On the Decidability and Axiomatization of Query Finiteness

*

in Deductive Databases

Michael Kifer?
Department of Computer Science
SUNY at Stony Brook
Stony Brook, NY 11794
kifer@cs.sunysb.edu

April 21, 1998

Abstract

A database query is finite! if its result consists of a finite set of tuples. For queries formulated
as sets of pure Horn rules, the problem of determining finiteness is, in general, undecidable.

In this paper we consider superfiniteness—a stronger kind of finiteness, which applies to Horn
queries whose function symbols are replaced by the abstraction of infinite relations with finiteness
constraints (abbr., FC’s). We show that superfiniteness is not only decidable but also aziomatizable,
and the axiomatization yields an effective decision procedure. Although there are finite queries that
are not superfinite, we demonstrate that superfinite queries represent an interesting and nontrivial
subclass within the class of all finite queries.

Then we turn to the issue of inference of finiteness constraints—an important practical problem
that is instrumental in deciding if a query is evaluable by a bottom-up algorithm. Although it
is not known whether FC-entailment is decidable for sets of function-free Horn rules, we show
that super-entailment, a stronger form of entailment, is decidable. We also show how a decision
procedure for super-entailment can be used to enhance tests for query finiteness.

Categories and Subject Descriptors: H.2.1 [Database Management|: Systems — query processing;
I.2.3 [Computing Methodologies]: Deduction and Theorem Proving — logic programming.

General Terms: Algorithms, languages, theory.

Additional Keywords and Phrases: Query processing, finiteness constraints, finite queries, horizon-
tal decompositions, partial constraints, computability, axiomatization.

1 Introduction

Query evaluation has been central to deductive database research since the inception of the field. It is
known that queries specified via sets of function-free Horn rules are evaluable in finite time. However,

*A preliminary report with some of the results in this paper has appeared in [19].
tWork sponsored in part by NSF grants DCR-8603676, IRI-8903507, and CCR-9102159.
!Finiteness is often called “safety”. We prefer “finiteness” over “safety,” as it is more descriptive and less overloaded.



function-free rules have limited expressive power and advanced deductive database systems, such as
LDL [25], Coral [27, 28], and XSB [33], do not prohibit the use of function symbols.

Unfortunately, function symbols make the class of all queries expressible via sets of Horn rules
(Horn queries) non-capturable [18], i.e., there is no single algorithm that can take any set of database
facts and a finite query—i.e., a query with only a finite number of answers for any finite set of database
facts—and will terminate after finding all answers to the query.

An important issue, therefore, is the design of algorithms that can capture various interesting
subclasses of finite queries. A special case of this problem is the question of whether a database
query is finite. Finiteness is known to be undecidable for first-order queries without function symbols
(but with negation) [11, 40].2 A sound (albeit incomplete) algorithm for testing finiteness for this
class of queries was proposed in [41]. Finiteness is also undecidable for Horn queries with function
symbols [36]. However, this problem is decidable for Horn queries without function symbols, even in
the presence of infinite relations [16].

As finiteness is undecidable in the presence of function symbols, [26] proposed an elegant abstrac-
tion of this problem using function-free Horn queries with infinite relations and finiteness constraints
(abbr., FC’s). It is generally agreed now that this abstraction is a useful tool for studying the problems
of finiteness and computability when function symbols must be taken into account. The interest in
finiteness constraints was further stimulated by the works [30, 20, 17] that showed that the knowl-
edge of certain FC’s over some database predicates may help prove that the query is evaluable by
a bottom-up algorithm in a finite number of steps. These studies, thus, suggest that algorithms for
FC-inference may become an important part of query processing.

The first step towards the theory of FC-inference was made in [26], where it was noted that
finiteness constraints over a single relation have axiomatization similar to Armstrong’s axioms for
functional dependencies (abbr., FD’s) [37]. Nevertheless, it was clear that this result had a long way to
go before it could be used for Horn queries, as the latter involve multiple predicates that are intricately
connected via logical rules. This paper fills in the missing parts by providing an axiomatization for
FC’s over multiple predicates and by developing a powerful algorithm for FC-inference. As a special
case, these results apply to query finiteness, which we consider first.

Let P be a set of Horn rules (the intensional part of the database) and edb be a set of database
facts (the eztensional part of the database). Let Tpyedp be the corresponding immediate-consequence
operator [22] that maps Herbrand interpretations of P to other such interpretations. Then any fixpoint
of Tpuedb is a model of P U edb and thus of P [22]. We call such models fizpoint models of P (note:
edb is a variable parameter here). Fixpoints of Tpedp are sometimes also called supported models [2],
and the class of all such models is known to coincide with the class of all models of Clark’s completion
[22] of P U edb.

For an example of a model that is not a fixpoint model, consider the following rule: p(X) <— ¢(X).
The assignment of the empty relation to ¢ and of the relation {< 7 >} to p constitutes a model, but
not a fixpoint model. A query defined by a set of Horn rules, P, is superfinite if the query predicate
has a finite number of tuples in every fixpoint model of P. Clearly, a query is finite if it is superfinite.

2These papers dealt with domain independence, but a simple modification of the proofs shows undecidability of
finiteness as well [16, 17].



Although the converse is not always true, superfinite queries represent an interesting and nontrivial
subclass within the class of all finite queries. We show that superfiniteness is not only decidable, but
also axiomatizable, and that the axiomatization leads to an effective decision procedure.

An interesting aspect of our axiomatization is that it involves inclusion dependencies (IND’s)
[5] in addition to finiteness constraints. It follows from our results that despite a number of common
properties of FD’s and FC’s, including the common Armstrong’s axiomatization, the inference problem
for FC’s and IND’s is decidable and axiomatizable. In contrast, the corresponding problem for FD’s
and IND’s is neither axiomatizable (in the conventional sense) [5], nor decidable [24, 6]. This may
seem even more surprising in view of the fact that FC’s are not first-order entities (i.e., they cannot
be expressed as a first-order formula), while the notion of an FD is first-order.

Applying these ideas to FC-inference, we define the notion of super-entailment, where an FC « is
super-entailed by a database P and by a set F' of FC’s over the predicates of P, if a holds in every
fixpoint of P that satisfies every constraint in 7. We show that, like superfiniteness, super-entailment
is decidable and axiomatizable.

In [26], it was claimed that finiteness is decidable for Horn queries with FC’s and infinite relations.
Unfortunately, it was later discovered that the proposed algorithm is incomplete. In [32] the finiteness
problem was split into weak finiteness® and termination. It was then shown that weak finiteness—a
property of Horn queries that guarantees that all intermediate relations remain finite in the course
of a bottom-up fixpoint computation—is decidable. It was also shown that finiteness is decidable in
polynomial time for monadic Horn queries that admit infinite relations and FC’s. However, it is still
unknown whether termination is decidable for weakly finite databases, so the problem of finiteness
in the presence of FC’s still eludes solution. It is also not known whether logical entailment of FC’s
(as opposed to super-entailment) is decidable. We note that finiteness and FC-inference are closely
related: finiteness can be specified as a special kind of FC (Section 4), so the finiteness problem is a
special case of FC-inference.

This paper is organized as follows. Section 2 introduces notation and terminology. In Sec-
tions 3 through 8 we motivate and develop the machinery needed to prove the axiomatizability and
decidability of superfiniteness and super-entailment. The main results are proved in Sections 9 and 10.
Section 11 surveys state of the art with respect to the finiteness problem and lists some open problems.
Section 12 shows how the results of this paper can be combined with other methods to yield more
powerful tests for query finiteness. Section 13 concludes the paper.

2 Preliminaries

For future reference, we shall briefly review the standard notions of logic programming and deductive
databases. The reader is referred to [22, 38, 39] for more details.

3In [32] this property is called “weak safety.”



Terms, Rules, Databases

A term is either a variable, or a function symbol applied to the number of terms appropriate for the
arity of that symbol. For instance, if f is a function symbol of arity k& and ¢4, ... , t; are terms then
f(t1,-..,tx) is a term. A constant is a 0O-ary function symbol. If ¢ is a constant, it is customary to
identify ¢ with the term ¢(). For the most part, the only terms considered in this paper will be either
constants or variables. So, when we refer to function symbols rather than just constants, we shall
mean function symbols of arity 1 or higher.

Expressions of the form p(t1,...,t,), where p is a predicate symbol of arity n and ¢, ... , ¢, are
terms, is called an atomic formula (or, simply, an atom). A Horn rule has the form

p(t) < qi(t1), q2(t2), - -+ qu(tn) (1)

where p(t) and the ¢;(¢;)’s are atoms. Here and henceforth we shall use the (possibly subscripted)
symbols p,q,r; VW, X,Y, Z; and t, s to denote predicate symbols, variables, and terms, respectively.
The atom p(t) is called the head of the rule and the rest of the atoms in (1) are called body literals.

An atom, a term, or a rule is ground if it has no variables. Atoms can also be viewed as empty-
bodied rules. Ground atoms are called facts. A ground instance of the rule (1) above is any rule
obtained from (1) by a consistent, simultaneous substitution of variables with ground terms. A
substitution is consistent if different occurrences of the same variable are replaced with the same term
(and it is simultaneous if all replacements are performed simultaneously, not one after another).

A database is any set of Horn rules. The set of all facts in a database is called the extensional
database (abbr., EDB); the set of remaining rules is the intensional database (abbr., IDB). We
assume that the only empty-bodied rules in the database are ground facts. It follows, then, that all
IDB-rules have non-empty body.

Henceforth, we reserve the term “rule” for rules with non-empty bodies. The IDB part of the
database will be usually denoted by P, while the EDB part will be denoted by edb. The symbol D
will be used for the union of the two.

Without loss of generality, we assume that EDB and IDB have disjoint sets of predicates. We
will therefore be justified in calling the predicate symbols in the EDB, the EDB-predicates; predicate
symbols that occur in the IDB only will be called I1DB-predicates. EDB-predicates may have an infinite
number of facts. These infinite predicates are used to represent arithmetic operations and to simulate
function symbols.

A set of integrity constraints (abbr., IC) may be specified over the EDB-predicates, in which case
EDB-predicates must satisfy these constraints. For instance, an integrity constraint may be that the
extension of a certain predicate must be finite in every EDB. The set IC together with the information
about the predicates used in D (i.e., predicate names and their arities) comprise the schema of the
database D.

Models and Fixpoints

We assume some fixed alphabet £ of function and predicate symbols. A Herbrand universe is the
set of all ground terms constructible in £. In this paper, we assume an arbitrary but fixed Herbrand
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universe. For the most part, our databases will have no function symbols of positive arity, but we
shall assume that £ contains an infinite number of constants. Thus, the Herbrand universe will still
be infinite. However, for simplicity, the number of predicate symbols in £ is assumed to be finite.

A Herbrand base is the set of all ground atoms constructible in £. A Herbrand interpretation is
any subset of the Herbrand base. Since we do not consider other kinds of universes and interpretations,
we shall be using the terms “universe” and “interpretation” exclusively for Herbrand universes and
interpretations.

A ground atom is true in (or is satisfied by) an interpretation I if it belongs to I. A ground rule
of the form (1) above is true in I if and only if p(¢) is true whenever all the g;(¢;)’s (which are ground
atoms) are true in I. A non-ground rule it true in I if and only if all of its ground instances (with
respect to the given Herbrand universe) are true in I. A model of a database D is any interpretation
that satisfies (makes true) every IDB-rule and every EDB-fact in D.

A well-known fact about Horn databases is that intersection of any number of models of such a
database D is also a model. Intersection of all models is thus the least (by inclusion) model of D [22].
This model can also be characterized as the unique least fixpoint of the operator Tp that maps the
interpretations of D into other such interpretations, as defined next. Let I be an interpretation. We
define Tp as follows:

Tp(I) def {p | pis an EDB-fact in D; or there is a ground instance p < g1, ..., ¢y
of an IDB-rule in D, such that ¢; € [ fori=1,...,n}

A fizpoint of Tp is any interpretation I such that T'p(I) = I. A pre-fizpoint is an interpretation
such that Tp(I) C I. It is well-known [22] that I is a model of D if and only if it is a pre-fixpoint of
D; it is the least model of D if and only if it is the least fixpoint of Tp.

If P is an IDB and edb is an EDB, any fixpoint of Tpuean is called a fizpoint model of P (that
arises from edb). Likewise, any least fixpoint of Tpedp is said to be a least fizpoint model of P (which
is also the least model of P U edb [22]). Note that here edb acts as a parameter that gives rise to
different fixpoint (and least fixpoint) models of P.

Queries and Answers

A query to a database D is a statement of the form ?— ¢(X1,...,X,,), where ¢ is an n-ary predicate
symbol from IDB or EDB, and Xy, ..., X,, are distinct variables. In particular, our queries do not
contain constants and function symbols. Although this notion at first seems less general than the
usual definition of queries [38], the two are known to be essentially equivalent.

The set of answers to the above query is the set of all facts for the query predicate in the least
model of D. More formally, the answer to 7— ¢(Xi,...,X,) is the following set of ground atoms:

{q(t1,.-- tn) | q(t1,... ty) is true in the least model of D }

Naming Conventions

It is common to refer to Horn databases that use neither function symbols (other than constants) nor
infinite EDB-relations as Datalog databases. Augmented with infinite EDB-relations, such databases



are called Extended Datalog. In comparative studies of various kinds of databases, it has also become
common to talk about “Datalog with function symbols,” although this is somewhat of a misnomer,
since the very term “Datalog” was introduced in [23] specifically to indicate the absence of function
symbols. The reader is referred to [38, 39] for the introductory material on deductive databases.

Most of this paper is concerned with Extended Datalog. Extended Datalog was introduced in [26]
as an approximation of Datalog with function symbols* and has been extensively studied since then
[32, 16, 4, 31, 30]. The interest in this approximation is fueled primarily by the fact that finiteness and
computability of Extended Datalog queries is easier to study, and the corresponding algorithms can
be converted into sufficient tests for finiteness and termination of queries over Horn databases with
function symbols.

We use the convention that infinite EDB-predicates are denoted by (possibly subscripted) letters
f, g, h; finite EDB-predicates are denoted by a, b, ¢, d; and derived predicates by p, ¢, r. For variables
and relational attributes we shall use capital letters.

We shall use the following terminological conventions. First, the terms relation name (or attribute)
and predicate symbol (resp., argument) will be used interchangeably. Second, we distinguish between a
predicate symbol p and the relation instance or eztension assigned to p by an interpretation. Relation
instances will usually be marked with the “bar”, e.g., p. Here p is just a symbol in a language, while
p is the set of facts known to be true of p in some interpretation (which is known from the context).
We will also freely alternate between the terms “interpretation” and “database instance”—both will
stand for nothing more than an assignment of relations to predicate symbols. When the concrete
interpretation is immaterial or is clear from the context, we may talk about relation instances without
referring to any specific interpretation.

Let X be a sequence of attributes (where the same attribute may have multiple occurrences) of a
predicate symbol p and let P be a relation instance for p. We shall use p[X] to denote the projection
of pon X (see [37]).

3 Finiteness and Superfiniteness

Informally, a given query is finite if it has a finite set of answers for all instances of the EDB that
satisfy all integrity constraints supplied with the database. Thus, a query is infinite if there is some
instance of the EDB that satisfies the integrity constraints for which the query has an infinite set of
answers.

More precisely, let P be an IDB. A query defined by P is finite with respect to a set of integrity
constraints IC' if the query has a finite number of answers with respect to the database P U edb for
every edb that satisfies all the constraints in IC. Alternatively, we can say that finite queries are
precisely those whose predicate symbol has a finite extension in every least fixpoint model of P that
satisfies IC. Although, strictly speaking, IC is distinct from P, it is sometimes convenient to lump
the IDB and the integrity constraints together and use P to denote the combined entity.

*For instance, a function-free approximation of p(f(X)) $— ¢(X) is p(Y) < q(X), f(X,Y), where f is a predicate
that admits infinite relations.



Instead of considering extensions of the query predicate with respect to the least fixpoint models,
one can consider extensions relatively to any fixpoint model of P. This leads to a stronger notion of
finiteness: A query defined by P is superfinite if for every fixpoint model I of P that arises from an
EDB that satisfies all the integrity constraints in IC, the extension of the query predicate if finite
in 1.5

Clearly, superfiniteness implies finiteness, but not vice versa. For instance, if P is p(X) < p(X)
then the query 7— p(X) is finite, as any least model always assigns the empty extension to p. However,
this query is not superfinite, since there are fixpoints of Tpuedn (for any edb) that assign arbitrary
infinite relations to p. Nevertheless, as we shall see, superfinite queries form a useful, non-trivial class.

4 Finiteness Constraints

The main type of integrity constraints to be considered in this paper is the finiteness constraint. A
finiteness constraint (abbr., FC) [26] over an EDB-predicate p is a statement of the formp : X ——Y,
where X and Y are sets of attributes. The name of the predicate may be omitted if it is immaterial
or clear from the context.

Occasionally, we shall denote attributes by their position number in the predicate. For instance, if
p is a predicate symbol with the first attribute X and the second attribute Y, we may writep : 2——>1
in lieu of p : Y ——> X. This will be called position-number notation (as opposed to attribute-name
notation, in which attributes are referred to by their names). In an FC, the predicate name is explicit
and so argument positions can be simply referred to their position number. In other contexts, the name
of a predicate may not be explicit, but the position-number notation may still be convenient. When
ambiguity may arise, we shall prepend the predicate name to the argument position. For instance,
p : 2 will denote the second attribute of p.

A relation instance P over a predicate p satisfies the FC p: X ——>Y if and only if the following
property holds: For each tuple t € p[X], the set of tuples in ox—(P)[Y] is finite, where ox—;(p) is the
set of all tuples in P that have the value t on X. Note that the notion of an FC is strictly weaker than
the traditional notion of a functional dependency (abbr., FD)—FCs hold trivially in finite relations.

Ezample 4.1 (Finiteness constraints) Consider a predicate f(X,Y") over the domain of integers such
that f = {< n,m >| n > m > 0}. Then the finiteness constraint f : 1 ——>2 holds in f, while
f: 2——>1 does not. Indeed, for each n there are only finitely many positive integers smaller than
n; on the other hand, for any m there are infinitely many integers greater than m. O

As a special case, an FC of the form p : { } ——> X holds in a relation p if and only if the projection
of p on X is finite. One use of this special form is to distinguish between finite and infinite EDB-
predicates and their arguments. The other use is for proving finiteness of IDB-predicates. Because
of our frequent use of finiteness constraints of the form p : {} ——> X, we shall give them a more

®One may wonder if hyperfiniteness—a notion akin to superfiniteness, except that the query predicate is required to
be finite in all models that satisfy the IC’s—is of any interest. However, it turns out that no query is hyperfinite in this
sense: for any predicate p, a set F' of FC’s, and a database D with EDB satisfying F', one can always construct a model
of D where p has an infinite extension.



suggestive notation, p : Finite(X). This latter type of constraints obviates the need for distinguishing
between finite and infinite EDB-predicates. For instance, when we say that p(X,Y") is a finite relation,
we simply mean that there is a constraint p : Finite(X,Y).

Apart from specifying finiteness, FC’s can be used to approximate function symbols, which is
the main reason behind their introduction in [26]. The idea is to replace each occurrence of a func-
tion term f(Xq,...,X,) with a new variable X and to add a predicate of the form f(Xq,...,X,,X)
to the body of the corresponding rule along with the FC f : 1,....n——>(n + 1). For instance,
p(f(X,Y)) < ¢q(X,9(Z)) would be converted into

p(W) < ¢(X,V), f(X,Y,W),9(Z,V)

with the FC’s g: Z——>V and f: X,Y —— W. Details of this process can be found in [26], where
it is also shown that finiteness of the transformed query implies finiteness of the original query.

The following is a complete axiomatization for finiteness constraints over a single predicate:

FC-Rules:
(i) from X CY infer Y ——> X
(ii) from X ——>Y,Y —— Z infer X —— 7
(iii) from X ——>Y infer (X U Z) ——> (Y U Z), for any set of attributes Z

A brief look at the FC-rules reveals that they are identical to Armstrong’s axioms for functional
dependencies. The following useful inference rules follow easily from the above:

Auxiliary Rules for Finite(X):
(i) from Finite(X), Y C X infer Finite(Y)
(ii) from Finite(X), X ——Y infer Finite(Y)
(iii) from Finite(X), Finite(Y) infer Finite(XY')
(iv) from Finite(Y') infer X ——> Y, for any set of attributes X

If a set of constraints G can be derived from another set of constraints F' using the above rules then
we write F' - G. We say that F' (semantically) implies G, denoted F' = G, if G holds in every relation
in which F' holds. The following result is from [26]; its proof is presented here for completeness of the
exposition.

Proposition 4.2 FC-rules are sound and complete for inferring FC’s, i.e., F + G if and only if
F = @G, for any pair of sets of F(C’s.

Proof:  The proof follows the lines of the corresponding proof for functional dependencies in
[37]. Soundness of the rules is an easy consequence of the definitions. For completeness, let us define
the closure of X, denoted X, as {A | X ——> A follows from F by the inference rules}.

First, we claim that X ——>Y follows by the FC-rules if and only if Y is a subset of XI*;. The
proof is identical to the proof of the corresponding fact for functional dependencies [37].



Figure 1: Relation 7y

Next, let F' be a set of FC’s over a set U of attributes and suppose that X ——>Y cannot be
inferred using the FC-rules. We exhibit a relation 7x that satisfies all constraints in F' but violates
X ——>Y. Let 7x[X}] consist of exactly one tuple, and let 7x[U — X ] be infinite. Furthermore, for
each tuple of 7x, the attributes in U — X}' have the same value, which is specific to this tuple and
does not occur elsewhere in 7x. Relation 7x is depicted in Figure 1.

Relation Tx satisfies F. Indeed, assume that V ——> W is in F, but is violated by 7x. By the
construction of 7x, we have V ¢ Xl";', or else W C X;f and V ——> W would be satisfied by 7x. But
then VN (U — X;,f) # {}. Hence, by the construction of 7x, corresponding to each tuple in Fx[V]
there is exactly one tuple in T7x [W]. Thus, V ——> W holds, contrary to our assumption.

On the other hand, since X ——>Y does not follow from F, we have Y N (U — X7) # {}. Thus,
X ——Y is violated by Tx. O

Corollary 4.3 Implication and equivalence for sets of FC’s is decidable.

Proof: Let F' = G. Then, by Proposition 4.2, F' = G. It is enough to check that F' - § for every
0 € G. By the proof of Proposition 4.2, if § is X ——>Y then F' I § if and only if Y C X?;. Closure of
any set can be computed in linear time, as in [3], so checking the implication F' = G takes quadratic
time in the size of F' and G. O

5 Motivating Examples

In this section, we motivate the need for various integrity constraints and illustrate how they can be
used for proving finiteness.

From now on, we shall work exclusively with what we earlier called Extended Datalog, a strain of
Datalog that allows infinite relations constrained by sets of FC’s. Furthermore, we assume that all
our rules are range-restricted. This means that every variable that occurs in the head of a rule must
also appear in the body of that rule. This requirement is easy to meet by transforming the rules as
follows: if X is a non-range-restricted variable in the head of a rule then we add the atom f(X) to
the body of the rule, where f is a new predicate that admits infinite extensions.

Ezample 5.1 (Detecting finiteness using FC’s) Let the IDB P consist of the following rules:



Ry: r(X) < f(X,Y),r(Y),a(Y)
Ry: r(Z) < b(2)

Let the FC f : 2——>1 hold. By our naming convention, a and b denote finite EDB-predicates and
f denotes an infinite EDB-predicate (it could have been a result of the elimination of the function
symbol from the rule r(f(Y)) <— r(Y),a(Y)).

The finite predicate a in R; ensures that no matter how often the rule is applied, the set of all
possible values for Y is finite. Since Y finitely determines X (due to the FC f: 2 ——>1), the set of
all possible values for X is finite. Thus, the query ?— p(X) is finite. O

Let us see how the inference rules for FC’s can help in proving query finiteness. In the above
example, let M be a fixpoint model of P. This model associates a binary relation R; over the
attributes X,Y with the rule Ry, and a unary relation Ry over the single attribute Z with the rule
Ry. These relations are defined as follows:

Ri(X,Y) ¥ (<ay>| flo,y) €M, r(y) € M, aly) € M}

Ro(2) ¥ (< 2>| blz) e M}

Since a and b are finite database predicates, and because of the FC f : 2——>1, we have the
following constraints on the above relations:

Ry: Finite(Y), Y -——>X
Ry: Finite(Z)

By the FC-inference rules (and their derivatives), we conclude that Finite(X) holds in R;(X,Y).
Thus, 7 = R;[X]U R»[Z] is finite because each of its components is provably finite, where 7 is the
relation that M assigns to r.

The above argument is not completely satisfactory, though, since it is not fully proof-theoretic.
The problem is the lack of rules for inferring constraints in a union of two relations from constraints
on the components of that union. For instance, 7 is a union of its components, R;[X] and R;[Z],
and we reached the conclusion that 7 is finite using the fact that both of its components are provably
finite, not via the inference system. This example suggests that we need additional rules of inference
to deal with decompositions of relations and with inclusion dependencies between them.

The following non-trivial example illustrates the use of decompositions and inclusion dependencies
for finiteness analysis.

Ezample 5.2 (Finiteness and horizontal decompositions) Let P be the following IDB:6

Ry : p(X1, X1) < b(X1)

Ry : p(X2,Y2) <= b(Ya), g(Xo, V2), h(Xo, W2), p(V2, Wa)
Rs: p(X3aY3) — b(XS)a g(Y?nV?))a h(Y3aW3)a p(Vg,Wg,)
g: 2——>1

h: 2——>1

5As an amusing aside, [21] points out that this database has a “real-life” interpretation as a definition of the concept

of “founding fathers and mothers.”
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where b is a finite EDB-predicate and g, h are infinite EDB-predicates. Is p finite? We begin to argue
as in Example 5.1. First, given a fixpoint model M, we construct relations corresponding to the rules
(where the names of attributes are listed following the relation names):

(X)) ¥ {<z>]|b(z) e M}

R
Ro(Xo,Ya,Vo,Wa) ¥ {<a,y,0,w > bly), g(z,v), h(z,w), plv,w) € M}
- f

R3(X37Y3a1[3>7W3) dé {< z,Y,v,w >| b(.’,C), g(y,'U), h(y,w), p(’U,’w) € M}

Since b is finite and because of the FC’s on g and h, we have the following constraints:

Ry: Finite(Xy)
FQ : Finite(Yz), Vo——> X, Wo——> Xo
Rg : Finite(Xg), Vs——=>Y3;, W3——>Y;

Furthermore, we know that 7, the relation instance assigned to p by M, is composed of three relations
that are projections of Ry, Ry, and Rj:

P = Ri[X1,X1]URy[X,,Ys) U R3[ X3, Ys]

The inclusion constraints between p and each of its three components are important for the finiteness
analysis. However, to prove that p is finite in M—and finite it is—we need to take a closer look at
the components of p and at the constraints over them.

From the original constraints, we can conclude that the first component of p, Ri[Xi,X;], is
finite. The second component, Ry [X2,Y>], consists of tuples derived by means of rule Ry. From the
constraints we know that these tuples have only a finite number of values in their second attribute Y5,
but possibly an infinite number of values in the attribute X5. The last component of 7 is R3[X3, Y3].
This relation has only a finite number of values in X3, but possibly an infinite number of values in Y3.

Since the first component of 7 is finite, showing that the other two are also finite would entail
finiteness of p. Consider Ro[X»,Y5]. We need to show only that the number of values in the first
attribute is finite. To establish this, we examine the genealogy of tuples in Ra[X5,Y3]. These tuples
are generated by rule Ry, and the p-tuples used in the body of Ry must come from one of the three
components of p. These components of p split Ry into three subrelations. The following case-analysis
discusses each of these subcomponents separately.

Component 1: Finiteness of R; [X1, X1] has already been established. From the FC’s Vo ——> X3 and
Wo ——> Y5, it is clear that only a finite number of tuples can be generated via rule Ry, when p
is instantiated with R;[X7, X;] in the body of Ra.

Hence, the subcomponent of Ry that comes from the instantiation of p with Ri[X7, X;] in the

body of Rs has a finite projection on the attributes Xo, Yo.

Component 2:  Ry[Xs,Ys] has not yet been shown finite, but Rs[Y3] is finite. Using the FC
Wy ——> X5, we can infer that there is only a finite number of different Xo-values in the tu-
ples generated by Ry, when Ry[Xy,Ys] instantiates p in the body.

Hence, the subcomponent of Ry that comes from the instantiation of p with Ry[X2,Y3] in Ry
has a finite projection on Xs, Ys.
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Component 8: Finiteness of R3[X3,Y3] has not yet been established, but R3[X3] is finite. Using
the FC Vo ——> X5, we can infer that the number of different values in the first attribute of the
relation generated by Rp, when R3[X3,Y3] is used in the body for p, is finite.

Thus, the subcomponent of Ry that comes from the instantiation of p with R3[X3,Y3] in the
body of Rs has a finite projection on Xo, Ys.

Similar analysis shows that R3[X3,Y3] is finite. Thus, P is finite. Since M is an arbitrary fixpoint
model of P, we conclude that p is, in fact, superfinite. O

In addition to illustrating the importance of decompositions for the finiteness analysis, the above
example brings out an important point: When analyzing recursive predicates, we must consider their
components separately and, in principle, each component may need to be decomposed even further in
order to establish finiteness.

Example 5.2 also demonstrates the importance of inclusion dependencies (abbr., IND). These are
statements of the form r[X] C ¢[Y], where X and Y are lists of attributes of the same length (each list
may have repeated attributes) and r, g are predicate symbols. A pair 7, § of relations over predicates
r and ¢ satisfies the above IND if and only if 7[X] C g[Y]. In the above example, we relied on the fact
that the inclusion Ry [V2, W3] C P holds in the database instance. Section 8 formalizes IND’s in a more
general context. We have also seen that projections of relations, such as Rs[Xs, Ys] in the example,
played a role in our arguments. We deal with projections in Section 7.

Our final observation is that Example 5.2 illustrates the use of constraints that may hold only on
certain components of a relation, but not on the relation as a whole. Reasoning about these “partial”
constraints was central to our case-analysis of relation Ry. When combined, partial constraints may
yield a global FC of the form Finite(...) (or Finite(X5,Y3), in our case-analysis), which is precisely
what we need for the finiteness. Partial constraints is the main topic of the next section.

6 Horizontal Decompositions and Partial Constraints

We have already seen most of the issues that need to be addressed in the development of a formal
axiomatization for FC’s over multiple IDB-predicates. One novel aspect of this development is the
special role played by the horizontal structure of infinite recursive predicates. Previous examples show
that we may have to reason explicitly about the decomposition of a relation into components. Intu-
itively, we associate each component with the rule that generates tuples for that component. However,
we may also have to reason about the components themselves and, again, they can be decomposed
further. In the limit, this may lead to decompositions with an infinite number of components.

We also introduce the notion of a partial constraint (abbr., PC), a generalization of FC’s that
formalizes that aspect of Example 5.2 where we dealt with constraints that hold only over certain
parts of a relation. A PC consists of one or more sets of FC’s, and (roughly speaking) holds over a
decomposition if each component of the decomposition satisfies one of the sets of FC’s. That is, we
may know that each component satisfies some set of FC’s, but we may not know which.

By the end of this section we shall have developed axioms for inferring PC’s. Subsequent sections
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will extend these results to projection and inclusion dependencies. Finally, we shall apply these axioms
to the problem of deciding superfiniteness.

Decompositions

We now develop a formal basis for reasoning about constraints on horizontal decompositions of re-
lations. Let P, Py, Py, -.- be a (possibly infinite) set of relations of the same arity. It constitutes a
horizontal decomposition of p if p =P, UPy U ---. In this case, we shall writep=p; | Py | ----

Note that the number of component-relations in a decomposition may be infinite. A decomposition
is finite if it has a finite number of components. Also, if 7 is a decomposition, UT will stand for the
union of all components of 7 (i.e., for the very relation decomposed by 7).

Since decompositions are sets of relations, the order in which these relations are listed is immaterial.
Likewise, we do not require all components of a decomposition to be disjoint. Each relation p can
be identified with a singleton decomposition, one in which p is the only component. Furthermore,

if 7w, 7o, ... are decompositions of various relations defined over the same predicate, then we write
T | T2 | --- todenote a decomposition whose set of components is the union of the sets of components
of the 7;’s; this latter decomposition is called the union of 7y, T2, .... Thus, if T = p; | P, and

p=T1|Te, then T | pis Py | Dy | F1 | T2-

We shall use the following partial order on decompositions: 7 C p if and only if T and p are
defined over the same predicate and every component of 7 is also a component of p.” For instance, if
mT=m1 | T2 | --- then m; C 7, for all s.

A slightly weaker relationship, denoted 7 < p, holds if each component of 7 is contained in a
component of p (which might be different for different components of 7). It is easy to see that “=<”
may be a cyclic relation (i.e., T = p < 7 is possible for distinct 7 and p), so “<” is a quasi-order, but
not a partial order (quasi-orders often also go under the name “pre-orders”). Clearly, ™ C p implies
T = p, but not vice versa.

Let ™ and p be decompositions over the same predicate. We shall say that p is an approzimation
of T if ¥ < p and UT = Up (i.e., they are decompositions of the same relation).

Partial Constraints

A partial constraint (abbr., PC) over a predicate P is a statement of the form
p: (B[Pl - | F) (2)

where the F;’s are sets of FC’s over p. The predicate name may be omitted if it is known or immaterial.
Unlike decompositions, the number of components in a PC is always finite. We shall view PC’s as sets
of sets of FC’s, so duplicate occurrences of their components (which are sets of FC’s) are discarded
and the order in which they are listed is not important. A set F' of FC’s can be identified with a
singleton partial constraint—one where F' is the only component.

"In fact, if we view 7 and P as sets of relations over the same predicate, then 7 C p if and only if 7@ C 5.
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Note: since predicates have finite arities, there can be only a finite number of distinct FC’s and
PC’s over a predicate.

We use the following notation. If a, ...,y are PC’s over the same predicate then « | --- | 7y
is another PC whose set of components is obtained by pulling together the sets of components of
a, ...,7. Forinstance,ifa = p: (F1 | Fy)and 8 = p: (Fy | F3 | Fy) thena |8 = p: (F1 | F» |
Fy | Fy).

A PC of the above form (2) holds in (or is satisfied by) a decomposition 7 if T has a finite
approzimation p = T, | --- | Ty, such that every 7; satisfies some F}.

The following lemma follows directly from the definition of PC satisfaction and is important for
our subsequent study of PC’s. It says that there is no need to use approximations to verify satisfaction
of PC’s in finite decompositions.

Lemma 6.1 Let 7 be a finite decomposition and « be a PC of the form p : (Fi | Fo | --- | Fp).
Then a holds in T if and only if every p; € ™ satisfies some Fj.

For infinite decompositions, however, the use of finite approximations is crucial for the definition to
make sense. Indeed, suppose we defined satisfaction of (2) on an infinite decomposition 7 of relation
P by requiring every component of 7 to satisfy some F;. In this case, even if every F; had the form
p : Finite(1) it would still be impossible to conclude that P satisfies p : Finite(1). Indeed, even if
p’s first attribute had only a finite number of values in every component of 7, this attribute may still
have an infinite number of values in P, as the number of components in 7 may be infinite.

We also note that partial constraints are quite different from conditional functional dependencies
studied in [10, 9], although both classes of constraints are intended to deal with problems arising when
relations have non-uniform horizontal structure.

Entailment of FC’s

We say that a set I' of partial constraints logically implies (or entails) another partial constraint (3,
denoted T" |= 3, if 8 holds in every decomposition in which each PC of I' does. The next lemma
presents several important properties of decompositions and PC’s.

We have already defined the union of an arbitrary number of decompositions. We will also need
other operators, such as intersection. Let 71, Ta, ... be decompositions defined over the same predi-
cate. Their intersection is a decomposition & whose components are all relations of the form:

p; = NZ1 Py

where p; € 7;, for : = 1,2, .... Note that each p;, here is a relation that belongs to 7; and, to
produce each component p; of 7, exactly one relation is chosen from each 7;. In other words, 7 is a
component-wise intersection of the decompositions 71, s, etc. Clearly, T < ;.

Lemma 6.2 1. If p = N2, p;, where py, Py, -.. are approzimations of the same decomposition T,
then p s also an approzimation of ™. Intersection of a finite number of finite decompositions is
a finite decomposition.
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2. Let T be a set of PC’s satisfied by a possibly infinite decomposition 7. Then there is a finite
approzimation p of ® such that p satisfies I.8

3. Letaw = Fy| -+ |Fyand B = G1| -+ | G Then o |= B if and only if for every component
F; of a there is a component G; of 3 such that F; = G;.

4. Letaw = Fy| -+ | Fy,and 8 = G| --- | Gy. Let y be the PC FL UG, | --- | F;UGj |
< | Fy UGy, (i.e., v’s components are all possible binary unions of the components of o and
B). Then the set {a, B} is equivalent to v, i.e., {a, B} E 7y, v E a, and v = B.

Proof: 1. First, observe that 7 and p are decompositions of the same relation, which is a direct
consequence of the definitions of intersection and approximation.

For every component p € 7Tand each i =1, 2, ..., there is 7; € p; such that p C 7;, by the definition
of approximations. Thus, p C N2,7;, and the latter intersection is a component of p. Therefore, p
approximates . The second part of the claim is obvious.

2. Recall that there exists only a finite number of different FC’s and PC’s over any predicate.
Since 7 satisfies I', there is a finite set of finite approximations of 7, say, py, ... , P, such that each
PC in I' is satisfied by some p,. Let p be the intersection of p;, ..., p,. By Claim 1, p is a finite
approximation of 7. Since p <X p;, for all 4, it follows from the definition of satisfaction that every PC
in I" holds true in p. Hence, p is the desired decomposition.

3. The “if”-direction is a simple consequence of the definitions. For the “only if”-part, let a = .
Suppose to the contrary that, say, Fy is such that, for all j = 1,...,m, F; & G;. We will construct
a relation that satisfies /7 but none of the G;’s. Since this relation, considered as a decomposition,
satisfies a but violates 3, this will prove Claim 3. For each j =1, ..., m, let g; be a relation that
satisfies F, but violates G (g; must exist since Fy £ G;). Then, g =g, U... UG, is the desired
relation that satisfies F; but none of the G;’s.

4. By Claim 2, it suffices to consider finite decompositions only. Let @ = p; | --- | P;, be some
decomposition that satisfies @ and (. By definition, every p; satisfies some Fy, and Gy,. In particular,
p; satisfies Fy, UG,, which is one of the components of . Thus, every component of 7 satisfies some
component of v. Hence v holds in 7, which proves the first entailment of Claim 4. The last two
entailments follow from Claim 3, since F; U G, |= F; and F; U G = Gj. O

Claim 2 of Lemma 6.2 lets us limit our consideration to finite decompositions as far as PC-
implication is concerned. Infinite decompositions will enter the picture only in the proof of complete-
ness of our inference system, namely, in Proposition 9.1. Furthermore, by Claim 4 of Lemma 6.2, sets
of PC’s can always be replaced by a single, equivalent PC. This lemma, thus, suggests the following
inference rules for PC’s:

PC-Rules: Let a = F| - |F,, 8 =G1| |G, and v = UG, | -+ | FUG;| -+ |
F,, U Gy,. Then:
(1) fromaoand {F; -Gy | i=1,...,n, 1 <k <m} infer

8The point here is that all PC’s in T must hold in the same finite decomposition 5. The definition of satisfaction
ensures only that each v € I" holds in some approximation of 7, which may be different for different .
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(ii) from « and f infer vy

Note that the inference rule (i) is well-formed, since the provability relation “-” used there is
provability with respect to the FC-rules only; it was introduced in Section 4.

Let I" be a set of PC’s and v be a PC. We shall write I' I v to mean that v can be derived from I"
using PC-rules above (and FC-rules, as needed).

Proposition 6.3 Let all integrity constraints be PC’s. Then the set of PC-rules and FC-rules is
sound and complete for inferring PC’s: T' =y if and only if T I 7.

Proof:  Soundness follows from Lemma 6.2. For completeness, suppose that I' = . By the
second PC-inference rule, we can replace I' by a single PC, «, which, by Claim 4 of Lemma 6.2, is
equivalent to I, i.e., ' EFaand a =T. Thus, a|=7. Let abe Fy | --- | F, and ybe G1 | --- | G-
By Claim 3 of Lemma 6.2, for every F; there is Gy such that F; = Gx. Now, by Proposition 4.2,
the FC-rules are complete and so F; - G. Therefore, v follows from « by the first PC-rule. Thus,
'cak~y. m

Corollary 6.4 Implication and equivalence of sets of PC’s is decidable.

Proof: By the second PC inference rule, it suffices to consider single PC’s rather than sets. Let
a and (3 be PCs such that a = . By Proposition 6.3, a - . From the proof of Proposition 6.3,
it follows that since a and # are singleton PC’s, 8 can be derived from « solely via the first PC-
rule. Thus, the problem reduces to the implication problem for sets of FC’s. This is decidable, by
Corollary 4.3.

The algorithm takes time O(n*) in the size of « and (. Indeed, checking F |= G takes quadratic
time, and we have to do this for each F € a and G € (3. For sets of PC’s, the complexity of this
algorithm is exponential, since it takes O(n"™) steps to convert a set of m PC’s with n components
each into a single PC. O

7 Projections of Dependencies

In the sequel, we will be dealing with inter-relational constraints such as projection and inclusion
dependencies. The notion of satisfaction for these dependencies has to be extended, so it will apply to
decompositions. We also need to extend the notion of database instance, so that decompositions could
be used in place of relations. Let pi, ..., pyp be predicate symbols. An extended database instance is
a mapping that assigns a decomposition (rather than a relation) to each p;.

From the examples we already know that projections of relations may get involved in reasoning
about finiteness. This is further illustrated by the following example.

Ezample 7.1 (Use of projected dependencies) Let P be the following IDB:
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Ry s(X1,1) < f(X1, 1, Z1)
R2 . q(XQ) < S(XQ,YQ), b(YQ,ZQ)
b : Finite(1)

fi2——1

Then the query ?— ¢(X3) is superfinite. Indeed, let M be a fixpoint model of P. For each value in the
second attribute of 5§ (the relation assigned to s by M) there is only a finite number of corresponding
values in the first attribute, due to the FC. When s is used in the second rule, its second argument
is bound to a finite set of values by b(Y3, Z3). Hence, the first argument of 5 is also bound to a finite
set. O

Now, let us see how inference rules for constraints can help us accomplish the above reasoning
automatically. Let M be a fixpoint model of P and let R;, Rs be the relations corresponding to Ry
and Ry, respectively. As in Examples 5.1 and 5.2, these relations are defined as follows:

Rl(XhYl’Zl) {<$ayaz>| f(.’E,y,Z)EM}
- def

R2(X2aY2aZ2) - {< z, Y,z >| S(xay)ab(yaz) € M}

The only FC’s given initially are of the form Ry : Finite(Y3) and R; : Y1 ——> X;. By themselves,
these constraints are insufficient to ensure finiteness of ¢q. However, we observe that the inclusion
Ry[X5,Ys] C Ri[X1,Y7] holds in our database instance. Because of this inclusion, the FC Y; ——> X,
on R; induces the same FC on R;[X7,Y;], which in turn induces the FC Y5 ——> X3 on Ry[Xy, Y3).
Now, since Y5 is a finite argument (by the initial constraints), we conclude (using the second auxiliary
rule for FC’s) that X2 (hence ¢) is finite.

In this reasoning, the first step was to derive an FC on the projected relation R;[X7,Y;] from the
FC’s on R;. In the second step, we used an inclusion dependency to further the derivation process.
Each of these steps, although simple, is necessary for rigorous axiomatization. (In general, projecting
FC’s may be somewhat more involved because of the possible repeated arguments in projection lists.)

In order to perform the above reasoning proof-theoretically, we have to look at the properties of
projections more closely. First, we define projection dependencies for ordinary databases. Let p be
an n-ary predicate symbol, and let X be a sequence of its attributes. Let r be a predicate symbol
whose arity equals the length of X. A projection dependency® (abbr., PRD) is a statement of the
form 7 = p[X]. It holds in an (ordinary) database instance if and only if 7 = p[X], where 7 and P are
relations assigned to r and p by that database instance.

The position-number notation is often convenient for dealing with projections. For instance, we
can write p[3,2,2] to denote the projection of p on the third and then twice the second attribute.

Let r = pli1,...,%m] be a PRD in the position-number notation. Associated with this PRD
is a natural attribute mapping T from the attributes of r to those of p. It is defined as follows:
T(r : j) = p i for j = 1,...,m. Thus, for r = p[3,2,2], the associated attribute mapping is
{r:l—p:3,r:2—p:2 r:3+— p:2}. We extend this mapping to sets and sequences of attributes
in the usual way.

?Our notion of projection dependencies should not be confused with that of [13], which is a different concept.
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Consider a PRD r = p[)?], and let 7 be the associated mapping. A projection of p: Y ——> Z on
r (or on X) is any FC of the form r : Y’ ——> Z', where 7(Y’) = Y and 7(Z') = ZN X (here X is X
viewed as a set). There may exist several such Y’ and Z’, since 7 does not have to be a 1-1 mapping;
therefore, an FC may have several projections.

For the above PRD r = p[3,2,2] and the FC p : 2——> {1, 3}, the projections of this FC on r are
r:2——>1,r:3——>1,and r:{2,3} ——>1 (because both 7 : 2 and r : 3 are mapped to p : 2 by the
mapping associated with the PRD).

Note that if Y € X then Y ——> Z has no projection on X. For convenience, in this case we assume
that the projection is some trivial FC over r, e.g., {} ——> {}. It is easy to see from the definition
that for an FC of the form Finite(Y) one of the projections on X is Finite(r (Y N X)), where
7YY N X) is a prototype (or pre-image) of Y N X under 7.

It is also convenient to define a promotion operation that works in the direction opposite to FC-
projection: in the above notation, if f’ is an FC Y’ —— Z' over r then 7(Y') —— 7(Z’) is an FC over
p. We denote this latter FC by 7(f) and call it a promotion of f' . Note that f' is an X-projection
of 7(f"), but there may be other projections, too.

Consider a set F of FC’s on p. We define its projection on X as follows: F[X] = {f' |
f!is an X —projection of some f € FT}, where F' is the closure of F' with respect to FC-rules.
Promotion of F' is defined as follows: 7(F') = {7(f) | f € F}.

If F' is a set of FC’s that holds in p then, by Lemma, 7.2, F[)Z" ] is exactly the set of constraints
guaranteed to hold in 7. It should be noted that projections of trivial constraints may be non-trivial.
For example, consider the PRD r = p[1,1]. Then r: 1——>2 and r : 2——>1 both are nontrivial
projections of the trivial FC p: 1 ——>1.

Lemma 7.2 Let 7 and D be relations such that 7 = p?[)z], where X is a sequence of attributes of p.

1. If 6 is an FC that holds in D, then all its projections on X hold in 7.
2. If &' is an FC that holds in 7, then its promotion 7(&') holds in p.
3. If F |=7(8') then F[X] = ¢

Proof: Claims 1 and 2 follow straight from the definitions. For Claim 3, 7(§') € F* (due to
the completeness of FC inference), hence §' € FT[X] (since ¢’ is a projection of 7(¢')). Therefore,
FHX] =4 O

We now extend the above definitions and Lemma 7.2 to cover PC’s and horizontal decompositions.

Let ™ = P, | Py | --- be a decomposition of a relation p, and let X be a sequence of attributes of
p. Then the projection of T on X, denoted 7[X], is p;[X] | Pp|X] | ---. If a is a PC over p of the
form Fy | -+ | F,, then its projection on X, denoted a[X], is defined as Fy[X] | --- | Fu[X].

As with FC’s, the promotion operation takes PC’s over r and produces PC’s over p: if 8 is a PC
of the form r : F! | --- | F! and 7 is the attribute mapping associated with the PRD 7 = p[X], then
T(B)isp:T(F]) | -+ [ 7(Fp)-
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The notion of satisfaction for projection dependencies can be naturally generalized from ordinary
database instances to extended instances. We say that a PRD of the form r = p[X] is satisfied in an
extended database instance D if 7, = ﬁp[f ], where 7, and 7, are decompositions that D assigns to
r and p, respectively.

We should note that PRD’s are not indispensable in our axiomatization. However, in our setting,
they help simplify definitions and inference rules.

Corollary 7.3 Let r = p[)z] be a PRD with an associated attribute mapping 7, and let p and T be
decompositions over r and p such that p = 7[X]. Then:

1. If a PC « holds in 7 then o[X] holds in p.
2. If a PC o holds in p, then its promotion 7(c') holds in 7.

3. If a = 7(B'), where o is a PC over p and 8 is a PC over r, then o[X] = 3.

Proof: 1. Let a = F; | ... | Fj. Since « holds in 7, the latter must have a finite approximation
@™ =P} | ... | PI,, where every pj satisfies some Fj;,.

Clearly, 7'[X] is a finite approximation of 7[X] (= p). Therefore, we only need to show that 7[X]
satisfies a[X] = F1[X] | ... | Fx[X]. Consider some p}[X]. Since p} satisfies F},, it also satisfies Fj; By
Claim 1 of Lemma 7.2, every FC in F};, [X ] is satisfied by P} [X' ]. This shows that every component of
7[X] satisfies some component of a[X], which proves part 1.

2. Let p =7 | ... | 7, be a finite approximation of p that satisfies o/ = F| | ... | Fj. We
construct ¥ = p} | ... | P}, a finite approximation of 7, such that 7 [X' ] = 7. Namely, we define
P, ={t|teUr and t[X] €7}, i=1,...,n. In particular, both 7 and 7’ are decompositions over p.

Since (UT)[X] D 7, i = 1,...,n, we have P}[X] = 7, i.e., 7'[X] = p'. Since Up’ = Up = (UT)[X] by
the assumptions, it follows that UT' = {t | t € UT} = UT. To see that T approximates 7, it remains to
be shown that for each p € 7, we have p C p}, for some p} € 7. Let p be a component of 7. Then pT[X" ]
is a component of p. Since p’ approximates p, it follows that ;B[X" ] is a subset of some 7;. Therefore,
pC{t|teUrandt[X]e 7t} = P, (the latter holds by construction of 7,), i.e., p C p,.

Finally, we need to show that 7 satisfies 7(a’). Let o' = F| | ... | Fj. Consider some p; and

! =l

the associated equation 7 = pi[X]. Since 7' satisfies o/, 7,

Lemma 7.2, p; satisfies 7(F}). Since p} was chosen arbitrarily, we conclude that 7 satisfies 7(a).

satisfies some F}. Hence, by Claim 2 of

3. Let = F | ... | F and ' = G | ... | Gy,. Since a |= 7(8'), every F; has some G, such that
F; = 7(G},) (Lemma 6.2, Claim 3). By Lemma 7.2, Claim 3, F[X] E G, Hence, every component
of a[X] entails some component of 4, i.e., a[X] = . O

Corollary 7.3 suggests the following derivation rules for constraints in projections of horizontal
decompositions:

PRD-Rules: Let r = p[)? ] be a PRD with an associated attribute mapping 7. Suppose also that «
and § are PC’s over p and r, respectively. Then:

(i) from p: a and r = p[X] infer r: ofX].
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(ii) from r: B and r = p[X] infer p: 7(3).

Soundness of these rules follows from Corollary 7.3. We shall see later that these rules are also complete
for inferring PC’s.

We will often need to extend decompositions over p[X] that satisfy a set T[X] of PC’s to decompo-
sitions over p that satisfy I'. In general, this cannot be done for every possible decomposition, which
is consistent with the corresponding result about functional dependencies [34]. Fortunately, we only
need to extend a very special class of decompositions, called simple decompositions.

Let p be a relation for p and let F be a set of FC’s on p. A relation p is called F-simple if all of
the following conditions are satisfied:

e The components of the tuples in p are drawn from a fixed infinite set {a, by, be, bs, ...} of
constants, where a is the “distinguished” element.

e Each tuple in p can use at most two constants: one of the b;’s and a. Hither a or b; may be
missing, but two different b;’s cannot appear in the same tuple.

e For each tuple ¢ € P, the set A; of all attributes where ¢ assumes the distinguished value a is
F-closed, i.c., (A;)f = A;. (The closure, X7, was defined in Section 4 to mean {B | F |
X ——B}.)

Note that the relation constructed in Proposition 4.2 is F-simple. In the theory of FC’s, F-
simple relations play the role analogous to that of the 2-tuple relations in the theory of functional and
multivalued dependencies (cf. [37]). So far, the properties of FC’s were similar to those of functional
dependencies—even the inference rules were the same. The next lemma (Claims 2 and 4) shows that

FC’s have certain properties that do not hold for FD’s, even in the world of 2-tuple relations.'?

Lemma 7.4
1. Satisfaction: Fach F-simple relation satisfies F.

2. Union: Union of any (even infinite) number of F -simple relations is F-simple (and, by Claim 1,
satisfies F').

Lo

Projection: Ifp is F-simple then p[X] is F[X]-simple.

4. Expansion: Letr = p[)z] be a PRD, F be a set of FC’s on p, and T be an F[)?]—simple relation
on r. Then there is an F-simple relation D on p such that 7 = p[X].

5. Relaxation: If F' = G then every F'-simple relation is also G-simple.

Proof: 1. Let Y ——B € F, and t1,t2,... be a set of tuples all of which agree on Y. We
have to show that among ¢1[B],t2[B], ... there is only a finite number of different values. If, for some

101n fact, if Claims 2 and 4 were true for FD’s, we could have used the techniques of Proposition 9.1, below, to establish
a completeness result for FD’s and inclusion dependencies, which is impossible according to [5].
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C €Y and by, we have t1[C] = t2[C] = - - - = by, then, by the definition of F-simplicity, for all i, the
value ¢;[B] can be either by or a, in which case we are done.

If such an attribute C' does not exist then ¢;[Y] =< a, a, ..., a >, for all &. But then Y C 4,
for all 4, and, since each Ay, is F-closed, it follows that B € Ay, for all i. Therefore, {¢;[B] | i =
1,2,3,...} ={a}.

Note that our last argument applies also in case Y = { }, i.e., for constraints of the form Finite(B).
Therefore, if Finite(B) € F then all tuples have the value a on B.

2. Follows from the definition of F-simple relations.
3. Of the three conditions for F-simplicity, only the last one, closedness of the A;’s is not obvious.

Suppose F[X] = A;——>B. By Lemma 7.2, Claim 2, F |= 7(4;) ——> 7(B), where 7 is the
attribute mapping associated with the projection on X. Let t' € P be a tuple such that ¢’ [X | =t
Clearly, Ay D 7(A;). Since Ay is F-closed, 7(B) € Ay. Hence, t'[7(B)] = a and thus t[B] = a.
Therefore, B € A;. Since B was chosen arbitrarily, this means that A; is F[X ] closed.

4. We extend each tuple t € 7 to a tuple t over p as follows. Let 7 be the attribute mapping
associated with the PRD. We construct ¢¢ so that it has the value a over (7(4;))%; over the other
attributes, we patch ¢¢ by letting it assume the very same value b; that appears in ¢. If no b; appears
in ¢, use a to patch %°.

Let p = {t¢ | t € T}. By construction, p is F-simple. We only need to check that for every ¢ € 7
and every attribute B of r, t[{B] = t¢[r(B)].

If B € Ay, this property is obvious. If B ¢ Ay, then ¢[B] = b;, for some i, and @ = Ay ——> B is
not implied by F[X] But then o/ = 7(4;) ——>7(B) = 7() is not implied by F, by Lemma 7.2,
Claim 3. Hence, 7(B) ¢ (7(A:))% and, by construction, t¢[7(B)] = b; = t[B].

5. We only need to remark that every F-closed set of attributes is also G-closed. O

Claim 2 of Lemma 7.4 does not hold for arbitrary relations, since taking union of an infinite number
of relations may lead to the violation of some of the FC’s. Claim 4 is not true, in general, since not
every relation can be extended from p[)? ] to p so that the constraints on p will hold.

Lemma 7.4 is extended to horizontal decompositions and PC’s as follows. Let T =p; | Dy | -
be a decomposition over p and let « = Fy | --- | Fy be a PC defined on p. We say that 7 is a-simple
if each relation in 7 is Fj-simple for some Fj.

Notice that if 7 is a-simple then it has a finite a-simple approximation; hence 7 satisfies a. This
approximation has the form 7; | --- | Tx (note: it has the same number of components as «), where
each 7; is the union of all those p; € 7 that are Fj-simple. By Claim 2 of Lemma 7.4, each 7; is
F;-simple. Hence, every a-simple decomposition satisfies a.

We say that 7 is I'-simple if and only if it is y-simple for some single PC that is equivalent to '
(such a PC exists by Claim 4 of Lemma 6.1). By Claim 5 of the next corollary, I'-simplicity does not
depend on the specific choice of this PC.

Corollary 7.5 Let ' be a set of PC’s over predicate p. Then:

1. Every I'-simple decomposition satisfies I
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2. Union'' of any number of T-simple decompositions is T-simple.
3. For any U'-simple decomposition, its projection on X is I‘[X |-simple.

4. Let r = p[)?] be a PRD, where v and p are predicates. Let T, be a I‘[X]—simple decomposition
over r. Then there is a I'-simple decomposition T, over p such that m, = fp[)?].

5. If T' = A, where A is a set of PC’s, then every I'-simple decomposition is also A-simple.
[-simplicity does not depend on the specific choice of a PC to replace T' (in the definition of
C-simplicity)

6. If T = A then there is a I'-simple decomposition T such that T =T and T = A.

Proof: The proof is carried out by first reducing the problem to a single PC, then considering
individual component of the decompositions, and then appealing to Lemma 7.4. Claim 1 was verified
just above the statement of this lemma. We will skip the simple proofs of Claims 2, 3, and 4, and
present proofs for Claims 5 and 6.

Claim 5: Let v be a PC equivalent to I" such that 7 is y-simple and let § be a PC equivalent to
A. Since I' = A, it follows that v |= 4.

Let y=Gi|...|Gpand 6 = Dy | ... | Dy, where the G; and D, are sets of FC’s. By definition,
every relation 7, € T is G, -simple, for some Gj;, € «y. Since vy = ¢, Claim 3 of Lemma 6.2 ensures that
there is D;, € d such that G;, = Dj,. Hence, by Claim 5 of Lemma 7.4, 7 is D;,-simple. In other
words, every relation in 7 is simple with respect to one of the components of §; hence, 7 is §-simple
and thus A-simple.

It follows from here that v-simplicity (and thus I'-simplicity) is invariant with respect to PC-
equivalence. Moreover, I'-simplicity does not depend on the PC chosen to represent I'. Indeed,
in the above proof, ¢ is an arbitrary PC equivalent to A and we have shown that every I'-simple
decomposition is d-simple. If we now take A = I', the claim follows.

Claim 6: Let y=Gy|...|Gpand 6 = Dy | ... | Dy, be PC’s that are equivalent to I" and A,
respectively. Since v [~ d, we must have G; [~ Dy, for some 7 and each j = 1,...,m. By Proposition 4.2,
there must exist a relation 7, such that 7 |= G; and 7 [£= Dy, for all j = 1,...,m.

By examining the construction used in Proposition 4.2, one can easily see that the above relation 7,
if constructed according to the recipe in that proposition, is G;-simple. Therefore, the decomposition
7 that has 7 as its only component is y-simple, so it satisfies v. However, since 7 violates all D;’s, it
follows that 7 violates J. a

8 Inclusion and Decomposition Dependencies

Let p and r be predicates of the same arity. An inclusion dependency (IND) is a statement of the
form r C p. Let D be a (extended) database instance that assigns decompositions 7, and 7, to p and

"Union of decompositions, defined in Section 6, should not be confused with the union of relations mentioned in
Lemma 7.4, Claim 2. The former is the union of sets of relations, while the latter is the union of relations (i.e., of sets
of tuples).
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r, respectively. We say that the IND r C p holds in D if and only if 7, C 7, (i.e., 7, includes all
components of 7).

Let 7 C p be an IND, where r and p are predicates of the same arity. Let p : o be a PC on p
expressed in the position-number notation (e.g., p : 1 ——>2). Then r “inherits” the PC r : « (i.e.,
the same PC «, but with p replaced by r; for instance, p: 1 ——> 2 becomes r : 1 ——>2).

Finally, we need one more class of dependencies called decomposition dependencies. This depen-
dency arises when a predicate is defined by several rules, so every decomposition of the corresponding
relation becomes a union of the decompositions determined by the rules.

Let p,71,79, ..., T, be predicates of the same arity. A decomposition dependency (abbr., DD) is
a statement of the form p =7y | -+ | r. It is satisfied in D if and only if @, =7, | -+ | 7y,,, where
Tp, Try, © = 1,2,...,n, are decompositions assigned by D to p and 74, respectively. In plain English,

this means that the component-relations comprising 7, are all and only the components that appear
in the decompositions 7, ..., 7r,,.

We are now ready to present the remaining inference rules:

IND-Rules: Let r, p be predicates of the same arity, and p : a be a PC on p. Then

(i) from r Cp and p: « infer r: .

DD-Rules: Let p,r1, ..., 7, be predicates of the same arity, and p: «, 71 : 1, ..., T : @, be PC’s
onp, ry, ..., Ty, respectively. Then:
(i) fromp=ry |-+ |rpandr oy, ..., 7t oy infer the PCp: (g | -++ | ap) on p.
(ii) fromp=ry | --- | r, and p: @ on p infer the PC’s r; : c on ry, fori = 1,2,...,n.
Note that from the definition of DD’s and IND’s, it follows that (p =71 | -+ | ) E (r: C p), for all

i. We did not include this as an inference rule, because we are not interested in deriving new IND’s.

9 Completeness of the Axiomatization

Proposition 9.1 Let the set of integrity constraints consist of PC’s, PRD’s, IND’s and DD’s. Then
the set of PC-rules, PRD-rules, IND-rules, and DD-rules is sound and complete for inferring PC’s.

Proof: Soundness is easy and is left to the reader (only the soundness of IND-rules and DD-rules
remains to be verified). To prove completeness, suppose I is a set of constraints that includes PC’s,
PRD’s, IND’s and DD’s.

For every predicate r involved in T', let G(r) denote the set of all PC’s over r that can be derived
from I' via the inference rules for PC’s, PRD’s, IND’s, and DD’s. The PC-rules let us assume that
G(r) is, in fact, a single PC. Since each G(r) obviously implies the PC’s in I' originally specified for
r, we can assume, without loss of generality, that the only PC’s in I" are the G(r)’s.
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We shall sometimes write G(r) as r : G(r), which may be necessary to avoid ambiguity. For
instance, when we need to say that G(r) also holds over some predicate p other than r, it will be
necessary to attach a prefix to distinguish p : G(r) from 7 : G(r).

The proof of completeness is carried out by contradiction. Suppose « is a PC such that I' = a,
but T' I/ a. For concreteness, let us assume that « is specified over predicate q. Then G(q) V/ «.
Thus, by Proposition 6.3, there exists a decomposition 72

Moreover, Claim (6) of Corollary7.5 ensures that 7y can be chosen to be G(g)-simple. The rest of the

over ¢ that satisfies G(g), but violates a.

predicates in I' are initially assigned decompositions of empty relations. Let D’ denote this assignment
of decompositions to predicates. This extended database instance is our starting point.

A T-simple database instance is one that assigns a G(r)-simple decomposition to each predicate 7.
By Corollary 7.5, I'-simple database instances satisfy all the PC’s in I.

By construction, D’ is I'-simple, so it satisfies the PC’s in I'. Starting with ﬁo, we construct
a I'-simple database instance that, in addition, will satisfy all PRD’s, IND’s, and DD’s in I'. The
construction uses a chase process that is akin to that used for inclusion dependencies [15].

The chase process consists in applying compensating rules to an intermediate database instance
D, which initially is identical to D’ but subsequently is changed by rule applications. Given D and a
predicate r, we shall use 7, to denote the decomposition instance that D assigns to r.

A compensating rule is triggered whenever one of the dependencies, an IND, a PRD, or a DD,
becomes violated by the database instance. The rule is applied in such a way that the intermediate
database instance grows monotonically. This means that if D is an extended database instance before
the rule application and D’ is the instance after the application then 7, C 7., for every predicate 7.

Application of a rule to a I'-simple instance changes it so that the new instance remains I'-simple,
but the dependency that triggered the compensating rule becomes satisfied. Although being I'-simple
assures that the new instance satisfies the PC’s, any rule-application may bring about violation of an-
other PRD, IND, or DD of I' (that may have been previously satisfied). Hence, another compensating
rule may be triggered, and the chase process may go on forever.

Fortunately, this process has a limit, D™, that assigns to each predicate r the union of all decom-
positions that the various intermediate database instances assign to r.

It is not hard to show that all the PC’s, IND’s, PRD’s and DD’s are satisfied in D™. For the
PC’s, we note that D™ is I-simple, since all intermediate database instances are I-simple and, by
Claim 2 of Corollary 7.5, so must be their union. For any other dependency (3, satisfaction follows by
examining the following three cases:

(i) Bisan IND r C p;
(ii) Bis a PRD r = p[X]; or
(iii) BisaDD p=ry | --- | rp-

Let D™ assign the decomposition 7° to r, 7 to p, etc. If B is an IND (case (i) above), consider
some component 5, € To°. Suppose S, comes from a decomposition assigned to r by some intermediate
database instance D. By the aforesaid properties of the yet-to-be-defined chase process, there is an
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intermediate database instance, ﬁ', that was constructed after D, such that 3 holds in D. Hence, the
decomposition that D’ assigns to p must have 5, as a component. By construction of D™, it follows
that s, € 7,°. Since 5, is an arbitrary member of 77°, we conclude that 72° C 7.°, i.e., D™ satisfies
(. Cases (ii) and (i%i) are disposed of using similar arguments.

We have shown that D satisfies . But we started with D° that, by construction, violates a over
the predicate g. Also, by construction of D™, 72 I (where 72
Since « is violated in 72, it is violated in 7° hence also in D> — contrary to the assumption that

I'Ea.

is the decomposition for ¢ in D°).

To complete the proof, it remains to do the following:

e to explain how compensating rules are applied in the chase process;
e to show that the intermediate database instances grow monotonically; and

e to prove that each rule-application transforms I'-simple instances into I'-simple ones.

Compensating rules come in three flavours: those triggered by the violation of IND’s; those trig-
gered by PRD’s; and those triggered by DD’s.

Suppose an IND r C p is violated. Then 7, ¥ 7,. Since r : G(r) is obtained from I' by exhaustive
application of the inference rules, the IND-inference rule must have been applied for the IND r C p.
Therefore, r : G(p) must be derivable from r : G(r). By the soundness of the inference rules,

r:G(r) Er:Gp) 3)

Thus, viewed as a decomposition over p, 7, is G(p)-simple, by Corollary 7.5 (Claim 5). Application
of the compensating rule that corresponds to the above IND consists of taking the union of 7, and
Tp and making the result into the new decomposition ﬁ;, over p (in the next intermediate database
instance ﬁl). Clearly, the IND is satisfied in the new database instance. By Claim 2 of Corollary 7.5,

this union is also G(p)-simple.

Suppose next that r = p[)z ] is a PRD violated by a I'-simple database instance. We claim that

r:Gr)Er: (GE)IX])  and  r:(GE)X]) Er:G(r) (4)

In proof, observe that r : (G(p) [)_(' ]) is derived from p : G(p), by the inference rules. By construction
(and by soundness of the PRD-rules), r : G(r) must logically entail every PC over r that is derivable
from T by the inference rules. In particular, it must entail 7 : (G(p)[X]). The second entailment
follows because p : 7(G(r)) must hold by rule PRD(ii), hence G(p) = 7(G(r)), by construction of
G(p). Then, applying Claim 3 of Corollary 7.3, we get r : (G(p)[X]) = : G(r).

Therefore, by Claim 5 of Corollary 7.5, any G(r)-simple decomposition over r is also G(p)[X]-
simple, and vice versa.

Now, if 7, C ﬁp[)?] then we simply assign ﬁp[)?] to r. Since 7, is G(p)-simple, ﬁp[)?] is G(p)[X)-
simple (Claim 3 of Corollary 7.5) and, by our previous observation, it is G(r)-simple.

25



In case 7, ﬁp[)?], note that 7, is G(r)-simple. Thus, by the above observation, it is also
G(p)[X]-simple. Hence, by Claim 4 of Corollary 7.5, we can take 7, and extend it to a G(p)-simple
decomposition on p. We then take a union of this extension with 7,. The resulting decomposition, ﬁ;,
is also G (p)-simple, by Claim 2 of Corollary 7.5. Therefore, we can make f;, into the new decomposition
over p. The new decomposition over r is then set to be the union of 7, and fp[)? ]- This union is
G(r)-simple, because ﬁp[)? ] is G(p)[X]-simple and, by (4), also G(r)-simple. Clearly, this construction
ensures that the PRD becomes satisfied in the new database instance.

Finally, suppose p =171 | --- | r, is a decomposition dependency violated by a I'-simple instance.
Due to the IND-rules,

p:G(p) E p:(G(r)| -~ [G(rm)) and  ri: G(ri) = i 2 G(p) (5)

for all i = 1,...,n. Therefore, every G(p)-simple decomposition is (G(r1) | --- | G(ry))-simple, which

follows by the left side of (5) and by Claim 5 of Corollary 7.5. By the right-hand side of (5), every
G(r;)-simple decomposition is also G(p)-simple. Note that since p and all r; have the same schema, any
decomposition over p can be viewed as a decomposition over any of the r;’s, and so it is G(p)-simple
and/or G(r;)-simple over p if and only if the same holds over r;.

Since @, is (G(r1) | -+ | G(ryp))-simple, each component of 7, is simple with respect to some
component of some G(r;). For each G(r;), let ; be the decomposition whose components are precisely
the components of 7, that are simple with respect to some member of G(r;) (7; may turn out to be
an empty set of relations). Then 7, =7 | -+ | T, and each 7; is G(r;)-simple. Now, we can apply
our DD by taking the union of 7; and 7,; (for each ) and making the resulting decomposition into
the new instance 7, over r;. G(r;)-simplicity of 7. follows from Corollary 7.5, Claim 2.

For the new decomposition f;,,

7y, 18 G(r;)-simple, the observations made after (5) ensure that 7,, is G(p)-simple. Hence, by Claim 2

we can take the union of 7, with all 7, 7 =1, ..., n. Since each

of Corollary 7.5, the union, ﬁ;,, is also G(p)-simple. These two actions obviously make the resulting

database instance satisfy the DD.

Clearly, each compensating rule has the effect of forcing satisfaction of the dependency that trig-
gered the rule. It is also clear that the database instance grows monotonically in each case. Hence,
the chase process has the properties we required for constructing the limit D™, which completes the
proof. O

Having completed the axiomatization of our constraints, it is now easy to see that the membership
problem for PC’s (i.e., the question of whether a PC is a logical consequence of a set of constraints)
is decidable.

Theorem 9.2 There is an algorithm that takes a PC « and a set I of PC’s, IND’s, DD’s, and PRD'’s,
and verifies whether I' = a.

Proof: The algorithm consists in applying the inference rules until no more rules can be applied.
Since the number of different inequivalent sets of PC’s is finite and since all inference rules generate
new PC’s (and FC’s, as a special case), after a certain point no new PC will be produced. At this point,
the algorithm terminates. The termination condition can be effectively checked, since equivalence of
PC’s is decidable, by Corollary 6.4. O
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The result of Theorem 9.2 is somewhat unexpected since the corresponding result for FD’s and
IND’s is negative: the inference problem is neither axiomatizable (in the conventional sense) [5], nor
decidable [24, 6]. Axiomatizability is particularly surprising because FC’s cannot be expressed in first-
order logic, while FD’s are easily expressible as first-order formulas. Despite the many similarities
between FC’s and FD’s there are some important differences. First, if all relations are finite then all
FC’s become trivial, and the problem reduces to that of inferring IND’s only, which is decidable [5].
Second, one of the axioms for FD’s and IND’s is no longer sound for FC’s.!2
Corollary 9.3 The time complexity of the algorithm in Theorem 9.2 has exponential upper bound in
the size of T and a.

Proof: Replacing a set of PC’s with a single equivalent PC (and PC-inference over a single
predicate in general) takes exponential number of steps. Projecting a PC also takes exponential
time, as remarked earlier. The rules for applying DD’s and IND’s, on the other hand, require only
a polynomial number of steps. Observe further that no inference rule needs to be applied more than
an exponential number of times. This is because no rule needs to be applied twice with the same
premises, and the number of all possible PC’s is at most exponential. O

In [8], it is shown that the corresponding inference problem for FD’s and acyclic IND’s is decidable,
but is NP-hard. We do not know if the inference problem for FC’s is also NP-hard. However, in the
next section we show that the worst-case complexity of inferring all FC’s that hold in the query
predicate (in all fixpoints of the IDB) is exponential both in time and space.

10 Deciding Superfiniteness and Super-entailment

In this section we reduce the problems of superfiniteness and super-entailment for Horn queries to the
problem of inferring PC’s from constraints introduced in previous sections. Since the latter problem
has been shown to be decidable in Theorem 9.2, so must be the other two problems.

Clearly, any sound super-entailment algorithm is also sound (but incomplete) for inferring FC’s
that hold in the least fixpoint. Moreover, we believe that, from the practical point of view, FC-
inference is more important than query finiteness, since knowing the FC’s may help to determine if
a query evaluation process terminates [20, 7, 17], while mere knowledge that some query is finite is
usually insufficient for detecting termination.

We remind that an FC « is super-entailed by an IDB P and a set of FC’s F' if « holds in every
fixpoint of P that satisfies F'. In this terminology, superfiniteness of ¢ simply means super-entailment
of an FC of the form ¢ : Finite(1,...,n), where n is the arity of q. Notice that here we are talking
specifically about FC’s, not just any PC. Although it still makes sense to talk about super-entailment
of PC’s, our decision procedure is correct for FC’s only (but PC’s are used in the process).

>The axiom in question is: from (UUV) C (XUY), (UUW)C(XUZ) and X ——>Y infer (UUV UW) C
(XUYUuZ) [5,24].
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Reduction of Super-entailment and Superfiniteness to PC Inference

The reduction was already informally described in Examples 5.1, 5.2, and 7.1. To make this construc-
tion precise, we associate database schemas to Horn IDBs as follows. Given an IDB P, the associated
database schema D consists of the following three groups of predicates:

e Group 1: All predicates mentioned in P.

—

e Group 2: A new predicate per each occurrence of a literal in P. Let literal ¢(X) occur somewhere
in P. Then the new predicate in D that is associated with this specific occurrence of ¢(X) has
the same arity as q.

e Group 3: A new predicate per each rule of P. Associated with each Horn rule R is a predicate
of arity equal the number of distinct variables in R. We shall use the symbol R both for the rule
and for the corresponding predicate.

Apart from the predicates, D has a set of constraints, denoted C(P). These constraints include
the FC’s that come originally with P (usually they are obtained from the information about finiteness
of the base predicates and via the process of function symbol elimination from [26], which is outlined
in Section 4). Other constraints are derived from the structure of P.

Formally, the constraints in C(P) come in three different flavors:

e Category 1: For each predicate symbol g in P constrained by a set of FC’s F' (that come with
P), C(P) has a singleton PC of the form g : (F').

e (ategory 2: For each occurrence of a literal p(Z) in the body of a rule R, C(P) has:

— a PRD of the form p' = R[Z];'3 and
—anIND pDyp'.
Here p’ denotes a Group 2 predicate symbol that D associates with this particular body-

occurrence of the literal p(Z ), and p is a Group 1 predicate of D corresponding to the predicate
p mentioned in P. The above pair of dependencies says two things: 1) that the tuples used by

—

R to instantiate the body literal p(Z) must all come from the relation assigned to p; and 2) that
these tuples must match the projection pattern specified by the sequence of variables Z.

e Category 3:  For each IDB predicate p, C(P) has a DD and several PRD’s constructed as
follows. Let

RO . p(fl) —
R®) . p(Xy)

be all the rules in P that have p in the head. Then C(P) includes the following constraints:

13We assume that when R is considered as a predicate, its attributes are named after the distinct variables of the rule
R. So, here Z is treated as a list of attributes of the rule-predicate R.
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— k PRD’s of the form p® = RO[X,], ..., p® = R®[X,]; and
—aDDp=p") | ... | pi).

Here each R is a Group 3 predicate symbol that corresponds to the rule R®: each p® is a
Group 2 predicate symbol that D associates with the head-occurrence of p in R®: and p is a
Group 1 predicate that comes from P itself. The constraints in Category 3 express the fact that
all p-tuples are generated through (and only through) the above & rules in P.

The reduction of superfiniteness to the inference problem for PC’s can now be stated as follows; its
correctness is the subject of Theorem 10.2.

A Naive Decision Procedure for Super-entailment:
Let P be a Horn IDB and F be a set of FC’s. Construct the corresponding set of constraints C(P).
Use the algorithm in Theorem 9.2 to decide whether an FC a can be derived by the inference
rules. If it can, then « is super-entailed by P and F’; otherwise, it is not super-entailed.

In view of the earlier discussions, superfiniteness of an n-ary predicate ¢ can be decided by the above
algorithm with « being ¢ : Finite(1,...,n).

Correctness of the Naive Decision Procedure

The central part in the proof of decidability of super-entailment is Lemma 10.1 below. It uses a
construction that associates a special relation to each rule in P. This construction was already
informally described in Examples 5.1, 5.2, and 7.1. Given an interpretation, M, and a rule, R, with

distinct variables Vi, ..., V,,, the relation Rj; associated with R (or just R, when M is known) has
n attributes V7, ..., V,, named after the variables; it consists of all tuples < aq,...,a, >, where the
a;’s are drawn from the domain of M, such that after substituting a; for V; (i = 1,...,n) we get a

ground instance of R whose body is true in M.

Lemma 10.1 Let P be an IDB constrained by a set of FC’s and let D be the database schema
constructed earlier.

1. Let M be a fizpoint model of P that satisfies the FC’s that come with P. Then there is an
extended database instance D™ over the schema D such that D satisfies C(P) and for every
predicate symbol p in P,

Py = Uy’ (6)
where Py (resp., T,°) is the relation (resp., decomposition of Pyr) that M (resp., D) assigns
to p.15

14We assume some fixed order in which variables of R (and the attributes of RM) are listed.
'5We remind that the notation Ur was introduced in Section 6 to denote a set-union of all components of the decom-
position 7.
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2. Let D be an extended database instance of D that satisfies C(P). Then there is a fizpoint model
M of P such that

Py 2 Uy (7)

where Dy; (resp., Tp) is the relation (resp., decomposition) that M (resp., D) assigns to p.

Proof: Claim 1. Given M, we first construct D" — an initial database instance over schema D.
D’ assigns an empty relation to every predicate of D in Group 2 (which are predicates associated with
literal-occurrences in P). Predicates in Group 1 (i.e., the predicates mentioned in P) are assigned
the same relations as the relations assigned to them by M. Finally, for any Group 3 predicate R
(i.e., one that is associated with a rule in P), D’ assigns Rjs—the relation described just before the
statement of this lemma. We view D* as an extended database instance, where every decomposition
is a singleton with just one component.

Because M is a model that satisfies the FC’s that come with P, D’ satisfies all the PC’s in C (P),
since the lemma assumes that the only PC’s in C(P) are FC’s.!® However, some IND’s, PRD’s, or DD’s
of C(P) may be violated by D’. To enforce these constraints, we transform D’ in two stages. First, we
apply a chase-like process to obtain a possibly infinite sequence of extended database instances that,
informally speaking, are in “increasing compliance” with the constraints. Then we construct D as
a limit of sorts for this sequence.

The overall plan of the proof is similar to that of Proposition 9.1, but the chase process and the
limit-construction are quite different. The construction in Proposition 9.1 cannot be used here because
now the result of the chase must comply with Condition (6) above, so we can neither use C(P)-simple
decompositions, nor we can freely add new components or tuples to the existing decompositions. In
other words, we can no longer use Corollary 7.5, especially Claim 4 there.

Suppose p is a predicate in Group 1. It follows from Property (c), below, and from the yet to-be-
described construction of the limit that 7;° is, indeed, a decomposition of p;;. Hence, Condition (6)
above is satisfied and so are all the FC’s in C(P). The latter is true since each p,, is a finite approxi-
mation of 7p°, and P, satisfies the FC’s in C(P), by the assumptions in the lemma. Thus, our main
goal is to ensure that D™ satisfies all the other types of constraints as well.

We will rely on the following properties that will be preserved throughout the chase process. Let
ﬁo, ﬁl, ... be a sequence of database instances constructed by the chase process. For all j, let
us assume that D’ assigns a decomposition ﬁ;{; to p, a decomposition ﬁi) @ to p{). etc. Then, this
sequence of database instances has the following properties:

(a) Let ﬁg and ﬁ{l""l be decompositions that D’ and D’"' assign to some arbitrary predicate ¢ in D.
Let 3/ be some component of fg. Then

e cither 37 is also a component in f{l‘H;

T B il
eors/ gmitl, g7 = 1T y--. Uit for some n > 1, and 3/ F emtli=1,..,n.

This condition essentially says that components in our decompositions do not die out during
the chase process. They are either passed along to a successor-decomposition (the first case)

8Since M is not an extended database instance, all PC’s satisfied there must, in fact, be FC’s.
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or they are decomposed further (the second case). However, new components may appear in
successor-decompositions—components that do not originate in preceding decompositions.

(b) For each constraint (DD, PRD, or IND) in C(P) and for each j > 0, there is k > j such that the
constraint is satisfied in D". In particular, these constraints are satisfied infinitely often by the
sequence 50, 51, ... (we view this sequence as if it were infinite; if it is finite, we assume that
the last database instance is replicated infinitely many times).

(¢) The relations assigned to predicates in Groups 1 and 3 do not change. That is if p is a predicate
that comes from P then Uf% = Py, for all j. Likewise, if 7% is a decomposition ass_igned to a
rule-predicate R, then UT}, = Rys. Therefore, all FC’s in C(P) are satisfied in all D’, as 7y, is
a finite approximation of ﬁ%, and p,, satisfies the relevant FC’s in C(P), by the assumption in
the statement of the lemma.

(d) The relations assigned to predicates in Group 2 grow monotonically, but they are bound by the
relations assigned to predicates in Groups 1 and 3. More precisely, if p’ is a Group 2 predicate
corresponding to a literal-occurrence of a predicate p in P that gives rise to a PRD p' = R[X ]
(which may be a constraint of Category 2 or 3, depending on whether the literal occurs in the
body of R or in its head), then

i e it
° U7rp, - U7rp, ,
o Uﬁf), C Ry [X]; and

L] Ufg)/ g 1_)M

Note that (the applicable parts of) properties (a) through (d) are satisfied by the initial instance D"

The requisite extended database instance D is a limit of the above sequence 50, ﬁl, ..j it is
p
to g by the database instances in the sequence. The limit of this sequence, 7

defined as follows. Suppose ¢ is a predicate in D and 72, 7., etc., are the decompositions assigned

00
q )
intersection of the decompositions in the sequence, with a small twist needed to accommodate the

is essentially an

components of the decompositions that pop up during the chase process and which do not originate
in earlier decompositions (as explained in Property (a)). The limit instance D then assigns Ty to
g, i.e., it assigns an appropriate limit-decomposition to each predicate symbol in D.

Formally, 7o° is constructed as follows. By Property (a) above, each component of each ﬁg is part
of a shrinking sequence of relations

Sm 2 Sma1 2 Smag D e for some m >0 (8)

where, for each j > m, we have 5; € 7). Such a sequence may not always originate in ﬁg, because, in

the course of the chase process, decompositions may acquire new components, which do not originate

1

¢ - is the following decomposition:

in earlier decompositions (see Property (a)). The limit of 79, T

fgo = {Nj>m3; | 3m 2 Sm+1 2 Sm42 2 -+ is a sequence such that 5; € ﬁg for each j >m}

Properties (a) and (c) ensure that 72° is a decomposition of g, for each predicate ¢ in D that belongs
to Group 1 or 3. We will now show that C(P) is satisfied in D°.
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The case of PC’s has already been argued. Consider a PRD of the form ¢’ = ¢[Z]. If (8) is a
sequence of relations that gives rise to a component of 7° of the form N;>p,3;, then, by Property (b),
there is a sequence

§'m,2§;n,+1234n,+22--- for some m' >0
of components of fg}', 7;7’+1’ ..., respectively, such that 59 =5, [Z] holds for infinitely many j >

max(m,m').!" Therefore, N> 5; = (Ny>m 55) [Z], i€, To° [Z] C 7gr. In the other direction, we can
similarly show that every shrinking sequence over ¢’ gives rise to a shrinking sequence over ¢, and
that the corresponding PRD is satisfied in the limit. Hence, 7 T 7g° [Z] and the PRD ¢ = ¢[Z] is

satisfied in D°°.

For IND’s and DD’s, the proof is similar. For instance, in case of a DD p = p®) | ... | p(®), we
have a sequence of decompositions ﬁg, ﬁll), ... over p and also decomposition sequences ﬁg(i), ﬁ;(i),

for each p(*). Again, by Property (b), the dependency
T = Tw | T

holds for infinitely many j. As with PRD’s, by considering sequences of the individual components of
these decompositions, we can show that this dependency holds in the limit.

Having constructed the limit instance and shown that it satisfies all constraints in C(P), it remains
to describe a chase process that can generate a sequence of extended database instances that satisfies
properties (a) through (d).

Each chase action described below takes a current intermediate database instance D’ identifies
decompositions that violate some constraint, and then modifies some of the decompositions to resolve
the problem. The successor instance D’ is obtained by replacing the original decompositions with
the modified ones; the rest of the decompositions of D’ are passed along to D’ without change.
Since each chase action restores one violated constraint, Property (b) above will be satisfied, provided
that the chase process picks constraints from C(P) in a fair manner. Therefore, we only need to show
that Properties (a), (c), and (d) are satisfied by the sequence of instances constructed during the
chase.

We start with a chase action aimed at restoring satisfaction of the DD’s. Suppose that, say,
p=pW | oo ] p%) is violated in a current intermediate instance D’. This can happen in two ways.

In case ﬁz w | ﬁ; x Z fg, we construct ﬁgﬂ'l so. that it would contain all the components of
ﬂ; plus all the offending components from each of the ﬁ; ap =1,k

Since D’ satisfies Property (d), the newly added components of ﬁg;“ must be subrelations of p,,,
SO ﬁ%“ remains a decomposition of p;; and Property (c) is preserved. Obviously, the transition from

ﬁ% to ﬁg“ preserves Property (a). Property (d) holds since we did not touch decompositions of Group
2.

In the other direction, suppose ﬁ% iz ﬁ; w | ﬁ; (- Then fi has an offending component p,,

which is not among the components of ﬁ; 1> ...ﬁé - We can split p, into k components of the form

‘17Indeed, Property (b) states that ¢’ = q[Z] is satisfied by infinitely many 5j, j > max(m,m’), so the equation
T, = 7 [Z] must hold for infinitely many j.
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DN R%I) [)? ], i=1,...,k, and make these relations into components of ﬁ%“ (here R denotes the rule
of P that gives rise to p()—see the definition of constraints of Category 3). The component D, itself is
not passed along to 7err1 but all the other members of 7r7 are. In addition, each p, N RM [X ] becomes

a component of 7 (l) along with all the components of 7r7 )"

Note that the fact that M is a fixpoint model of P is crucial in order for D' to satisfy properties
(a) and (c). Indeed, because M is a fixpoint, p, C Uleﬁgf/[) [X] thus 7T remains a decomposition of
Pyy- Verifying Property (d) is straightforward.

We now describe the chase action aimed at the restoration of an IND of the form p D p’. Notice
that all IND’s are Category 2 constraints, where p is always a predicate name in P and p’ is a Group 2
predicate that corresponds to a body-occurrence of p. Such an IND can be violated only if fi, iZ ﬂ;.
Restoring IND-satisfaction is easy: just put all the offending components of ﬁ;, into 7{;"’1 and also

copy the components of ﬁg there. Property (d) of D’ guarantees that Property (c) holds in D/t
Property (a) is satisfied trivially and Property (d) continues to hold since the construction of ﬁgfl
adds more components to Group 1 decompositions, but does not affect decompositions of predicates

in Group 2.
The chase action for the PRD’s is defined as follows. Suppose p = [Z] is violated for some rule
R (this also applies to p() = R[X ] a PRD of Category 3). If 7 € 7rp, is an offending component, i.e.,

there is no component in 7 R _ that projects onto 7, then we choose a subrelation 7 C Ry, such that
7[Z] =7 and make T into a component of @, 1 The relation 7 can always be found because Property
(d) ensures that ur’ » C RM[Z] 18 In addition, we copy all the components of 7% into 7r . Again,

properties (a), (c), and (d) are satisfied by D’ i+

In the other direction if ﬁj has an offending component, F such that 7[Z] is not in ﬁ;,, then
we simply add ’I‘[Z] to 7r ! along with all the components of 7r . Property (d) is satisfied by D't!
because: 1) U7T] - UﬂJJr , by construction; 2) U7r lc RM[Z] since U7r7, C Ru[Z] (Property (d)

for DJ) and because r[Z] C Ry[Z]; and 3) U7F7+1 C Py, due to 2) and the fact that Ry[Z] C Py
(which holds since M is a model of P).

Claim 2. Construct a model using D as follows. Let p be a predicate symbol in P, and let
mp be the decomposition assigned to it by D. Let I be the interpretation of P that assigns to each
predicate p in P the relation p = Um,. The resulting interpretation might not be a model, though.
Indeed, I might contain atomic facts that match the body of a rule in P, but it might not contain the
appropriate fact to satisfy the head of the rule.

To obtain the requisite model, we simply apply the rules of P to I in a bottom-up manner and
continue until no new facts can be generated. The result, M, is a model of P that contains I: it is a
model because it was obtained via a bottom-up computation applied to a set of facts, and it contains
I because I was that initial set of facts.

18Note that this simple trick was not possible in Proposition 9.1 where we also dealt with chasing PRD’s. This is
because, in that proposition, such operation would not guarantee that all PC’s would remain satisfied. This problem
was solved there via the use of Claim 4 of Corollary 7.5.
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The model M satisfies all the requirements of the lemmas: it is a fixpoint model, as we shall show
shortly, and Condition (7) holds, by construction.

To show that M is a fixpoint, we need to establish that Tpyean(M) C M and M C Tpyedn(M).
The former is just a re-statement of the fact that M is a model of P U edb [22], as mentioned in
Section 2. The latter property is called supportedness; it means that every fact in M is either an
edb-fact, or it can be derived with an appropriate rule of P applied to the appropriate facts of M.

Recall that M is obtained from I through a bottom-up computation that exhaustively applies the
rules of P. So, if we show that every IDB fact of I is supported (i.e., it can be obtained by applying
a rule of P to some facts from I), then supportedness of M will be established, since all the facts in
M — I were derived by the bottom-up computation, hence they are supported by the definition of that
computation.

It thus remains to establish that 7 is a supported interpretation. Consider an arbitrary fact
p(t) € I. Let RMW ..., R®) be all the rules in P that have p as their head predicate. By construction
of C(P), it has the DD p = p{1) | ... | p(k),

Let_ Tp, Tp(1), €tc., be the decompositions that D assigns to the predicates p, p(M) ete., respectively.
Since D satisfies C(P), we have T = T,u) | --- | Ty . Therefore,

p=Um = UL, (UT,m)

where p, pV), etc., are the relations that I assigns to p, p{!), etc., respectively. Note that since our
chosen fact p(t) is in I, it follows that ¢ € p. Therefore, ¢ must come from one of the Tp(i); say
t € UT,), for definiteness. Suppose the rule R has the form

—

p(X) < q1(Z1),, -, au(Zn)

Since C(P) contains the Category 3 PRD p®) = RM[X], we have Tp) = ﬁR(l)[X]. Together with
t € Uy, this implies that ¢t = t(!) [)?], for some t() € UT pa).

Consider now the relation B (= UTga)), which T assigns to R() (the predicate name that schema
D associates with rule R(l)). Since for each body literal g; in RW, j =1, ...,n, the set of dependencies
C(P)_‘includes the Category 2 dependencies g; = R(l)[Zj] fld q; C gj, for j = 1,...,n, it follows that
¢ [Z;] € Uy, = @;, where Ty, is the decomposition that D assigns to g;, and g; is the relation that
I assigns to g;. But this means precisely that p(t) is derivable via rule R when it is applied to the
tuples tM[Z1] € gy, ..., tV[Z,] € G,,. Therefore, p(t) is a supported fact in I. O

Note that, while constructing M in the above proof, we allowed IDB-predicates to have some initial
value. Therefore, M may not be the least model generated by applying Tpuedb, Where edb is the
EDB-part of D. This explains why our method does not capture finiteness in the least fixpoint.

Theorem 10.2 The problem of superfiniteness for Horn queries with FC’s is decidable.

Proof: = We show that the naive decision procedure for superfiniteness (introduced in the first
subsection of this section) is correct. Let P be an IDB and ¢ be an m-ary query predicate.

Soundness of the naive procedure follows from Lemma 10.1. Indeed, suppose that the algorithm
says that C(P) = ¢ : Finite(1,...,mm) while, in fact, the query is not superfinite. Then P has a
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fixpoint model M that satisfies the given FC’s and in which ¢ is assigned an infinite relation g. By
Claim 1 of Lemma 10.1, there is an extended database instance that satisfies C(P) and assigns to ¢
some decomposition of g. But this contradicts soundness of the inference rules (Proposition 9.1).

To establish completeness of the naive procedure, suppose that the algorithm of Theorem 9.2 says
that C(P) (= q : Finite(l,...,m). Then, by completeness of the inference rules (Proposition 9.1), there
is an extended database instance that satisfies C(P) and such that ¢ is assigned a decomposition 7,
with an infinite number of tuples. By Claim 2 of Lemma 10.1, there should be a fixpoint model, M,
of P that satisfies the FC’s and such that g O Um,. But this means that M assigns an infinite relation
to q. O

A similar result holds for super-entailment. Instead of proving it here, we establish a stronger
result in the next subsection.

A Semi-naive Decision Procedure

We shall now present a semi-naive decision procedure for detecting superfiniteness and super-
entailment. As stated earlier, superfiniteness is a special case of super-entailment, so this leads to
a decision procedure for superfiniteness as well. The semi-naive procedure is more efficient than the
naive algorithm introduced earlier, because it bypasses the application of certain inference rules.'’
Another advantage of the semi-naive procedure is that it is more suitable for human use and compre-
hension. However, we do not call this procedure “semi-naive” for nothing—it retains the bottom-up
derive-all naiveté of the old algorithm.

Our inference algorithm uses two basic operations: induce and produce. Consider a rule R of
the form 7(X) <— p1(Z1), --. , pn(Zn) and let R(V4, ..., Vi) be a Group 3 predicate for that rule.
As before, Vi, ..., V, is a list of all distinct variables in the rule. The constraints in C(P) imply
R[Z;] C p;, for each i. Here have used a hybrid IND R[Z;] C p;, for better readability. A hybrid IND
is an obvious combination of a PRD and an IND. The IND inference rule combined with the second
PRD-rule implies that any PC on p; induces some PC on R.

For easy reference, we spell out this inducement operation using the position-number notation.
Suppose, in terms of the variables Vi, ..., Vi, the variable list Z; can be written as Vits oo s Vi
Then we can re-write the above hybrid IND as R[j1, ..., jm] C pi- In Section 7, we introduced
attribute mappings associated with PRD’s along with their related promotion operations. These
notions equally apply to hybrid IND’s. In our concrete case, the attribute mapping associated with
the above IND is: 7(p; : I) = R : j, 1 =1, ..., m, and the promotion of @ = p; : X ——=Y is
T(a) = R : 7(X)——>7(Y). Promotion for sets of FC’s and PC’s with respect to hybrid IND’s is
defined exactly as for PRD’s. The IND and the PRD(ii) inference rules then ensure that if a PC «
holds over p; then 7(a) holds over R.

Let I" be the set of PC’s induced on R by all of its body literals. Then, we can compute the set of
all PC’s that hold over the variables in the head of the rule by projecting I' on X. We say that I'[ X]

19Tn general, these inference rules are needed for completeness of PC-inference. They can be avoided in our semi-naive
procedure because here we are dealing with C(P), a specialized set of constraints derived from P.
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is the set of PC’s produced for the head predicate r. If 7 is a relation computed for r, the above set of
PC’s may not hold in the whole of 7. However, it does hold in the part of 7 generated by the rule R.

The complexity of producing PC’s for the head predicate may be exponential in k—the number of
distinct variables in R—as shown in [12]. In fact, Fischer et al. [12] have shown that for certain sets
of FC’s, the size of F [X | may be exponential in the size of F. However, Gottlob [14] later proposed

an efficient algorithm that runs in polynomial time in many practical cases.’

Algorithm 10.3 Semi-naive Inference of FC’s over IDB Predicates
Input: IDB P and a set F of F(C’s for the EDB-predicates.

As before, we shall use C(P) to denote the set of constraints initially derived
from the structure of P.

Output: A PC for each IDB-predicate.

Initialization:

For each predicate name p in P, the algorithm uses pc(p) to denote the current
status of the PC computed for that predicate. For convenience, we represent
pc(p) as a set, although, as we already know, any set of PC’s can be reduced
to a single PC.

Initially, pc(p) is some trivial PC, if p is an IDB-predicate; if p is an EDB-
predicate then pc(p) is the PC for this predicate that is given as input (as part
of F).

Method: Repeat Steps 1 — 3 until no changes to any of the pc(r) result:

1. For each rule, R € P, induce the PC’s computed for the body literals onto the rule predicate.
2. For each rule R € P, produce the PC’s for the head literal of R.

3. Let r be a head predicate defined by the rules R, ..., R® and let pe(r, R(i)) denote the PC
produced for 7 by rule R at Step 2. Then

Construct: pc(r) := {pc(r,RM) | --- | pc(r,RD)}Upc(r) for every head predicate r in P.

It is easy to see that the semi-naive algorithm terminates for all inputs. Indeed, after each iteration,
the PC’s pc(r) are at least as strong as they were before the iteration (i.e., they imply the old ones).
Since there is only a finite number of possible PC’s, their strength cannot grow indefinitely. At some
point, the new iteration will leave all pc(r)’s unchanged, thereby terminating the algorithm.

Theorem 10.4 The semi-naive algorithm leads to the following decision procedure for determining
whether an FC, r : a, is super-entailed by an IDB P and a set of F(C’s, F':

Compute pc(r) using Algorithm 10.8. If pc(r) b a (using the inference rules for PC’s
only) then P and F super-entail r:«. Otherwise, r:« 1is not super-entailed.

20Tn [12] and [14], the results were actually obtained for FD’s. However, they carry over to FC’s, due to the fact that
FC’s and FD’s have the same axiomatization when they are considered over a single predicate.
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Proof: Let D be the database schema constructed from P (at the beginning of Section 10) and
let C(P) be the set of constraints constructed from P and F', as described earlier in this section.

First, observe that
C(P) =r:a if and only if « is derivable from pc(r) by PC-rules alone. (9)

where pc(r) is the PC computed for r by the semi-naive algorithm above. To see this, recall that our
inference rules are complete for PC-inference over extended database instances. Therefore, our claim
would follow from Proposition 9.1, if we prove that the semi-naive algorithm applies inference rules in
all possible ways, except for some rules that can be shown to not advance the overall cause.

To find these “unproductive” inference rules, we first re-write the non-PC constraints in C(P) in
the following form (where we will slightly abuse the notation by combining PRD’s with IND’s and
DD’s):

. R[Z ] € p— a combination of an IND and a PRD, where both belong to Category 2 of constraints
(in our earlier classification); or

e r=RW[X|] | --- | RO[X]] — a combination of a DD with | PRD’s, all belonging to Category 3
of constraints.

In Category 2, p may be an EDB or an IDB-predicate; the variable list Z corresponds to the occurrence
of p(Z) in the body of R. In Category 3, r must be an IDB predicate and X; comes from the head
occurrence of r in the rule R®.

Initially, pc(r) is trivial for every IDB-predicate. Therefore, only the IND and PRD-rules corre-
sponding to constraints in Category 2 need to be applied. This would be the first induce step. Notice
that only the rule PRD(ii) is used here. Indeed, suppose we use R[Z] = p' to derive a[Z] for the
intermediate predicate p’ (which would be a Group 2 predicate, according to our earlier classification
of predicates in D). Since p’ corresponds to a body occurrence of p, the only other constraint it occurs
in is p’ C p. Clearly, a[Z] cannot be used to derive new PC’s on p, for there is no IND-rule for doing
this.

Following the induce-step, a produce-step (followed by a construct-step) would derive the PC
r: (pe(r, RD) | --+ | pc(r, RM)). At this stage, we can either apply inference rules corresponding
to the constraints in Category 2 (another induce-step), or we can try the rules for the constraints in
Category 3. The latter, however, are useless. Indeed, we can use them only to infer 3 = pc(r, R() |
- | pe(r, R(l)) on each of the 7(1’s, where r(® is the Group 2 predicate in D corresponding to
the occurrence of r in the head of R®. (By construction of C(P), (¥ occurs in the following two
constraints: RO[X] =r® and r = 7@ | ... | 7@} But deriving 8 for r would be a waste, since we
have previously derived pc(r, R®)) — a stronger PC over r(®).

These arguments, applied inductively, show that the rules PRD(i) and DD(ii) need never be
applied because of the special structure of C(P). Since our algorithm applies all the other inference
rules exhaustively, Claim (9) follows.

The rest of the proof uses Lemma 10.1 the same way as in Theorem 10.2. That is, suppose that
some FC p : a does not hold in a fixpoint model of P. Then we can construct an extended database
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instance D that, by Lemma 10.1, satisfies C(P) and Condition (6) (in the statement of that lemma).
But this would then mean that o is violated by 7p, the decomposition that D assigns to p. Hence,
C(P) £ p: a and our semi-naive algorithm will not derive this FC (by Claim (9) above).

For the other direction, suppose that our algorithm does not derive p : @. Then, by Claim (9),
C(P) £ p: a and there is an extended database instance D that satisfies C(P) but violates p : a. By
Lemma 10.1, there is a fixpoint model of P that satisfies Condition (7). Clearly, p : « is violated in
that model as well. O

It may be useful to note that the construction process for C(P) in Algorithm 10.3 and Theorems 10.2
and 10.4 does not depend on the assumption that the input set of dependencies is limited to FC’s. In
fact, all our arguments and constructions would go through even if the input contained PC’s. However,
the last part of the proof in Theorem 10.4 does rely on the assumption that the PC « there is, in fact,
an FC.

As remarked earlier, the worst-case complexity of the above algorithm is exponential in the size of
the largest rule in the IDB. However, this happens not due to some deficiency of our algorithm, but
rather due to the exponential worst-case complexity of the problem at hand, both in time and space.
This follows from the fact that in the realm of FD’s (and FC’s) over a single relation?! the size of the
set of projected FD’s may be exponential in the input [12]. Nevertheless, the results in [14] indicate
that this happens only in pathological cases and that the use of the projection algorithm in [14] could
make our semi-naive algorithm quite practical.

We do not know if there is a substantially more efficient way to determine whether a given FC
holds in an IDB-predicate. There is a linear procedure for testing this in case of a single predicate [3],
but it is unclear how this procedure can be used to help optimize FC-inference over IDB-predicates.

Examples

As a first application of the semi-naive algorithm, we shall prove superfiniteness of the IDB in Exam-
ple 5.2. After the first induce-produce-construct sequence of steps, the algorithm will derive

p: (Finite(1,2) | Finite(2) | Finite(l)) (10)
The first component in (10) can be dropped, as this PC is equivalent to
p: (Finite(2) | Finite(1))

Table 1 details the FC’s derived for the rule predicates R;, Ry, and R3 (of Example 5.2) at the
“induce” stage of the algorithm. It also shows the FC’s “produced” for the head predicate p by each
rule; the PC (10) is constructed out of the latter FC’s.

In the second iteration, additional PC’s are induced, as depicted in Table 2. Applying the PC-
inference rules to the PC’s induced in the second stage (which are shown in the “induced” columns
of Tables 1 and 2), we can derive: Ry : (Finite(X3) | Finite(X3)) (which is Ry : Finite(Xy))
and Rz : (Finite(Y3) | Finite(Y3)) (which is R3 : Finite(Y3)). Since we already have the FC’s

21 And also in the realm of FC’s over Group 3 predicates associated with Horn rules, as defined at the beginning of
this section.
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‘ Rule ‘ PC’s Induced on Rule Predicates ‘ PC’s Produced for Rule Heads
Ry Finite(X) p: Finite(1,2)

Ry Vo ——= Xo; Wy ——> X»; Finite(Y2) | p: Finite(2)

R3 V3 ——=>Y3; W3——>Y5; Finite(X3) | p:Finite(1)

Table 1: First Iteration: Induce and Produce Steps

‘ Rule ‘ PC’s Induced on Rule Predicates | PC’s Produced for Rule Heads ‘

Ry Finite(X;) p:Finite(1,2)
Ry Finite(W5) | Finite(V%) p:Finite(2); p:Finite(1)
R Finite(Ws3) | Finite(V3) p:Finite(1l); p:Finite(2)

Table 2: Second Iteration: Induce and Produce Steps

Ry : Finite(Y2) and Rj : Finite(X3), the “produce” stage yields the finiteness constraints depicted
in Table 2. The “construct” step of the iteration then derives:

p: (Finite(1,2) | {Finite(1), Finite(2)} | {Finite(2), Finite(1)}) (11)

which is equivalent to Finite(1,2). Subsequent iterations do not bring new changes, and the algorithm
terminates.

Ezample 10.5 (Another non-trivial, superfinite example)  Let the IDB be:

R1 : p(Xl,Yi) < d(Xl),d(Yl)

Ry : p(X2,Y2) < f(X2,Y2),p(Y2, Z3),d(Z)
d: Finite(1)

fi2——=1

The first iteration of the semi-naive algorithm yields p : (Finite(1,2) | 2——>1) and the second
iteration derives p : (Finite(1,2) | {Finite(1), Finite(2)}), which proves superfiniteness.

Note that without the literal d(Zs) in the second rule, the query is not finite and our algorithm
would only derive the FC p:2——> 1. O

Even though the above examples prove that superfiniteness is a useful notion, it is, unfortunately, a
rather brittle one. An equivalence transformation may turn a superfinite query into a non-superfinite
one. (Of course, here we are talking about equivalence with respect to the least fixpoint of the
database; superfiniteness is obviously preserved under uniform equivalence introduced by Sagiv [29].)

Ezample 10.6 (Superfiniteness and query equivalence)  Clearly, predicate p in the following IDB is
superfinite:

p(X) < d(X)
d: Finite(1)
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However, the addition of a seemingly innocuous rule, p(Y) <— p(Y), turns p into a finite, but not
a superfinite predicate. This brittleness is not that surprising, if we recall the well-known fact that
Clark’s completion of any logic program breaks down under a similar transformation [22]. After all,
superfiniteness means finiteness in all models of the Clark’s completion of the program.

It is easy to see that our algorithm stumbles on the above IDB (augmented with p(Y) <— p(Y))
right in the first iteration, where it produces the trivial FC, p : (Finite(1) | {}). O

The next example presents a finite query that is non-superfinite for a much more subtle reason
than in the previous example: the semi-naive algorithm cannot derive FC’s that would be sufficiently
strong for proving query finiteness.

Ezample 10.7 (Finite, yet non-superfinite query)  Consider the following IDB:

p(X,Y) <= g(X,Y)
p(X,Y) < b(X,Z2),p(Z,Y)
a(Y) 4 d(X),p(X,Y)

b: Finite(l,2)

d: Finite(1)

g:1——>2

The extension of ¢ is finite in the least fixpoint of this IDB (with an appropriate EDB). This is because
it can be shown that p : 1 ——> 2 holds in the least fixpoint. Predicate ¢ is not superfinite because if b
contains a “cyclic” tuple, say (0,0), then it is easy to construct a fixpoint model where p : 1 — 2 fails.
For instance, the interpretation that assigns g and d the empty relations and b and p the relations
{(0,0)} and {(0,n) | n=0,1,2,... }, respectively, is a fixpoint model of the above IDB where all the
FC’s that are part of that IDB hold. Yet p : 1 ——> 2 fails in this model.

Accordingly, our semi-naive inference algorithm only infers p : (1——>2 | Finite(1l))—mnot
enough for proving p : 1 ——> 2. Therefore, only the trivial FC can be derived for gq. O

11 Related Work and Open Problems

Various notions of finiteness have been studied for Datalog with function symbols and for Extended
Datalog with different kinds of integrity constraints. In this section we classify the known results and
mention some open problems.

We have shown that a notion stronger than finiteness, namely superfiniteness, is decidable for Ex-
tended Datalog with FC’s. Sagiv and Vardi proved that a weaker notion, weak finiteness, is decidable
for Extended Datalog both with FC’s and FD’s [32].

As for the usual notion of finiteness, there are decidability results for special classes of IDBs.
Consider Extended Datalog. If only constraints of the form Finite(X) are allowed, finiteness is
decidable [16, 17]. If we allow FC’s, the problem is known to be decidable (in polynomial time, in
fact) for monadic IDBs [32]. The finiteness problem is also decidable for the following non-recursive
IDBs:
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1. Eatended Datalog with FC’s. This follows either from the results of this paper or from [32], since
for non-recursive IDBs superfiniteness and weak finiteness coincide with finiteness.

2. Extended Datalog with FD’s (as opposed to F(C’s). This follows from [32], since weak finiteness
is the same as finiteness for non-recursive IDBs.

3. Datalog with function symbols [17].

On the other hand, Shmueli [36] has shown that finiteness is undecidable for (recursive) Datalog
with function symbols. Sagiv and Vardi [32] proved that finiteness is undecidable for Extended Datalog
with FD’s, even for monadic IDBs. The following proposition shows that superfiniteness is also
undecidable for Datalog with function symbols.

Proposition 11.1 Superfiniteness of a query in Datalog with function symbols is recursively unsolv-
able.

Proof: It is shown in [35, Theorem 13] that there exists a Horn IDB P such that the set S of all
negative ground literals that are true in all Herbrand models of comp(P) (the Clark’s completion of
P [22]), is not recursively enumerable. We will show that if superfiniteness for Datalog with function
symbols were decidable, there would then be an algorithm to enumerate S.

Consider the IDB P mentioned above, and let /! be a ground atom taken from the Herbrand base
of P. Let us add the rule g(X) < 1,¢(f(X)), where g is a new predicate symbol and f is a function
symbol. Let us call the resulting IDB P’. We claim that

?— g(X) is superfinite if and only if for every fizpoint model M of P, M [~ (12)

Indeed, if for some fixpoint model M of P it were the case that M [= [, then we could extend M to
a fixpoint model M’ of P’, where g would be infinite (thereby demonstrating that ?— g(X) is not
a superfinite query). To see this, first add some g(a) to M, where a is a constant. Then make sure
that the fact g(a) is supported in M’ by adding the literals g(f(a)), g(f(f(a))), etc. The resulting
interpretation M’ is a model of P (since g is a new predicate, which does not occur in P), and it is a
fixpoint model of P’, since we have saturated M’ with the literals g(f™(a)) that ensure that the newly
added rule is satisfied and all the literals g(f™(a)) are supported.

Conversely, if 7— g(X) is not superfinite, then ¢ is infinite in some fixpoint model M’ of P’. There-
fore, if some ¢(t) is in M, it must be supported by the new rule, i.e., we must have g(t) < 1, g(f(¢)),
where [ and g(f(t)) are true in M'. In particular, M’ = . By deleting all g-literals from M’', we
obtain a fixpoint model M of P such that M |=1.

Statement (12) above is equivalent to comp(P) |= -, since the set of fixpoint models of P coincides
with the set of all models of comp(P) [22]. Therefore, if we could decide superfiniteness, we could then
determine, for each atom in the Herbrand universe of P, whether or not comp(P) = —l. But then,
since the Herbrand universe is recursively enumerable, this would be an algorithm for enumerating
all negative ground atoms such that comp(P) = -, contrary to the aforesaid Theorem 13 in [35].
O
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Although many results exist regarding the various forms of finiteness, [16, 17, 20, 32, 36], several
problems still remain open. The foremost among them is the question of whether query finiteness for
Extended Datalog with FC’s is decidable. This problem has inspired a number of studies [26, 19, 32],
including the present work, but no solution has been found as of yet. It is also unknown whether
superfiniteness is decidable for Extended Datalog with FD’s. (As mentioned earlier, this problem is
undecidable for the regular finiteness.) Furthermore, decidability of weak finiteness for Datalog with
function symbols is also an open problem.

Abiteboul and Hull [1] have shown that a related problem of whether a given FD holds in a
relation computed by a Datalog IDB from an EDB that satisfies certain FD’s is undecidable. The
answer to a similar question for FC’s is unknown. The latter problem for FC’s is closely related to
decidability of finiteness for Extended Datalog with FC’s. Indeed, if determining whether an FC holds
in a relation computed by a Datalog IDB P were recursively solvable, then we could decide whether
Finite(X) holds in the least model of P, which is equivalent to finiteness. On the other hand, if we
could prove that determining whether Finite(X) holds is undecidable in the least model of P (when
arbitrary FC’s are allowed to hold over the EDB-relations), then we would have shown undecidability
of finiteness with FC’s.

12 On Testing Query Finiteness

Examples 10.6 and 10.7 have demonstrated two important differences between finiteness and su-
perfiniteness. First, finiteness is preserved under query equivalence, while superfiniteness is preserved
only under uniform equivalence of [29]. Second, superfiniteness may fail to materialize when the query
predicate can accommodate an infinite number of self-supporting facts, which is often caused by, so
called, “cyclic facts” in the database (such as p(a,a)).

As remarked earlier, it is unknown whether finiteness is decidable, let alone axiomatizable. Nev-
ertheless, our semi-naive algorithm, which is complete only for super-entailment of FC’s, can be
combined with other algorithms for FC-inference to yield stronger results. For instance, Kifer [16, 17]
has shown that finiteness is decidable for extended Horn databases where the only FC’s are of the
form Finite(i, ..., ix). Independently, Convent [7] proposed a similar decision procedure for the
case when all EDB-predicates are finite, but IDBs need not be range-restricted.?? Sagiv and Vardi [32]
developed a decision procedure for finiteness of monadic IDBs, i.e., IDBs where all recursive predicates
are unary.

To see how a combined procedure might work, we shall describe a slightly improved version of the
algorithm from [16, 7, 17].

Algorithm 12.1 An improved version of the finiteness test from [16, 7, 17]

Input: Horn IDB P and a set F of FC’s of the form d : Finite(i1, ... , ix), where d
is an EDB-predicate of P.

Output: FC’s of the form p : Finite(j1, ... , jm), where p is an IDB-predicate.

22Essentially, this amounts to considering range-restricted IDBs, where the only infinite EDB-relation is dom(X), one
that contains the entire domain.
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Initialization: Construct an EDB where every relation contains one or more possibly non-
ground tuples. If d : Finite(i1, ... , ix) € F then the corresponding relation,
d, has a tuple where positions iy, ... , i hold a distinguished constant a; other
positions hold distinct variables that do not appear elsewhere in d or in other
tuples. Furthermore, each such tuple is replicated in d (each time with new
variables) for each body occurrence of d in P.

Method: Evaluate the IDB bottom-up, starting with the EDB, until no new tuples
can be generated (for non-ground tuples, a new tuple means it cannot be
obtained by variable renaming from previously derived tuples). Let p be an
arbitrary predicate and p be the (non-ground) relation computed for p. If for
some position, 7, the projection p[i] contains no variables, then p : 7 is a finite
argument.

The IDB in Example 10.6 is easily handled by the above algorithm, as the only FC’s there are
of the form Finite(...). To make things more interesting, we shall demonstrate the workings of
Algorithm 12.1 on a more subtle example.

Ezample 12.2 (Finite, yet non-superfinite query) Let the query ?— ¢(X) be defined by the following
IDB, where d is a finite predicate, i.e., Finite(X1) and Finite(Y2) are input constraints:

p(X1,Y1) < d(X1), f(Y1)
p(X2,Y2) < f(X2),d(Y2)
p(X3,Y3) < p(X;,Y3)
q(X4) < p(X4, X4)

As in Example 10.6, ¢ is non-superfinite because of the third, useless rule. If this rule were removed, it
is easy to see that ¢ would become superfinite and Algorithm 10.3 would be able to handle this case.
However, Algorithm 12.1 can establish finiteness even in the presence of the third rule.

Algorithm 12.1 begins by initializing the relation for d to {(a)} and the relation for f to {(V'), (V')}.

The bottom-up computation then derives p(a, V), p(V,a), p(a, V'), p(V',a). Consequently, the exten-
sion of ¢ is finite, as it contains exactly one tuple, (a). |

It is easy to modify the above example to show that Algorithms 10.3 and 12.1, when used in
tandem, can detect query finiteness in cases where none of the methods can do this by itself. For
instance, suppose that, in addition to the rules in Example 12.2, we had the following:

T(X5) < g(X57Y%)7 Q(Y5)
g:2——>1

Then, since ¢ : Finite(1) has been inferred by Algorithm 12.1, it follows from the FC g : 2——>1
that r is finite. This example can be made arbitrarily complicated. For instance, we could plug ¢
(along with its definition) into Example 10.5, where it would replace the finite EDB-predicate d. With
this modification, the query predicate, p, becomes non-superfinite, but would still remain finite. Its
finiteness is detectable by our combined algorithm.
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13 Conclusions

We presented an axiomatization for superfiniteness and super-entailment of recursive Horn queries
with infinite relations and finiteness constraints. This axiomatization yields an effective algorithm to
decide the problem. The same machinery was then applied to the problem of inference of finiteness
constraints over IDB-predicates in Horn databases—an important issue in processing queries with
function symbols [30, 20, 17]. Although it is unknown whether entailment of finiteness constraints is
decidable for Extended Datalog queries, we have shown that a stronger notion, super-entailment, is
decidable. We have also shown how a decision procedure for super-entailment can enhance tests for
query finiteness.

In the process, we developed a theory of finiteness and partial constraints, and investigated their
interaction with inclusion, projection, and decomposition dependencies. Apart from the practical
benefits mentioned earlier, this axiomatization has theoretical interest, since it is both very close to
and fundamentally different from the inference problem for functional and inclusion dependencies,
which is neither axiomatizable (in the classical sense) nor decidable.

Acknowledgments: I would like to thank Laks V.S. Lakshmanan and Shuky Sagiv for many stimu-
lating discussions. Raghu Ramakrishnan and Avi Silberschatz helped at the early stages of this work.
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