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problem in Bayesian mechanism design. However, most existing studies assume that
the seller knows the entire distribution from which the players’ values are drawn.
Unfortunately, this assumption may not hold in reality: for example, when the distributions
have exponentially large supports or do not have succinct representations. In this work

ﬁggfgﬁim design we consider, for the first time, the query complexity of Bayesian mechanisms. The seller
The complexity of Bayesian mechanisms only has limited oracle accesses to the players’ distributions, via quantile queries and
Query complexity value queries. For single-item auctions, we design mechanisms with logarithmic number
Quantile queries of value or quantile queries which achieve almost optimal revenue. We then prove
Value queries logarithmic lower-bounds, i.e., logarithmic number of queries are necessary for any

constant approximation DSIC mechanisms, even when randomized and adaptive queries are
allowed. Thus our mechanisms are almost optimal regarding query complexity. Our lower-
bounds can be extended to multi-item auctions with monotone subadditive valuations,
and we complement this part with constant approximation mechanisms for unit-demand
or additive valuation functions. Our results are robust even if the answers to the queries
contain noises. Thus, in those settings the seller needs to access much less than the entire
distribution to achieve approximately optimal revenue.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

An important problem in Bayesian mechanism design is to design auctions that (approximately) maximize the seller’s
expected revenue by selling items. More precisely, in a Bayesian multi-item auction a seller has m heterogeneous items to
sell to n players. Each player has a private value for each item, which is independently drawn from some prior distribution.
When the joint prior distribution is of common knowledge to both the seller and the players, optimal Bayesian incentive-
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Table 1

Our main results. Here h(-) <1 is the tail function in the small-tail assumptions. For single-item auctions,
the revenue is a (1 + €)-approximation to the optimal BIC revenue, with € sufficiently small. For multi-
item auctions with unit-demand or additive valuation functions, the revenue is a c-approximation for some
constant c¢. The upper bounds in the table holds for queries with small noise in the response while the
lower bounds holds even for queries without noise. Note that the result of regular distributions doesn’t
require the distribution to be bounded.

Query Distributions
complexity Bounded in [1, H] Unbounded & small tail
©  Single-ltem O(ne~'logH) O(—ne™! logh(ﬁ)
S . ) mnlog H . mnlog H . mnlogh(2528)
Q Unit-Demand Ve >1: Q(W) Ve > 24: O(m) Ve > 24: O(—W
< Additi Vo> 1: (mogH) e g o(mmlogh Ve > 8: 0(—"HIoEh i)
itive e> 1 Q) Vo> 8 0(gcrs) €>8: 0(—"Togem) )
Single-Item Regular Distributions: Q(ne~1), 0(ne~'log2)

compatible (BIC) mechanisms have been discovered for various auction settings [39,19,11], where all players reporting their
true values forms a Bayesian Nash equilibrium. When there is no common prior but the seller knows the distribution,
many (approximately) optimal dominant-strategy incentive-compatible (DSIC) Bayesian mechanisms have been designed
[39,41,15,12], where it is each player’s dominant strategy to report his true values.

However, the complexity for the seller to carry out such mechanisms is largely unconsidered in the literature. Most
existing Bayesian mechanisms require that the seller has full access to the prior distribution and is able to carry out all
required optimizations based on the distribution, so as to compute the allocation and the prices. Unfortunately the seller
may not be so knowledgeable or powerful in real-world scenarios. If the supports of the distributions are exponentially
large (in m and n), or if the distributions are continuous and do not have succinct representations, it is hard for the seller
to write out “each single bit” of the distributions or precisely carry out arbitrary optimization tasks based on them. Even
with a single player and a single item, when the value distribution is irregular, computing the optimal price in time that is
much smaller than the size of the support is not an easy task. Thus, a natural and important question to ask is how much
the seller should know about the distributions in order to obtain approximately optimal revenue.

In this work we consider, for the first time, the query complexity of Bayesian mechanisms. In particular, the seller can
only access the distributions by making oracle queries. Two types of queries are allowed, quantile queries and value queries.
That is, the seller queries the oracle with specific quantiles (respectively, values), and the oracle returns the corresponding
values (respectively, quantiles) in the underlying distributions. These two types of queries happen a lot in market study.
Indeed, the seller may wish to know what is the price he should set so that half of the consumers would purchase his
product; or if he sets the price to be 200 dollars, how many consumers would buy it. Another important scenario where
such queries naturally come up is in databases. Indeed, although the seller may not know the distribution, some powerful
institutes, say the Office for National Statistics, may have such information figured out and stored in its database. As in
most database applications, it may be neither necessary nor feasible for the seller to download the whole distribution to
his local machines. Rather, he would like to access the distribution via queries to the database. Moreover, the commercial
data providers may charge the mechanism designer a fixed monetary payment for each query about the statistics of the
distribution. To maximize the revenue of the designer, it is necessary to understand the tight bounds on the number of
queries that are sufficient for good revenue guarantees.

Another concern in practice is that the queries to the valuation distributions are not precise. One reason for the occur-
rence of such error is that the data provider only has estimates for the statistics of the valuation distributions, and those
estimates are only approximately correct with high probability. Another reason is that the data provider may even try to
obfuscate the data due to privacy issues. For example, when the data provider adopts techniques such as differential privacy
[25], the data provider will add a noise to the returned value of each query. In this paper, we show that our results are
robust with the presence of imprecise queries.

In this work we mainly focus on non-adaptive queries, where later queries cannot be based on the answers of previous
queries. Thus the seller makes all oracle queries simultaneously, before the auction starts. This also happens in both database
and market study scenarios, and in Section 4, we will show that the performance of adaptive queries cannot be improved
by more than a logarithmic factor.

1.1. Main results

We would like to understand both lower- and upper-bounds for the query complexity of approximately optimal Bayesian
auctions. In this work, we will first consider single-item auctions and then extend our results to multi-item settings when
the players’ valuations are either unit-demand or additive. When the distributions are bounded within [1, H] and the queries
are precise, our results are summarized in Table 1. We also show that our query complexity results extend for arbitrary
unbounded distributions that satisfy small-tail assumptions, with formal definitions provided in Section 3.2.1. These results
are summarized in Table 1 as well. Similar small-tail assumptions are widely adopted in sampling mechanisms [42,22], to
deal with irregular distributions with unbounded supports. Finally, in Section 3.3, we show that the revenue of the query
mechanisms degrade proportionally to the amount of error contained in the queries to the valuation distributions.
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Table 2

Sample complexity in the literature. For multi-item auctions with unit-demand or additive valuation functions, the
revenue has an extra € additive loss. The results for single-item auctions are by [22], for unit-demand auctions are by
[38], and for additive auctions are by [9], respectively.

Auctions Single-item Single-item Unit-demand Additive
(regular) (bounded in [1, H]) (bounded in [1, H]) (bounded in [1, H])
Sample 0(ne~%) 0(nHe™3) 0(nm?H2%e2) 0(nm%H%e2)
complexity
Approximations 1+¢€ 1+e€ 27 32

Following the convention of the literature, the mechanism designer implements DSIC mechanisms while the benchmark
is the optimal BIC revenue. It is known that the gap between the optimal DSIC mechanism and the optimal BIC mechanism
for multi-item setting is bounded away from 1 [45], and the best known approximation ratio for DSIC mechanisms to the
optimal BIC revenue in unit-demand and additive auctions are 24 and 8 respectively in the literature [12]. The main focus
of this paper is not the tightness of approximation ratios for those mechanisms, but the amount of information required for
the mechanism designer to achieve such approximations.

Also note that our lower- and upper-bounds on query complexity are tight for bounded distributions. As will become
clear in Section 4, our lower-bounds allow the seller to make both value and quantile queries, and apply to any multi-
player multi-item auctions where each player’s valuation function is succinct sub-additive: formal definitions in Section 4.
The lower-bounds also allow randomized adaptive queries and randomized mechanisms.’

For the upper-bounds, all our query schemes are deterministic, non-adaptive, and only make one type of queries: value
queries for bounded distributions and quantile queries for unbounded distributions with small-tail assumptions. We show
that our schemes, despite of being very efficient, only loses a small fraction of revenue compared with when the seller has
full access to the distributions.

1.2. Related work

Sampling mechanisms A closely related area to our work is sampling mechanisms [18,22,5,29,34,1]. It assumes that the
seller does not know the distribution D but observes random samples from D before the auction begins. There are two
branches of researches for sampling mechanisms. One branch focuses on designing mechanisms that minimize the approx-
imation ratio given only one sample [35,1] or two samples [5,21]. The other one is referred as sample complexity, which
measures how many samples the seller needs so as to obtain a good approximation to the optimal Bayesian revenue [9,29,8].
Most of the previous results focus on analyzing the sample complexity of DSIC mechanisms, which is similar to what we
adopt in this paper. There are two exceptions. In Gonczarowski and Nisan [27], the authors provide upper bounds on the
sample complexity for (1 4+ €)-approximation to the optimal BIC revenue. However, the solution concept adopted there is
€-BIC, and the revenue guarantee under Bayesian Nash equilibrium for the mechanism proposed there is unclear. Hartline
and Taggart [34] resolve the issue for the single-item setting, and provide upper bounds on the sample complexity of non-
truthful mechanisms for (1 + €)-approximation to the optimal BIC revenue, under the solution concept of Bayesian Nash
equilibrium. The best-known sample complexity results are summarized in Table 2.

Oracle queries can be seen as targeted samples, where the seller actively asks the information he needs rather than
passively learns about it from random samples. As such, it is intuitive that queries are more efficient than samples, but
it is a priori unclear how efficient queries can be. Our results answer this question quantitatively and show that query
complexity can be exponentially smaller than sample complexity: the former is logarithmic in the “size” of the distributions,
while the latter is polynomial.” Finally, the design of query mechanisms facilitates the design of sampling mechanisms. If
the seller observes enough samples from D, then he can mimic quantile queries and apply query mechanisms: see Section 7
for more details.

Parametric auctions Parametric mechanisms [3,14,17] assume the seller only knows some specific parameters about the
distributions, such as the mean, the median (or a single quantile), the variance or higher moments. Note that using quantile
or value queries, one can get the exact value of the median and the approximate value of the mean, and then apply para-
metric mechanisms. Existing parametric mechanisms only consider single-parameter auctions. Since our mechanisms make
non-adaptive oracle queries, our results imply parametric mechanisms in multi-parameter settings with general distribu-
tions, where the “parameters” are the oracle’s answers to our query schemes. Our lower-bounds also imply that knowing
only the median is not enough to achieve the same approximation ratios as we do.

Distributions within bounded distance There are several papers in the literature that consider the model where the seller
is given a distribution that is within a small distance to the true prior distribution. For single-item single-buyer settings,
Bergemann and Schlag [7] characterize the optimal robust monopoly pricing under the Prohorov distance. Li et al. [37]

1 As shown in Theorem 3 and 4, introducing randomization in the mechanisms does not affect the bounds, while when the adaptive queries are allowed,
there is an additional multiplicative factor of m in the lower bound.
2 For example, in the single-item auction, the sample complexity is O(n2He~2) when the valuations are bounded in [1, H].
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consider the same problem with the earth-mover distance and extends the characterization to the multi-buyer setting.
Recently, [9] study the multi-item auctions under the Kolmogorov distance. The distinction between our model and those
papers is that the learnt distributions from our query schemes may be far from the true prior in terms of those specified
distances (e.g., Prohorov, Kolmogorov or earth-mover), and thus their mechanisms do not apply. On the other hand, although
a distribution close to the true prior may be learnt via sufficiently many oracle queries given Prohorov distance, our results
imply that the query complexity of this approach will not be better than ours.

Menu complexity The complexity of auctions is an important topic in the literature, and other complexity measures
such as menu complexity have been considered. Following the taxation principle [30,28,31], defines the menu complexity of
truthful auctions. For a single additive buyer, [20] show the optimal Bayesian auction for revenue can have an infinite menu
size or a continuum of menu entries, and [6] bound the menu complexity for approximating the optimal revenue. Recently,
[24] considers the taxation, communication, query and menu complexities of truthful combinatorial auctions, and shows
important connections among them. The queries considered there are totally different from ours: we are concerned with
the complexity of accessing the players’ value distributions in Bayesian settings, while [24] is concerned with the complexity
of accessing the players’ valuation functions in non-Bayesian settings.

2. Preliminaries
2.1. Bayesian auctions

In a multi-item auction there are m items, denoted by M = {1, ..., m}, and n players, denoted by N = {1, ...,n}. Each
player i € N has a non-negative value for each item j € M, v;;, which is independently drawn from distribution D;;. Player i's
true valuation is (vij) jeym- To simplify the notations, we may write v; for (vjj) jerm) and v for (vi)ic[n). Letting D;j = X jem Djj
and D = xjenDj, we use Z = (N, M, D) to denote the corresponding Bayesian auction instance. We will consider several
classes of widely studied auctions. A single-item auction has m = 1. When m > 1, a player i being unit-demand means his
value for a subset S of items is maxjes vij, and a player i being additive means his value for S is 3 ;¢ vij. When all players
are unit-demand (respectively, additive), we call such an auction a unit-demand auction (respectively, an additive auction) for
short.

A mechanism M maps a reported value profile v from the players to a/n (random) allocation of items, x = (X;(V))ien,
and payments to charge the players, p = (p;i(v))ien. When v is clear from the context, we simply denote by x = (X;)ijcny and
p = (Pi)ien. For single-item auctions, x; € [0, 1] and for multi-item auctions, x; € [0, 1]™. A mechanism is called Bayesian
Incentive Compatible (BIC) if it is every player’s optimal strategy to report her true value, given all other players report
truthfully. A mechanism is called Dominant Strategy Incentive Compatible (DSIC) if it is every player’s optimal strategy to
report her true value no matter what values are reported by the other players. Given any instance Z, let Rev(M(Z)) be the
expected revenue generated by M and OPT(Z) be the optimal BIC revenue of Z, i.e., the maximum expected revenue gener-
ated by BIC mechanisms. When Z is clear from the context, we write OPT for short. A mechanism achieves c-approximation
if for any instance Z, Rev(M (Z)) > %(I).

2.2. Query complexity

In this work, we only allow the seller to access the prior distributions via two types of oracle queries: value queries and
quantile queries. Given a distribution D over real numbers, in a value query, the seller sends a value v € R and the oracle
returns the corresponding quantile q(v) £ Pry~p[x > v]. In a quantile query, the seller sends a quantile q € [0,1] and the
oracle returns the corresponding value v(q) such that Pry~p[x > v(q)] = q. With non-adaptive queries, the seller first sends
all his queries to the oracle, gets the answers back, and then runs the auction. The query complexity is the number of queries
made by the seller.

Note that the answer to a value query is unique. The quantile queries are a bit tricky, as for discrete distributions there
may be multiple values corresponding to the same quantile g, or there may be none. When there are multiple values, to
resolve the ambiguity, let the output of the oracle be the largest one: that is, v(q) = argsup,{Pry~p[x > z] > q}.> Note that
for any discrete distribution D and quantile query q > 0, v(q) is always in the support of D. Moreover, when q =0, v(q)
may be +oo.

Noisy queries In this paper, we also consider the model where the answers to the queries contain errors, i.e., noisy value
queries and noisy quantile queries.*

Definition 1. For any distribution D and 1 > 0, a value query has n-noise if for any value v € R, the returned quantile is
! Prix>v],(1+mn)- Prx>v]
€| ——- Pr[x>v], - Prix>v]]|.
1 1+n xD — L x~D
3 The tie breaking rule here is chosen to simplify the exposition. All of our results extend to arbitrary tie breaking rules.

4 In Definition 1, we define the noise as multiplicative errors. This choice is made since we focus on multiplicative approximations in our paper. Similar
results can be obtained for additive error, which will not be elaborated in this paper.
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Algorithm 1 The value-query algorithm Ay.

Input: The value bound H and the precision factor 8.

1: Let k = [logy,s H] and define the value vector as v = (vo, V1, ..., Vi1, Vi) = (1, (1 +8), 1+ 8), ..., (1 + 81, H).

2: Query the oracle for D with v, and receive a non-increasing quantile vector q = (q(vo).---,q(vk)) = (qDieo,....k}- Note go = 1.
3: Construct a discrete distribution D’ as follows: D’(v|) =q; — g1 for any [ € {0, ..., k}, where g1 £90.

Output: Distribution D'.

Mechanism 2 Efficient value Myerson mechanism Mgy .

1: Given the value bound H and a constant € > 0, run the value-query algorithm Ay with H and § = € for each player i’s distribution D;. Denote by D;
the returned distribution. Let D" = x;enDj.
2: Run Mpyrs with D’ and the players’ reported values, b = (b;)cn, to get allocation x = (x;);en and price profile p = (p;)icn as the outcome.

Similarly, a quantile query has n-noise if for any quantile q € [0, 1], the returned value v satisfies
] / / /
e|l——-v,(1+n)-v'| and v' =argmax{ Pr [x > z] > q}.
[Hn 1+m } gmax{ Pr[x>z] > q}

3. Efficient query mechanisms for single-item auctions

In this section, we first focus on designing efficient query mechanisms for single-item auctions when the queries are
precise. The generalizations to n-noise queries are discussed in Section 3.3. We will consider both settings where all dis-
tributions are bounded or unbounded but satisfy small tail assumptions (formally defined in Section 3.2.1). Our results in
this section rely on Myerson’s characterization of the optimal mechanism for single-item auctions [39]. For any valuation
distribution with cumulative distribution function F and density f, the virtual value is defined as ¢r(v) =v — 12FM)

Lemma 1 ([39]). For any BIC mechanism M with allocation rule x, any instance Z = (N, M, D), the expected revenue equals the
expected virtual welfare, i.e.,

Rev(IM(Z)) =Ev~p Z[¢>F(V,‘) “Xi(V)].

Thus, in Myerson’s mechanism, we first map all players’ values to virtual values and then run the second price auction
with reserve price 0 on the virtual values, which achieves the optimal revenue.

3.1. Bounded distributions and value-query mechanisms

We first consider the setting when all distributions are bounded within [1, H]. We show that it is sufficient to use only
value queries, and we define a universal query scheme .4y, which will be used as a black-box in our mechanisms. The
seller uses algorithm Ay to learn a distribution D’ = xieN’]eMng that approximates the prior distribution D and is first
order stochastically dominated by D (i.e., Pry~p;[x = vl = PrXNDlgj [x > v] for any i, j and v € [1, H]). The seller then runs

existing DSIC Bayesian mechanisms using D’, while the players’ values are drawn from D. In this sense, all our mechanisms
are simple, but they are not given a true Bayesian instance as input.

The query algorithm Ay is defined in Algorithm 1. Here D € A(R) is the distribution to be queried. The algorithm takes
two parameters, the value bound H and the precision factor § > 0, makes O (log;, 5 H) value queries to the oracle, and then
returns a discrete distribution D’. It is easy to verify that D’ is stochastically dominated by D.?

Denoting by Mpyrs Myerson’s mechanism for single-item auctions, Mechanism 2 defines our efficient value Myerson
mechanism Mgy .

The query complexity of Mgy is O(nlogy, H), since each distribution D; needs O (log;, H) value queries in Ay.
When e is sufficiently small, O(nlogy, H) ~ 0 (ne~'log H). Also, Mgy is DSIC since Mygs is so.

In this section and throughout the paper, we often analyze “mismatching” cases where a Bayesian mechanism M uses
distribution D’ while the actual Bayesian instance is Z = (N, M, D) (i.e., the players’ true values are drawn from D). We use
Rev(M(Z; D)) to denote the expected revenue in this case. By construction, Rev(M gy m(Z)) = Rev(M pyrs(Z; D')).

Because the distribution D’ constructed in Mgy is stochastically dominated by D, letting Z’ = (N, M, D) be the
Bayesian instance under D(/)i)_rl() )revenue monotonicity [22] we have Rev(Mpugs(Z; D)) > Rev(Mpygs(Z')). By Lemma 5

of [22], Rev(Mpyrs(Z)) > T Thus we have the following simple result.

5 Moreover, it is worth mentioning that the mean of D’ approximates that of D. Indeed, mean(D) = le vdF(v) < Z;‘;Ol Vg1 Privi < v < viggl +
viD(vi) < (1+96) Z;‘:O viD’(v;) = (1 4+ §)mean(D’). Therefore, by directly applying the parametric mechanism in [2] with parameter mean(D’) (for single-
parameter auctions where the distributions are regular or MHR (monotone hazard rate)), we will get at least a (1+§) fraction of their revenue.
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Algorithm 3 The quantile-query algorithm Aq.

Input: the tail length €; and the precision factor §.

1: Let k = [logy s é'l and define the quantile vector as ¢ = (qo, q1, ..., qk—1.qk) = (1,€1(1 +5)"’1, o €1(1468),€).
2: Query the oracle for D with ¢, and receive a non-decreasing value vector (v;)ie(o, ... k-

3: Construct a distribution D’ as follows: D’(v)) =q; — q;+1 for each I € {0, ..., k}, where qy1 £0.

Output: Distribution D’.

Theorem 1. Ve > 0, for any single-item instance Z = (N, M, D) with values in [1, H], mechanism Mgy is DSIC, has query com-

plexity O (nlogy,. H), and Rev(Mgyu(2)) > Oﬁ?.

3.2. Unbounded distributions and quantile-query mechanisms

Next, we construct efficient query mechanisms for arbitrary distributions whose supports can be unbounded. For a mech-
anism to approximate the optimal Bayesian revenue using finite non-adaptive queries to such distributions, it is intuitive that
some kind of small-tail assumption for the distributions is needed. Indeed, given any mechanism with query complexity C,
there always exists a distribution that has a sufficiently small probability mass around a sufficiently large value, such that
the mechanism cannot find it using C queries. If this probability mass is where all the revenue comes (e.g., all the remaining
probability mass is around value 0), then the query mechanism cannot be a good approximation to the optimal revenue.
Following the literature [42,22], the small-tail assumptions are such that the expected revenue generated from the “tail”
of the distributions is negligible compared to the optimal revenue; see Section 3.2.1. Distributions with bounded supports
automatically satisfy these assumptions, so are regular distributions in single-item auctions.

Even with small-tail assumptions, it is hard to generate good revenue from unbounded distributions with finite value
queries.® Instead, we show it is sufficient to use only quantile queries. As before, the seller uses our quantile-query algorithm
Aq (defined in Section 3.2.2) to learn a distribution D’ that approximates D, and then reduces to simple mechanisms under
D’. However, even for single-item auctions, it is not so simple to show why the combination of these two parts works.
Indeed, under value queries it is easy to “under-price” the item so that the probability of sale is the same as in the optimal
mechanism for D. Under quantile queries, under-pricing may lose a large amount of revenue because, for given quantiles,
there is no guarantee on where the corresponding values are. Instead, the main idea in using quantile queries is to “over-
price” the item. This is risky in many auction design scenarios, because it may significantly reduce the probability of sale,
and thus lose a lot of revenue. We prove a key technical lemma in Lemma 2 for single-item auctions, where we show that
by discretizing the quantile space properly, we can over-price the item while almost preserving the probability of sale as in
the optimal mechanism under D. This guarantees that the revenue loss for using quantile queries is small.

3.2.1. Small-tail assumptions
A Bayesian auction instance Z satisfies the Small-Tail Assumption if there exists a function” h: (0,1) — (0, 1) such that,
for any constant 8; € (0, 1) and any BIC mechanism M, letting €1 = h(81), we have®

E_ T j.ay(vp) = RVOM(v: D)) < 810PT(D). (1)
g

Here q;j(v;j) is the quantile of v;; under distribution Djj, Rev(M(v;Z)) is the revenue of M under the Bayesian instance
7 when the true valuation profile is v, and I is the indicator function. For discrete distributions, Equation (1) is imposed on
the €1 probability mass over the highest values. Intuitively, the small tail assumption assumes that the revenue contribution
of any mechanism from high values, i.e., values with quantile smaller than ¢, is sufficiently small. Similar assumptions are
widely adopted in sampling mechanisms to deal with distributions with potentially unbounded supports [c.f. 22]. Exam-
ples of distributions satisfying small tail assumption include exponential distributions and all bounded distributions. See
Section 6.3 for a detailed discussion.

3.2.2. The quantile-query algorithm

We define our quantile-query algorithm Aq in Algorithm 3. As before, D € A(R) is the distribution to be queried. The
algorithm takes two parameters, the tail length €; and the precision factor §, makes O (logy s %) quantile queries to the
oracle, and then returns a discrete distribution D’.

3.2.3. Efficient quantile Myerson mechanism
Mechanism 4 defines our efficient quantile Myerson mechanism Mgqu.

6 Given any finite number of value queries, no information about the distribution is revealed if the distribution’s support is above the maximum value
query. Hence the query mechanism cannot distinguish among those distributions and constant approximations are not possible in this case.

7 If computation complexity is a concern, then one can further require that the function is efficiently computable.

8 In fact in our results for the single item auction, we only need a weaker condition where the inequality only need to hold for the Bayesian optimal
mechanism OPT.
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Mechanism 4 Efficient quantile Myerson mechanism Mgqum.

1: Given € > 0, run algorithm Aq with §=$ and ¢; = h(ﬁ) (ie. 8
by Dj the returned distribution. Let D" = Xy Dj.
2: Run Myerson’s mechanism M ygs with D’ and the players’ reported values, b = (b;)icn, to get allocation x = (x;)ieny and price profile p = (pi)ien as

the outcome.

= ﬁ for Small Tail Assumption 2), for each player i's distribution D;. Denote

Theorem 2. Ve > 0, any single-item instance Z = (N, M, D) satisfying Small-Tail Assumption, Mgq m is DSIC, has query complexity
O(-nlogy ¢ h(ﬁ)). and Rev(Mequ (D)) = OH_(GI)-

Before proving Theorem 2, we first claim the following key lemma via an imaginary Bayesian mechanism that “over-
prices”. Recall Z/ = (N, M, D) is the instance under D’.

Lemma 2. Rev(Mygs(Z)) = 15 OPT(Z).
Proof. For each player i, denote the support of D} by V| = (V§;1)le{0,“.,k}- We first define a way to couple the values vj ~ D]
with the values v; ~ D;.

The randomized round-down scheme For any value v; > V;-o' let v; be v; rounded down to the support of D;, such that

v; is distributed according to D} whenever v; is distributed according to D;. Recall that under value queries, v; is simply
the largest value in Vl./ that is less than or equal to v;, no matter whether D; is continuous or discrete. Under quantile
queries, when D; is continuous, the same deterministic round-down scheme still works. However, the situation is more
subtle when D; is discrete, and we need a randomized round-down scheme to ensure the relationship between v; and
v; . More precisely, by the definition of quantile queries, V/ is a subset of D;’s support. If v; is not in V/, then it is still
deterministically rounded down as before. If v; is in V/, say v; = vg;,, then by the definition of quantile queries and the
construction of D;, we have Pry~p;[x>vi] > q = PrXND;[x > v;]. In this case, v; is rounded down to v/

i;1-1 (i'e" V,-_ = vll';l—l)
with probability

Pry~p;[x = vi] = Pry_pr[x > vi]
Di(vy)

)

and to v}, (ie, v; = v},) with probability
Pry~p;[x = vi] — PFX~D;[X > vil
Di(vi)

Following this scheme, it is not hard to verify that Pry,~p;[v; > vg;,] =gq for any | € {0, ...,k}, thus v; is distributed
according to Dj, as desired.

No matter what v;~ is, let vl?L be the smallest value in V/ that is strictly larger than v; (if no such value exists, then
viJr = +00). That is, vf >v; and v;L is v; “rounded up”, which was not needed under value queries and is new for quantile
queries.

The randomized resampling scheme For any value v} ~ D}, let v; be resampled from D; conditional on “v; rounded down
to v{”, so that v; is distributed according to D; whenever v/ is distributed according to Dj. Again, under value queries, the
resampling is simply conditional on v; € [vg;l, v;;m) when v} = v;;l, no matter whether D; is continuous or discrete. Under
quantile queries, this resampling scheme still works when D; is continuous. When D; is discrete, we need to “undo” the
randomized round-down scheme defined above. More precisely, letting v; = v;;,, v;j is set to be vg;, 41 With probability
Pryp;[x = Vi 41— qre1

Di(viy

p1=

is resampled from D; conditional on v; € (v;,,, Vi..q) With probability

/
i1+
/
i;l+l]_

3

PrXNDi[vl’.,l <X<V
! /
Di(vi;l)

D2 =

and is set to be V;z with probability

Pry~p;[x < Vil = Prypix <viyl  Di(vi)) = Prx~pi[X = Vi1 +q
Di(vi) B Divip

p3 =

Following this resampling scheme, it is not hard to verify that v; is distributed according to D; whenever v} is distributed
according to Dj.
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Mechanism 5 A Bayesian mechanism M* for instance Z’.

1: Each player i reports his value v}, and the mechanism discards the report that is not in V.

2: For each player i, generate value v; according to v; using our resampling scheme.

3: Run Mgs with the value profile v and the prior distribution D, to get the price p; and the allocation x; € {0, 1} for each player i.
4: If x; =1 and p; < v}, sell the item to i and charge him p;; otherwise, set x; =0 and p; =0.

Given the round-down and the resampling schemes above, we consider the Bayesian mechanism M* defined in Mecha-
nism 5 for Z’, and compare its revenue with that of Mjgs. We first claim that M* is a DSIC mechanism. Because M ygs
is DSIC, each x; is monotone in v;. Although v; is a random variable given vj, it is easy to see that for any two different
values v; € V| and ¥} € V/, the corresponding resampled values v; and ¥; are such that v} < ¥ implies v; < ¥;. Thus x; is
monotone in v§ as well. Moreover, let 6; be player i’s threshold payment in Mygs given v_; and D. If v§ > 6; then v; > 6;,
thus player i gets the item at price p; = 6;. If v < 6; then player i does not get the item and p; =0, no matter whether
vi < 6; or not. Accordingly, 6; is also player i's threshold payment in M* under v_; and D’. Since v_; does not depend on
vi, M* is DSIC as desired.

To analyze the revenue of M™, note that by construction, when v is distributed according to D}, the resampled v;
in M* is distributed according to D;. Moreover, each v; is distributed as if we first sample v; from D; and then setting
vi=v;.

Thus, mechanism M* on instance 7’ essentially generates the same expected revenue as Mpygs on instance Z, except
for the case when v < p; < v; for the winner i. Fortunately, we are able to upper-bound the probability of this event and
thus upper-bound the expected revenue loss. More precisely, for each player i, we write p; as p;(v_;; D) to emphasize that
it is the threshold payment for i given v_; and D, and does not depend on v; or v;. We have

RevM* @) =) E  E pi(v-isDl,—~p( p)
i

v_j~D_;vi~D;

=Y E_ pi(vizD)- Pr [v] =pi(v_;D)] 2)
: v_i~D_; vi~Dj

Here the first equality holds because of the relationship between D’ and D as established by our rounding and resampling
schemes, and because each player i in M™* pays the same threshold price as in mechanism Mpygrs whenever v; is at least
the threshold, and pays O otherwise. By the construction of the distribution D’, we have the following claim, which is
proved in Appendix A.

Claim 1. Pry;~p;[v; > pi(v_i; D)|qi(vi) > €11 < (1 + 8) Pry;~p;[v; = pi(v_i; D)].

Combining Equation (2), Claim 1 and Small Tail Assumption 2, we are able to lower-bound the revenue of M* as follows,
which is also proved in Appendix A.

Claim 2. Rev(M*(Z')) > 11 OPT(Z).

By the optimality of Mrs, Rev(Mpumrs(Z')) > Rev(M*(Z")), and Lemma 2 holds. O

Proof of Theorem 2. First, mechanism Mgqy is DSIC because M s is DSIC. Second, the query complexity of Mgqum is
O(—n 10g1+% h(3(12—i€))), because there are k + 1 = (logH% W] + 1 quantile queries for each player and there are n
3(0+e)

players in total. By definition,
Rev(MEgqm(Z)) = Rev(Mumps(Z; D')). By construction, D’ is stochastically dominated by D. Thus by revenue monotonic-
ity Rev(Mprs(Z; D)) > Rev(M prs(Z")). Combining these two equations with Lemma 2, Theorem 2 holds. O

Mechanism MEgqum and Theorem 2 immediately extend to single-parameter downward-closed settings. Finally, when the
distributions are regular, we are able to prove an even better query complexity and a matching lower-bound; see Section 5.

3.3. Robustness to noisy queries

When the value queries or the quantile queries exhibit n-noise, the optimal revenue cannot be obtained even with
infinitely many queries. However, we can show that the performance of the query mechanisms degrades proportionally to
the amount of noise 7. Next we illustrate the multiplicative loss for value queries, and the bounds for quantile queries hold
analogously.

When the seller constructs the empirical distribution D" in Algorithm 1 with O(nlog;,. H) value queries, in addition
to rounding down the value, the seller can also choose to round down the quantile by a multiplicative factor of 1+ 7 to
guarantee that the constructed empirical distribution D’ is stochastically dominated by the true distribution D. Moreover,
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there exists another distribution D stochastically dominates the true distribution D, which is obtained by rounding up both
the valuation by 1+ € and the quantile by 1+ 7. Moreover, by Lemma 5 of [22] and Lemma 2, the revenue gap between D’
and D is at most (1 + €)(1 + n)2. Combining the results in Section 3.1, letting Z = (N, M, D) be the instance under D, we
have

Rev(Mumgs(Z; D')) > Rev(Mumrs(Z'))

- 1
Rev(Muyrs (D)) > WReV(MMRS(I))~

1
> 00000
T (461 +n)? +1m)?
This additional gap of (1 + 1)? is precisely the revenue loss the seller suffers from n-noisy queries.
Finally, if the queries are only approximately accurate with high probability, i.e., there exists 8,7 > 0 such that with
probability at least 1 — 8, all queries have n-noise, then we can easily show that with probability at least 1 — §, the query
mechanisms are an (1 + €)(1 + n)2-approximation to the optimal revenue.

4. Lower bounds

In this section, we prove lower bounds for the query complexity of Bayesian mechanisms when the queries have no
noise, and we focus on DSIC mechanisms. As a building block for our general lower bound, we first have the following for
single-item single-player auctions. Note that although the main focus of this paper is about non-adaptive noisy queries, here
we prove a stronger result by showing that even with adaptive queries and precise feedback, our bounds for single-item
single-player auctions are still tight. Formally, we have the following lemma.

Lemma 3. For any constant ¢ > 1, there exists a constant C such that, for any large enough H, any Bayesian mechanism M making
less than C log. H adaptive value and quantile queries to the oracle, there exists a single-player single-item Bayesian auction instance
Z = (N, M, D) where the values are bounded in [1, H], such that Rev(M(Z)) < %(I).

Proof. Here we consider the equal revenue curve, ie., F(v) =1 — %, v €[1,H) and F(H) = 1. For this distribution, posting
any price from [1, H] has exactly the same revenue 1. For any constant H, let k = L}llog(4c)4c+z H]. We divide the value

interval [1, H] into k + 1 sub-intervals as follows: from right to left, u, = H, and ugs = (4‘;;—4*;2 foreachse{k—1,...,0}. For
each value interval (us, us;1), there exists a corresponding quantile interval (qs, gs+1) = (uslﬂ , uis).
For each value s € {k—1, ..., 0}, considering the pair of intervals (us, usy+1) and (gs, gs+1), we construct [4c] distributions

for it. More precisely, the distribution D$ for each z € [[4c]] is defined as follows. For v, < us or us1 < v; < H, the density
of v, is Vl% The probability of v, = H is . The probability of (4c)?us is gs+1 — gs.

By construction, given parameter s, all [[4c]] distributions coincide outside the value and quantile range (us, us+1) and
(gs, qs+1)- Therefore, only a query inside the range can distinguish those distributions from each other. Moreover, for any
two parameter s,s’ € {k —1,...,0}, the value and quantile queries will get the exactly same response for queries outside
their own value and quantile intervals. Thus, for any adaptive value and quantile queries, a single query can distinguish at
most one set of [4c] distributions. Letting ¢’ £ 1 — 21—6 and C £ 8(4C+12)_l%/gc(4c) = 166(4C+21> log,@o)» We have Clog. H < k(1—¢).
Accordingly, for any Bayesian mechanism M that makes less than Clog. H adaptive value and quantile queries, there exists
a value s such that, with probability at least ¢/, M cannot distinguish D$’s from each other.

We now analyze the optimal BIC revenue for those instances. For any Z, = (N, M, D), Myerson’s mechanism is optimal:
it sets a (randomized) threshold for the unique player, if the player bids at least the threshold then he gets the item and
pays the threshold payment, otherwise the item is unsold. It is not hard to verify that OPT(Z;) = (4c)*usqs+1 for each Z,.

Next, we analyze the revenue of M. Since M is DSIC, the allocation rule must be monotone in the player’s bid, and he
will pay the threshold payment set by M, denoted by P. Here P may also be randomized. Note that for all instances, setting
P < 4cus is strictly worse than setting P = 4cus, and setting P > (4c)/*lug is strictly worse than setting P = (4c)/*lug <
us41. Also, for any instance Z, and any z’' € {1, ..., [4c] — 1}, setting P € ((4c)z/u5, (4c)z/+1u5) is strictly worse than setting
P = (4c)z/+1us. Thus, when mechanism M cannot distinguish the Z,’s, it must use the same P for all Z,’s, and the best it
can do is to set P = (4c)*us with some probability p, for each z € [[4c]]. Because Zzemcu pz =1, there exists z* such that

Pz < %. Thus we have

1 * 1 *
Rev(M(Zr)) = - (40)* us-qsy1+(1— &)(402 s g

1 " 1
< —-(40)% -us- = —OPT(Z+),
2% (4c) s " (s+1 2% (Zz+)
where the first inequality is because for any threshold other than (4c)? us, the resulting expected revenue is no larger than

that with the threshold being (4c)? ~!u,. That is, when M cannot distinguish the Z,’s, it cannot be a 2c-approximation for
Ty
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As the revenue of M under Z,+ is at most OPT(Z,«) when it is able to distinguish Z,« from all the other instances, we
have

1.1 1 1
Rev(M(Z,+)) < (1 — —)—OPT(Z;+) + —OPT(Z,+) < —OPT(Zy+).
2c” 2c 2c c
Thus M is not a c-approximation for Z,+, and Lemma 3 holds. O

We extend Lemma 3 to arbitrary multi-player multi-item Bayesian auctions with succinct sub-additive valuations, as fol-
lows. To make our exposition clearer, we first introduce some notations. A very broad class of Bayesian auctions, (monotone)
sub-additive auctions, is such that each player i has a valuation function v; : 2"l — R, which satisfies v;(S) + v;(T) >
vi(SUT) > v;(S) > 0 for any subsets of items S and T. As such a valuation function in general needs 2™ values to describe,
following the conventions in Bayesian auction design [43,16,13], we will consider succinct sub-additive auctions, where only
the item-values, that is, the v;j’s, are independently drawn from the underlying distribution D = Xie[n), jefmDij. Given
(Vij) jefmys it is publicly known how to compute player i's value for any subset of items. That is, the valuation function v;
now takes a vector of item-values (vjj)jeim) and a subset S C [m] as inputs, such that for any vector (vij)jem), the re-
sulting function v;((vij)jepm), -) is sub-additive and v;((Vij) jefmy, {j}) = vij for each item j. Note that such auctions include
single-item, unit-demand and additive auctions as special cases.

Theorem 3. For any constant ¢ > 1, there exists a constant C such that, for any n > 1, m > 1, for any large enough H, any monotone
sub-additive valuation function profile v = (v;)ie[n), and any Bayesian mechanism M making less than Cnmlog,, |,y H adaptive
value and quantile queries to the oracle, there exists a multi-item Bczlyesian auction instance Z = (N, M, D), where [N| =n, |M| =m
and the values are bounded in [1, H], such that Rev(M(Z)) < %,

Proof. Similar to the proof of Lemma 3, for any H, let k £ L% 10g 4¢xyac+2 H], where x is a parameter to be determined later.
Let C' £ m and H be large enough so that k > 1. We divide the value interval [1, H] into k + 1 sub-intervals

as follows: from right to left, uy = H, and ug = for each se {k —1,...,0}. For each value interval (us, us11), there

Us+1
(4CX)4C+2
exists a corresponding quantile interval (qs, gs;1) = (“s1+1 s uls).

nmk

It is easy to see that C'nmlog. H < ™™, Thus, for any Bayesian mechanism M making less than C'nmlog. H adaptive

3c
value and quantile queries, with probability at least 1 — 31—C there exists a player-item pair (i*, j*), a value interval (us, usy1)
with corresponding quantile interval (gs, gs+1) such that M does not query these two intervals for Dj«j+ and does not
distinguishes Dlij*;s's from each other.

Therefore, for each i € [n], j € [m], s € [k], we construct [4c] Bayesian instances {Z? = (N, M, D?)};¢[4c7], where each ij

is equal revenue distribution if i # i* or j # j*. For any z € [[4c]], we construct the distribution D,.zj,s such that for v, < us

or usgy1 < vz < H, the density of v, is % The probability of v, = H is % The probability of (4cx)?us is gsy1 — gs. All
z

distributions other than D;; are equal revenue distribution. For any queries outside the interval (us, usy1) and (gs, gs41), it
cannot distinguish those instances. Thus, with less than Cnmlog. H adaptive value and quantile queries, with probability at
least 1 — % the mechanism cannot distinguish those instances from each other.

We now analyze the optimal BIC revenue for those instances. For any Z,, Myerson’s mechanism is optimal: it sets a
(randomized) threshold for the unique player, if the player bids at least the threshold then he gets the item and pays the
threshold payment, otherwise the item is unsold. Letting § £ % it is not hard to verify that OPT(Z,) = (4cx)*usqs for each
Z;.

Given any succinct sub-additive valuation function profile v = (v;)icn) where each v; takes a vector of item-values
(Vij) jerm) as part of its input, we would like to compare the optimal revenue for the sub-additive instances defined by the
T#'s with the corresponding expected revenue of M. By construction, the D?’s differ only at the Diz*j*’s, within the value

interval (us, usy1) and the quantile interval (s, gs+1). Accordingly, with probability at least 1 — 317 mechanism M cannot

distinguish the Z#'s from each other. Eventually, we will analyze the revenue of M conditional on this event happening.

For now, to compare the optimal revenue and that of M, let us first introduce some notations. For any item-value profile
V = (Vij)iefn), jefm)» When the players bid ¥, we denote by x;(¥) the (randomized) allocation of M to a player i. It is defined
by the probabilities ojs(V) for all the subsets S C [m]: each ojs(V) is the probability that player i receives S under bid V.
Accordingly, the expected value of player i for allocation x; (V) is vi((Vij) jetmy, Xi(V)) = >_g Vi((Vij) jefm. S) - 0is (V). Moreover,
for each item j, let x;j(¥) be the probability that player i receives item j according to x;(¥): that is, x;;(V) = > sijes ois(V).

We upper-bound the revenue of M in three steps. To begin with, we reduce the multi-player sub-additive instances to
single-player sub-additive instances, and construct a DSIC Bayesian mechanism M?* that only sells the items to player i*.
Given any instance Z%, mechanism M* runs on the single-player sub-additive instance Z% = ({i*}, M, D%). It first simulates
the item values of players in N \ {i*}, which are all 1’s, and then runs M. Mechanism M?* answers the oracle queries of
M truthfully. The allocation and the payment for player i* under M* is the same as those under M. For any player i # i*,
mechanism M™ assigns nothing to him and charges him 0, because i is an imaginary player to M*. It is easy to see that
mechanism M* is DSIC. Moreover,

10
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Rev(M*(Z%)) = ReV(M(Z?) — Egpe I vi((Vij) jem)- xi(7). (3)
ii*
because the revenue generated by M from players in N\ {i*} is at most their total value for the allocation.

Next, we reduce the single-player sub-additive instances to single-player additive instances, and construct a DSIC Bayesian
mechanism M™ that runs on the single-player additive instances I;,EZ = ({i*}, M, D%.), with z € [[4c]]. Note that each l';[z
has the same item-value distributions as Z7, but player i*’s value for any subset of items is additive.

For each single-player sub-additive instance defined by Z% and the valuation function profile v, by the taxation princi-
ple [28,40], mechanism M* is equivalent to providing a menu of options, where each entry is a pair of bundle and its price,
to player i*, and then letting i* choose an entry maximizing his expected utility according to his true valuation. Given any
instance I{Iz, mechanism M™ provides the same menu as mechanism M?* under 77 and v, except that the payment in
each entry is discounted by a multiplicative 1 — €. Here € is a sufficiently small constant in (0, 1) to be determined later in
the analysis. The truthfulness of M™ is immediate, because it lets i* choose a menu entry maximizing his expected utility
under his true additive values. Let

§& Ej,.~pz, max (Z Vixj — vie((Vi= ) jepm)» S))s

SClm]

jes

the expected maximum difference between the additive values and the succinct sub-additive values. Following Lemma 3.4
in [43], which compares the revenue in the sub-additive instance with that in the corresponding additive instance, we have

Rev(M™(Z%)) = (1 — é)Rev(M*(T}.)) — §/8). (4)
Finally, we reduce the single-player additive instances to single-player single-item instances, and consider a DSIC Bayesian
mechanism M’ that only sells item j* to player i*. Mechanism M’ runs on the single-player single-item instances If*j* =
i*}, {5*}, Df*j*), with z € [[4c]]. Given any If*j*, it first lets player i* report ¥;« j«. Then it simulates the ¥;+;'s from Dl?*j for
j # j*, which are all 1's, and runs M™ on the augmented additive instance II.J:Z to obtain allocation x?;(f/,-*) and payment
p;;(ﬁi*). For each item j, let xitj(f/,-*) be the probability that player i* receives item j in the allocation. Mechanism M’ sets
its outcome to be the following:

o T 5
(] Xl/'*j* (Vi*j*) =xi*j* (Vi*)- and

o pi(Vinje) = P,‘t(f/i*) - Zje[m]\{j*} ‘A/i*jx,-tj(f/i*)-

Note that pg*(f/,-*j*) may be negative. Moreover, mechanism M’ is also considered in Lemma 8 of [32], which proved that
M’ is DSIC and

Rev(M'(Z ) = Rev(M T (Z) = > Eipopz,, Vit (5)
J#J*

Now we combine the above three reduction steps together and consider the event when mechanism M cannot dis-
tinguish the Z%'s from each other. When this happens, mechanism M produces the same outcome for all the instances.
Accordingly, although mechanism M* is given the distributions D%, by simulating M, it still produces the same outcome
for all the Z7’s, thus the same menu for all of them. So mechanism M also produces the same menu for all the Iliz’s:
that is, the menu produced by M* with the payments discounted by 1 — €. As a result, although mechanism M’ is given
the Df*j*'S, it still cannot “distinguish” the Z7 ..’s from each other and produces the same outcome for all of them. Using
the similar argument in the proof of Lemma 3, in this case there exists z* € [[4c]] such that

* ] *
Rev(M'(Zf. j»)) < EOPT(If* -

Combining this inequality with Equations (3), (4) and (5), we have

Rev(M(Z?)) < Rev(M*(ZZ)) + Eg_por D vi((Dij) jetm. Xi(9)

iki*
Rev(M*(ZH*)) - | ) )
< T R A Egpe Y Vil jetm, (7))
ii*
1 ) . - . X
< - ReV(M/(IiZ*]‘*)) + Z E\;i*jND';:jvi*j +38/€ +E; p Zvi((vij)jelmj,xi(v))

J#5* i#i*

11
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1 (1 . . . . X
< —OPT(Z ;) + ) Eg, oz Vics | +8/€ +Egpe D Vil Dip) jerm xi (V). (6)

1-¢€\ 2 — ~—
J#J* i#i*

Note that OFT(Ilﬁ*j*) < OPT(Z%"), since selling a single item to a single player is a feasible outcome. Moreover, since ij*
is constantly 1 when i #i* or j # j*, and since the valuation function profile v is succinct sub-additive, we have

> Egopz Viej=(m—1InH,

J#i* !

- 1 N . mlnH
5/€ = EEﬁi*NDZ* max (Z Vixj — Vix (Vi) jem], S)) < z
jes

i* SCm] <

Egper > Vil(Vij) jerm. xi(9)) <mInH.
iki
Here the second equation is because Zjes Virj — vis (Vi) jemy, S) < Zje[m] Vi«j for any ¥+ and S. The third equation
is because Z#i* Vi((Vij) jerm, Xi (V) < Zj Zi#* xij(¥)V;; for any ¥: indeed, each item can be sold to at most one player,
generating expected value InH.
Combining the equations above with Equation (6), we have
minH

1 )
(50 OPT@) + (m =1 InH) + ——— +mlnH.

Rev(M(Z9)) <

1-¢€

1

Setting € = 3, we have

19mInH

Rev(M(T%)) < %OPT(IZ*) + (7)

Now we combine Equation (7) with the probability that M cannot distinguish the Z?’s. As OPT(ZZ") > 4cx, when x >
W, we have OPT(Z%) > m-c?-InH and
19mInH 1 s 1 -
———— )+ —OPT(Z* ) < —OPT(Z" ).
3 3c c

which is a constant with respect to ¢, we have Cnmlog,,; |,y H < C'nmlog. H. Thus finishes the proof

Rev(M(ZZ) < (1 — l)(EOPT(IZ*) +
3c” 3¢

: 1
Lettlng C= m,
of Theorem 3. O

When there are multiple items to sell, for non-adaptive queries, we can make some changes to the constructed distribu-
tions to improve the query complexity bound. Formally, consider the [4c] Bayesian instances {Z* = (N, M, D?)},¢(r4c)) that
are indistinguishable using only Cnmlog. H non-adaptive queries. Here for i # i* or j # j*, ij is the distribution that is

constantly 1. For distribution D% j+» We construct them by shifting them in the interval with no value or quantile queries,

i.e. (us, us+1) and (gs, gs+1), based on the equal revenue distribution with cumulative probability function max{0, 1 — @}.

Note that the optimal revenue for those distributions is at least ~/H. Applying the same analysis as in Theorem 3, we have
the following theorem, with proof omitted.

Theorem 4. For any constant ¢ > 1, there exists a constant C such that, for any n > 1, m > 1, any large enough H, any succinct sub-

additive valuation function profile v = (v;)ic[n), and any DSIC Bayesian mechanism M making less than Cnmlog. H non-adaptive

value and quantile queries to the oracle, there exists a multi-item Bayesian auction instance % = I(N , M, D) with valuation profile v,
PT(Z)

where |[N| =n, M| = m and the item values are bounded in [1, H], such that Rev(M(Z)) < ==

Succinct sub-additive valuations is a very broad class and contains single-item, unit-demand, and additive auctions as
special cases. Thus Theorem 3 and 4 automatically apply to those cases. We also note that it is shown in [45] that the
optimal BIC revenue exceeds the optimal DSIC revenue by a constant factor even for two i.i.d. additive players and two
identical items. So even with infinite samples, there exist constants ¢ > 1 such that no c-approximation to OPT is possible.

However, Theorem 4 is stronger: for every constant ¢ > 1, one needs at least the given number of queries to get a c-
approximation.

5. Extension I: single-item auctions with regular distributions

In this section, we show that when we only consider regular distributions for single-item auctions, the query complexity
can be much lower. In fact, we no longer need the small-tail assumptions explicitly even when the supports are unbounded.

12
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Mechanism 6 Efficient quantile Myerson mechanism for regular distributions, Mgyg.

1: Given € > 0, run algorithm Aq with § = 5 and €; = 55 for each player i’s distribution D;, with the returned distribution denoted by Dj. Let
D' = XieN D;.
2: Run Mpgs with D’ and the players’ reported values, b = (b;)icn, to get allocation x = (x;)jen and price profile p = (p;)icy as the outcome.

More precisely, for the upper-bound, we show that regular distributions satisfy the small-tail property with a properly
defined tail function. Thus our techniques for distributions with small-tails directly apply here.

For the lower-bound, recall that in Section 4 we allow the distributions to be irregular. To construct the desired distribu-
tions, we can first find the un-queried quantile interval and then move the probability mass from its end points to internal
points. Because the distributions can be irregular, we have complete control on where to put the probability mass. However,
if the distributions have to be regular then this cannot be done. Instead, we start from two different single-peaked revenue
curves and construct regular distributions from them. We still want to move probability mass from the end points of the
un-queried quantile interval to internal points, but such moves must be continuous in order to preserve regularity. Finally,
our lower- and upper-bounds are tight upto a logarithmic factor.

5.1. Upper bound

Our mechanism Mgypg (i.e., “Efficient quantile Myerson mechanism for Regular distributions”) first constructs the dis-

tribution D’ that approximates D using the quantile-query algorithm .4¢ with parameters § = % and €; = Zgﬁ; and then

runs Myerson’s mechanism M gs on D’. Formally, we have the following theorem.

Theorem 5. Ve € (0, 1), and for any single-item instance Z = (N, M, D) where D is regular, mechanism Mgpg is DSIC, has query

complexity O (nlogq g), and Rev(MEgmr(2)) > O'l)lf).

: : x_ €2 x _ p—1 * s % 160PT(Z) = A . .
Proof. Consider the quantile value ¢* = 5z and vi = F; " (1—q%). Let v; = max{v}, ==}, and D1, ..., Dp be imaginary
distributions obtained by truncating D1, ..., D, at ¥; (i.e., a sample v; from D; is obtained by first sampling v; from D; and

then rounding down to ¥; = min{v;, ;}). Finally, denote by Z = (N, M, D) the imaginary Bayesian instance where players’
values are drawn from D.

Note that D’ is also a discretization distribution for D, following the proof and notations of Theorem 2, letting v; be the
value first sampled from D; then rounding down to the support of D’, we have Mgyr is truthful and using the technique
of Mechanism 5, we have

Rev(MEepmr(Z)) = Rev(Muygs(v, D)) > Rev(Mpurs (v, D))
=2, B D) Pr v = pi(vi; D)]

i v_i~D_;

= Z E  pi(v_g; D)- B Pl'l_) lvi = pi(v—i; D)]- (s c1e0rmm) +1 . 16001T) ). (8)
5 Vi~Dj i=" € i €

i v_ij~D_;
We bound the indicators separately.

Z E pi(v_i;D)- Pr [V > pi(v_i; D)]- I  160PT(T)

i V_i~D_;

= Z E pi(v—i; D) o PI‘D [vl_ = pi(v—i; D)] ’ 160[71'(1 (IP V_i; D)<v* +Ipz(v i D)>v*)
PV vi~Di

i v_ij~D_;

> . _ = B
+% v,lirD,[VI pi(v_i; D)]- I, * < 160PT(CT) lPi(V7i§D)<V,-

> Z D;]NE}D;[pi(\_/fi; D)- 7

160PT(Z) €2

+(pi(V_i; D) - ‘-,.lir[‘),[‘_/i > pi(V_i; D)] — e m) .IVT 160PT(T) * Ip,-(f/,,-;f))zv;*]
V_i; :D Pr [vi> V_i; ) I — — -OPT(Z 9
= 1 + -y i(V_i; D) - By D,[ i > pi(v_i; D)]- OI’T(I> 16 @. (9)

The first inequality here holds because for price p;(v_;; D) < v, we have

Pr [vi 2 pi(v_ I,D)]> <
Vi~D; +Z

Pr [V1>P1(V 17D)]

13
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due to the structure of the quantile queries for D’. For price p;(V_i; D) > v, when vi < w, by the regularity of Dj,
the optimal reserve corresponds to the quantile interval (%, 1]. Thus we have

pi(v_i; D) Pr [v; >pi(v_;;D)]>0

vi~Dj
>pi(v_i: D). Pr [V = pi(v_; D)] = v} - Pr [V;>V]]
vi~D; V,’VD,

- _ - 160PT(Z) €2
>pi(v_i:D)- Pr [Vi>pi(v_i;D)] — ——— - o
vi~Dj € 25611

since the expected revenue is non-decreasing for quantile range [0
indicator for Equation (8), we have

, 256n] Thus Equation (9) holds. Then for the second

Z E pi(v_,-;D)-_PrD [vi > pi(—iz D)1 -1 ._ 1eoprcz)
v vi~Dj ! €

i v_ij~D_;

i(V_i:D)- Pr [V;=pi(V_i; D)]-1 v¥> 160PT(D) (10)
€

—i~D_i vi~D;

also by the construction of the quantile queries for D’. Combining Equation (8), (9) and (10), we have

ReV(MEMR(I))

> ) E pi(v—i: D) Pr (Vi = pi(7—i: D)1 -1, _sorr — <= - OPT(Z)
+4 i V-i~D-i Vi~ Dl

1
e Z E_ pi(V—iiD)- Pr [¥iz pi(i—i: D)1, somm

—i™ —1 Vl Dl

1 o
=17 %ReV(MMRS(V, D)) — E - OPT(Z).

By the optimality of Myerson’s mechanism, Rev(Mygs(V, D)) = OPT(Z). By Lemma 2 of [22], for 0 <8 <1, OPT(Z) >
(1 — 8)OPT(Z) —that is, the optimal revenue under the discretized distribution is at least (1 — §) of the optimal revenue
under the original distribution. Plugging in § = %. Rev(Mpyrs (v, D)) > (1 — %)OPT(I). Thus we have

Rev(MEgmr(D))
€ € 1
2 OPT(D) — = -OPT(D) > mOPT(I).

>

1+%
Thus Theorem 5 holds. O

Following [29], the sample complexity for single-item auction with regular distributions is ©(ne=3). However, in the
definition of sample complexity, each sample is a valuation profile of the players and consists of n values, and thus ©(n%e~3)
values in total. When € is small, the query complexity in this setting is O (ne ! log g), which is much lower than the sample
complexity.

5.2. Lower bound

With regular distributions, by Lemma 3.6 in [23] it is sufficient to use a single sample (i.e., a random value drawn from
the distribution) to achieve 2-approximation in revenue for single-player single-item auctions. Because every distribution
is a uniform distribution in the quantile space, a sample for such auctions can be obtained by first choosing a quantile g
uniformly at random from [0, 1] and then making a quantile query. Thus, a single query is also sufficient for 2-approximation
in this case. As such, unlike Theorem 4 where we have proved lower bounds for the query complexity for arbitrary constant
approximations, for regular distributions we consider lower bounds for (14 €)-approximations, where € is sufficiently small.
More precisely, we have the following.

Theorem 6. For any constant € € (0, &), there exists a constant C such that, for any n > 1, any DSIC Bayesian mechanism M making
less than Cne ~! non-adaptive value and quantile queries to the oracle, there exists a multi-player single-item Bayesian auction instance

Z = (N, M, D) where |N| =n and D is regular, such that Rev(M(Z)) < OlmTf).

14
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R1(q)

L _

0 qc e 1 gq

Fig. 1. The revenue curve of Dj.

We only prove Theorem 6 for the single-player case, as in the following lemma. The lower bound for general multi-player
single-item auctions can be proved using the same technique as in Theorem 4, thus the full proof has been omitted.

Lemma 4. For any constant € € (0, 61—4), there exists a constant C such that, for any DSIC Bayesian mechanism M making less than C /e
non-adaptive value and quantile queries to the oracle, there exists a single-player single-item Bayesian auction instance Z = (N, M, D)

where D is regular, such that Rev(M(Z)) < 01131(?.

Proof. Since the distributions are unbounded, we can always construct the distributions such that for any finite number of
value queries, the responses for the value queries have almost none contribution to the optimal revenue. Thus we only need
to focus on the lower bound for quantile queries.

Letting k = (i} and C 2 % Here § is a constant to be determined later and §, € satisfies that k > 2. In our construc-
tion, we divide the quantile interval [0, 1] into k 4+ 1 sub-intervals each, with the right-end points defined as follows: from
left to right, go =0, qr+1 =qr + 6€ for each t € {0, ...,k —1}.

Accordingly, for any Bayesian mechanism M that makes less than % non-adaptive quantile queries, there exists a quan-
tile interval (g¢, gr11) such that, g.41 <1 — 28€ and with probability at least 1, no quantile in (g, ge41) is queried. Indeed,
if this is not the case, then with probability at least 1, all the quantile intervals except (1 — 28¢,1 — 8¢€) and (1 — 8€, 1)
are queried. Since there are at least k — 2 quantile intervals, the expected total number of queries made by M is at least
k—1>152¢ = £ a contradiction.

We now construct two different single-player single-item Bayesian instances

{Iz =(N,M, Dz)}ze{1,2}7

where the distributions outside the quantile range (q:, q¢+1) are all the same. Thus with probability at least % mechanism
M cannot distinguish the Z,’s from each other. We then show that when this happens, mechanism M cannot be a (1+3¢)-
approximation for all instances Z,.

Let R be a parameter that is large enough such that no value query will get any useful response. Then the first distri-
bution D7 with value bounded within [0, (‘%] is defined as follows, where Fq(-) is the cumulative probability function of
D1.

R | S R
P =] LT T 05 <60
1, v==R,
qr
That is there is a probability mass 1?55 at value % and within interval [0, %) it is a continuous distribution. Then for
any quantile in range (0, &], the oracle will response q%. For quantile g in range (&, 1], the oracle will response
v(q) = 1_§M (% — 1). Therefore the revenue function with related to the quantile q is
R qt
(-0, 13 <q=1
_ ) = ¢ > T-5€ =5
R1(q) = R‘Jr+1 ¢
T—de 9= 15"

The revenue curve R{(q) is illustrated in Fig. 1.
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Ra2(q)

R R
2(1-3¢€) +3 )

qr g qe+1 1 q

Fig. 2. The revenue curve of D;.

The second distribution D, with value bounded within [O, 5[] is defined as follows, where F,(-) is the cumulative
RQ2—8¢€)
—(2-86)(1—qr4+1) *

probability function of D;. Let v* = 750 Since q+1 <1 — 28¢, v* > 0 is well defined and it is easy to

check v* < £,
qe
R *
i <
1 T=qr VIR 0<v<v*
_ _ __RA-=s¢) * o R
PO =11-mm=a—= V" =V <g
_ R
1, V=g

That is, there is a probability mass q; at value % and a two-step continuous distribution within [q;,q*] and [q*, qr+1].
Thus for any quantile in range (0, g;], the oracle will response q%' It can be calculated that the quantile of value v* is
q* =1— 55255 - (1 = ge+1). Then for quantile g in range (qr, g*], the oracle will response v(q) = §(1 -
R
1—qrn1

q R
1+q[t76e) + 1+qr—b€ *
For quantile q in range (g*, 1], the oracle will response v(q) = (% —1). Therefore the revenue function with related to

the quantile q is

R
m(l—QL " <q=1,
Ro@ = 1gse(1+a—3€). =g <q*,
R, q=4t.

The revenue curve Ry(q) is illustrated in Fig. 2.

Indeed when the quantile query is from [0, q;] U [g¢+1, 1], the oracle’s answers for all distributions are the same. Accord-
ingly, with probability at least % mechanism M cannot distinguish D,’s from each other, which means it cannot distinguish
T,'s from each other, as desired.

Since M is truthful, the allocation rule for the player must be monotone and he will pay the threshold payment set

_ (4—86)R : _ _R :
by M, denoted by P. Let P* = IA=so-@=sd=ar)" Here P may be randomized. Recall that OPT(Z1) = 1=5. If with

probability % setting the price P < P*, then for instance Z;, we have

Rev(M(T1)) < ~OPT(T)) + (X 4 By
=3 VT3 a1 —=5¢) " a
7R R R 1 OPT(Z;)
=— +—=——(1—=6¢ | < —
8(1—8¢) 8 1-46¢ 8 1+4e

when & > 32. On the other hand, recall that OPT(Z2) = 57555 + § = gz(l_f?g If with probability 1, the price P > P*, for
instance Z,, we have

(4—368¢)R _ (2—38€)R (4 —46¢e)R

2(4—20€) _ 4(1—5e) | 2(4—20€)

_(2-5eR (1 L d-sea— ae)> _ ortzy (] ke ) _ OPT(Zy)
2(1—6¢) \2 2(2 — 8¢€)2 2(2 — 8¢)? 1+ 4e

Rev(M(T)) < %OPT(IZ) +
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Mechanism 7 Mechanism Mgyyp for unit-demand auctions.

1: Given H and € > 0, run the value-query algorithm Ay with H and & = € for each player i's distribution D;; for each item j. Denote by ng the returned
distribution. Let D} = XjeMD;j and D’ = xenDj.

2: Run Myp with D" and the players’ reported values, b = (bjj)ien, jem, to get allocation x = (xij)ien, jem and price profile p = (p;)ien as the outcome.

when § > 32. Thus for any mechanism M with O(%) quantile queries, there exists z* € {0, 1} such that when € < 61—4 and
§ =32,
OPT(Z,+)  OPT(Z) OPT(Z,+)
< .
2 2(1 4+ 4e¢) 1+€

Therefore Lemma 4 holds. O

Rev(M(Z)) <

6. Extension II: multi-item auctions

In this section, we generalize the query complexity to multi-item settings. For multi-item settings, the optimal BIC
mechanism cannot be implemented in dominant strategies [45], and the goal in this section is to show that similar to
single item settings, the simple DSIC mechanisms for unit-demand or additive settings can be implemented with limited
queries. We will focus on the situation when there is no noise in the queries, and the case when the queries contain 7-noise
can be directly obtained in the same manner as in Section 3.3.

6.1. Bounded distributions

In this section, we consider multi-item auctions where all distributions are bounded within [1, H], and we construct
efficient query mechanisms whose query complexity matches our lower-bounds. We show that it is sufficient to use only
value queries scheme Ay defined in Section 3.1.

The problem of unit-demand auctions and additive auctions is much more complicated compared to the single item
auctions analyzed in Section 3. The optimal auction may involve lotteries and bundling, and the revenue monotonicity may
not hold [33]. Even (disregarding complexity issues and) assuming we can design an optimal Bayesian mechanism for D’,
it is unclear how much revenue it guarantees under equilibrium when the players’ values come from the true distribution
D. To overcome this difficulty, we rely on recent developments on simple DSIC mechanisms with approximately optimal
revenue.

The mechanism for unit-demand auctions is sequential post-price [36] and the analysis is relatively easy. For additive
auctions, the Bayesian mechanism either runs Myerson’s auction separately for each item or runs the VCG mechanism with
a per-player entry fee [44,12]. However, an easy and direct analysis would lose a factor of m in the query complexity.
To achieve a tight upper-bound, we need to really open the box and analyze the mechanism differently in several crucial
places, exploring its behavior under oracle queries.

To sum up, given our query scheme, our mechanisms are black-box reductions to simple Bayesian mechanisms, thus are
simple, natural, and easy to implement in practice, while the analysis is non-black-box, non-trivial and reveals interesting
connections between Bayesian mechanisms and query schemes.

6.1.1. Unit-demand auctions

The main difficulty for unit-demand auctions is that we no longer have revenue monotonicity as in single-item auctions.
Our analysis then comes in a non-blackbox way and relies on the COPIES setting [15,36], which provides an upper-bound for
the optimal BIC revenue. By properly upper-bounding the optimal revenue in the COPIES setting under D’, we are able to
upper-bound the optimal revenue in unit-demand auctions using the expected revenue of Mgy yp. More precisely, we have
the following theorem.

Theorem 7. Ve > 0, for any unit-demand instance Z = (N, M, D) with values in [1, H], mechanism Mgyyp is DSIC, has query

complexity O (mnlog; . H), and Rev(Mgyyp(Z)) > 23‘2@).9

We prove Theorem 7 in the appendix. Below we provide some intuitions on designing mechanism Mgyyp. Let us
first recall the sequential post-price mechanism Myp. This mechanism processes the players one by one according to an
arbitrary order, computes a price for each player i based on remaining items, remaining players and the prior distribution,
and lets i choose his utility-maximizing item (or choose none). The revenue of this mechanism is analyzed by reducing the
unit-demand instance to the COPIES setting, which we introduce below.

For a unit-demand auction instance Z=(N, M, D), the corresponding COPIES instance is denoted by zcP :(NCP, MCP, D),
where each player i € N has m copies and each item j € M has n copies, and player i’s copy j is only interested in item j’s

9 Note that in order to get the bound in Table 1, by setting € as a constant such as 0.1, the approximation to the optimal revenue is a constant, and the
query complexity is O (mnlogH).
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Mechanism 8 Mechanism MEgypycc to approximate Mpycc via value queries.

1: Given H and € > 0, run the value-query algorithm Ay with H and § = +/€ +1 —1 for each player i’s distribution D;; for each item j. Denote by lej
the returned distribution. Let D} = x]-EMD;J. and D’ = xjen D
2: Run Mpycg with D’ and the players’ reported values, b = (bjj)ien, jem, to get allocation x = (xjj)ien, jem and price profile p = (p;)ien as the outcome.

copy i, with value v;; drawn independently from Djj. Thus N7 = M®? = N x M, and Z¢P is a single-parameter instance.
Denote by N; the set of player i’s copies and by M; the set of item j’s copies. Note that both {N;}iey and {M;}jcy are
partitions of NP (and MCP). Two natural constraints are imposed on feasible allocations under the COPIES setting, so as
to connect it with the original unit-demand setting: (1) for each player i, at most one of his copies gets an item; and (2)
for each item j, at most one of its copies gets allocated. Accordingly, letting g5 be the probability that a feasible mechanism
allocates an item to a player copy s € N7, we have ZseNi gs <1 for each i € N and ZSGMJ_ gs <1 for each je M.

The corresponding mechanism ME,’Z) for the COPIES setting works in the same way as Myp, except that it considers
an arbitrary order of the players in N¢7, thus different copies of the same player may not be processed together. When
evaluating the performance of mechanism MS’,’J the order of the players is chosen by an online adaptive adversary, who
tries to minimize the expected revenue of the mechanism. Because this adversary is the worst-case for mechanism Mﬁ’;

Rev(Myp(Z; D')) = Rev(ME (ZCP; D))

for any distribution D’, where the latter is the expected revenue of Mg’; under the online adaptive adversary. Indeed,
mechanism Myp can be considered as ./\/16% under a specific order where all copies of each player come together, thus

the revenue is at least that when the order of N7 is adaptively chosen by the adversary. Given the above discussion, we
are able to prove Theorem 7 and the formal proof is in Appendix B.

6.1.2. Additive auctions

For additive auctions, the DSIC Bayesian mechanism in [44,12] chooses between two mechanisms, whichever generates
higher expected revenue under the true prior D. The first is the “individual Myerson” mechanism, denoted by My, which
sells each item separately using Myerson’s mechanism. The second is the VCG mechanism with optimal per-player entry
fees, denoted by Mpycc.

In our mechanism Mgy 4, the seller queries about D using algorithm Ay with properly chosen parameters. Given the
resulting distribution D’, the seller either runs My or runs Mpycg as a blackbox, resulting in query mechanisms Mgy y
and Mgypyvcg. We only define the latter in Mechanism 8, and the former simply replaces Mpgycc with M. Note that
Rev(MEgy m(Z)) = Rev(My(Z; D)) and Rev(MEgypycc(Z)) = Rev(Mpycc(Z; D). However, the seller cannot compute
these two revenue and choose the better one, because he does not know D. Thus he randomly chooses between the two,
according to probabilities defined in our analysis, to optimize the approximation ratio. We have the following theorem.

Theorem 8 is harder to show. Indeed, one cannot use revenue monotonicity or the COPIES setting to easily upper-bound
the optimal BIC revenue. Our analysis is based on the duality framework of [12] for Bayesian auctions, properly adapted for
the query setting.

Theorem 8. Ve > 0, for any additive instance Z = (N, M, D) with values in [1, H], mechanism Mgy 4 is DSIC, has query complexity

0 (mnlog, . H), and Rev(Meva(Z)) > gD,

The proof of Theorem 8 required unraveling the details from the duality framework and the core-tail decomposition
technique introduced in [12,44]. Intuitively, selling items separately covers the revenue contribution of the optimal mech-
anism from the tail and selling items with entry fees covers the revenue contribution from the core. We show that given
access to value queries, those two mechanisms still separately covers the revenue contribution of the optimal mechanism
from the tail and the core with original distributions. Thus randomly choosing from Mgy y and Mgypycc provides an
8(1+ €)-approximation to the optimal revenue. The details of the proofs resemble the techniques in [12], which is relegated
to Appendix B.

6.2. Unbounded distributions

In this section, we consider unbounded distributions but have small tails. We provide upper bounds on the number of
quantile queries required for implementing the approximately revenue optimal mechanisms.

6.2.1. Unit-demand auctions
The unit-demand mechanism MEgqup is similar (see Mechanism 9), and we have the following.

Theorem 9. Ve > 0, any unit-demand instance Z = (N, M, D) satisfying Small-Tail Assumption, MEgqup is DSIC, has query complex-

ity O (—mnlogy ¢ h(3(12—fr6))), and Rev(MEgqup(@)) > 2911?1—(42)'
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Mechanism 9 Mechanism Mgqyp for unit-demand auctions.

1: Given € > 0, run algorithm Aq with § = % and € =h(ﬁ) (ie, 81 = 3(12—;) for Small Tail Assumption 2), for each player i’s distribution D;; on

each item j. Denote by D[fj the returned distribution. Let D = ><jeMlej and D’ = xienDj.
2: Run mechanism Myp with D" and the players’ reported values, b = (bjj)ien, jem. to get allocation x = (x;j)ien, jem and price profile p = (p;)ien as the
outcome.

Mechanism 10 Mechanism MEgq gy cg for additive auctions.

1: Given € > 0, run algorithm Aq with § = (1 + %)1/’” —1and €1 = h(m) (ie., &1 = m for Small Tail Assumption 1), for each player i’s
distribution D;; on each item j. Denote by ng the returned distribution. Let D} = XjEMng and D’ = xienDj.
2: Run Mpycc with D’ and the players’ reported values, b = (bjj)ien, jem, to get allocation x = (xjj)ien, jem and price profile p = (p;)ien as the outcome.

The proof of Theorem 9 is similar to that of Theorem 7, but Lemma 2 above is used instead of Lemma 5 of [22], and
the round-down scheme is replaced by the randomized round-down scheme designed in the proof of Lemma 2. The details
have been omitted.

6.2.2. Additive auctions

For additive auctions, to approximate Mgy cg, not only we need the Small-Tail Assumption, but we also approximate D
by running the quantile-query algorithm Aq with different parameters. The resulting mechanism Mgqpvce is defined in
Mechanism 10, and the mechanism MEgq v simply replaces Mpycc with Mjy. Again, in the final mechanism Mgq 4 the
seller randomly chooses between the two query mechanisms, according to probabilities defined in the analysis. We have
the following theorem.

Theorem 10. Ve > 0, any additive instance Z = (N, M, D) satisfying Small-Tail Assumption, MEgq 4 is DSIC, has query complexity

O(—mznlogH% h(fo7ey)> and Rev(Meqa (D)) = g(pa(_g.

The proof of Theorem 10 is technical which requires a deep understanding of mechanism M¢gqpvcg, and thus we defer
the proof to Appendix B as well.

The main advantage of using quantile queries is to handle unbounded distributions. In addition, we can use the resulting
query mechanisms to construct sampling mechanisms; see Section 7. As shown in Theorem 10, the query complexity of
mechanism MEgqa has an extra factor of m compared with that of Mgy 4 (and the lower bound). It would be interesting
to see whether our lower-bounds can be improved in this scenario.

6.3. Using quantile queries for bounded distributions

As a corollary, Theorems 2, 9 and 10 also provide another way to approximate the optimal BIC revenue using only
quantile queries when the distributions are bounded. More precisely, we have the following.

Corollary 1. For any € > 0, H > 1, and prior distribution D with each D;j bounded within [1, H], there exist DSIC mechanisms that

use O(mnlogy . W) quantile queries for single-item auctions and unit-demand auctions, and use O (m?n logy ¢ W)
quantile queries for additive auctions, whose approximation ratios to OPT are respectively 1+ €, 24(1 + €) and 8(1 + €).

Proof. We only need to show that the Small-Tail Assumption is naturally satisfied when the distributions have bounded
supports. For example, consider additive auctions where all values are in [1, H], as considered in [35,18]. Then mH and 1
are straightforward upper- and lower-bounds for OPT(Z), respectively. Moreover, by individual rationality, mH is an upper-
bound for the revenue generated under any valuation profiles. Given &1, let €1 =h(87) = mf:m and denote by E the event
that there exist at least one player i and one item j with g;j(v;j) < €1. By the union bound, Pr[E] <mne; =mn- mf;H = n‘:—lH
Therefore

E_Taij gy vip=e ReVOM(v; 1)) < mH - Pr{E] < 61 < 81OPT(D).
v~
Combining this observation with Theorems 2, 9 and 10, we have Corollary 1 when the values are all bounded in [1, H]. O

Remark: Since bounded distributions are special cases of unbounded distributions with the Small-tail Assumption. The
lower bound for bounded distributions in Theorem 4 can be directly applied to obtain the lower bounds for unbounded
distributions with the Small-tail Assumption.
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Mechanism 11 Sampling mechanism Mgy.

1: For single-item auctions and unit-demand auctions, given € > 0, set § = % € = h(%) and k = [logy é]; define the quantile vector as q =
@091, Ge-1,q0) = (1Lt 1+ O, e1(1 4 8), €1).
For additive auctions, given € > 0, set €; =h(m) and k= LlJ' define the quantile vector as q = (qo, q1, - -, qk—1, qk) = (1, keq, ..., 2€1, €1).

2: For each player i and item j, given t samples Virj = {vi1 s v .}, without loss of generality assume "11 > sz >
be the value corresponding to the quantile query q;. (”! tq, is not an integer then the mechanism takes [tq;]. )

3: Construct a discrete distribution ng as follows: lej(vfj‘-") =q; — q41 for each 1 €{0,...,k—1}, and D;l-(vfjg") = ¢;. Finally, let D} = XjSMD[fj for each
player i and let D’ = xcnDj.

4: Run M ygs/Muyp[Ma with distribution D" and the players’ reported values.

- > v};. For each quantile gy, set vf}“ to

7. Extension IlI: sampling mechanisms

Using our techniques for query complexity, we can easily construct sampling mechanisms for multi-parameter auctions.
Currently, the sample complexity for unit-demand auctions and additive distributions has been upper-bounded in [4,38,26,9]
for bounded auctions. In this section, we provide another way to explicitly construct sampling mechanisms for both unit-
demand and additive auctions, for arbitrary distributions with small-tails as well as for bounded distributions. As we will
see, the revenue approximation ratios obtained in this section for unit-demand and for additive auctions are better than the
results shown in Table 2.

The idea is to use samples to approximate quantile queries. Mechanism 11 defines our sampling mechanism M. Recall
that mechanisms Mrs, Myp and M4 are known (approximately) optimal DSIC mechanisms for single-item, unit-demand
and additive auctions respectively. Note that in mechanism Mgy, we use a different method to discretize the quantile space
for additive auctions, so as to further reduce its sample complexity. In particular, we have the following theorem, which is
proved in Appendix C.

Theorem 11. Ve > 0 and y € (0, 1), for any Bayesian instance Z = (N, M, D),

o forsingle-item auctzons satisfying the Small-Tail Assumption, with Oh~ 2(3(l+e)) (ﬁ)*z) samples, mechanism M sy, achieves
H€ OPT(Z) with probability at least 1 — y;

e for unit-demand auctions satlsfymg the Small-Tail Assumption, with O (h~ 2(3(1+€)) (1 y~2) samples, mechanism Mgy
24(1+6) OPT with probability at least 1 — y ;

o for additive auctions satlsfymg the Small-Tail Assumption, with O (h=%( 10(1€+€) )(% —

revenue at least ——

achieves revenue at least 5~—
—2) samples, mechanism Mgy

1
1+1+5U/m )
achieves revenue at least

8(1 OPT with probability at least 1 — y.

Remark Following the convention in the literature, a logarithmic factor depending on y has been absorbed in 0().
If the values are bounded in [1, H], by defining the tail function h according to H, the resulting sample complexity is

O (m*n?H?(1 4 €)*e~*) for unit-demand auctions and O (m*n?H?(1££)2(§ — W))‘Z) for additive auctions.
5

8. Conclusion and future directions

We studied the query complexity of Bayesian mechanisms in this work, where the seller only has limited oracle ac-
cesses to the players’ distributions, via quantile and value queries. We prove logarithmic lower bounds for any constant
approximation DSIC mechanisms for single-item auctions and multi-item auctions with subadditive valuations. For single-
item, unit-demand and additive auctions, we prove tight upper-bounds via efficient query schemes. Thus, in those settings
the seller needs to access much less than the entire distribution to achieve approximately optimal revenue. As this is the
first time the query complexity of Bayesian auctions is considered, many interesting questions about the query complex-
ity of Bayesian auctions are worth exploring. First, as mentioned, there is a logarithmic gap between adaptive queries and
non-adaptive queries for multi-item auctions. It is intriguing to design approximately optimal Bayesian mechanisms with
matching query complexity using adaptive queries. Moreover, in this work, we have focused on designing query mechanisms
for additive and unit-demand valuations, another interesting direction is to design query mechanisms for general subaddi-
tive valuations. Finally, it is interesting to study more complicated settings when the oracles are also rational players or
even the buyers themselves.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

20



J. Chen, B. Li, Y. Liet al. Artificial Intelligence 303 (2022) 103630

Appendix A. Missing proofs for Section 3

We now prove the claims used above.
Claim 1 (restated). Pry;~p;[vi > pi(v_i; D)|qi(vi) > €1] < (1 + 8) Pry;~p;[v; = pi(v—i; D)].

Proof. By definition, q;(v;) > €; implies v; < V| ek where V1 K
that v <v] i.x for any v If pi(v_s; D) > v, 1 then both probabilities are 0 and the inequality holds.
Below we consider the case p;(v_j; D) < v;;k. Let v§;71 =—1and [ €{0,1,...,k} be such that v}, > p;(v_;;: D) and

vi,_q < pi(v_; D). We have

is the largest value in V;, the support of distribution D;. Note

SR iz piv—i; D)lgi(vi) > €1]
= Pr[vi = pi(vis D)lai(vi) > 1]

+
=, P Vi = vilaiv) > €]

Pr [v; > V&[,] lgi(vi) > €1l
vi~D;

vllirDl[" zv 1max{01 114i(vi) > €1]

Pry~p;[v; = V;;max{o,lf
Pry,~p;[qi(vi) > €1]
Pry~pi[Vi = Vi pnaxio—1y) = Prviedi [Vi = Vi oo -1y and qi(vi) < €1]
Pry;~p;[qi(vi) > €1]
Pry;~p;[v; = V;;max{o,l—l}] — Pry;~p;[qi(vi) < €1]
Pry;~p;[qi(vi) > €1]

< >
= lelbl[v vl ;max{0,/— l}]

1} and Qi(vi) > €1]

= ,PrD,[v > Vi maxio.—1)] = dmax(o.1-1) < (1 +8)qy
Vi’\'

=148 Pr [vi=vi]=1+8) Pr [vi>pi(v_i;D)]
vi~Dj ’ vi~Dj
=(1+3) Pr [v; >pi(v_i; D)],
vi~Dj
as desired. Indeed, the first inequality is because v+ > v;, and the first equality is because v € V{ U {400} and thus
vJr > pi(v_j; D) if and only if v+ > v Slmllarly, the second equality is because (v;, +) and ("11 1 11) are two pairs
of consecutive values in V{ U {-1, —|—oo} thus v > v,l if and only if vi7 > V; j—1- The third equality is because v; > vl 0
always. The sixth equality is because q;(v;) < €1 implies v; > vI P l,, thus v; > vl'max{O 1) The seventh equahty is by
the definition of the round-down scheme. The following two equalities and the inequality are by the construction of D}
1
and the definition of the quantile vector g. Indeed, (1+8)qgo=1+38 >1=gqq, (1+8)q; =€1(1 +8)* > 51(1 + (S)log”5 a =
€1+ =1=qo, and (1+8)q; =q_; for any [ > 2. The second-last equality is because vi e V|, thus vi > v} i if and only if
vi> p,(v_,, D). Finally, the last equality is again by the definition of the round-down scheme O

Claim 2 (restated). Rev(M*(Z")) > l+e OPT(2).

Proof. Combining Equation (2) and Claim 1, we have

Rev(M"* <I>)>—ZV E piv—iiD)- Pt [viz pi(v—s: D)lai(v) > €1l.
Accordingly,
Rev(M* (I’>)>—Z E  Piv-izD)- Pr[vi= pi(v—i D)lgi(vi) > €1]
Voi~D—i
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21+SZ E pi(v-i:D)- Pr [qi(vi)> €1 and v 2 pi(v—i; D)]

v_i~D_;

1
=T 2 By B PO D) v Tz
1
=173 E Z': Pi(v—i; D) -Igvpy>er - vizpi(v_i;D)
> L E Wigiv)>e 'Zpi(vfﬁ D)ly;>pi(v_i:D)
1438 v~D :
- IEI i q;(vi)>e; - Revopr(v; Z)
1+ 8
1-—
= 14+ 8 an

Here the second last equality holds by the definition of p;(v_j; D) and Revopr(v; Z), and last inequality holds by the Small-

Tail Assumption. Since § = % and 81 = 3(12—;) we have
1-61 1
1+8  1+¢€’

thus Claim 2 holds. O

Appendix B. Missing proofs for Section 6

Theorem 7 (restated). Ve > 0, for any unit-demand instance Z =I(N, M, D) with values in [1, H], mechanism Mgyyp is DSIC, has
query complexity O (mnlogy, H), and Rev(MEgyyp(Z)) > %.

Proof. It is easy to see that the query complexity of Mgyyp is O(mnlog, H), since each distribution D;; needs
O (logy, ¢ H) value queries. Also, it is immediate that Mgyyp is DSIC.
Below we prove the revenue bound. By construction,

Rev(MEevup(Z)) =Rev(Myp(Z; D). (12)

Let 7/ = (N, M, D’) and Z'°P = (NP, MCP D). We state the following lemma, which is proved later. Intuitively, the lemma

states the fact that in mechanism Mf,’; the revenue of the seller is not affected when the true valuation distributions of

the players are shifted from D’ to D.
Lemma 5. Rev(Myp(Z; D)) = Rev(MG] (ZCP; D')) = Rev(MGD (T P)).

By Theorem 1 of [36], the sequential post-price mechanism is at least a 6-approximation to the optimal BIC revenue in
the COPIES setting. Thus

Rev(MGP (Z'CP)) > %OPT(I/CP). (13)

Next, because the COPIES setting is a single-parameter setting, and because of the way we discretize the value space in
algorithm Ay, by Lemma 5 of [22] we have

1
OPT(Z' Py > —OPT(Z¢P). 14
( ) > s ") (14)

Finally, by Theorem 6 of [12], the optimal BIC revenue in the COPIES setting is a 4-approximation to the optimal BIC revenue
in the original unit-demand setting. Thus

1
OPT(Z?) > ZOPT(I). (15)
Combining Equations (12), (13), (14), (15) and Lemma 5, Theorem 7 holds. O

It remains to prove Lemma 5.
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Proof of Lemma 5. The inequality is already explained in Section 6.1.1. Now we prove the equality. For any value profile
v~ D, let v/ be v rounded down to the support of D’. That is, for each vj;, vgj is the largest value in the support of D§j
that is less than or equal to v;;. Recall that the support of D§j is the set {vq,---, vk} as defined in the query algorithm Ay.
By the definition of ng, forany 0<Il<k-—1,

= Pr [vij=vi]— Pr [vij>vil=qv) —q(Viz1) =q1 — G141 =D§j(V1),
vij~Dij vij~Dij

and

Vijl’)VrDij[v;j =Vi]= VijlzrDij[Vij >Vl =q(vi) =qx = D;j(vk)-
That is, if v is distributed according to D then v’ is distributed according to D’.

For any value profile v and the corresponding v/, arbitrarily fix an order ¢ of the players in N°P, which is a bijection
from {1,---,mn} to {1,---,mn}. Without loss of generality, each player o (s) gets the corresponding item o (s) whenever
his true value is greater than or equal to the posted price for him. Below we show that mechanism Mg% produces the
same outcome no matter the players’ true values are v or v'. That is, for any s € {1,...,mn}, (1) Mg‘; produces the same
price py(s) under v and v’ for player o (s), and (2) vy (s) > po(s) if and only if v;(s) > Do s)-

To prove these two properties, note that by the construction of mechanism Mg%, the price ps(s) posted to o (s) depends
only on the distribution D’ and the set As(s) of items sold to the players arriving before o (s). Here p,(s) may be randomized
if D ) is irregular, but it always takes value in the support of D/, ) (except that, if selling the corresponding item o (s) to
player o (s) is not feasible anymore, then ps (s = +00).

We prove the two desired properties by induction. When s = 1, property (1) trivially holds, because Ay 1y =@ under
both value profiles. Furthermore, because a realization of ps 1) is always in the support of Dér(l)' and because V27<1) is Vo)
rounded down to the support of D27<1>' property (2) holds when s =1.

Now assume (1) and (2) hold for any s <t with t < mn. We show they also hold for s =t + 1. Indeed, the inductive
hypothesis implies that for any s <t, Ay (s is the same under the two value profiles. In particular, Ay 1) is the same,
which means the price ps 1) is the same. Thus property (1) holds. Property (2) also holds because a realization of ps (1)
is always in the support of D;T(t 1y In sum, for any order o, mechanism Mf,’;, produces the same outcome under the two
value profiles v and v/, thus the same revenue.

Accordingly, under the online adaptive adversary for (Z¢P; D), the revenue Rev(M{P (Z¢P; D")) is the same as the rev-
enue when the players’ true values are obtained by rounding v ~ D to v’. Because the resulting v’ is distributed according
to D', Rev(MGP (ZCP; D)) is at least the expected revenue of MSP under the online adaptive adversary for Z'“". Indeed,
a randomized adversary for Z'P can simulate the adversary for (Z¢P; D’): in each step, given v} with s € N°? being the
player in this step, the former first samples v from Ds conditional on vs rounded down to v}, and then uses the latter to
decide which player arrives next. Thus,

Rev(MGh (ZP: D)) = Rev(MGP (T Py).
Similarly,
Rev(MGP (Z€P: D)) < Rev(MGE (@ Py).

Therefore Rev(M§D (Z€P; D)) = Rev(MS’Z,(I’CP)) and Lemma 5 holds. O

Theorem 8 (restated). Ve > 0, for any additive instance Z = (N, M, D) with values in [1, H], mechanism Mgy 4 is DSIC, has query

complexity O (mnlog . H), and Rev(MEgya (1)) > g?ﬁ;-

Proof. First, it is easy to see that the query complexity of mechanism Mgy, is O(mnlogy, s H), since there are in to-
tal mn distributions and each one of them needs O (log,,;H) value queries in the algorithm Ay. Since § =+e+1—1,
O(mnlogy, s H) = O (mnlog;, H). Second, since mechanisms Mpycc and My are both DSIC, Mgy 4 is DSIC.

Recall that mechanism Mgy 4 randomly chooses between running Mgy y and running Mgy gycg. Therefore, to upper-
bound the optimal revenue OPT(Z) using Rev(MEgy 4(Z)), we only need to upper-bound OPT(Z) using Rev(MEgym(Z)) and
Rev(MEgvpyvcc(@)).

As in [12], we only need to consider the prior distribution D with finite support. Let V;; be the support of D;; for each
player i and item j, V; = XjemVjj and V = xjenVi. In the optimal BIC mechanism, when player i bids v;, let 7;j(v;) be
the probability for him to get item j and p;(v;) be his expected payment, taken over the randomness of the other players’
values and the randomness of the mechanism. Let = = (7jj(Vi))ieN, jeM,v;ev; and p = (pi(Vi))ieN,v;ev;. The pair (i, p) is
called the reduced form (of the optimal BIC mechanism) [10].

Denote by ¢;j(vij) Myerson’s (ironed) virtual value when player i’s value on item j is v;;. For any value sub-profile v_;
of the players other than i, let B;j(v_;) = maxy; vy ;: that is, the highest bid on item j excluding player i. Moreover, let
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rij(V—i) = maxy=p;(v_p{X - Pry;~py[vij > X1}, 1i(v_;) = Zj rij(v—i), ri=Ey_,~p_;[ri(v_)], and finally r =", r;. Note that r
is the expected revenue by running the 1-look-ahead mechanism of [41] for each item separately, and r < Rev(Mp (2)).

Next, we use a different method from [12] to partition each player i’s value space V; into m + 1 subsets. More precisely,
given § > 0 and v_j, let R(()V’i) ={vieV;|vij <(+8)Bij(v_i),Vj}. For any v; ¢ R(()V’i), let j =argmax{v;j — (148)Bij(v—_;)}
with ties broken lexicographically, and add v; to the set ij,,-): note that vij — (1 +8)8;;(v—;) > 0 in this case. Similar to
Theorem 3 of [12], the optimal BIC revenue can be upper-bounded by the sum of the following terms, where D;(v;) and
D_j(v_;) are respectively the probabilities of v; and v_; under D, and I is the indicator function:

OPT(Z) < Single + Under + Over + Tail + Core, (16)
where
Single =37 3 37 Di(vi) - mj(vi) - @y(vip) - P [vi € R,
i vieV; ]
Under=> " " > "Di(vi) - mj(vi)- Y Vij Di(v_dly; <1 +8)p0v_p
i vieV; ] v_jeV_;
Over=> " > Divi)-mj(vi)- Y (148)Bi(v_DDi(v_dDly;=115)p50v_)»
i vieV; ] v_jeV_;
Tail=) > D.i(va) ) > Dij(vij) - (vij — (1 +8)Bij(v_i))
i v_jeV_ Jvij>Q48)Bij(v_i)+ri(v_i)
L Pro Bk#E G vie— (T4 8)Biw(v—i) = vij — (1 +8)Bij(v-i)],
i,—j i,—j

and
Core=>»" > Di(v)y. > Dij(vij) - (vij — (1 +8)Bij(v_i).
i v_jeV_ J A+8)Bij(v_) <vij<(1+8) Bij (v i) +Ti (Vi)

In the following, we bound these terms in Inequality (16) separately. Note that when Mgy y uses the value-query
algorithm Ay to learn a distribution, the parameters are also set to be H and § = /€ + 1 — 1. Thus, applying Theorem 1 to
each item, we have

Rev(M M (Z)) < (1 + 8)Rev(MEeym(T)).

For the terms Single, Under, Over and Tail, we are able to upper-bound them using Rev(MEgym(Z)). Following Lemma 13
of [12], although the term Single has changed from its original form, we still have

Single= " " > " Di(vi) i (vi) - @i(vig) - P [vie Rj-v_i)]
i vieV; j - -

<Rev(Mm(Z)) < (1 + 8)Rev(MEeym(Z)). (17)

Next, using Lemmas 14 and 15 of [12], we upper-bound the term Under as follows:

Under=> "% > "Di(vi)-mij(vi)- Y Di(v_)- Vij by cats)pv_)

i vieV; j v_ijeV_;

= Z Z Z Di(vi) . nij(vi) . Z Dfl'(vfl') s Vij - (lv,-j<ﬁ,-j(v_,-) + I,B,-j(v_i)fv,-j<(1+5)ﬁ,-j(v_,-))
i vieV; j v_ieV_;

<Y D D) vy Y DoV - (Vi Dy gy + OBV Ty piv_)
i vieV; j v_ijeV_;

< Rev(Mm(2)) + (1 + 8)Rev(Mm(2)) < 2(1 + 8)*Rev(MEy m(D)).

The second inequality above is by Lemmas 14 and 15 of [12], which respectively upper-bound the term Over and the term
Under in the original setting. Indeed, we split our term Under into the sum of the original terms Under and Over. Using the
above equation, the approximation ratio to OPT(Z) will be 9(1 + €) eventually. To get the desired 8(1 + €)-approximation,
we prove a variant of Lemma 15 of [12], which directly upper-bounds our term Under as

Under < (1 + 8)Rev(Mm(2)) < (1 + 8)*Rev(Mey 1m(D)). (18)

The actual proof of this alternative lemma is tedious and does not provide new insights to our result, thus has been omitted.
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Next, we upper-bound the term Over:

Over="Y" Y Divi) - mj(vi)- Y (1+8)Bj(v-dDi(v_dlyy=115)850_p

i vieV; j v_ieV_;
S(1+3)Z Z ZDi(Vi)'mj(Vi)' Z Bij(v_)D_i(v_)ly;;>p;(v_p)
i vieV; j v_ieV_;
< (1+8)Rev(Mm(D)) < (1 + 8)*Rev(Mey m (D). (19)

The second inequality above is by Lemma 14 of [12].
Next, we upper-bound the term Tail, which is similar to the analysis of [12], but with the threshold price g;;j(v_;) scaled
up by a factor of (1+§).

Tail=) > D.i(v)) > Dij(vij) - (vij — (1 +8)Bij(v_1))

i v_ieV_ Jvi>A48)Bij(v_i)+ri(v_i)
L Pro Bk# G vie— (4 8)Biw(v-i) = vij — (1 +8)B(v—i)]
i,—j i,—j
<> ) DLy > Dij(vij) - (vij — (1 +8)Bij(v_)
i v_jeV_; J o vig>QQ48)Bij(v_i)+ri(v_i)
L Pro Bk#E L vik— Bik(v-i) 2 vij — (1 +8)Bij(v—i)]
i,—j i,—j
<> Y DLy, > Dij(vij) - (vij — (1 +8)Bij(v_)
i v_ieV_ J o vig>Q48)Bij(v_i)+ri(v_i)

Z P Wik = vij = (1 4+ 8)Bij(v-i) + Bi(v )]

Vik~D

<Z > Doitve I)Z > Dij(vij)

i v_jeV_ j ovij>Q48)Bi(v_p+ri(v_p)

Z(V'] — (1 +8)Bij(v-i) + Bik(v— 1)) PI‘ [V k= Vij — (1+8)Bij(v_i) + Bir(V_i)]

k=1
<> ) DLy > Dij(vij) Y rik(v_i)
i vojeV_ J o vij>A48)Bij(v_)+ri(v_;) k=1
=YY D.(v- I)Zrl(v ) > Dij(vij)
i v_jeV_ vij>(148)Bij (v_i)+ri(v_i)
<Z > Di(ve ,)Z«stu(v DETVoD) P [vi > (14 8B (v-) +ri(vop)]
i v_jeV_; Vi~
<Z Z D_j(v_ 1)ZT1](V 1)—2 Z D_ij(v_pri(v_ 1)—Zr1
i v_jeV_; i v_jeV_;
=1 <Rev(Mu(D)) < (1 + §)Rev(MEeym(Z)). (20)

The second inequality above is by union bound. The fourth and sixth inequalities use twice the definition of r;;(v_;), which
sets the optimal price to maximize the expected revenue generated by selling item j to i. The second equality is by the
definition of rj(v_;).

Finally, we upper-bound the term Core. The Core part is the most complicated, and we use Mgypycc and Mgyiu
together to upper-bound it. To do so, below we rewrite Core into a different form. Similar to [12], arbitrarily fixing v_; and
letting v;j ~ Djj, define the following two new random variables, which again scale the threshold price Bjj(v_;) up by a
factor of (1+6):

bij(v_i) = (vij — (1 4+ 8)Bij (V_i) ;= (14+6)55(v_i)»

and

Cij (V=) = bij(v_d)lp;;(v_py<riv_p)-

Therefore, we have
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Core_Z Z D_i(v_ ,)ZEV,]~DU[CU(V Dl

i v_jeV_;

Letting ej(v_j) = ZjIEV,.jNDU. [cij(v_i)] = 2ri(v_;), following the proof of Lemma 12 in [12], we still have

1
PF[Z bij(v_i) =ei(v_)] > 3
J
In the following, we use the revenue of mechanisms Mgy pycc and Mgy y to bound the Core. To do so, first note that
by the construction of mechanism Mgygycg,

Rev(MEvpyce(T)) = Rev(Mpyce(Z; D).

Let V/ be the support of D”, Vi= ><J€MV”, V' = xienV]. As before, given v; ~ D;, denote by v} € V| the value vector
obtamed by rounding v; down to the support of D}. That is, each vgj is the largest value in V{j that is less than or equal to
vjj. Then,

Rev(Mpyc(Z; D)) = Y Ey_i~p_Ey~pRev(Mpyce(vi, v_i; D)
i
= Ev i~ By pRev(Meyce(v], v_i; D).
i
The inequality is because each player i can potentially buy item j only when j is in his winning set (i.e., he is the player
with highest value for j), and i’s winning set under v is a subset of his wining set under v;. Moreover, the entry fee of i
is the same under both (vi, v_;) and (v§, v_;), as it only depends on D;' and v_;. Thus the revenue inside the expectation
does not increase when v; is replaced by v{. The equality is again because drawing v; from D; and then rounding down to
v is equivalent to drawing v; from D; directly.
Next, we lower-bound ZgEv,i~D,,~Ev;~D;REV(MBVCG(V v_i; D")). As before, arbitrarily fixing v_; and letting v ~ DU,
define

b;‘j(v—i) = (V§j - ﬂij(V—i))lv;jzﬁu(v,iy

Note that b;j(v,i) is a random variable that represents player i’s utility in the second price mechanism on item j with value
v ~ D;], when the other players’ bids are v_; j. Also note that Mpycc uses the optimal entry fee for each i with respect
to v_; and D’, which generates expected revenue from i (over D;) greater than or equal to that by using the following entry
fee,

ei(v_j)

el(v_y) = .
,( l) 1+8

Now we show player i accepts the entry fee e}(v_;) with probability at least % Indeed, for any v; and the corresponding

’
Vi,

Vij
Zbu(v 0= ;w;,- = B (V-Dy; =0 = ?m — Bl g,
1 1
=145 Z(Vij — A+ 9)Bij(v_iDlv;>a+8)8(v_) = F Zbij(v—i)-
j j

The inequality is because Vu > 1+5 and because 1+15 > Bij(v_;) implies v > Bij(v_). Therefore

, e (V i)
= VilzrDi[Xj:bij(Vfi) >ei(v_i] > 5,

as desired. Thus we have
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Rev(MEevevce(D))
>ZEV ~D_ JEV/ND/Rev(MBvccw,,v_,,D)>>72 Y. Doivoi):

i v_jeV_;

2(]+5)Z Z ~i(v—i) Z v,J~DU[Cu(V i) —2ri(v_;) _2(1+8) 0re—1+8.

v_ieV_

That is,

Core < 2(1+4 8)Rev(MEgypycg(Z)) +2r
<2(148)[Rev(MEypvce (D)) +Rev(MEeyim(D))]. (21)
Combining Inequalities (16), (17), (18), (19), (20) and (21),

OPT(Z) < (1 + 8)* 2Rev(MEypvcc (Z)) + 6Rev(MEeyim(Z)))
= (1+¢€) 2Rev(MEevBvce (L)) + 6ReV(MEey M (D)) .

Accordingly, by running mechanism Mgy gy cc with probability % and mechanism Mgy y with probability %, the expected
revenue of mechanism Mgy 4 is

1
Rev(MEeva (D)) = WOPT(I)~

This finishes the proof of Theorem 8. O

Theorem 10 (restated). Ve > 0, any additive instance Z = (N, M, D) satisfying Small-Tail Assumption, Mgq a is DSIC, has query
complexity O (—m?n logpr h(10(1+e)) and Rev(MEgqa(Z)) > g{ﬁg

Before proving Theorem 10, we first analyze mechanism MEgqpvce, and we have the following new lemma.

Lemma 6. Ve > 0, for any additive Bayesian instance Z = (N, M, D) satisfying Small-Tail Assumption, MEgq v cc is DSIC, has query
complexity O(—mznlogH% h(10(1€—+e)))' and

1
R 7)) >
ev(MEeqvec()) > Tre

€ (REV(MBVCG(Z)) —
5

701?(1)) .
10(1+¢)

Proof. First, mechanism Mgqpvcg is DSIC because Mpycg is DSIC. The query complexity is also immediate.

We now focus on the revenue of this mechanism. We explicitly write Mgy cc(Z; D) to emphasize the fact that the seller
runs mechanism Mpgycc on the true valuation profile v ~ D, but uses D’ to compute the entry fees e;. Given a player i
and a valuation profile v, p;(v;, Dj, v_;) is the price for i under D;: that is,

pi(vi, Dj,v_j) = lzj:v].jz,gij (vij—pip=eD.v_ (€(Di, Vi) + Zﬂifl"fjiﬂu)’

where we omit v_; in Bj(v_;) when v_; is clear from the context.'® The price p;(v;, D;, v_;) is similarly defined. By the
definition of the mechanism, we have

Rev(MEeqpvcc(T)) =Rev(Mpyce(Z; D)) = Z E E pi(vi.Djvop. (22)
v_i~D_; vi~Dj

Next, let V’ be the support of Dl], Vi=Xjem Vu' round v; down to the closest valuation v} in V| and compare the two

valuation proﬁles (vi,v_j) and (v;, v_;). By definition, v” > Bjj implies v;; > ;. Moreover, the entry fee of i is the same

under both valuation proﬁles, as it only depends on D; and v_;. Similarly, the reserve price B;; is the same for any item j.

Thus we have e(Dj, v_i)+3_; Bijlv;=p; = e(D}, v HZ, Pilyzp; and by, wy—pipze@ivn Z U5y, o vi—pizeiv_-
Therefore

E E pi(vi,Di,v_)> E E pi(vj,Di,v_))= E E pi(vj,D},v_), (23)

v_i~D_;jvi~D; v_i~D_jvi~D; v_i~D_ 1V~D

10 If there are ties in the players’ values, then we distinguish between ﬂfjf and ﬁu’., depending on the identity of the player with the highest bid for j in
N\ {i}.
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where the equality is again because drawing v; from D; and then rounding down to v; is equivalent to drawing v; from D;
directly.

In mechanism Mpycg, given v_; and Dl’., e(Dg, v_;) is the optimal entry fee for maximizing the expected revenue
generated from i, where the expectation is taken over D;. Accordingly,

E pi(vi,Di,v_)> E pi(v}, Di,v_y). (24)
VD, ~D;

Combining Equations (22), (23) and (24), we have

RevMeqavee@) 2 ), B E  pi(vi Diiv-i). (25)
: .

v_i~D_; V;N i

Thus we will use >° E E pi(v}, Di, v_;) to upper-bound Rev(Mpycc(Z)).

i v—i~D_ iV ~D
To do so, first, for any player i, item j and value vjj, if vj < v’ " where v’ " is the largest value in V’ then denote by
Vij the smallest value in V; that is strictly larger than vi;; otherwxse let vjj = v,J Moreover, denote by v;; the largest value
in V/ that is weakly smaller than v;;. The valuation v; and v; are defined correspondingly given v;. Then We have

Rev(MBvcc(I))—Z E E pi(viDiv-)

v_i~D_jvi~

ISy Oz | €D V) + D Bijluiypy
= Z _]E . @ _IVj-Qij(Vij)>51IZj;Vijzﬁl—j (vij—Bij)=e(Di,v_i) e(Di, v—i) + Z:Bijlvijzﬁij
_i vi~D; -

+Z E Elal qij(vij)=€1 Z,v = (Vii—Pi)=eDi.v—i) e(Dj, v l)"_ZIBUIVUZﬁu . (26)

v_i~D_jvi~

Below we upper-bound the last two lines in Equation (26) separately. For the first part, we have

2, B L5

IVstij(Vij)>El IZj;Vijzﬁij (vij—Bij)=e(D;,v_;) e(Di,v_i) + Z:Biflvijzﬁij
l .

Vi~
= ZV B E lIV]aQij(Vij)>€1IZj:V,-jzﬁij(Vijfﬁij)ie(Di,V—i) e(Di"’—i)JrZﬁiflijzﬁfj
_Zv E > P Vi=uil | e(Di, v—i) + D Biluyzpy | - (27)
e u EV Z] uu>5u(”u .Bu)>e(D1 1) J

The inequality above is because v;j < V;; for each player i and item j, which implies
b oy V=B ze@iv-n U5y @y ppzeiv-p A0 3 Bijlv=py < ) Bijly=p,-
Next, by the definition of the quantile vector g, for any u;; € Vi’j we have

vg~Di T T T Ny

Indeed, when u;j = v;] o Privij <ujjl=0< (14+8)(1 —€1(1+ N =1+8)(qo—q1)=1+6) Prlv;j € [V;j;O’ Vljﬂ)]' When

ujj = vi;y With 0 <l <k, Pr(vij € [viy; 4. vii)) =qi-1 — @ = 1+ 8@ — 1 =81 = (1 +8)8q141 = (1+8) (1 +8)qi41 — qre1) =

148 @@ — q1) = A+ 8)Prvij € [VU I u;l+l)]‘ And when u;; = Vlj;k' Prlvij € [V;j;kfl’ Vlj;k]] =Qy_1 — Qx = 8€1 < €1 =

Prlv;j > vl.j;k]. Since all distributions are independent, for any u; € V| we have

Pr [vi=u]<(1+8" Pr [v;=ul. (28)
D; vi~Dj

Vi~

Combining Equations (27) and (28), we have
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Z E ]ED_Ivj,qij(vij)>elIzj:vijzﬁij(vijfﬂ,-j)ze(oi,vf,.) e(D,-,v_,-)—l—Zﬂ,-jlvijZﬂU
J

7 v_i~D_;jvi~D;

<> E 2+ Py =il | eDivoi)+ Y Bisluy=p
i uieVi: > wij—i)=eDiv_) i

Jujj=pij

=1+o" Z E E le;v'{jZ,gij(V;j_ﬂij)ZE(DhV—i) e(Di,v_i) + Z'Biflv§j2/3ij
J

; v_i~D_ivi~D]

iV

=1+§€™
( ) Xizv,,'IED,

The first equality above holds because drawing v; from D; and rounding down to the support of D] is equivalent to drawing
v; from Dj. The second equality is by the definition of p;(v{, Di, v_;), and the last inequality holds by Equation (25).
By Equations (26) and (29), we have

E_Pi(vi.Div-) = (1+6)"Rev(Mecsvec(D). (29)

1

Rev(Mpycc(Z))
< (1+48)™Rev(MEgqpvcc(Z))

+Z E _EDI_HJ'»qij(Vij)SélIzj:vijzﬁij(Vij—ﬂij)ze(Di,V_i) e(Di’V*f)‘FZIBUIVuzﬂU : (30)
! J

i v_i~D_j v

For the last line of Equation (30), we have

Z v -]ED _ VEDI_HMU(V,'}')SQ lzj:vijzﬁij(Vij—ﬂij)Ze(Di»V—i) e(Di, v—i) + Z:Bijlvijzﬂij
i —i —i Vi i j

VIED ZlajaQij(Vij)fel le;vijzﬁij(Vij_ﬁij)ze(DivV—i) e(Di,v—i) + ZﬁijlvijZﬁij
i j

IA

VIED IE”sjan‘j(Vij)Eel ZIZj;vijZﬁij(Vijflgij)ze(DhV—i) e(Di, v_i) + Zﬂijlvijzﬂij
i j

€
= I3i i 4. (v.)<e: REV(M 1) < ——OPT(2). 31
VIED 3i,j,qij(vij)<e1 ev(Mpycg(v; 1)) < 100 +¢) @) (31)

The first inequality above is because, for each player i and valuation profile v, lzj¢;(vj)<e; < lai,j.g;j(vij)<e;- The second
inequality is by the Small-Tail Assumption.
Combining Equations (30) and (31), we have

€
Rev(M 7)) < (14 8)™Rev(M 7z ——OPT(2).
Mpyce(@) =(1+9) (MEqsvea( ))+10(1+e) @
By the construction of Mechanism 10, (1+8)™ =1+ § Therefore Lemma 6 holds. O

Proof of Theorem 10. First, as both Mgqgyce and Mgqm are DSIC, Mgq 4 is DSIC. Second, note that Mgga runs both
mechanisms with § = (1+§)"/™ —1 and €; = h(qgf5)- To ease the analysis, when running mechanism Megqu, let § = 5

and €1 = h(%): that is, set €/ = % and run mechanism Mgqy with parameter €’ for each item. By Theorem 2, with

O(—mn logpr]e,5 h(%)) queries,

1
Rev(MEgqm (D)) > 1€ Rev(M M (2)).
5

By Lemma 6, with O(—mznlogH_% h(fo0i7e)) queries,
Rev(MEgqBvec(@)) =

T1+€

(ReV(MBVCG(I)) - OVT(I)> .

10(1 +€)

Note that the total query complexity is still O(—mznlogH% h(m(f—+e))).
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J. Chen, B. Li, Y. Liet al.
Let mechanism MEgqga run Mgqpvce with probability }l and Mgqm with probability 7. We have

3
ReV(MEQIM(I))

1
Rev(MEqa (D) = —ReV(MEQBvcc @)+ -
Rev(Mm(2))

_4(1 5 <Rev(MBvcc(I)) 10(1+ )O ()) —4(1+§)
1 (1 3 €
Z 73 +§( Rev(Mpyce (D)) + Rev(MIM(I)) momm)
1
O

1 €
(80 ) — mOPT(I)> = mOPT(Z)

> —— | SOPT(Z
The last inequality above holds because 2 Mgy cc(Z) + 6 My (Z) > OPT(Z) proved in [12]. Thus Theorem 10 holds

Appendix C. Missing proofs for Section 7
Theorem 11 (restated). Ve > 0 and y € (0, 1), for any Bayesian instance Z = (N, M, D)

o for single-item auctlons satisfying the Small-Tail Assumption, with O (h~ 2(3(l+€)) (1 y~2) samples, mechanism M sy achieves

revenue at least =~ H

OPT(Z) with probability at least 1 — y;
o for unit-demand auctions satlsﬁ/mg the Small-Tail Assumption, with O (h~ 2(3(1+€)) (1+e) 2y samples, mechanism Mgy
OPT with probability at least 1 — y ;
€ 1_ 1+(1J:§)1/m ))~%) samples, mechanism My

achieves revenue at least 5z7— 4(1 s
o for additive auctions satleYmg the Small-Tail Assumption, with O (h=%( i) (2

OPT with probability at least 1 — y.

achieves revenue at least 8(1+€)
Proof of Theorem 11. After constructing the distributions, we simply run the existing DSIC mechanisms as a Blackbox, and
(32)

if the constructed distribution satisfies the property that for any quantile ¢,

tq t-q,
CIu(V 1> 1+ (CIu(Vij [)) .
all our query complex1ty results for single-item and unit-demand auctions directly apply here
Since here for sampling mechanism, we slice the quantile interval uniformly, in the ideal case, the selected sampled

values correspond to the desired quantiles and D,,(v q’) = D,J(vtq’“) However, since these samples are random, we may

12:36, if for any quantile gqj,
(33)

not obtain the ideal case. In fact, given parameter d =
qi t- qi
@y < q,'j(V,»jq[) =q+ 'R
then
1 1
D _Ea-D

tq
qij (V3 i) - Qi1 (1—3 _
- D71+ 1+§
for any € > 0, that is, Equation (32) holds. In the following, we show how many samples are enough to obtain Inequality
e/t be the event that vij

Qij(VEJ.-ql) a1+ )
Toa+ gl Let £
L 1]. Then

First, we bound the probability that v?q’ locates in the quantile interval [q; —
be the event that Vij b locates in the quantile interval [q; +

(33).
right
] and Eul

locates in the quantile interval [0, q; —
CI:)S ( ql)f—s
1-— - )
q+ 4

t—t-q

left t
Pr[E = E - =
i 1= = (s) (ql d

ij,l

€-€ -2
(Hé)) )-
Ta+

and
t-qp (t) (1 - ﬂ)s (ql N %)tfs'

righty _
PriEyT =3
s=0
/1 and Pr(E

be no more than 2ng<+1)' t=0(()2)=0(
That is with O (h~ 2(3(1+6)) (l )~2) samples, the probability that vt I does not locate in the quantile interval [q; —

rlght]

By Chernoff’s inequality and Vi, j, I, letting Pr[E
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%] is less than m By union bound, there exists one vf]'.q’ for all i € [n], j € [m], ] € [k+ 1] does not locate in the quantile

interval [q; — %, q;+ 9] is less than . Then with probability 1 — y, Inequality (33) holds.
For additive auctions, if the constructed distribution satisfies the property that for any quantile g,

t- t- 1 t- t
4 (v = ay v = ——m (@) g (v ). (34)
1+32)
all our query complexity results for additive auctions directly apply here. In fact, if for any quantile q,
e ! ) =avih sq e ! )
e T ay gy =W =0T T A g
then,
. t- 2
Qij(V,t-jq’) —qij(vij"™") . € —al - aigmm) _ 1
I t = 2 - €N1/m’
qij(viquq) _ Qij(V,'quz) €1+ €1 (‘l — 71+(1+§)1/m) (1 + 5) /m

1
1+(1+

Using the same technique of applying the Chernoff’s inequality, with O (h—z(m(le - )3 —
tion (34) holds with probability 1 — . Thus Theorem 11 holds. O

57m ))~2) samples, Equa-
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