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Rigidity theoryRigidity theory

• Given a set of rigid bars connected by 
hinges, rigidity theory studies whether you 
can move them continuously.
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LamanLaman conditioncondition

Laman graph: it has 2n-3 edges and no subgraph of 
k vertices has more than 2k-3 edges.

Laman condition: A graph is rigid if it contains a 
Laman graph.

How does a Laman graph look like?
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HennebergHenneberg constructionsconstructions

• Type I step: join the vertex to two old vertices via two 
edges 

• Type II step: join the vertex to three old vertices with at 
least one edge in between, via three edges. Remove 
an old edge between the three endpoints.

Type I Type II
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LamanLaman = = HennebergHenneberg constructionconstruction

• A graph constructed by Henneberg
construction is Laman.

• Every Laman graph can be constructed by 
using Henneberg construction.
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HennebergHenneberg �� LamanLaman

Proof: By induction. Suppose the current graph G 
is Laman with n vertices, 2n-3 edges. 

Type I: Add node x. Now n+1 vertices, and 2n-
3+2=2(n+1)-3 edges.

Similarly, for a subgraph with k nodes, if it does 
not include x, by the induction hypothesis, there 
are �0 2k-3 edges. 

If the subgraph includes x, for the other k-1 nodes, 
there are at most 2(k-1)-3 edges between them 
(induction hypothesis), in total there are �0 2(k-
1)-3 +2 = 2k-3 edges 

Claim: A graph constructed “Henneberg-ly” is Laman.

x
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HennebergHenneberg �� LamanLaman

Type II: Add node x. We have n+1 vertices, and 2n-3+3-
1=2(n+1)-3 edges.

For a subgraph with k nodes, if it does not include x, by the 
induction hypothesis, there are �0 2k-3 edges. 

If the subgraph includes x, for the other k-1 nodes, there 
are at most 

1. 2(k-1)-3 edges, if not all of a, b, c are included.
2. 2(k-1)-4 edges, if a,b,c are all included.
Add x, for case 1, there are �0 2(k-1)-3 +2 = 2k-3 edges.
For case 2, there are �0 2(k-1)-4 +3 = 2k-3 edges.  #

x
a

b

c
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LamanLaman �� HennebergHenneberg

• If m=2n-3, there exists at least one vertex of degree 2 
or 3. 

• Otherwise, all nodes have degree 4. Thus we have at 
least 4n/2=2n edges. � contradiction.

Claim: Each Laman graph has a Henneberg construction.
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LamanLaman �� HennebergHenneberg

• If degree 2: remove the vertex and its adjacent edges 
(Type I step in reverse)

• If degree 3: remove the vertex and the edges to its 
three neighbors {a, b, c}. They can’t span all three 
edges (else violate 2k-3 for k=4, e.g., {a, b, c, x}). Put 
one edge between them. (Type II step in reverse). 

• Laman still holds, so we can continue.

Claim: Each Laman graph has a Henneberg construction.
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HennerbergHennerberg construction impliesconstruction implies……

• The subgraph examined by iterative multi-
lateration is rigid.
– Start with three nodes (with known locations).

– Add 1 new node with 3 edges to existing 
nodes.

• Such a graph is named “trilateration
graph”.
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LamanLaman theorem in 3D?theorem in 3D?

Unfortunately, the condition is necessary but not 
sufficient.

It’s a long open problem what is the combinatorial 
condition for rigidity in 3D.

Laman condition in 3D?

A graph is generically minimally rigid in 3D if and only if it 
has 3n-6 edges and no subgraph of k vertices has more 
than 3k-6 edges?
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Summary of what we know so farSummary of what we know so far

• 2D Rigidity, Laman graph

• But, rigidity does not mean global rigidity.
• For localization, we really want global 

rigidity.
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Global rigidityGlobal rigidity
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Solution:

G must be 3-connected, i.e.
Connected after removal of 2 
Vertices.

G must be redundantly rigid:
It must remain rigid upon 
removal of any single edge

G must rigid
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HennerbergHennerberg construction impliesconstruction implies……

• The subgraph examined by iterative multi-
lateration is globally rigid.
– Start with three nodes (with known locations).

– Add 1 new node with 3 edges to existing 
nodes.

• Such a graph is named “trilateration
graph”.
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Required papersRequired papers

• D. Moore, J. Leonard, D. Rus, S. Teller, 
Robust distributed network localization 
with noisy range measurements , Proc. 
ACM SenSys 2004.

• Yi Shang, Wheeler Ruml, Ying Zhang, and 
Markus P.J. Fromherz, Localization from 
Mere Connectivity , MobiHoc'03. 
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Two approachesTwo approaches

• Local optimization:
– Avoid flip ambiguity of iterative trilateration.

• Global optimization:
– multi-dimensional scaling.
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TrilaterationTrilateration is a quadrilateralis a quadrilateral

• Four nodes with fixed pair-wise distances

• It is the smallest 3-connected redundantly 
rigid graph � globally rigid.
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TrilaterationTrilateration with noisewith noise……

• With noisy measurements, trilateration can 
have flip ambiguity.
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Why flip ambiguity?Why flip ambiguity?

• There are 4 triangles in a quadrilateral.

Flip ambiguity, 
when the 
smallest angle 
is too small!

• Assume noise has a normal distribution.  
• Only accept quadrilaterals with sufficient large mi n angle!
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Robust quadrilateralsRobust quadrilaterals

• Assume we do trialateration to locate C.

• First ignore D, then C and C’ are possible 
locations.

• If CD and C’D are too different, then we can 
verify which of C, and C’ is correct.To have ambiguity, the error 

in measuring CD distance is 
at least 
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Robust quadrilateralsRobust quadrilaterals

• If measurement noise is bounded, the 
quadrilateral has no incorrect flip.

Take derivative to minimize the 
error: when ffff =p/2-2q.

� 2sinABerrd d q=

Robust quadrilateral satisfies

2sinerrd b q<

Where b is the shortest side and q
is the smallest angle.
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ClustersClusters

• Robust quads that share three nodes can 
be merged into clusters.

• The cluster is still a 3-connected 
redundantly rigid graph � globally rigid.

• Actually it has 3n-6 edges.
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The algorithmThe algorithm

• Cluster localization
– Each node x find its local robust quadrilaterals.
– Merge them to a robust cluster around x.

• (optional) cluster optimization
– Refine the nodes’ location inside a cluster.

• Cluster transformation
– Glue the local quadrilaterals together
– Transformation to a global coordinate system.
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Algorithm phase I: cluster localizationAlgorithm phase I: cluster localization

1. Each node x gets the distance measurements 
between each pair of 1-hop neighbors.

2. Identify the set of robust quadrilaterals.
3. Merge the quads if they share 3 nodes.
4. Estimate the positions of as many nodes as 

possible by iterative trilateration.
• Note: Local coordinate system rooted at x.
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Algorithm phase II: cluster optimizationAlgorithm phase II: cluster optimization

• For each cluster around node x, refine the 
position estimates, for example, by mass-
spring relaxation.

• Optional. 

• Reduce accumulated error.
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MassMass--spring systemspring system

• Nodes are “masses”, edges are “springs”. 
• Length of the spring equals the distance measurement.
• Springs put forces to the nodes.
• Nodes move.
• Until the system stabilizes.
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MassMass--spring systemspring system

• Node ni’s current estimate of its position: pi.
• The estimated distance dij between ni and nj.
• The measured distance r ij between ni and nj.
• Force: Fij =dij- r ij, along the direction pipj.

j

pi

pj

dij

Fij

i
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MassMass--spring systemspring system

• Total force on ni: Fi=�› Fij.
• Move the node ni by a small distance (proportional 

to Fi).
• Recurse.

pi

pj

dij

Fij

Fi
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MassMass--spring systemspring system

• Total energy ni: Ei=�› Eij= �› (dij- r ij)2.
• Make sure that the total energy E=�› Ei goes down.
• Stop when the force (or total energy) is small 

enough.

pi

pj

dij

Fij

Fi
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MassMass--spring systemspring system

• Advantage: Naturally a distributed algorithm.

• Problem 1: may stuck in local minima.
– Need to start from a reasonably good initial 

estimation, e.g., the iterative multi-lateration.
– Typically not used alone.

• Problem 2: not robust to outliers.
– If one measurement is off too much, the error 

gets distributed everywhere in the system.
– A possible class project to deal with outliers.
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Algorithm phase III: cluster transformationAlgorithm phase III: cluster transformation

• Align neighboring local coordinates systems.

• Find the set of nodes in common between 
two clusters. 

• Compute the translation, rotation that best 
align them.
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SimulationsSimulations

• 183 nodes uniformly inside a building.
• Connectivity is only between nodes not obstructed 

by walls.
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SimulationsSimulations

• Cluster success rate v.s. node degree.
• Each plot represents a simulation run.
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Algorithm propertiesAlgorithm properties

• Nodes not included in the robust quadrilaterals are 
not localized.

– A wrong location is worse than no location.

• Even as noise goes to 0, avg degree ³ 15 to 
achieve 100% localization.

• Not good for sparse networks. 

• The avg degree @6 for best throughput of the 
network.  
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ObservationsObservations

• Localization algorithm performs poorly when 
the graph is sparse.

• Negative constraints are not used --- non-
neighbors should be sufficiently far.

• Unit disk graph embedding is NP-hard. 
– Given measurements of edges of a unit disk 

graph, it is NP-hard to find a realization in the 
plane.
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Two approachesTwo approaches

• Local optimization:
– Improve the robustness of iterative 

trilateration.

• Global optimization:
– multi-dimensional scaling.

– Also called Principle Component Analysis.
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MultiMulti--dimensional scaling (MDS)dimensional scaling (MDS)

• Input:
– A distance matrix P on n nodes.

• Output: 
– Embed nodes in Rm, s.t. their inter-distances 

approximate entries in P.
• Observations

– If the distances are accurate, MDS recreates the 
configuration. 

– Also works when the distances are not Euclidean 
metric, then MDS recovers the “best fit”.

– widely used in social sciences for visualization and 
similarity-based clustering.
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MDS basicsMDS basics

• Measurement matrix P: pij.
• Embed into Rm, xij

• Distance matrix D:
• When D=P, 

You can verify this equality.



9/14/05 Jie Gao CSE590-fall06 39

MDS basicsMDS basics

• Now transfer P to B=XXT (shift to the center).
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How to recover X from B?
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MDS basicsMDS basics

• First transfer P to B,
• B is symmetric and positive semi-definite.
• Do eigen-decomposition on B=VAVT.
• Now X=VA1/2.
• X is coordinates in dimension p. 
• What if we want an embedding in R2?

– Take the largest 2 eigenvalue/eigenvectors.
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The MDS algorithmThe MDS algorithm

1. Compute all pairs shortest path lengthes.
2. Apply MDS on the matrix P.
3. Retain the largest 2 eigenvalues and 

eigenvectors to find a 2D map.
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SimulationsSimulations

• Random placement
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SimulationsSimulations
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SimulationsSimulations

• Grid placement with 10% error.
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MDS approachMDS approach

• Experimentally most accurate. 
• Centralized approach.
• Computationally expensive (can’t be 

executed at a sensor node).


