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Abstract

We propose a logical language for representing networks with nonmonotonic multiple
inheritance. The language is based on a variant of annotated logic studied in [5, 6,
17, 18, 19, 20, 21]. The use of annotated logic provides a rich setting that allows to
disambiguate networks whose topology does not provide enough information to decide
how properties are to be inherited. The proposed formalism handles inheritance via
strict as well as defeasible links. We provide a formal account of the language, describe
its semantics, and show how a unique intended model can be associated with every
inheritance specification written in the language. Finally, we present an algorithm
that correctly propagates inherited properties according to the given semantics. The
algorithm is also complete in the sense that it computes the set of all properties that
must be inherited by any given individual object, and then terminates.
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1 Preliminaries

It is customary to depict inheritance networks using diagrams where properties and individual
objects are represented as nodes of the diagram. Object and property nodes are depicted as
labeled rectangles and ovals, respectively. Each property node defines a class of individual
objects that possess this property. Each link in the diagram represents one of the following
four types of relationship between the nodes:

e A solid link going from an individual object o to a property node p represents an
instance-of relationship; it says that o is a member of the class defined by p.

e A slashed link from an individual node o to a property node p represents a non-instance
relationship; it says that o is not a member of the class defined by p.

e A solid link from p; to p,, where p; and p, are property nodes, denotes an is-a rela-

tionship; roughly, it says that the class defined by p; is a subset of the class of objects
defined by ps.

e A slashed link from p; to p, denotes an is-not-a relationship between these property
nodes; it is a statement to the effect that elements of the class defined by p; “usually”
do not have property p,.

The is-a and is-not-a relationships come in two flavors: strict and defeasible; “instance-of”
and “non-instance” relationships are always strict. Strict “instance-of”, “non-instance”, and
“is-a” links have simple mathematical meaning based on the usual set-theoretic relations €,
¢, and C. The strict “is-not-a” link from p; to p, says that the classes defined by p; and p,
are disjoint. We will depict strict “is-a” and “is-not-a” links using bold solid and bold slashed
arrows, respectively. For “instance-of” and “non-instance” links we will use plain (solid or
slashed) arrows, even though these links are always strict.

The defeasible flavor of the above links is not that well understood, and there are several
different views of what they should mean. The common intuition is that such a link between
p1 and p, expresses the fact that under normal circumstances the members of the class of p;
are or are not members of the class of p,, depending on whether the relationship is “is-a” or
“is-not-a”. However, certain “atypical” members of p; may be “excused” from being members
of the class of p;. Defeasible links will be depicted using plain (solid or slashed) arrows.

Consider the “Penguin Triangle” example shown in Figure 1. Intuitively, the individual
object Donald there should inherit the property fly by virtue of being a bird. However, for
Tweety things are not that clear-cut. On one hand, it should fly because it is a bird. On
the other hand, as a penguin, Tweety might as well inherit —fly. Thus, on the surface, the
network appears to be ambiguous about whether Tweety is a flying bird.

Several works tried to address this and related problems from various angles. The main
advantage of our formalism is that it is based on a well-studied logic, has model theory
and a sound and complete algorithm for computing inheritance. We also argue that our
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language is more expressive and allows to specify inheritance network in more precise terms,
disambiguating many otherwise ambiguous diagrams.

In a nutshell, we would approach the problem of Figure 1 as follows. We can say that
fly( Tweety) has a positive evidence “of strength” bird and also a negative evidence of strength
penguin. Furthermore, from the network topology we infer that knowing that Tweety is a
penguin is more informative than knowing that it is a bird. So we resolve the conflict by
overriding the bird-strong inheritance of fly(Tweety) by the penguin-strong inheritance of
- fly(Tweety), concluding that Tweety does not fly.

For another example, consider the, so called, Nixon Diamond of Figure 2. Here, Penn
is a pacifist by virtue of being a Quaker, while Bush is not a pacifist because he is a Re-
publican. However, Nixon presents a problem: as a Quaker, he should be a pacifist but, as
a Republican, he should not. As before, there are conflicting conclusions regarding Nixon’s
pacifism, but this time they are supported by incomparable pieces of evidence, since neither
Quaker nor Republican are subclasses of one another. In this situation, we would choose to
hold an “inconsistent belief” about Nixon pacifism, i.e., to become aware of the inconsistency
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in our specifications. One consequence of such “awareness” is that we abstain from drawing
conclusions that use pacifist(Nizon) or —pacifist(Nizon) as a premise. This approach to am-
biguity is known as skeptic reasoning [15, 40]. A different, credulous, approach to handling
ambiguity considers all possible worlds in which one of the conflicting pieces of evidence is
sustained while the other is not. In such a world, only the inheritance that is associated with
the sustained evidence takes place. Credulous approaches are known to be computationally
expensive [9, 14, 22, 28, 33, 39| and will not be considered in this paper.

In the above examples, in order to inherit a property we examined various “evidences”
supporting such inheritance. Actually, an evidence may not only support inheritance but also
defeat it. For instance, in Figure 1, the evidence penguin defeats inheritance of fly(Tweety),
while the evidence bird supports it. Similarly, the evidence penguin supports the inheritance of
—fly(Tweety). In Figure 2, the two pieces of evidence, quaker and republican, defeat each other
in case of Nixon but go unobstructed for Penn and Bush. In fact, for Nixon, the inheritance is
defeated in a slightly different manner than in the case of Tweety. For Nixon, the two available
pieces of evidence were combined and, having equal strength, they neutralized each other. The
latter is based on a more general mechanism than the one used to explain the problem of
Figure 1, for this allows to combine evidence obtained from different, incomparable paths in
the network. To combine different pieces of evidence, we organize the space of evidence into
a semi-lattice, as explained in Section 2.

An attractive aspect of our evidence-based approach is that many problems that do not
have satisfactory representation in traditional inheritance networks, do have one in our for-
malism. Consider the following example, adapted from [16]:

e Hermann is born in Pennsylvania.
e Hermann is a native speaker of German.

e Typically, native speakers of German are not born in America.



e He who was born in Pennsylvania was also born in America.

Traditional representation of these facts gives rise to an ambiguous network of Figure 3 with
the topology resembling that of Nixon diamond, except that the last “is-a” link is strict. So,
we have two conflicting pieces of evidence: a strict one that supports the fact that Hermann
is born in America; and a defeasible one that tells otherwise. Since strict evidence is of
greater importance, it is appropriate to conclude that Hermann is American-born. To perform
this kind of reasoning, conventional networks must be extended to include both strict and
defeasible links. Several works, indeed, dealt with this issue [2, 8, 11, 16, 33]. The advantage
of our formalism is that formalization of strict links comes at no additional cost and is just an
instance of the general picture where various evidences are allowed to have different strength.

Another weakness of traditional network representation is that there are problems whose
networks are isomorphic to Nixon diamond and yet there is no inherent ambiguity in the
problem. For instance, a typical renal failure patient has high blood pressure, while a typical
haemorrhage patient has low blood pressure [7]. If a person is known to suffer from both renal
failure and haemorrhage, then a physician would conjecture that the patient has low blood
pressure. This is because haemorrhage is a stronger evidence to the effect that the person has
low blood pressure than renal failure suggests otherwise. However, other approaches (e.g.,
[39]) would not come to this conclusion, for renal patients and haemorrhage patients are
incomparable classes of entities and the aforementioned preference cannot be represented.

There is also an unpleasant asymmetry in the way property inheritance is specified in
conventional networks. An object can inherit a property because it belongs to some class,
e.g., pacifist, but cannot inherit properties because it does not belong to a class, e.g., if it is
not in the class pacifist. For instance, in traditional networks one can say “pacifists are peace-
lovers,” but cannot say “nonpacifists are war-mongers.” More precisely, we would like to be
able to model what we call complimentary inheritance, namely, the statements of the form
“compl-p is-a ¢” or “compl-p is-a compl-q,” where p, g are properties and compl-p, compl-q are
complementary properties that do not have direct representation in the inheritance network.
As we shall see in the next section, this can be remedied at no extra cost in our framework.

The paper is organized as follows. Section 2 presents our approach, first informally—in
Section 2.1, and then rigorously, in Sections 2.2 through 2.4. Sections 2.5 and 2.6 show that
every inheritance specification can be given a unique meaning through the notion of supported
models. Section 2.7 describes an algorithm for computing this meaning. In Section 3, we
illustrate the capabilities of our approach on a number of benchmark examples, while Section 4
establishes a formal link between our logic language and the language of inheritance networks.
Section 5 discusses the limitations of our approach and compares it to other theories of
skeptical reasoning. Section 6 discusses possible extensions and concludes the paper.



2 An Evidence-Based Theory

2.1 Informal Introduction

The idea is to associate evidence of various degree of strength with properties that might be
inherited by individuals. Adapting the ideas from [12], we order different pieces of evidence
on two different scales: the information scale and the truth scale. On the truth scale, an
evidence can belong to exactly one of the following categories of support: the category of pos-
itive evidences, the category of negative evidences, and the category of ambiguous evidences.
Informally, an evidence in the first category would support an associated belief, while an
evidence in the second category would defeat it. The third category contains evidences that
neither support nor defeat, but rather represent the conflict in reasoner’s beliefs.

To see how this works, suppose we know that Batman is a mammal and that typically
mammals do not fly. We can then “tentatively” conclude that Batman does not fly and
represent this as a fact fly(Batman) : —mammal, meaning that there is an evidence of
strength mammal suggesting that Batman does not fly. The minus sign, “—”, classifies the
evidence as negative. If we further learn that Batman is a bat and a typical bat should be
able to fly, we may augment our knowledge base with a new fact, fly(Batman) : +bat, which
asserts that there is a positive evidence (note the “4”-sign) of strength bat that suggests that
Batman does fly. Since knowing that someone is a bat is more informative than knowing that
it is a mammal, we order these evidences as follows: -mammal <, +bat, where <j orders facts
on the information scale mentioned earlier. It should be clear that specifying such an order
is tantamount to programming and thus is a responsibility of the knowledge engineer. The
latter would do this either explicitly or by drawing an inheritance network and then using the
algorithm of Section 4. In our case, the resulting set of facts is:

fly(Batman): —mammal (1)
fly(Batman) : +bat

It represents the current state of our knowledge, and the problem is to define the “most
appropriate” possible world consistent with that knowledge. Since +bat is a stronger evi-
dence than —mammal, we should not hold on to the tentative belief that Batman does not
fly. We capture the idea of discarding the weaker beliefs via the notion of satisfaction of
a fact by an interpretation. Informally, an interpretation is a mapping from the set of all
possible beliefs to the set of evidences. A fact of the form belief : evidence is satisfied by
an interpretation Z if evidence <; I(belief). For example, if Z( fly(Batman)) = +bat then
T satisfies fly(Batman): —mammal because, as stated above, -mammal <; +bat. On the
other hand, an interpretation J such that J(fly(Batman)) = —mammal does not satisfy
fly(Batman): +bat.

A model for a set of facts is an interpretation that satisfies every fact in the set. For in-

stance, the interpretation Z above is a model for (1); J does not satisfy the fact fly(Batman) :
+bat and hence is not a model for (1).



Suppose now that in addition to (1) we knew fly(Batman) : —injured_bat, where +bat
<p —injured_bat. Then, a model 7 for all the three facts about Batman would have to map
fly(Batman) to a value such that —injured_bat <, Z(fly(Batman)). This, however, still
does not let us conclude that Batman cannot fly because in reality the evidence in support of
fly(batman) can actually turn out to be something like +injured_yet_flying_bat. This scenario
is quite arbitrary and contains extraneous information that is not implied by the given input.
To rule such a scenario out, the usual technique is to restrict attention to minimal models
only.! For our running example, any minimal model would have to map fly(Batman) to
—injured_bat, forcing the conclusion that Batman does not fly after all.

Things are not always that rosy, though. Consider the following set of facts:

pacifist(Nizon) : +quaker (2)
pacifist(Nizon) : —republican.

Here, +quaker and —republican are incomparable pieces of evidence with respect to the infor-
mation scale and neither evidence dominates the other. A way to ensure that the minimal
model for (2) will still be unique is to impose a structure of an upper semi-lattice on the space
of evidences, so that <; will become the ordering induced by the semi-lattice structure. For
instance, we can set T to be the least upper bound of +quaker and —republican. Then, (2)
would have a minimal model that maps pact fist(Nizon) to T. In this case, T can be viewed
as a “combined” evidence for pacifist(Nizon). Least upper bounds of pairs of incomparable
evidences one of which is positive and the other negative will be usually put into the category
of ambiguous evidences.

As another example, consider the statement “Flying objects usually have wings.” This
can be represented in our formalism as follows:

has wings(X) : +flies — fly(X): +L. (3)

Here X is a variable that is implicitly universally quantified over the domain of all individual
objects; +_1 is the smallest positive evidence; and “+” denotes implication in our logic. We
would like to use this rule to infer that Tweety has wings whenever there is a positive evidence
that it flies. However, we do not want to invoke this rule when the evidence is negative or
ambiguous.

In annotated logics [5, 6, 18, 19, 20, 21|, a rule is enabled in an interpretation when-
ever its body is satisfied by that interpretation. Since so far our notion of satisfaction was
determined by the information ordering <j, the above rule would be enabled in too many
cases. For instance, if Z(fly(Batman)) = —mammal then Z would enable (3), deriving
has wings(Batman) : —flies, if + 1 <;, —mammal. Since this is precisely the opposite of
what we would want, we impose one more condition on when a rule can be applied to deduce
new facts.

n our case, a model is minimal if, considered as a function from beliefs to evidences, it is minimal among
functions representing all models of the Batman example.



We will say that an interpretation strongly satisfies a fact of the form belief : evidence
if it satisfies this fact (in the old sense) and, in addition, evidence and Z(belief) belong
to the same partition with respect to the truth scale (i.e., both must be either positive,
negative, or ambiguous). For example, if Z( fly(Tweety)) = +sparrow, then Z strongly satisfies
fly(Tweety) : +bird, given that +bird <; +sparrow.? We can then say that a rule is satisfied
by an interpretation if and only if whenever its body is strongly satisfied in the interpretation,
its head is also satisfied (although, not necessarily strongly). Informally, this means that in
order to invoke a rule, one must have an evidence that is not merely stronger than what the
rule-body requires, but also belongs to the same category of support as the corresponding
fact in the rule-body.

For general logic programs, minimal models do not adequately capture the semantics and
more elaborate techniques, such as establishing a preference relation among minimal models
[1, 27, 32], are used. For inheritance specifications, too, minimality does not suffice. As the
following example shows, the notion of strong satisfaction introduced above is non-monotonic
and hence it is no longer guaranteed that any set of facts has a unique minimal model. To
see this, consider

fly(Batman) : —mammal
fly(Batman) : +bat (4)
has_ wings(z) : +flies — fly(z): +.L.

There are two incomparable minimal models: one is such that only

I(fly(Batman)) = +bat
I(has-wings(Batman)) = +flies

hold true and the other is where the facts

J(fly(Batman)) = —injured_bat
J(has wings(Batman)) = +1

hold but nothing else does. The first model reflects our intuition that a stronger evidence,
+bat, should dominate a weaker evidence, -mammal. In contrast, the second model has
a fundamental flaw, as far as our intuition goes. Indeed, there is no justification for the
assumption fly(Batman) : —injured_bat, even though this fact is consistent with the rest.
To filter such flawed models out, we need to formalize the concept of “supportedness,”
the situation in which every fact has a valid justification. Then, the intended semantics of a

ie.,

set of inheritance specifications could be defined using minimal supported models, and it will
turn out that such a model is unique for any inheritance network. The next few subsections
provide a rigorous account of the ideas that so far have been exposed only informally.

2 As remarked earlier, this order has to be either specified by the programmer or inferred from the inheri-
tance network. An algorithm for the latter task is given in Section 4.



2.2 Language

A term is an individual constant or a variable (we do not consider theories with function
symbols in this paper). An atom is a propositional constant or a formula ¢(¢), where ¢ is a
unary predicate and ¢ is a term—in order to talk about inheritance, we need only 0-ary and
l-ary predicates. Literals are of the form p : 7, where p is an atom and 7 is a priority constant
drawn from the domain of priority constants P; priority constants play the role of “pieces of
evidence” used in the discussion in the previous subsection. A rule is an expression of the
form p: 7 < ¢q:+, where p, ¢ are atoms and 7, « are priority constants. A fact is a ground
(i.e., variable-free) literal. A clause is either a fact or a rule.

To capture dependency relationships among predicates, we define the “depends-on” rela-
tion among predicate symbols.

Definition 2.1 Given a set of rules P and a pair of predicate symbols p and ¢, we write
g <p p (read p depends on g in P) if and only if either there is a rule in P of the form
p:T «— §:7,or,recursively, p: 7 «— 7: A € P and g <p 7, where p, g, 7 are atoms with
predicate symbols p, ¢, and r, respectively. When ¢ <y p and p, g are atoms with predicate
symbols p and ¢, we will also write § <p p. Occasionally, we may omit the subscript P, if the
set of rules is clear from the context or is immaterial.

An inheritance specification is a set of clauses, P, such that < is an acyclic partial order
on predicate symbols in P. Actually, our results can be generalized to the case of locally
stratified inheritance specifications a la [32], i.e., specifications such that <y is acyclic on
the set of ground atoms but may be cyclic on the set of predicate symbols. This would
allow specifying cyclic inheritance networks. However, such a generalization complicates the
semantics somewhat, taking the definitions in the direction of [19, 21].

2.3 Priority Constants

The priority constant 7 in p : 7 represents the type and the relative strength of evidence in
support of p. Following [3, 4, 12, 37, 38, 10|, priority constants are considered along two
different dimensions: in one, evidence is ordered on the basis of truth content; in the other,
it is ordered on the basis of knowledge or information content.

The “information dimension” is defined as follows. First, the set of priority constants P
is organized as a complete upper semi-lattice with the least upper bound operation lub;.® As
usual, the least upper bound operation induces an order on P, which we denote < and call
the information order.

The “truth dimension” is organized using a quasi-order on P, denoted <;, which induces
an equivalence relation ~;, where 7 =; 4 if and only if 7 <; v and v <; 7. Additionally, <

3A complete upper semi-lattice is a semi-lattice in which a unique least upper bound is defined for sets of
elements of arbitrary cardinality, not just for finite sets.



induces an ordering on the equivalence classes of ~; as follows: if [r]| and [v] are equivalence
classes that contain 7 and +, respectively, then [7] <; [y] if and only if 7 < 4.

For our purposes, we need <; to be a total quasi-order and, furthermore, such that ~;
has only the following three equivalence classes: C~, C*, and C*. These contain priority
constants corresponding to the defeating, ambiguous, and supporting evidences, respectively.
We further assume that C~ <, C* <, C* and that not only P but also each of these equivalence
classes is a complete upper semi-lattice with respect to the information ordering <;. This
implies that each such set has a unique maximum element with respect to <;,. We denote
these maximum elements by —w, *w, and +w, respectively, and assume *w = luby(—w, +w).
The intent here is to regard the facts annotated with these w-constants as beliefs that are
“totally false”, “ambiguous beyond repair”, and “absolutely true”, respectively. We will see
that such beliefs cannot be defeated and this is precisely the mechanism that enables us to
model strict inheritance links. Also, for modeling inheritance it is sometimes convenient to
have a minimum element in each class of support C~, C*, and C*. These will be denoted — L,
x|, and +_1. We further define:

o (1 <t v) ifand only if (7 <p 4) A (7t # 7); and
o (r Su ) fandonlyif (7 <4 9) A (7~ ).

We illustrate priority constants by translating the penguin triangle example into our an-
notated logic language. (See Section 2.1 for more examples.) The statement “Tweety is
a penguin” can be translated as a fact penguin(Tweety) : +w, where the priority con-
stant +w stands for “absolutely true”. The default rule “Birds fly” can be translated as
fly(X) : +bird — bird(X) : +.L, where the priority constant +bird signifies a “bird”-strong
supporting evidence, and the priority constant + 1 stands for the smallest positive evidence.
Similarly, the default rule “Penguins do not fly” can be translated as fly(X) : —penguin «—
penguin(X) : +.L1, where the priority constant —penguin signifies a “penguin”-strong de-
feating evidence. The strict rule “Penguins are birds” translates to a pair of rules: (1)
bird(X) : +w «— penguin(X) : +w, to propagate definitive evidences in support of “pen-
guinness” as definitive evidences in support of “birdness”; and (2) bird(X) : +penguin —
penguin(X) : + L, to propagate default conclusions appropriately. Finally, we postulate that
bird <; penguin, which can be inferred from the network of Figure 1, as described in Section 4.

2.4 Interpretations and Models

Let P be an inheritance specification. The domain D of Herbrand interpretations of P is a
collection of all individual constants mentioned in P; it is often called the Herbrand universe
of P. A Herbrand base, Bp of P is a collection of all ground (variable-free) atoms p that use
only the constants of D and the predicate symbols mentioned in P. Since every inheritance
specification is finite, both D and Bp are finite.



A Herbrand interpretation I of P is a partial mapping from the Herbrand base, Bp, of P to
the set of priority constants P. Given two interpretations Z and J, J Ty Z (resp., J Ty )
iff for every atom p € Bp, such that J(p) is defined, Z(p) is also defined and J(p) <x Z(p)
(resp., J(p) <u Z(p)). An interpretation Z is minimal in a set of interpretations S if and
only if there is no J € S such that J T Z and J # Z; 7 is mazimal if and only if there is
no J € S such that 7 Cp J and J # T.

A ground atom p : 7 is satisfied in Z, denoted T =, p: 7, if and only if Z(p) is defined
and 7 < Z(p); it is strongly satisfied in Z, denoted T =4 p: 7, if also 7 <y Z(p).

A ground (variable-free) rule p : 7 «— ¢ : v is satisfied in Z if and only if T |y ¢ : 7
implies Z = p: 7. (Note: this is consistent with thinking of the facts as if they were rules
with the empty body, which is always strongly satisfied in all interpretations.) A nonground
rule p : 7 «— ¢ : 7 is satisfied in 7 if and only if all its ground instances are satisfied in
Z. (A ground instance of a rule r is a ground rule obtained from r by replacing variables
with constants, where different occurrences of the same variable are replaced by the same
constant.)

An inheritance specification P is satisfied in Z, if all its clauses are satisfied in Z. An
interpretation Z is a model of a set of clauses P if and only if P is satisfied under Z. A
Herbrand model Z of P is supported by P if for every atom p such that Z(p) is defined, we
have

I(p) = lubg{r | p: 7 < q:vis a ground instance of a rule in P and 7 |4 ¢ :v}.

Here and henceforth we postulate that the least upper bound of an empty set is undefined.
In particular, this means that Z must be undefined on any atom that does not appear in the
head of a ground instance of a rule in P. Informally, 7 is supported by P if the evidences that
it assigns to atoms are not stronger than what is warranted by P. The reader can verify that
every supported model is also Ci-minimal. (The requirement that “<” is an acyclic ordering
on predicate symbols is crucial for this to be true.)

2.5 Existence of Supported Models

In this section, we show that every inheritance specification has a supported model.

Lemma 2.1 FEvery inheritance specification P that consists of facts only admits a supported
Herbrand model.

Proof: Consider an inheritance specification

P = {pi:7,P2:72 oo PniVnye- -t

We construct a supported Herbrand model M of P as follows. For each p, M(p) = lube{v; |
p = p;}; M(p) is undefined if this set is empty. M is a model of P, as it satisfies every fact
in P; it is a supported model by construction. a
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By stratifying a general inheritance specification P relatively to the <p-ordering (see
Definition 2.1), a supported model can be constructed as in [1].

Lemma 2.2 FEvery inheritance specification P admits a supported Herbrand model.

Proof: Define the stratum of a predicate symbol p as follows:

0 if p is <p-minimal
1 + maz_body_strat(p) otherwise,

strat(p) = {

where maz_body_strat(p) = MAX{strat(q) | p:vy«— q: 7 € P}.

Let P; be a subset of P that contains all clauses whose head predicate is in the stratum
of the level ¢+ and below. Define Z; to be the following set of facts:

{p:~|strat(p) =1, p:+y < q:7is a ground instance of a rule in P and M;_; Fu q: 7},

where, for ¢ > 0, M, is the supported model determined by the set of facts Ué‘:o Z;; M_; is the
interpretation that is undefined everywhere (or, equivalently, the supported model determined
by the empty set of facts). The existence of M, follows from Lemma 2.1. Since P has no
recursion, it follows by induction that M, is a supported model of P;. Thus, M,,, where n is
the maximal stratum of P, is a supported model of P. a

2.6 Uniqueness of Supported Models

We now prove that every inheritance specification has a unique supported model.

Lemma 2.3 For an inheritance specification P that consists of facts only, there exists a
untque supported Herbrand model of P.

Proof: Existence follows from Lemma 2.1. The supported model is unique because the least
upper bound of any set of priority constants is unique. a

Since the above lemma associates a unique model with every set of facts, it becomes
possible to represent interpretations via such sets. Sometimes it will even be convenient to
slightly abuse the language and instead of defining an interpretation for a situation at hand,
to present a set of facts that uniquely determines the desired interpretation.

Given an inheritance specification P, we define an operator 7p that maps a Herbrand
interpretation Z into a Herbrand interpretation 7p(Z) as follows.

Definition 2.2 7p(Z) is the supported model of the set of literals { p: 7 | p: 7 «— g:visa
ground instance of a clause in P and Z |=4 ¢ : v }, which exists and is unique by Lemma 2.3.

11



Note that 7p is not monotonic with respect to C. For instance, let P consist of a single
rule p:—1 « g¢:+1 and consider a pair of interpretations Z and J such that Z(p) = —1,
I(q) = +2 and J(p) = —2, J(q) = —3. Here we assume that P = {+1, +2, £3}, 7 <, j if
and only if |¢| < |j] (|¢] is the absolute value of ¢), and ¢ ~; j whenever they have the same
sign. Clearly, T Cj J. However, 7p(Z) = {p: —1} while 7p(J) = 0. Fortunately, 7p has
a weaker property that saves the situation; namely, if Z Ty, J then Tp(Z) Cf Tp(J).

Lemma 2.4 Tp(Z) Ty 7 if and only if T is a model of P.

Proof: (<) Let Z be a model of P, p be an atom, and Z(p) = 7. Then lub{\ | p: A — q: v
is a ground instance of a rule in P such that pis in the head of the rule and Z =4 ¢ : v} <p 7.
Thus, Tp(Z) Ci Z.

(=) For every ground instance p : A «— ¢ : v of a rule in P, if 7 |=4 ¢ : 7 then

Tp(Z) =k p: A. As Tp(T) Cy, Z, every such instance is satisfied by Z, i.e., Z is a model of P.
O

The above lemma and the definition of supportedness yields the following result:
Lemma 2.5 7p(Z) = Z if and only if T is a supported model of P.

We show the existence and uniqueness of a supported model for an inheritance specification
in two steps. For convenience of exposition and without loss of generality, we assume that the
sets of predicate symbols that occur in the facts and of those predicates that appear in the
heads of the rules are disjoint, in accordance with the tradition of separation of intensional
and extensional parts of the database. It is known that any specification can be transformed
into an equivalent one satisfying this assumption [43].

Theorem 2.1 Fvery inheritance specification P admits at most one supported Herbrand
model. Equivalently, there exists at most one solution to the fizpoint equation Tp(Z) = T.

Proof: The proof is by contradiction. Let there exist two fixpoints F; and F,, of 7p such
that for some atom p, F1(p) # F2(p). Let also p be a <-minimal such atom. Since predicate
symbols in the facts and those occurring in the rule heads are distinct, we conclude by
Lemma 2.3 that F; and F, must agree (as functions) on the atoms that appear as facts in
P. In particular, p cannot be one of the fact-atoms. By the <-minimality assumption about
p, F1 and F; should agree on all facts ¢ such that ¢ < p. Because < is acyclic and luby is
a function that maps any given set of priority constants to a unique value, we conclude that
Fi(p) = Fa(p), contrary to the assumption. Hence, F; and F, must agree on all atoms. O

Theorem 2.2 FEvery inheritance specification P has a unique supported Herbrand model Mp.
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Proof: Follows from the above theorem and Lemma 2.2. O

The unique supported model for P, denoted Mp, can be described as lim;_,o, 755(0). But
this does not give us an efficient way of computing the fixpoint of 7p because the successive
approximations change nonmonotonically. However, as in [1], we can build Mp monotonically
by an iterated fixpoint construction. This is illustrated by the following example. Consider
the inheritance specification P that uses the set P = {+£1, +2, £3} of priority constants
where 7 <j j if and only if |¢| < |j| and the sign + or — indicates the category of support:

1. b(a): +3
2. m(a): +3
3.t(X): 43 —m(X): +3
4, f(X):+1 —b(X): +3
5. f(X): -2 —t(X): +3
6. I(X):+1— f(X):+1.

We have m <t < f <l and b < f. Subsequent applications of 7p result in the following
sequence of interpretations, where we represent interpretations via sets of facts, which is
possible in view of Lemma 2.3.

20) = 0
Tp(0) = {b(a):+3, m(a):+3 }; (use rules 1 and 2)
T3(0) = Tg(0) U {t(a):+3, f(a): +1}; (use rules 1 through 4)
T3(0) = T3(0) U {l(a): 41, f(a): -2} (use rules 1 through 6)
Tp(0) = T3(0) \ {l(a):+41}; (use rules 1 through 6)
TSt = T, if i > 4

The interpretation 7p(0) represents the unique supported model of P. Observe how [(a) : +1
in 73(0) was nonmonotonically withdrawn, since Tp(0) ~u I(a) : +1.

On the other hand, we could build the same model monotonically, by applying the rules
in accordance with the <-order on predicate symbols in P:

1. Mp = 0;
2. Mlp = {b(a):+3, m(a): +3 }; (use rules 1 and 2)
3. Mb = Mp U {i(a): 43 }; (use rule 3)

13



4. Mp = Mp U {f(a):+1, f(a): -2} (use rules 4 and 5)
5. Mi;H = My, if i > 3; hence
6. Mp = M;3.

Note that in (5) the rule [(X): +1 « f(X) : +1 cannot be applied since M3 =y f(a) : +1.
This monotonic construction of the minimal supported model constitutes a basis for the
inheritance algorithm in the next subsection.

2.7 Inheritance Algorithm

Let H be a set of ground atoms, A; be a set of atoms whose literals are added by 7p at the ith
step of the iteration, and M; be the set of literals at the ¢th step of the iteration representing
the intermediate state in the computation of the supported model for P. Then:

o A, = 0.

e My is the Cjp-minimal interpretation (represented as a set of facts) satisfying all ground
facts in P.

e A1 = A U {p | p is a <-minimal ground atom in (H — A;)}, where “<” is the

“depends on” relation defined in Section 2.

e M, is the Cp-minimal interpretation (represented as a set of facts) satisfying M; U
{p:7 | p€ Ay, p: 7 «— ¢q:7vis a ground instance of a clause in P and
M; Ew g7}

e Mp = U, M,.

Clearly, if P is a finite set of inheritance specifications, the above algorithm terminates, since
each step involves only a finite number of operations (recall that the universe D and the
Herbrand base Bp are finite) and the number of strata is finite, too.

Theorem 2.3 The set of literals Mp computed by the above algorithm determines a sup-
ported model of P.

Proof: Let P; denote the subset of clauses in P whose heads are atoms from A;. We prove
by induction on ¢ that M, is a supported model of P;.

Basis: 3 = 0. Clearly, Py contains only the facts of P. Hence, by Lemma 2.3, M, is the
unique supported model of Py.

Induction step: Suppose M; is the unique supported model of P;. We show that for
Jj =1+ 1, M; is the supported model of P;. Note that for each ¢, (Ai;1 — A;)NA = 0, and

thus the meaning of the predicates computed in the ¢th iteration does not affect the meaning
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of predicates computed in the preceding iterations. Thus, M,; contains M;_; and satisfies
P;_ 1. From the definition of M;, the new literals added to M, at the (¢ + 1)th step, i.e., the
literals satisfied by M;,; but not by M,;, are obtained by taking the lubj of all supported
conclusions from all rules whose bodies are strongly satisfied in M;. By the definition of
satisfaction of a rule, all rules with head predicates in (A4;11 — A;) will be satisfied in M.
Thus, M;,; is a model of P;,; and this model is supported by the construction. Hence, Mp
is a supported model of P. a

Complexity of this algorithm follows from the standard results about the bottom-up com-
putation of Datalog programs [43]:

Theorem 2.4 If the set of rules in P is fized but the set of facts may vary, the above inher-
itance algorithm takes time polynomial in the size of the set of facts.* If the set of rules is
allowed to vary, then the complexity of the above algorithm is exponential in the size of P.

3 Examples

In this section, we illustrate our approach on a number of examples. We will use the semi-
lattice of Figure 4 in order to avoid long mnemonics for priority constants and also to illustrate
a method for programming inheritance networks® that is different from the one described in
Section 4. Priority constants are now numbers marked with one of the signs “+”, “—”, or “x”.
All constants with the same sign are equivalent with respect to =, i.e., —1 ~; —3, *2 =, *5,
and so on. Intuitively, annotation constants +1, +2, ... denote the degree of confidence that
the corresponding atom is true; the constants —1, —2, ... denote the degree of confidence in
the falsehood of the atom. The constants %1, *2, ... represent the degree of ambiguity found
in the evidence. The constants +w, —w, and * w represent information about “absolute”
truth, falsehood, and ambiguity, respectively.

To determine whether a given individual 7 has property p with respect to an inheritance
specification P, one needs to evaluate Mp(p(7)), where Mp is the unique supported model
of P. To see how this works, let us reformulate the penguin triangle example in our logic:

o fly(X):+1 « bird(X):+1
o fly(X): -2 « penguin(X): +1
o bird(X): 4w « penguin(X): tw

o penguin(Tweety) : +w.

“This is known as data complexity of an algorithm [41].
5To us, drawing inheritance networks or specifying inheritance via logic rules are just two of the many
possible ways of programming taxonomies.
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The relative magnitudes of priority constants in the heads of the rules are designed to capture
the intuition that the default conclusion obtained by applying the second rule takes precedence
over the conclusion obtained by the first rule. Note that the absolute magnitude of priority
constants has no special significance—only the relative strength counts. Furthermore, the
strength of evidence in the body has no bearing on the strength of evidence in the conclusion.
It is the priority constant in the head of the rule that determines strength of the evidence
contributed to the conclusion in the rule-head. The priority constant in the body is kind of
a threshold that dismisses evidence that is too weak to be counted.

Priority constants need not be restricted to numerical values. In fact, as is explained in
the next section, one can simply use names of the nodes in the network as priority constants,
and the information ordering will be determined by the network topology. This is illustrated
below by rewriting the first two defeasible rules of the penguin triangle example, where + |
is the smallest positive evidence, as follows:

o fly(X): +bird «— bird(X):+L
e fly(X): —penguin — penguin(X):+L.

The ordering <y is set-up to be consistent with the links of the network. Hence, since the
network of Figure 1 has a directed path from penguin to bird, we postulate that +bird <,
—penguin (see Section 4 for additional details). Therefore, for Tweety, to be a penguin
outweighs the fact that it is a bird, yielding the conclusion that Tweety does not fly.

Our theory supports both strict and defeasible links. To “program in” the fact that some
of the rules are strict, one can use rules of the form p: +w «— ¢q: 4w, p: —w «— q¢: 4w, or
p:+w « q: —w. For instance, for the example in Figure 3, we would write:

e born_in_Pennsylvania(Hermann): +w
e native_speaker_of German(Hermann) : +w
e bornin US(X):—3 « native_speaker_of German(X): +1

e bornin US(X): 4w « born_in_Pennsylvania(X): +w.

Even though there are conflicting conclusions about Hermann’s country of birth, the conflict
is resolved in favor of the U.S., for the strict conclusion derived by the last rule will prevail
over the default conclusion obtained from the third rule.

To illustrate the treatment of ambiguity, consider the extended Nixon diamond.
e republican(Nizon) : +w
e quaker(Nizon): +w

e pacifist(X): —1 «— republican(X): +1
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o pacifist(X):+1 «— quaker(X):+1
o dove(X): 41 « pacifist(X): +1
o hawk(X):+4+1 « pacifist(X): —1.

Here, the unique supported model contains pacifist(Nizon) : x1, meaning that the evidence
that Nixon is a pacifist is ambiguous. Therefore, the last two rules cannot be invoked because
their bodies are not strongly satisfied in the supported model (as pacifist(Nizon) : x1 and
pacifist(X) : £1 belong to different support classes). Since there is no unambiguous evidence
for pacifist(Nizon), neither hawk(Nizon) nor dove(Nizon) are derived. This behaviour is
similar to skeptical reasoning described in [15].

Another interesting feature of our formalism is the ability to model what we called “com-
plimentary inheritance” in Section 1, i.e., the statements of the form “compl-p is-a ¢” or
“compl-p is-a compl-q,” where p and ¢ are properties directly represented in the inheritance
network and compl-p and compl-q are their complimentary properties that do not have direct
representation (properties r and s are complimentary if classes of entities defined by these
properties are complimentary sets). For instance, the statements “unemployed persons do
not pay taxes” and “a person is guilty if proven not innocent” can be represented as follows:

taz_payer(X): —1 «— employed(X): —L
gutlty(X): +1 « innocent(X) : —w.

To specify characteristic properties associated with a class, such as “all living things breathe”

»

and “only adult citizens have voting rights,” we may write

breathes(X) : 4w « living(X): +w
breathes(X) : —w «— living(X): —w
hasvoting rights(X) : +1 « adult_citizen(X) : +1
hasvoting rights(X): —1 «— adult_citizen(X): —1.

On the other hand, we cannot specify mutually exclusive properties. For instance,

dove(X): —1 « hawk(X):+1
hawk(X): —1 « dove(X):+1

is not a legal inheritance specification, since the predicates dove and hawk (and even the
corresponding ground facts) cannot be ordered with respect to “~<” here.

Our logic has certain advantages over the formalism presented in [15] that accrue out of
being able to order the space of evidences to help resolve ambiguity, as in the Blood Pressure
example of Section 2.1.

¢ Renal Failure_Patient(Tom) : +w
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e Haemorrhage_Patient(Tom) : +w
e High Blood Pressure(X):+1 «— Renal Failure Patient(X): tw

e High Blood Pressure(X): —2 «— Haemorrhage Patient(X) : 4w.

Even though the topology of this network resembles that of Nixon diamond, we may resolve
the ambiguity in favor of Tom having low blood pressure; [15] cannot differentiate between
these two cases.

Our model theory, in particular, the notion of supportedness, buys us certain advantages
over [12]. Consider the following rules:

o bird (Fact)
o bird — flies (Defeasible rule)
o flies — —acro (Strict rule)

According to [12], this specification admits two Cj-minimal models, where the domain of truth
values used in [12], its truth ordering, and the information ordering are shown in Figure 5.
In one model, flies is true by default and acro is false by default; in the other, flies is false
and acro is unknown.

Ginsberg notes that this does not allow one to conclude that the bird flies by default,
because such conclusion would not be true in all Cg-minimal models. He goes on to propose
a criterion to prefer the first model over the second one by formalizing the notion of “strength
of assumption” and discarding the second model by virtue of being based on “unreasonably
strong” assumption, compared to the first model. We, on the other hand, do not run into
such problem. In our formalism, the problem is represented as follows:

o bird: +w
o flies:+1 «— bird: +1
® acro: —w «— flies: 4w

o acro: —1 « flies: +1.

This admits a unique supported model that contains flies : +1 and acro : —1. The interpre-
tation corresponding to the second minimal model in [12] is not supported because flies : —w
holds true (i.e., flies is false) does not have any justification.

An advantage of our approach is that inheritance specifications can be designed in the
same style as Prolog programs. A system that executes these specifications can be thought of
as an elementary Truth Maintenance System (TMS). In particular, it would store “tentative”
justifications for the association of a property with an individual. When new facts are added
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Figure 5: A bilattice for default reasoning

to the system, certain old conclusions may be nonmonotonically retracted and new conclusions
asserted. The key difference is that in a general belief revision system the main concern is
the inconsistency resolution procedure, which is usually quite expensive, since a TMS has
to track down the possible sources of inconsistency and devise strategies for belief revision.
In contrast, our use of semi-lattices leads to an inexpensive and systematic way of resolving
inconsistency. In addition, when such resolution is not possible, a contradiction may be
tolerated by representing it explicitly, via the priority constants that denote ambiguity.

4 Inheritance Networks as Logical Specifications

It is possible to translate inheritance networks into our logic to provide an indirect (but formal)
semantics to these networks. The main question here is how to choose priority constants
and design a suitable semi-lattice structure. In what follows, we outline an approach to
translating inheritance networks that uses node labels to define priority constants. Although,
perhaps, simplistic, this translation seems to work adequately. One of its features is that it
automatically infers a semi-lattice structure from the network topology.

Define the evidence set corresponding to a network to be £ = {+,—-} x ({L,w} U C),
where C is a set of names of property nodes in the network. The first component of an element
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of € specifies the class of support, while the second component captures the information
content. The constants +1 and —_| represent the minimum positive and negative evidence;
+w and —w represent the maximum positive and negative evidence, respectively. The “is-a”
and “is-not-a” relationships between property nodes in the network determine the ordering
<p on &: if ¢ is-a p then ep <; éq, where € and 6 stand for one of the signs, “+” or “—7,
and p, q are constants in C that correspond to the property nodes p and ¢. For instance, we
would have +bird <; —penguin for the network in Figure 1, because penguin is-a bird. We

also define + 1 < £p < ftw for every p € C.

We define the domain P of priority constants to be the set of all reduced subsets of £, i.e.,
subsets that do not contain <j-comparable elements. The <g-order on P is defined so that
m < 7 if and only if for every e € m; there is €' € m, such that e < €. The least upper
bound, luby, is determined by taking the set-theoretic union of the elements of P and then
reducing the result with respect to <j. The class of support C* (resp., C~) consists of those
elements of P that are composed of only positive (resp., negative) elements of £; the sets in
C* are mixed, i.e., they contain positive as well as negative elements of £.

As an illustration, consider the penguin triangle example. Having inferred fly(Tweety) :
{+bird} and fly(Tweety) : {—penguin}, we can see that only the latter survives, since {+bird} <,
{—penguin}. For an example with ambiguity, consider Nixon diamond. The two evidences
here are {—republican} and {+quaker} and their lub; is {—republican, +quaker}. Because
—republican and +quaker are incomparable on the information scale and have different signs,
the resulting evidence belongs to C* and is, therefore, ambiguous.

In general, given an inheritance diagram, we translate it into our logical representation and
then take the unique supported model of that representation for the meaning of this diagram.
The translation is performed as follows. We associate a constant ¢ with each individual node
¢ and a unary predicate p with each property node p. Each such node also has associated
priority constants +p and —p, as explained earlier. Note that this algorithm uses names
of properties for priority constants, rather than just numbers. Therefore, for well-designed
networks, priority constants would have meaningful mnemonics, such as bird, quaker, etc.

A positive (resp., negative) link from an individual node ¢ to a property node p is repre-
sented by the fact p(3) : {+w} (resp., p(¢) : {—w}). The translation of a positive strict link
from a property node p to a property node ¢ is the following pair of rules:

¢(X) i {+w} <« p(X): {+w}
o(X): {+p} < p(X):{+L}.

The first rule above propagates strict facts through positive strict links, yielding strict con-
clusions. The second rule propagates defeasible facts through strict links, yielding defeasible
conclusions. Similarly, a strict negative link from p to g would be represented as a pair of

rules:
q(X) : {—w} « p(X):{+w}
g(X) : {-p} < p(X):{+L}.
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A defeasible positive link from a property node p to a property node ¢ is translated as follows:

q(X) : {+p} — p(X):{+L}.

Finally, a defeasible negative link from p to ¢ is represented as:

q(X) : {-p} < p(X):{+L}.

5 Discussion

In this section we discuss a number of limitations of our approach and briefly compare its
behaviour vis a vis other skeptical inheritance theories. First, we note that the translation
introduced in the previous section works well for networks whose negative links go into termi-
nal nodes only, i.e., nodes with the out-degree 0. For more general networks—as the following
examples show—constructing a suitable semi-lattice may involve global analysis of the net-
work to determine the so called “specificity” relation. In fact, it is possible to integrate the
following notion of “local specificity” with the inheritance computation [25]:° If the fact p(q)
holds (that is, q inherits p) and some individual ¢ inherits property » through p and property
—p through g, then the priority constant q is more informative than the priority constant p
as far as arbitrating this conflicting multiple inheritance is concerned.

Apart from showing the non-locality of our translation, the next two examples suggest that
it is unlikely that there is a modular translation from the language of inheritance networks
into our formalism. For instance, Figure 6(b) is obtained from Figure 6(a) by adding a
negative link that directly connects nodes p and r. In Figure 6(a), since p is-a ¢ and ¢ is-a
r, the property p is more specific than r as far as the node a is concerned. Hence, the node
a inherits —s from p and does not inherit s from r. In contrast, in Figure 6(b), p is-not-an
r and hence p is not a more specific property of a than r is, and now there is an ambiguity
regarding whether or not a should inherit s. Translating the network of Figure 6(b) into an
evidence-based inheritance specification according to the algorithm of Section 4, we see that
the above change in the specificity relationship between p and r with respect to a results in a
change of priority constants in the heads of the rules corresponding to the in-links of s. This
means that, a nonmonotonic change in the specificity relationship due to link-updates can
potentially lead to scrapping and then recompiling a large chunk of the translation.

For another example, consider Figure 7(a). Here p is-a ¢ and ¢ is-a 7 and hence p is a
more specific property than r as far as the node b is concerned. Since we can view the links
from @ and b to r as being redundant, both a and b inherit —s from p. On the other hand,
in Figure 7(b), a is-not-a ¢. So the link from @ to r can be interpreted as an independent
evidence that a is-a r. This gives rise to an ambiguity as to whether @ is-a s. Indeed, it is

6A precise characterization of the relationship and the differences between the notions of specificity es-
poused in [39], [15] and [25] has been studied in [26], where it is shown that [39] theory is nonlocal, [15] is
ground local, and the theories in [25] are local.
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Figure 6: Link-update changes specificity relation

not clear how to disambiguate the conflicting pieces of evidence, one of which instructs us to
inherit s through r while another suggests that inheritance of —s through p should take place.
Thus, even though a and b both possess properties p and r, p is more specific than r with
respect to a, while p and r are incomparable in that respect relatively to b. Again, a change
in the net has lead to a non-modular change in the translation.

We conclude this section by comparing our approach with the so called “ideally skeptical”
reasoner. An ideally skeptical reasoner believes only in those facts that are true in all credulous
models [36] associated with any given inheritance specification. Our evidence-based theory
is different in that respect, since there may be facts lying in the intersection of all credulous
models and yet not supported in the unique intended model of Section 2.6. For instance,
consider the following variant of an example from [13].

e politically motivated(X): +1 «— pacifist(X) : +1.
e politically motivated(X): +1 «— pacifist(X): —1.
e pacifist(X): +1 « quaker(X): +1.

o pacifist(X): —1 « republican(X) : +1.

e quaker(penn): +w.

e republican(bush) : +w.

o quaker(nizon): tw.

e republican(nizon) : +w.
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Figure 7: A more subtle change in specificity relation

The minimal supported model for this example satisfies politically motivated(penn): +1 and
politically motivated(bush) : +1, because it satisfies paci fist(penn) : +1 and pacifist(bush) :
—1, respectively; the fact politically motivated(nizon) : 41 is not satisfied, though. On the
other hand, the latter fact belongs to all credulous models of the network corresponding
to the above inheritance specification, for in every such model either pacifist(nizon) or
—pact fist(nizon) holds true.

In this example, our theory agrees with [15] rather than [36]. To a certain extent, it
is a matter of taste as to which theory is more natural. An ideal skeptic reasons in the
intersection of all possible worlds and is willing to draw conclusions based on inconsistent
beliefs. For instance, in the above, pact fist(nizon) is such a belief and yet an ideal skeptic
would use it to conclude that Nixon is politically motivated. In contrast, we and [15] would
hold back the judgement until the situation clears. In each case this happens for somewhat
different reasons, but in both instances the law of excluded middle does not hold, even at the
level of models. For instance, it is entirely possible for Nixon to be neither a pacifist nor a
non-pacifist in a minimal supported model.

6 Conclusion and Future Work

We proposed a new logic framework for representing inheritance networks, which provides a
convenient way of encoding an important fragment of common-sense reasoning. In particular,
we can represent class-subclass hierarchies, mixed inheritance networks with strict and de-
feasible links, preferential inheritance networks, and other phenomena. The framework also
supports inheritance through paths with negative links and skeptical reasoning.
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An important property of our theory of inheritance is the locality of its semantics. This
means that whether or not a specific object inherits a certain property depends only on the
neighboring properties inherited by that object. In terms of our logic, ¢ is a neighboring
property of p, where p and ¢ are predicate symbols, if and only if ¢ < p and there is no r such
that ¢ < r < p. Locality affects both conceptual and computational aspects of our theory
(30, 34|. However, this also means that we cannot mimic nonlocal approaches, such as [15],
closely enough.

One possible extension of our logic framework is to allow networks where inheritance
conflicts are resolved using, so called, credulous reasoning [40]. This can be achieved by
weakening our constraints on the domain of priority constants and, instead of insisting on
the existence of unique least upper bounds, let every set of priority constants to have several
minimal upper bounds. Another extension that was briefly mentioned in Section 2.2 is to allow
the “depends-on” relation to be cyclic on predicate symbols. This will let us incorporate cyclic
inheritance networks and contrapositive reasoning” [28, 31]. However, extending the class
of inheritance specifications to locally stratified programs may not be enough for handling
contraposition, and an adaptation of the well-founded semantics [42] may be needed.
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