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CSE540, Fall 2008

Homework 1

Basic Questions

B1. Consider the following TM M : M has states Q = {q0, q1, q2, q3, q4, q5},
input alphabet Σ = {a, b}, tape alphabet Γ = {a, b, B}, initial state q0, final
states F = {q5}, and the transition function δ:

δ a b B

q0 q1, a, R q2, b, R q3, B, L
q1 q1, a, R q2, a, R q3, B, L
q2 q1, a, R q2, b, R q3, B, L
q3 q4, a, L q4, B, L
q4 q4, a, L q4, b, L q5, B, R

(a) Trace M on inputs aaabba and bbbaba (show the transitions of the ma-
chine configuration).

(b) What is the function computed by M (i.e., describe for an input string
w ∈ {a, b}∗, what is the output)?

B2. Exercise 1.6 of the textbook.

B3. Exercise 1.12 of the textbook.

B4. Show that the function f(n, m) = 2n(2m + 1) − 1 is a pairing function.

B5. Show that the set F of all one-to-one, increasing functions from N to N

is uncountable. [Note: A function f : N → N is increasing if f(k) ≤ f(k + 1)
for all k ∈ N.]

B6. Assume that A, B, C ⊆ {0, 1}∗ are r.e. sets, and assume that MA, MB

and MC accept sets A, B and C, respectively. Let

D = (A ∩ B) ∪ (B ∩ C) ∪ (C ∩ A).

(a) Construct, by the dovetailing technique, a TM MD that accepts D.

(b) Find a recursive predicate RD such that D = {x | (∃y) RD(x, y)}.

B7. Prove that set A = {n | {0, 1, . . . , n} ⊆ Wn} is an r.e. set.

B8. Show that an infinite set A is a recursive set if and only if A is the range
of a strictly increasing recursive function f .
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Medium Questions

M1. Exercise 1.2 (a), (b) of the textbook (“Theory of Computational Com-
plexity”).

M2. Prove that set B = {n | |Wn ∩ {0, 1, . . . , n}| ≥ n/2} is an r.e. set.

M3. Prove that set C = {〈n, x〉 | there exist n1, n2, . . . , nk, for some k ≥ 1,
such that x ∈ Wn1

, n1 ∈ Wn2
, . . ., nk−1 ∈ Wnk, nk ∈ Wn} is an r.e. set.

M4. Assume that A ⊆ N is a set with the following properties:

(a) For all n ∈ A, φn is a recursive function (i.e., φn halts on all inputs),
and

(b) For every recursive function f (that halts on all inputs), f = φn for
some n ∈ A.

Prove that A is not an r.e. set. [Hint: by diagonalization.]

M5. Show that the set D = {〈i, j〉 | Wi = Wj} is not an r.e. set.


