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Overview of locationOverview of location--based routingbased routing

• Greedy routing + face routing on a planar 
subgraph.

t
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Geographical forwardingGeographical forwarding

• How robust is geographical forwarding to location 
errors?

– Accurate location information is hard to obtain.

• Face routing is problematic in practice.

• Hope to establish “virtual coordinates” so that 
greedy routing does not get stuck.
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PapersPapers

Virtual coordinates:
• Ananth Rao, Christos Papadimitriou, Scott Shenker, and Ion 

Stoica, Geographical routing without location information, 
Proc. MobiCom'03, pages 96 - 108, 2003.

• James Newsome, Dawn Song, GEM: Graph EMbedding for 
Routing and Data-Centric Storage in Sensor Networks 
Without Geographic Information, Proc. Sensys’03.

Greedy embedding:
• Christos Papadimitriou and David Ratajczak, On a 

conjecture related to greedy routing, manuscript. 
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Approach I:Approach I:
Rubber band representationRubber band representation
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Rubber band drawing of a graphRubber band drawing of a graph

• All edges are rubber bands.
• Nail down some nodes S in 

the plane, let the graph go.

• Theorem: the algorithm 
converges to a unique state –
rubber band representation
extending S.

Peterson graph with 
one pentagon nailed 
down.
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Rubber band drawing of a graphRubber band drawing of a graph

• The rubber band algorithm 
minimizes the total energy:

• Claim: E(x) is convex.

• When any xi goes to infinity, 
E(x) goes to infinity. So we 
have a unique global 
minimum.

Peterson graph with 
one pentagon nailed 
down.
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Rubber band drawing of a graphRubber band drawing of a graph

• How does the rubber band 
representation look like?

• ¶E(x)/¶xi =0.

• The rubber band connecting 
i and j pulls i with force xj - xi. 
The total force acting on xi
is 0.

• The graph is at equilibrium.

Peterson graph with 
one pentagon nailed 
down.

neighbors
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Rubber band drawing of a graphRubber band drawing of a graph

1. Every free node is at the center of 
gravity of its neighbors.

2. no reflex vertices.

Peterson graph with 
one pentagon nailed 
down.
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More examplesMore examples
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Rubber band algorithmRubber band algorithm

• Recall the mass-spring model.
• First we assume nodes on the boundary know 

their location.
• Fix the nodes on the outer boundary.
• Iterative algorithm:

– Every node moves to the center of gravity of its 
neighbors.

• Until no node moves more than distance d.
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A network with 3200 nodesA network with 3200 nodes

• Greedy routing success rate: 0.989, avg path 
length 16.8
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Perimeter nodes are known (10 iterations)Perimeter nodes are known (10 iterations)
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Perimeter nodes are known (100 iterations)Perimeter nodes are known (100 iterations)
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Perimeter nodes are known (1000 iterations)Perimeter nodes are known (1000 iterations)

• Greedy routing success rate: 0.993, avg path 
length 17.1
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Resiliency of the rubber band approachResiliency of the rubber band approach

• Greedy routing success rate: 0.981, avg path 
length 17.3
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Resiliency of the rubber band approachResiliency of the rubber band approach

• Greedy routing success rate: 0.99, avg path 
length 17.1



9/27/05 Jie Gao CSE590-fall05 18

Perimeter nodesPerimeter nodes

• Need nodes on the perimeter to “stretch” out the net.

• First assume we know nodes on the perimeter, but not the 
locations.

1. Each perimeter sends hello messages.
2. All the nodes record hop counts to each perimeter node.
3. The hop count between every pair of perimeter node is 

broadcast to all perimeter nodes.
4. Embed perimeter nodes in the plane.
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Perimeter nodesPerimeter nodes

1. The embedding only gives relative positions: include 2 
bootstrapping beacons in the embedding of perimeters.

• Use the center of gravity as origin.

• 1st bootstrap node defines the positive x-axis.
• 2nd bootstrap node defines the positive y-axis.

2. Non-perimeter nodes actually have the distances to all 
perimeter nodes. So they can also embed themselves.

• Gives good initial positions for the rubber band algorithm.

3. If a perimeter node doesn’t receive the pairwise hop counts 
among all perimeter nodes, then it is not counted in the 
calculation. 
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How to find perimeter nodes?How to find perimeter nodes?

• The bootstrapping nodes send hello messages to everyone.
• The node which is the farthest among all its 2-hop neighbors 

will identify itself as a perimeter node.
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Success rate of greedy routingSuccess rate of greedy routing

• Success rate on virtual coordinates is comparable with true 
coordinates, when the sensors are dense and uniform.



9/27/05 Jie Gao CSE590-fall05 22

Weird ShapesWeird Shapes
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ObstaclesObstacles
• Success rate on virtual coordinates degrades when there are 

a lot of obstacles, but better than true coordinates.
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ConclusionsConclusions

• Geographical forwarding is quite robust to localization 
errors, or reasonable virtual coordinates.

• Geographical forwarding can easily scale to tens of 
thousands of nodes with acceptable overhead.

• For dense uniform sensor layout, we can eliminate 
the need for face routing altogether.

• Virtual coordinates respect the connectivity better 
than the true coordinates.



9/27/05 Jie Gao CSE590-fall05 25

Approach II:Approach II:
Embed a spanning tree in polar Embed a spanning tree in polar 

coordinate systemcoordinate system
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Embed a tree in polar coordinate systemEmbed a tree in polar coordinate system

• Start from any node as root, 
flood to find the shortest path 
tree.

• Assign polar ranges to each 
node in the tree. 

– The range of a node is divided 
among its children. 

– The size of the range is 
proportional to the size of its 
subtree.

• Order the subtrees that align 
with the sensor connectivity.
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Embed a tree in polar coordinate systemEmbed a tree in polar coordinate system

• Order the subtrees that align 
with the sensor connectivity. 

– Three reference nodes flood the 
network. Each node knows the hop 
count to each reference.

– Each node embed itself with 
respect to the references. 

– A node’s position is defined as the 
center of mass of all the nodes in 
its subtree.

– This will provide an angular 
ordering of all the children. 
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Routing on a treeRouting on a tree

• Route to the common ancestor of the source and 
destination.

– Check whether the destination range is included in the 
range of the current node.

– If not, go to the parent.
– Otherwise go to the corresponding child.

• Root is the bottleneck.
• Path may be long.
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Routing on a treeRouting on a tree

• Be a little smarter: store a local routing table that keeps the 
ranges of up to k-hop neighbors. � find shortcuts.

• Virtual Polar Coordinate Routing: check the neighborhood, find 
the node that is closer to the destination.

If the upper/lower bound is closer to the destination. 
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Load balancingLoad balancing
• Root is still the bottleneck even for smart routing.

Shortest path routing, still not 
the most load balanced routing
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General frameworkGeneral framework

• Find a substructure such that we can define virtual 
coordinates. 

– The virtual coordinates guarantee delivery.
– Greedy routing in the connectivity graph.

• For example, use an Euler tour to define coordinates on 
the sensor nodes.

– An Euler tour is a cycle that visits every vertex.
– Can be constructed by a depth-first tour on a spanning tree.
– Also use shortcuts for greedy routing.
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Greedy embedding of a graphGreedy embedding of a graph

Given a graph, find an embedding s.t. greedy routing works
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Greedy embeddingGreedy embedding

• Given a graph G, find an embedding of the vertices 
in Rd, s.t. for each pair of nodes s, t, there is a 
neighbor of s closer to t than s itself.

s

t
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Questions to askQuestions to ask

• We want to find a virtual coordinates such that 
greedy routing always works.

• Does there exist such a greedy embedding in R2?
• in R3?
• If it exists, how to compute?
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Greedy embedding does not always existGreedy embedding does not always exist

• K1,6 does not have a greedy embedding in R2
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A lemmaA lemma

• Lemma: each node t must have an edge to its 
closest (in terms of Euclidean distance) node u.

• Otherwise, u has no neighbor that is closer to t than 
itself.
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ProofProof

• K1,6 does not have a 
greedy embedding in R2

Proof: 
1. One of the angles is 

less than p/3.
2. One of ab2 and ab3, say, 

ab2, is longer than b2b3.
3. Then b2 does not have 

edge with its closest 
point b3.
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A conjectureA conjecture

• Corollary: Kk, 5k+1 does not have a greedy embedding in R2.
• Conjecture: Any planar 3-connected graph has a greedy 

embedding R2.

• Hint: this is tight.
• K2,11 is planar but not 3-connected.
• K3.16 is 3-connected but not planar. (it has K3.3 minor).

• Planar 3-connected graph has a greedy embedding in R3
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Polyhedral routingPolyhedral routing

Proof:
1. Any 3-connected planar graph is 

the edge graph of a 3D convex 
polytope, with edges tangent to a 
sphere. [Steinitz 1922].

2. Each vertex has a supporting 
hyperplane with the normal being 
the 3D coordinate of the vertex.

Theorem: Any 3-connected planar graph has a greedy embedding e
in R3, where the distance function is defined as d(u, v) = -
e(u)×e(v).
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Polyhedral routingPolyhedral routing

Proof: For any s, t, there is a 
neighbor v of s, d(v,t)<d(s,t).

1. d(s,t)-d(v,t)=[e(v)-e(s)]×e(t)>0.
2. Now suppose such neighbor v 

does not exist, then s is a 
reflex vertex, with all the 
neighbors pointing away from 
t.

3. This contradicts with the 
convexity of the polytope.

t

s

v
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Open problemsOpen problems

• Papadimitriou’s conjecture: Any planar 3-connected graph 
has a greedy embedding R2.

• The conjecture, if it’s true, is only a sufficient condition, not 
necessary.

– K3.3 has a greedy embedding.
– A graph with a Hamiltonian cycle has a greedy embedding 

on a line.

• Given a graph, can we tell whether it has a greedy embedding 
in R2? Is this problem hard? (Recall that many such 
embedding problems are hard…)

• More understanding of greedy embedding in R2, R3…
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Connection to graph labelingConnection to graph labeling
• Given a graph, find a labeling of the nodes such that one can 

compute the (approximate) shortest path distance between 
any two vertices from their labels only.

• Tradeoff between approximation ratio and the label size.

• For shortest path distance, the maximum label size is Q(n) for 
general graph, O(n1/2) (W(n1/3)) for planar graphs, and Q(log2n) 
for trees.

• General graph: $ a scheme with label size O(kn1/k) and 
approximation ratio 2k-1. 

• Recent result: for any graph G there is a spanning tree T, s.t. 
the average stretch of the shortest paths on T, compared with 
G, is O((lognloglogn)2).

• Google “distance labeling” for the literature.
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Graph abstraction of sensor networksGraph abstraction of sensor networks

• This type of graph problem is interesting from the 
theoretical aspect – understand what is possible 
and what is not, but may not be interesting in 
practical sensor networks.

• The “graph” view of a sensor network depends too 
much on the connectivity, which is not stable: links 
come and go, nodes fail…

• Dynamic graph problems, in general, are hard 
problems.
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Challenges of graph abstractionChallenges of graph abstraction

• The graph abstraction is a good model for the wired 
network with stable links.

• The Internet has subnet hierarchy and use flooding
to maintain the graph topology under dynamic 
changes.

• In sensor networks, both of them are not feasible.

• This motivates us to find alternative abstractions of 
sensor networks.
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A geometric view of sensor networksA geometric view of sensor networks
• A dense sensor field is a discrete 

approximation of the underlying 
geometric continuous space. 

• This is the purpose of sensor 
networks – monitoring the 
geometric environment.

• We are already using this 
abstraction and get intuition from 
the geometry. 

– Greedy routing: mimic the 
straight line routing in R2.

– Rubber band algorithm.

obstacle
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A geometric view of sensor networksA geometric view of sensor networks
• A dense sensor field is a discrete 

approximation of the underlying 
geometric continuous space. 

• Robust: the global geometry and 
topology only change when a 
large number of spatially 
correlated nodes are removed or 
added. 

• Compact: computational 
geometry has developed many 
efficient algorithms to represent 
shapes.

obstacle
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Geographical routingGeographical routing

• Greedy forwarding is robust to localization 
error. Virtual coordinates work well in dense 
sensor field. 

• But face routing is not robust. 

• Nodes on hole boundaries are likely to be 
overloaded.
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Face routing creates unbalanced loadsFace routing creates unbalanced loads

• Poor performance in sensor fields with complex 
geometry: Nodes on the boundary are heavily 
loaded.
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Face routing creates unbalanced loadsFace routing creates unbalanced loads

• Poor performance in sensor fields with complex 
geometry: Nodes on the boundary are heavily 
loaded.

Distribution of traffic load for 12000 random source and destinations.
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Routing in a dense sensor field with Routing in a dense sensor field with 
complex geometrycomplex geometry

• Is there an efficient routing scheme for dense 
sensor filed with complex geometry?

• Light-weight
• Localized routing.
• Guaranteed delivery.
• Load balancing.
• Robust to dynamic change.
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What makes greedy forwarding fail?What makes greedy forwarding fail?

Non-trivial topology Complex geometry
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What is geographical forwarding doing?What is geographical forwarding doing?

• Mimic the straight line in the 
Euclidean plane.

• When sensors are dense and 
uniform, geographical forwarding is 
efficient, scalable, robust…

• When there are holes or sensors 
are sparse, the connectivity graph 
of the sensors does not resemble 
the continuous 2D plane.
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Why geographical forwarding fails?Why geographical forwarding fails?

• When the geometry is complex, 
geographical routing gets stuck.

• Geographical forwarding uses the 
Euclidean coordinates as routing 
guidance, but routing is done on 
the connectivity graph.

• When there are holes in the sensor 
field, they mismatch.

• How do we route around holes?
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How to get around holes?How to get around holes?

1. A hole is a topological
feature!

Face routing says: “walk along the 
bank of the lake”. Thus the 
bank is crowded.

But only a rough idea of how to get 
around the hole is sufficient.

2. Routing is performed locally.

So why do we have to use a global
coordinate system for routing?
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Our approachOur approach

• Virtual coordinates for routing, but no 
global embedding.

• Separate global topology and local 
connectivity.

• Use global topology to divide the sensor 
fields into “routable pieces” such that 
local routing works.

• The global topology tells us how to glue 
the pieces together.
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General methodology: 2General methodology: 2--level architecturelevel architecture

• When the sensor field has complex 
geometric shape or nontrivial 
topology.

• Top level: a compact abstraction of 
the global geometry/topology of the 
sensor field.

E.g., there is a hole in the middle of 
the sensor field.

• Bottom level: a naming scheme with 
respect to the global topology that 
enables local gradient routing.
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General methodology: routingGeneral methodology: routing

• Top level: a compact abstraction of 
the global geometry/topology of the 
sensor field.

Check the compact abstract graph 
to get a global guidance on how 
to get around obstacles.

• Bottom level: a naming scheme with 
respect to the global topology that 
enables local gradient routing.

The actual routing is local gradient 
descending.
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General methodology: routingGeneral methodology: routing

• Top level: a compact abstraction of 
the global geometry/topology of the 
sensor field.

Stable topological information is 
proactively maintained.

• Bottom level: a naming scheme with 
respect to the global topology that 
enables local gradient routing.

Actual routing is local and reactive!



9/27/05 Jie Gao CSE590-fall05 59

Next class: how to abstract the global Next class: how to abstract the global 
topology?topology?

• We’ll show 2 abstractions, 
which enables 2 routing 
schemes.

1. Combinatorial Delaunay graph
2. Medial axis.


