
if it has 2n-3 edges and no subgraph of k vertices has 
more than 2k-3 edges.

• Purely combinatorial condition.
• Generic rigidity is a property of the connectivity, not 

the geometry.
• Enables a counting algorithm to test rigidity.

• How does a Laman graph look like?
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HennebergHenneberg constructionsconstructions

• Henneberg constructions (Tay-Whiteley):  a Laman
graph can be constructed inductively by adding one 
vertex at a time: 

• Start with an edge 
• At each step, add a new vertex 
• Type I step: join the vertex to two old vertices via two 

edges 
• Type II step: join the vertex to three old vertices with at 

least one edge in between, via three edges. Remove 
an old edge between the three endpoints.
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HennebergHenneberg constructionsconstructions

• Type I step: join the vertex to two old vertices via two 
edges 

• Type II step: join the vertex to three old vertices with at 
least one edge in between, via three edges. Remove 
an old edge between the three endpoints.

Type I Type II
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HennebergHenneberg �� LamanLaman

Proof: By induction. Suppose the current graph G 
is Laman with n vertices, 2n-3 edges. 

Type I: Add node x. We have n+1 vertices, and 
2n-3+2=2(n+1)-3 edges.

Similarly, for a subgraph with k nodes, if it does 
not include x, by the induction hypothesis, there 
are � 2k-3 edges. 

If the subgraph includes x, for the other k-1 nodes, 
there are at most 2(k-1)-3 edges between them 
(induction hypothesis), in total there are � 2(k-
1)-3 +2 = 2k-3 edges 

Claim: A graph constructed “Henneberg-ly” is Laman.

x
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HennebergHenneberg �� LamanLaman
Type II: Add node x. We have n+1 vertices, and 2n-3+3-

1=2(n+1)-3 edges.
For a subgraph with k nodes, if it does not include x, by the 

induction hypothesis, there are � 2k-3 edges. 
If the subgraph includes x, for the other k-1 nodes, there 

are at most 
1. 2(k-1)-3 edges, if not all of a, b, c are included.
2. 2(k-1)-4 edges, if a,b,c are all included.
Add x, for case 1, there are � 2(k-1)-3 +2 = 2k-3 edges.
For case 2, there are � 2(k-1)-4 +3 = 2k-3 edges.  #

x
a

b

c
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LamanLaman �� HennebergHenneberg

• If m=2n-3, there exists at least one vertex of degree 2 
or 3. 

• Otherwise, all nodes have degree 4. Thus we have at 
least 4n/2=2n edges. � contradiction.

Claim: Each Laman graph has a Henneberg construction.
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LamanLaman �� HennebergHenneberg

• If degree 2: remove the vertex and its adjacent edges 
(Type I step in reverse)

• If degree 3: remove the vertex and the edges to its 
three neighbors {a, b, c}. They can’t span all three 
edges (else violate 2k-3 for k=4, e.g., {a, b, c, x}). Put 
one edge between them. (Type II step in reverse). 

• Argue like before that Laman still holds, so we can 
continue.

Claim: Each Laman graph has a Henneberg construction.
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LamanLaman theorem in 3D?theorem in 3D?

Unfortunately, the condition is necessary but not sufficient.

It’s a long open problem what is the combinatorial condition for 
rigidity in 3D.

Laman condition in 3D?

A graph is generically minimally rigid in 3D if and only if it 
has 3n-6 edges and no subgraph of k vertices has more 
than 3k-6 edges.
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Summary of what we know so farSummary of what we know so far

• We know the definition of a framework that is rigid, 
minimally rigid, redundantly rigid, infinitesimally rigid, 
globally rigid; and a graph that is generically rigid or 
flexible.

• Infinitesimal rigidity can be solved by linear algebra.
• Combinatorial rigidity: in 2D, a graph is generically 

rigid if and only if it satisfies Laman condition. 

• But, rigidity does not mean global rigidity.
• For localization, we really want global rigidity.
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Global rigidityGlobal rigidity

a e
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Solution:

G must be 3-connected

G must be redundantly rigid:
It must remain rigid upon 
removal of any single edge

G must rigid



9/8/05 Jie Gao, CSE590-fall05 41

Global rigidityGlobal rigidity

A graph is globally rigid if and only if it is 
redundantly rigid and 3-connected.

How to test global rigidity?
• We can easily test 3-connectivity.
• The Laman theorem says we can throw away 
geometry and only count the edges.

A graph is connected upon 
removal of any 2 vertices.
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Algorithm to test rigidityAlgorithm to test rigidity

• Laman’s condition taken literally leads to poor 
algorithm, as it involves checking all 
subgraphs!

• Efficient and intuitive algorithm exists, based 
on counting degrees of freedom.
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Pebble Game: Finding Rigid ComponentsPebble Game: Finding Rigid Components
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IntuitionIntuition

• Find a subset of independent edges.

• Use an incremental algorithm: pick an edge, test if 
it’ s independent of the current subset.

• Alternate Laman theorem: The edges in G are 
independent in 2D if and only if for each edge (a, 
b), the graph formed by quadrupling (a, b) has no 
induced subgraph of k nodes and >2k edges.
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IllustrationIllustration

no subgraph with >2k edges

no subgraph with >2k edges

“quadruple an edge”

G

G is rigid.
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Test an independent edgeTest an independent edge

• Grow a maximal set of independent edges one at a 
time. 

• New edge is added if it is independent of existing set. 
– Quadruple the new edge and test the Laman condition.

• If Laman failed, then output “not rigid”.
• If 2n-3 independent edges are found, then graph is rigid.

• How to test Laman condition quickly?
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The Pebble GameThe Pebble Game

• Each node is assigned 2 pebbles � 2n pebbles in 
total.

• An edge is covered by having one pebble placed on 
either of its ends

• A pebble covering is an assignment of pebbles so 
that all edges in graph are covered

• Test if a new edge is independent of the existing set: 
quadruple the edge; find a pebble covering for the 4 
new edges.



9/8/05 Jie Gao, CSE590-fall05 48

initial
testing e for 
independence

assignment

e

copy 1 of e copy 2 of e

copy 3 of e copy 4 of e

e

copy 4 of e assignment
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• Assume we have a set of edges covered with 
pebbles and we want to add a new edge.

• First, look at vertices incident to a new edge.
– If either has a free pebble, use it to cover the edge and we 

are done.
– Otherwise, their pebbles are covering existing edges.  If a 

vertex at other end of one of these edges has a free pebble, 
then use that pebble to cover existing edge, freeing up 
pebble to cover new edge.

• Search for free pebbles in a directed graph.
– If edge ea,b is covered by a pebble from vertex a, the edge if 

directed from a to b.

• Search until a pebble is found, then swap pebbles 
and reverse the edges until the new edge is covered, 
else fail.

Pebble Game AlgorithmPebble Game Algorithm
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Do a depth-first search following the directed 
edges for free pebbles.
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Pebble game propertiesPebble game properties
• Testing an edge for independence takes O(n) time: we 

do 3 depth-first search in a graph with O(n) edges. 
• At most m edges will be tested. The total running time is 

O(nm).

• Algorithm is amenable to distributed implementation

• Intuitive appeal:  Each pebble corresponds to a degree 
of freedom.  A pebble covering always has at least 3
free pebbles.

• Open question: can you find an algorithm with running 
time better than O(nm)?
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Additional applicationsAdditional applications

• Pebble game can also identify redundantly 
rigid section of the graph.

• Using this tool, along with algorithms for 
discovering 3-connected components, it is 
possible to decompose networks into 
uniquely localizable regions.
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Summary of this classSummary of this class

• Rigidity theory.

• Combinatorial rigidity: Laman condition.

• Pebble Game to test rigid graphs.
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NPNP--hardness of localizationhardness of localization

A rigidityA rigidity--aware localization algorithm &aware localization algorithm &

Next class


