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Abstract. F-logic is a popular formalism for knowledge-intensive ap-
plications and, especially, for ontology management in Semantic Web.
However, the original F-logic’s semantics for inheritance suffers from a
number of anomalies when inheritance and deduction closely interact.
This work rectifies this problem and develops a natural model-theoretic
semantics for inheritance in frame-based knowledge bases, which sup-
ports inference by inheritance as well as inference via rules. Inference
by inheritance supports a multitude of features, such as overriding and
nonmonotonic multiple inheritance, meta programming, and dynamic in-
heritance hierarchies — the features that are fundamental to advanced
knowledge management. This semantics has been effectively implemented
in the Flora-2 system which is extensively used in a number of projects.
To the best of our knowledge, this work is the only model-theoretic se-
mantics for nonmonotonic multiple inheritance that applies to general,
unrestricted frame-based knowledge bases and has several independent
characterizations, which testifies to its naturalness and robustness.

The problems discussed in this paper are inherent in any logic-based
system that supports inheritance and deductive rules and our techniques
apply to such systems. In particular, they apply to DAML+OIL extended
with rules and inheritance.

1 Introduction

F-logic (Frame Logic) [21,22] is a formalism that unifies the deductive and
object-oriented programming paradigms. Since then several implementations
have been made available, such as FLORID!, SiLRI%2, FLORA?, and TFL*. Some
of these systems have served as critical components in projects ranging from data
integration in neuroscience [16], to processing semistructured and semantic in-
formation on the Web [11,9], to information mediation [15], to commercial and
research prototypes of Web information management systems [8, 10, 30].

* This work was supported in part by NSF grants INT-9809945 and 11S-0072927.
! nttp://www.informatik.uni-freiburg.de/~dbis/florid/

2 http://ontobroker.semanticweb.org/silri/

3 http://flora.sourceforge.net/

4 http://www.dsic.upv.es/ pcarsi/tfl/
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The use of F-logic for ontology management was pioneered by the Ontobroker
project [30,10] and since then it has become one of the primary contenders
to provide formalization and inference mechanism for the various aspects of
Semantic Web. In [9], F-logic was advocated as an inference service for RDF
and later an F-logic based language, TRIPLE, was developed specifically for
this purpose [29]. The ability to handle RDF also exists in FLORA-2 [33,34], a
powerful system for programming knowledge-based applications, which is built
around the semantics of F-logic, HiLog [6], and Transaction Logic [2].

Inheritance is one of the key aspects in frame-based knowledge representation
and it has been extensively studied both in the AI and database literature (see
[31,3,5,1,4,25,22,19,20] just to name a few). Unfortunately, as pointed out in
[22], integration of inference by inheritance into rule-based deductive systems
presents serious semantic and computational difficulties. Although F-logic, as
described in [22], resolved many semantic and proof-theoretic issues in frame-
based knowledge systems, nonmonotonic multiple inheritance was handled in an
ad hoc, nonlogical way. In fact, the semantics proposed in [22] was known to yield
questionable results in many cases. Subsequent works by a number of authors [24,
4,25,1,19,20] tried to either “justify” this flawed (in our opinion) semantics or
propose new ones, which worked by extensively restricting the syntax of F-logic
and eliminating some of the desired features (like meta-programming, virtual
class definitions, etc.).

In this paper, we solve all these problems and develop a natural model-
theoretic semantics for nonmonotonic multiple inheritance in F-logic. We also
describe its implementation in Flora-2 [33,34], which is based on the top-down
tabling inference engine of XSB®. While the original fixpoint procedure [22] for
computing inheritance in F-logic was inherently bottom-up, the new semantics
can be implemented either bottom-up, using an extended alternating fixpoint,
or top-down, using XSB’s realization of the SLG resolution [7].

We should note that the problems discussed in this paper are inherent in
logic-based systems that support inheritance and deductive rules. Our techniques
apply to such systems and, in particular, to DAML4OIL [17] when it is extended
with rules and inheritance.

We now briefly survey the literature on inheritance. To make our comparison
concrete, we first list the main features of inheritance that, in our opinion, must
be supported by a frame-based knowledge base system:

— implicit inference by inheritance, as well as explicit inference via rules

— overriding by intermediate superclasses

— dynamic class hierarchies, i.e., the ability to define both ISA membership
and subclass relationship via rules

— nonmonotonic inheritance from multiple superclasses that are incomparable
with respect to the subclass relationship

— meta-programming, by which variables can range over class and method
names

® http://xsb.sourceforge.net
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There is a large body of work based on Touretzky’s framework of Inheritance
Nets [31]. On one hand, the overriding mechanism in this framework is more
sophisticated than what is typically considered in the knowledge base context.
On the other hand, this framework supports neither deductive inference via rules
nor dynamic class hierarchies, which makes it too weak for many applications of
knowledge bases. We will not discuss this framework any further.

Abiteboul et al. [1] propose a framework for implementing inheritance that
is based on program rewriting using Datalog with negation. In spirit, this imple-
mentation is close to our implementation in Flora-2. However, [1] is not based on
a formal, model-theoretic formalization. On the practical side, this framework
excludes nonmonotonic multiple inheritance and makes strong assumptions, such
as that programs must have a total (two-valued) well-founded model. This prop-
erty is undecidable without far-reaching syntactic restrictions.

Bugliesi and Jamil [4] propose a model-theoretic semantics for inheritance
with overriding which bears close resemblance to two-valued stable models [14].
However, their semantics applies only to negation-free programs (a severe limi-
tation in practice) and does not handle multiple inheritance conflicts properly.
More importantly, [4] is not backed by an algorithm.

May et al. [25] apply the ideas behind the well-founded semantics to F-logic.
However, inheritance is still dealt with in the same way as in the original F-logic.
Apart from being ad hoc, this semantics is known to produce counter-intuitive
results when dynamic class hierarchies interact with overriding and multiple
inheritance (cf. Section 2).

In [19,20], Jamil introduces a series of techniques to tackle the inheritance
problem. Among these, the ideas of locality and context, which were proposed
to resolve code inheritance and encapsulation in the language Datalogt™, have
influenced our approach the most. However, these works do not define a model-
theoretic inheritance semantics and support neither dynamic class hierarchies
nor meta-programming. In [19] the inheritance semantics is defined by program
rewriting while in [20] the approach is proof-theoretic.

In contrast to all these previous works, we propose a comprehensive frame-
work and develop a natural model theory for nonmonotonic multiple inheritance
in knowledge base systems. We adopt the well-founded semantics [13,12] and
extend it with the ideas of locality and context [19]. In order to capture the
common intuition behind overriding and conflict resolution in multiple inheri-
tance, we formalize locality and context in the setting of three-valued models
and introduce the concept of inheritance candidacy. We then formally define the
inheritance postulates, which embody the common intuition and the main prin-
ciples behind nonmonotonic multiple inheritance. To the best of our knowledge,
this intuition has not been formalized before. We treat the inheritance postu-
lates as the minimum requirements for an object model of a program. To further
tighten the semantics, we apply the principle of well-founded optimism and de-
velop the notion of a unique canonical model, called optimistic object model,
which exists for any program. “Optimism” here means that we apply the closed
world assumption with a bias towards undefinedness rather than falsehood.
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The new optimistic object model semantics satisfies all the aforementioned
desiderata for inheritance, produces intuitively satisfactory results in all known
“benchmark” cases, does not impose syntactic restrictions on the programs (be-
yond requiring them to be rule-based), and has been effectively implemented in
the Flora-2 system. The proposed semantics is robust in the sense that it can be
characterized in at least three different ways: as the least fixpoint of an extended
alternating fixpoint operator, as a minimal object model (with respect to truth
ordering), and as the intersection of all three-valued stable object models.

The paper is organized as follows. Section 2 introduces the basic F-logic
syntax, defines its three-valued semantics, and illustrates the main challenges
in dealing with nonmonotonic multiple inheritance in the presence of deduc-
tive rules and dynamic class hierarchies. Section 3 describes our model theory
for nonmonotonic multiple inheritance and Section 4 provides an alternating
fixpoint computation for the optimistic object model of any F-logic program.
The properties of optimistic object models are discussed in Section 5. Section 6
describes an implementation of our semantics by translation to general logic
programs, which can be executed by any deductive engine that supports the
well-founded semantics for negation, and formally proves that this implementa-
tion is correct. The data complexity of computing optimistic object models is
discussed in Section 7. Section 8 concludes the paper.

Limitation of space does not allow us to present the proofs and expand on
the relationship between optimistic object models and three-valued stable object
models. However, it can be shown that, similarly to [27], three-valued stable ob-
ject models that obey all inheritance postulates can be defined and the optimistic
object model is the least among these models.

All proofs and a detailed account of the theoretical development of the op-
timistic object model semantics can be found in a technical report available at
http://www.cs.sunysb.edu/~guizyang/papers/inheritance.ps

2 Preliminaries

2.1 Basic Syntax

To simplify the exposition, we focus on a subset of F-logic, which includes only
two kinds of atoms: those that represent the subclass relationships and those
that represent inheritable multivalued method specifications. An atom of the
form s::c says that s is a subclass of ¢, while s[m —v] ¢ specifies that s has an
inheritable multivalued method, m, whose return value is a set, and v is one of
the members in that set. The symbols s, ¢, m, and v in the above atomic formulas
are first-order terms, which represent the ID of an object, a class, a method, and
a value of the method, respectively. Moreover, the terms that represent these
entities in a program can contain variables and, thus, they can represent multiple

5 To reduce clutter, we slightly depart from the syntax of F-logic and Flora-2 and use
—» instead of x—» to represent inheritable multivalued methods.
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objects, one per variable instantiation. This design makes meta-programming in
F-logic as natural as querying.

Let A be any atom. A literal of the form A is called a positive literal while
a literal of the form — A is called a negative literal. An F-logic program is a
finite set of rules where all variables are universally quantified. An F-logic rule
has the following form: V(H <—L; A ... A L,) where n >0, H is a positive
literal, and L; (1 < i < n) is either a positive or a negative literal. H is called the
head of the rule, and the conjunction of L’s is called the body of the rule. The
symbol V indicates that all variables are universally quantified. Following the
standard convention, we will omit universal quantifiers in the rules and simply
write H<—L1,...,L,. We will also use uppercase names to denote variables
and lowercase names to denote constants. A rule with an empty body is called
a fact. When writing down the facts, we will omit the implication symbol and
simply show the head.

2.2 Motivating Examples

We now illustrate some of the main issues that arise from the interaction among
deduction, inheritance, and dynamic class hierarchies. These issues were first
explored in [22].

In the following examples, a solid arrow from a node ¢; to another node
¢ means that c; is a subclass of cp. All examples in this section are discussed
informally. The formal treatment will be given in Sections 3 and 4.

c2[ m >>a]
C1::Co.
co[m —»a).
1 c2[m —» b] <— c1[m = a].

Fig. 1. Inheritance through Context

Consider the program in Figure 1. Without inheritance, this program has a
unique model, which consists of the first two facts. According to the common
intuition behind inheritance, ¢; ought to inherit m —» a from c,. However, just
adding the fact c1[m —» a] will not make the resulting set a model, since the last
rule is no longer satisfied: The least model that contains the inherited fact should
also include co[m —» b]. However, this begs the question as to whether c1 should
inherit m —» b from c; as well. The intuition suggests that the intended model
should be “stable” with respect to not only deduction but inheritance as well.
Therefore c;[m —» b] also should be in that model. This problem was recognized
in [22], but the proposed solution was not stable in the above sense, because it
was not based on semantic principles but rather on an ad hoc definition of a
plausible fixpoint computation.

Now consider the program in Figure 2, which is the same as the program in
Figure 1 except for the head of the last rule. Again, the intuition suggests that
c1[m —» a] ought to be inherited, and ¢1[m —» b] be derived to make the resulting
set of facts into a model in the conventional sense. This, however, leads to the
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c2[ m >>a]
C1:Ca.
c2[m —»a).
c1 cifm =3 b] €— c1[m —» a].

Fig. 2. Interaction between Derived and Inherited Facts

following observation. The method m of ¢; now has one value, a, which is inher-
ited, and another value, b, which is derived via a rule. Although the traditional
frameworks for inheritance were developed without deduction in mind, it is clear
that derived facts like c;[m —» b] are akin to “local” method definitions and so
should be treated similarly. In particular, local definitions always override inher-
itance. The conclusion is that although derivation is done “after” inheritance,
its existence undermines the original reason for inheritance. This is similar to
the known phenomenon where a reasoner rejects an assumption when it leads to
the derivation of a contradiction. Again, the framework presented in this paper,
which is based on semantic principles, differs from the ad hoc computation in
[22] (which keeps both derived and inherited facts).

c2[ m >>a]
Ci1::C2.
C3::Co.
c3[ m >>b] C2[m —» a].
’ c3[m —» b].
cl c1cz € afm—»al.

Fig. 3. Interaction between Inheritance and Derived Intervening Superclass

The example in Figure 3 shows a case where inheritance changes the class
hierarchy, which creates conditions that undermine the original reason for inher-
itance. Initially, c3 is not known to be a superclass of c;. So, it seems that ¢; can
inherit m —» a from c,. However, this makes the fact c;[m —» a] true, which in
turn causes ¢; :: c3 to be derived by the last rule of the program. Since this makes
c3 a more specific superclass of ¢; than ¢, it appears that c¢; ought to inherit
m —» b from c¢3 rather than m —» a from ¢,. However, this would make the fact
c1 :: ¢3 unsupported. Either way, the deductive inference enabled by the original
inheritance undermines the support for the inheritance itself. Unlike [22], a log-
ically correct solution in this case would be to leave both ¢; ::¢c3 and ci[m —» a]
undefined. The dashed arrow from ¢; to c3 represents the undefinedness of ¢; :: c3.

2.3 Three-Valued Semantics

The above examples show that inheritance candidacy can be invalidated by a
subsequent derivation, which suggests the use of the stable model semantics [14]
or the well-founded semantics [13]. In this paper we adopt the latter. Since well-
founded models are three-valued and the original F-logic models were two-valued
[22], we define a suitable three-valued semantics for F-logic programs first.
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The Herbrand universe HUp of an F-logic program P consists of all the
ground (i.e., variable-free) terms constructed using the function symbols and
constants found in the program. The Herbrand instantiation of an F-logic pro-
gram P, denoted ground(P), is the set of rules obtained by consistently substi-
tuting all the terms in HiU/p for all variables in every rule of P. Although the
program P is finite, its Herbrand instantiation may well be infinite. In this paper,
we consider only the Herbrand instantiation of a program.

The Herbrand base HBp of an F-logic program P consists of two sorts of
atoms: s::c and s[m —» v] /., where s, m, v, and c are terms from HUp. A three-
valued interpretation 7 of an F-logic program P is a pair ( T; U), where T and U
are disjoint subsets of the Herbrand base HBp of P. The set T contains all atoms
that are true in 7 and U contains all atoms that are undefined in 7. The set F
of all atoms that are false in 7 is defined as F = HBp — (T U U). A three-valued
interpretation Z = (T; U) is called two-valued if U = .

Following [26], we define the valuation functions for atoms, literals, and rules.
The atoms in HBp can take one of the three values: t, f, and u. The ordering
among truth values is as follows: f < u < t. Given an interpretation 7 =
(T;U) of an F-logic program P, for any atom A from HBp we can define a
truth valuation function Z as follows: (i) Z(A) = t, if A € T; (ii) Z(A) = u,
if A € U; (iii) Otherwise, Z(A) = f. Moreover, for any A; € HBp, 1 <i<n:
ZAL A ..o AA) =min{Z(A)|1<i<n}.

We can extend the truth valuation function 7 to all rules in the Herbrand
instantiation of P, ground(P). The intuitive reading of a rule is as follows: the
head of the rule functions as a local definition while the body of the rule functions
as a query. In particular, if s[m —»v] is in the head of a rule and the body of the
rule is satisfied, it means that m —» v is locally defined for s. If s[m —» v] appears
in the body of a rule, it is a query that tests whether s has a local definition
of m —» v, or s inherits m —» v from some superclass. In an interpretation of an
F-logic program, atoms of the form s[m —» v]/s capture the idea that m —» v is
locally defined at s, and atoms of the form s[m —» v]/., where s # c, capture the
idea that s inherits m — v from c. Therefore, the truth valuation of an F-logic
literal may be different depending on whether it appears in a rule head or in a
rule body. The following definitions make the above discussion precise.

Definition 1. Given an interpretation T of an F-logic program P, the truth
valuation functions V2 and VP (h stands for head and b for body) on ground
F-logic literals are defined as follows:

V(s =T(s:))  VE(cfm— v]) = T(clm—» vJ4)
VP(s::¢) = I(s::¢) VE(s[m — v]) = max{Z(s[m—» v]L)|c € HUp}
Let L and L; (1 <i< n) be variable-free literals. Then
VE(-L) = =VER(L) VR A ... A L)) =min{VE(L) |1 <i<n}

where - f =t, —u=u, and -t =f.
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Definition 2. Given an interpretation T of an F-logic program P, the truth
valuation function T on a rule, H <— B, in ground(P), is defined as follows:

t, if V2(H) > VR(B);
f, otherwise.

I(H 4 B):{

The truth valuation function T on a fact, H € ground(P), is defined as follows:
£ h — ¢
I(H) — {ta szZ(H) - t7

f, otherwise.
Definition 3 (Program Satisfaction). A three-valued interpretation T satis-
fies an F-logic program P, if for every rule R in ground(P), Z(R) = t.

3 Nonmonotonic Multiple Inheritance

Program satisfaction, as in Definition 3, does not necessarily mean that an inter-
pretation 7 is an intended object model of an F-logic program P, because Z must
also include facts that are derived by inheritance. An F-logic program specifies
only the class hierarchy and method definitions — what needs to be inherited
is not explicitly stated. In fact, as we saw in Section 2.2, defining exactly what
should be inherited is a subtle issue. In our framework, it is the job of the in-
heritance postulates, which embody the common intuition behind nonmonotonic
multiple inheritance. The purpose of this section is to develop these postulates
and the associated notion of an object model.

Note that although the intuition behind these postulates is commonly ac-
cepted, these postulates have never been formalized before in a general frame-
work where inheritance and deduction coexist. Our contribution is in showing
that these postulates can form a foundation for a semantics that is both math-
ematically robust and intuitively satisfactory.

Intuitively, c[m —»v] is an inheritance context for s, which has no local defi-
nition for the method m, if ¢ is a superclass (but not necessarily an immediate
superclass) of s, and m —»v is locally defined at ¢, i.e., c[m —»v] is defined as
a fact or derived via a program rule. Inheritance context is necessary for inher-
itance to take place, but is not sufficient. Indeed, inheritance of m =+ v from ¢
might be overridden by a more specific inheritance context that sits below c along
the inheritance path. If an inheritance context is not overridden by any other
inheritance context, then we call it an inheritance candidate. Intuitively, inheri-
tance candidates represent potential sources for inheritance. But there must be
exactly one inheritance candidate for inheritance to take place — having more
just leads to a multiple inheritance conflict.

The various concepts defined below come in with two flavors: strong or weak.
The “strong” flavor of a concept requires that all relevant facts must be positively
established; the “weak” flavor allows some or all facts to be undefined.

Definition 4 (Local Context). Given an interpretation Z, s[m —» v] is a strong
local context for s in Z, if Z(s[m—» v]4) = t. Similarly, s[m—» v] is a weak local
context for s in Z if Z(sfm—» v]4) = u.
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Definition 5 (Inheritance Context). Given an interpretation I, c[m—»v]
is a strong inheritance context for s in Z, if c #s’, I(s:ic A c[m—»Vv]L) =
t, and Z(sf[m—»x]L) = £ for all x. (i.e., s is a proper subclass of ¢, m—»v
is locally defined at c, and s has neither strong nor weak local context on the
method m). Similarly, c[m—> v] is a weak inheritance context for s inZ if c # s,
Z(s::c A c[m—»v]L) = u, and Z(s[m—» x]L) # t for all x (i.e., s has no strong
local context on the method m).

Definition 6 (Overriding). Given an interpretation Z, the class o strongly
overrides c[m—» v] for s in Z, if o # ¢, Z(0::¢) = t, and there is x such that
ofm —» x] is a strong inheritance context for s.

The class o weakly overrides c[m —» v] for s in T if the above conditions are
relazed by allowing o:: ¢ to be undefined and/or allowing ofm—» x| to be a weak
context. Formally this means that either

(1) Z(o::c) = t and there is x such that ofm—» x] is a weak inheritance
context for s; or

(2) Z(o::c) = u and there is x such that o[m—» x] is either a weak or a
strong inheritance context for s.

Definition 7 (Inheritance Candidate). Given an interpretation Z, c[m —» v]
is a strong inheritance candidate for s in Z, denoted c[m —» v]~51 s, if c[m—»s v]
is a strong inheritance context for s, and there is no o that strongly or weakly
overrides c[m—» v] for s.

¢[m—» v] is a weak inheritance candidate for s in Z, denoted c[m—» v]~>7 s,
if the above conditions are relaxzed by allowing c[m —» v] to be a weak inheritance
context and/or allowing weak overriding. Formally, this means that there is no
o that strongly overrides c[m—» v] for s, and either

(1) c[m—»v] is a weak inheritance context for s; or
(2) c[m—»v] is a strong inheritance context for s and there is o that
weakly overrides c[m—» v] for s.

As an example, consider an interpretation Z = {T;U), where T = {c; ::¢ca,
C13:Ca, C1 22 C5, Cp i3 Ca, €3 12 C5, C2[M = A/, , €3[M —» b] /., ca[m —> ] /e, cs[m —»> d] /., }
and U = {c; ::c3}. Z is shown in Figure 4, where solid and dashed arrows repre-
sent true and undefined subclass relationships, respectively.

In Z, co[m —» a], cafm —» ], and cs[m —» d] are strong inheritance contexts
for ¢1. On the other hand, cz[m —» b] is a weak inheritance context for c1. The
class ¢y strongly overrides cs[m — ¢, while c3 weakly overrides cs[m —+d]. The
context cp[m —» a] is a strong inheritance candidate for ¢, while c3[m —» b] and
cs[m —» d] are both weak inheritance candidates for c;, and ca[m —» ] is neither
a strong nor a weak inheritance candidate for c;.

For convenience, we use c[m —» v]~»7 s in situations where it does not matter
whether c[m —» v] is a strong or a weak inheritance candidate. Now we are ready
to introduce our postulates for nonmonotonic multiple inheritance.

7 ¢ # s means that ¢ and s are distinct terms.
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c4[ m>>c]/c4 c5[m>>d]/c5

c2[m>>a]/c2
c3[m>>b]/c3

cl

Fig. 4. Inheritance Context, Overriding, and Inheritance Candidate

Definition 8 (Positive ISA Transitivity). An interpretation I satisfies the
positive ISA transitivity constraint if the positive part of the class hierarchy
is transitively closed, formally, for oll s, c: if there is o such that I(s::0) =
t AZ(o::c) =t, then I(s:ic) =t.

Definition 9 (Context Consistency). An interpretation T satisfies the con-
text consistency constraint, if the following two conditions hold:
(1) for all ¢, m, v: if Z(c[m—» v]t) = £, then Z(s[m—» v]£) = £ for all s;
(2) for alls, m: if there is v such that Z(s[m—» v[£) = t, then Z(s[m—» x]/4) =
f for all x, c, such that ¢ # s,

The context consistency constraint captures the implications of locality and
specificity. The first condition states that if m —» v is not locally defined for c,
then no class should inherit m —+ v from c. The second condition states that if
m —» v is locally defined for s, then this definition should prevent s from inheriting
any information about m from other classes.

The following constraint captures the meaning of nonmonotonic multiple in-
heritance. Intuitively, we want our semantics for inheritance to have the property
that if inheritance is allowed, then it should take place from a unique source.

Definition 10 (Unique Source Inheritance). An interpretation I satisfies
the unique source inheritance constraint, if the following two conditions hold:

(1) for all ¢, s, m, and v: if c[m—» v]~>1s, then Z(s[m—» x]4) = £ for all
X, 0, such that o # c;
(2) for all m, v, ¢, and s, such thats # c: Z(sm—»v]() =t iff
(i) c[m—»v]~57s; and
(ii) there are no o, y, such that o # ¢ and o[m —+ y]~1 s.

The first condition above states that if a strong inheritance candidate, c,
exists then inheritance cannot take place from any other source (because this
would be a multiple inheritance conflict). However, inheritance might take place
from c, if there are no other inheritance candidates. The second condition speci-
fies when “definite” inheritance takes place: s must inherit m —» v from c if and
only if: (i) c[m —» V] is a strong inheritance candidate for s; and (ii) there are
no other inheritance candidates — weak or strong — from which s could inherit
the method m.
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Definition 11 (Object Model). An interpretation T of an F-logic program P
is called an object model of P if T satisfies P plus the three postulates defined
in this section: the positive ISA transitivity constraint, the context consistency
constraint, and the unique source inheritance constraint.

c4 C1 ::Cao.
Ci1 ::Co. C1::C3.
c2 c3 C1::C3. C2iiCs.
CriiCy. C3::Cs.
C3::Ca. co[m —» b].
cl ca[m —»a). c3[m —» b].
(a) (b) (c)

Fig. 5. Unique Source Inheritance

Consider the two programs in Figure 5(b) and Figure 5(c) which share the
same class hierarchy as shown in Figure 5(a). Let C = {c;::¢p, ¢ :c3, Co 22y,
cz:icq} and Z; = (Ty;U; ) be an interpretation for the program in Figure 5(b)
where T; = C U {ca[m = a]/,, co[m—»a]f,, c3[m—>a]/k,, ci[m—»a]/,} and
U; = 0. One can verify that 7; is an object model for the program in Figure 5(b).
From 7; we can see that c4[m —» a] is the unique strong inheritance candidate
for ¢y, c3, and ¢4, which all inherit m — a from c4.

Let C be the same set of ISA atoms as before and consider the interpretation
Ty = (T9; Uy ) for the program in Figure 5(c) where Ty = C U {co[m —» b]/,,
c3[m —» b]/,, c1[m = b]/,, cifm —» b]/, } and Uy = 0. Clearly, Z, satisfies the
program in Figure 5(c). But it is not an object model — the presence of each one
of ci[m —» b]/, and ci1[m —» b]/, in Z violates the first condition of the unique
source inheritance constraint, because both co[m —» b] and c3[m —» b] are strong
inheritance candidates for ¢; and c; # ¢ # c3.

It is worth pointing out the difference between source-based and value-based
approaches to multiple inheritance. Suppose ca[m —»x] and c3[m —» y] are both
strong inheritance candidates for c;, where c; # ¢ # c3. In the source-based
approach c; has a multiple inheritance conflict on the method m regardless of
the values of x and y. On the contrary, in the value-based approach, no conflict
would occur if m returns the same set of values in both classes c; and c3. For
instance, the above interpretation Z, for the program in Figure 5(c) would be
an object model under the value-based approach, since m returns the same set
of values, {b}, in c; and c3. However, value-based nonmonotonic multiple inheri-
tance requires higher-order reasoning and is expensive to compute. In this paper
we consider only source-based inheritance.

The constraints introduced so far capture the intuition behind the “definite”
part of an object model, i.e., the true and the false components. We view them
as core postulates that any reasonable object model must obey. However, we still
need to assign a meaning to the undefined part of an object model. Since “unde-
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fined” means possibly true or possibly false, we intuitively want the conclusions
drawn from undefined facts to remain undefined. In other words, the semantics
should be “closed” with regard to undefined facts. Thus, although it might seem
tempting to “jump” to negative conclusions from undefined facts in some cases
(e.g., if there are multiple weak inheritance candidates), our semantics is biased
towards undefined conclusions, which is why we call it “optimistic.”

Definition 12 (Optimistic ISA Transitivity). An interpretation T satis-
fies the optimistic ISA transitivity constraint if the undefined part of the class
hierarchy is transitively closed, formally, for all s, c: if there is o such that
Z(s:zoNo:c)=u and L(s::¢c) # t, then Z(s::¢) = u.

Definition 13 (Optimistic Inheritance). An interpretation I satisfies the
optimistic inheritance constraint if the following condition is true: for all m, v,
¢, and s, such that s # c: Z(s[m—» v]() =u iff

(i) c[m—»v]~71s; and

(i) there are no o, y, such that o # ¢ and o[m—» y]~>1 s; and

(ii5) T(s[m—>v]L) #t.

The optimistic inheritance constraint captures the intuition behind multi-
ple inheritance based on undefined knowledge. Indeed, s optimistically inherits
m —» v from c if and only if: (i) c[m —» v] is either a strong or a weak inheritance
candidate for s; (ii) there are no other strong inheritance candidates that can
invalidate inheritance from c (by the unique source inheritance constraint); and
(iii) s cannot positively inherit m —» v from c.

4 Optimistic Object Model

In this section we define a particular object model, called optimistic object model,
which exists for any F-logic program and has certain desirable properties. First,
it satisfies all the postulates of the previous section, including the two “opti-
mistic” postulates at the end. Second, it has several independent characteriza-
tions. This section presents a procedural characterization, which can be used to
compute such models bottom-up.

First we need to extend the definition of an interpretation in Section 2 to
include book-keeping information used by the computation. The book-keeping
information is projected out when the final model is produced. The extended
Herbrand base of an F-logic program P, denoted HBp, consists of atoms from
‘HBp and auziliary atoms of the form c[m —» v]~+ s, where ¢, m, v, and s are terms
from HUp. During the computation, we use the auxiliary atoms to approximate
the inheritance candidates. An extended atom set is a subset of HBp. In the
sequel, we will use symbols with a hat (i.e., I) to denote extended atom sets.
The projection of an extended atom set T, denoted W(T), is T with the auxiliary
atoms removed.

It is easy to extend the definitions of the valuation functions in Section 2
to extended atom sets, since the auxiliary atoms do not occur in F-logic pro-
grams. Formally, given an extended atom set I, let Z = (7 (I);0). We define:
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(1) vallT‘(H) def VB(H), for a ground rule head H; (ii) val?(B) def VE(B), for a

ground rule body B; and (iii) vals(R) ef Z(R), for a ground rule R.

The computation process for the optimistic object model, defined below,
extends the alternating fixpoint computation in [12]. The new element here is
the book-keeping mechanism for recording the inheritance information.

Definition 14. Given a ground literal L of an F-logic program P and an atom
A € HBp, we say that L matches A, if either L = s:ic and A = s::¢; or
L = sfm—» v] and A = s[m—» v]4.

Definition 15 (Rule Consequence). The rule consequence operator, RCp, 1,

is defined for an F-logic program P and an extended atom set 1. It takes as input
an extended atom set, J, and generates a new extended atom set, RCy ;(J),
as follows:

There is H <— Ly,...,L, in ground(P), such that H matches A,
A | and for every literal L, (1 <i<n): (i) if L is positive, then
vall} (Li) =t; and (i) if L; is negative, then Ual'%(Li) =t.

This operator is adopted from the usual alternating fixpoint computation; it
derives new facts from the rules in the program.

Definition 16 (Inheritance Blockmg) The inheritance blocking operator,

IB, takes as input an extended atom set, I and generates the set, IB ( 1), which
is the union of the following three sets of atoms

{lc(s, m) | 3v, such that sfm—» v]/f € T}
{mc(c,s, m) ‘ Jo, v, such that o # ¢ and ofm—» v]~s € T}
{ov(c,s,m) ‘ Jo, v, such that 0 # c,0#s, and s::0, 0::¢, ofm—» V] € T}

This is an auxiliary operator used in defining the inheritance consequence oper-
ator below. It returns the book-keeping information that is needed in deciding
which facts can be inherited and which ones are the inheritance candidates. In-
tuitively, l¢(s,m) means that the method m is locally defined at s; mc(c,s, m)
means that inheritance of method m from c to s is not possible due to a multiple
inheritance conflict (as manifested by the existence of an inheritance candidate
at 0); ov(c,s, m) means that any inheritance of the method m from c to s would
be overridden by another class (o) that lies between s and ¢ in the class hierarchy.

Definition 17 (Inheritance Consequence). The inheritance consequence op-
erator, IC+, where 1 is an extended atom set, takes as input an extended atom
set, J, and generates a new extended atom set as follows:

def

IC;(J) € IC*(T)UICS(T) UICL(T)
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1c(J) = {s::c| Jo, such that s::0, 0::c € j}

siCc€E j,c;ﬁ

C e s, c[m—»v]/cej; N
IC5(J) = {C[’”_” s le(s,m) ¢ IB(T), and ov(c,s,m)¢IB(I)}
IC;(3) = {slm— vlf | clm—» v}~ s € T, and me(c,s,m) ¢ 1B(T) }

At each step this operator derives newly inherited facts as well as inheritance
candidates.

Definition 18 (Program Completion). The program completion operator,
Tg 1, where P is an F-logic program and 1 an extended atom set, takes as input

an extended atom set, j, and generates a new extended atom set as follows:
def =

TP,T(J) = RCP,T(J) U ICT(J).

In other words, T}, ; derives new “local” facts (via the rules), inherited facts,
plus inheritance candidacy information that is used to decide which facts to
inherit in the future.

Lemma 1. RC,, ; is monotonic when P and T are fized. IB is monotonic.
IC? is monotonic. ICCT, ICif, and ICs are monotonic when T is fized. Ty 1 is

monotonic when P and T are fized.

Let P be an F-logic program. The set of all subsets of the extended Herbrand
base HBp constitutes a complete lattice where the partial ordering is defined by
set inclusion. Therefore, any monotonic operator, @, defined on this lattice has
a unique least fixpoint lfp(P) [23].

Definition 19 (Alternating Fixpoint). The alternating fixpoint operator,

Up, for an F-logic program P takes as input an extended atom set, T, and gen-
def

erates a new extended atom set as follows: Wp(T) Ifp(Tp 7).

Definition 20 (F-logic Fixpoint). The F-logic fixpoint operator, Fp, where
P is an F-logic program, takes as input an extended atom set, 1, and generates
a new extended atom set as follows: Fp(T) def Tp (Pp(1)).

Lemma 2. When P is fized, Pp is antimonotonic and Fp is monotonic.

Definition 21 (Optimistic Object Model). The optimistic object model,
M, of an F-logic program P is defined as follows: M = (T;U), where T =
w(lifp(Fp)) and U = n(Pp(lfp(Fp))) — n(ifp(Fp)). Here w is the projection op-
erator defined earlier. It removes the auxiliary atoms of the form c[m—» v]~» s,
which are used for book-keeping during computation.

We illustrate the computation of optimistic object models using the following
example. Consider the F-logic program P in Figure 3. Let T = {c1::¢p, c3:: ¢y,
co[m —=» a) /g, c3[m = b]/e, } and U = {cq ::¢c3, c1[m =+ ] /,, c1[m —» b]/, }. Then
we have Ifp(Fp) = T and ¥p(Ifp(Fp)) = TUUU{co[m =+ a]~» c1, c3[m =5 b~ 1 }.
So {T;U) is the optimistic object model for the program in Figure 3.
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Theorem 1. The optimistic object model M of an F-logic program P is an
object model of P. In addition, this model satisfies the optimistic ISA transitivity
constraint, and the optimistic inheritance constraint.

5 Minimal Object Model

Since the introduction of the Closed World Assumption [28], comparing different
models of a program based on the amount of “truth” contained in those models
has become a common technique. Typically, the true component of a model
is minimized and the false component is maximized. However, in F-logic we
also deal with inheritance, which complicates the matters somewhat, because
the truth value of a fact may depend on inheritance. This can create object
models that look similar but actually are incomparable. This issue is illustrated
by an example that follows the definition of minimality below. The solution is to
minimize not only the set of true atoms of an object model, but also the amount
of positive inheritance information implied by the object model.

Definition 22. Given two object models, Ty = (P1;Q1) and Io = (P2;Qa),
of an F-logic program P, we write Ty < Iy if and only if Py C Py, P; U Q1 C
Py U Q2, and c[m—» v]~>1, s implies c[m—» v]~>1, s, for all ¢, m, v, s.

Definition 23 (Minimal Object Model). An object model Z is minimal iff
there exists no object model T' such that 7' < T and T' is different from T.

The above definitions minimize the number of strong inheritance candidates
implied by an object model in addition to the usual minimization of truth and
maximization of falsehood. This is needed because increasing the number of false
facts might inflate the number of strong inheritance candidates, which in turn
might unjustifiably inflate the number of facts that are derived by inheritance.

c2[ m>>a] c4[m >>Db]
Ci:C2.
c1::cs.
c3 C3:iiCs.
co[m —»a).
ca[m —» b.
cl c3[m =3 c] $— cifm =+ al.

Fig. 6. Minimal Object Model

Consider the program in Figure 6 and the following two object models of
the program: Z; = (Py;Qq ), where Py = {c1 ::co, c1::¢3, C3::Ca, Co[m —> 2]/,
C4[m - b]/C4}7 Qi = ma and I, = <P2; Q2 )a where P> =Py, Q2 = {Cl[m _»a]/cza
c3[m —>c]/e, }- Z1 and T, both agree on the atoms that are true. But in Z; both
c1[m —» a]/, and c3[m —» ]/, are false, whereas in 7, they are both undefined.
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Clearly, 7; carries more false atoms than 7, and so with the usual notion of mini-
mality we would say 7; < 7,. However, 7; is not as “tight” as it appears, because
the additional false atoms in 7; are not automatically implied by the program
under our optimistic object model semantics. Indeed, although cs[m —»b] is a
strong inheritance candidate for c; in 73, it is only a weak inheritance candidate
in Z5. We can see that it is due to this extra positive information about inher-
itance candidates that Z; is able to increase the number of false atoms while
keeping the true atoms intact. This anomaly is eliminated by the inheritance
minimization built into Definition 22, which renders the two models incompara-
ble, 1;.6., Ty ﬁ Is.

Theorem 2. The optimistic object model M of an F-logic program P is min-
imal among the object models of P that satisfy the optimistic ISA transitivity
constraint and the optimistic inheritance constraint.

6 Implementation

It turns out that the optimistic object model of an F-logic program P can be
computed as the well-founded model [13,12] of a certain general logic program
with negation. Given an F-logic program P, we first rewrite P into a general logic
program P*/. Then we show that the well-founded model of P/ is isomorphic
to the optimistic object model of P.

Definition 24. Given an F-logic program P, let L be a literal in P. The func-
tions p" and p® for rewriting head and body literals in P, respectively, are defined
as follows:

[ sub(s, c), ifL=s:u:c
(L) = {locmvd(s,m,v), if L =s[m—»v]
sub(s, c), ifL=s:uc
pb(L) = < mud(s,m,v), if L = sfm—» v]
- (p*(G), fL=-G

Let R=H<— Ly,...,L,, n >0, be a rule in P. The function p for rewriting the
rules in P is defined as follows: p(R) = p"(H) <— p®(L1),...,p"(Ln).

Definition 25 (Well-Founded Rewriting). The well-founded rewriting of an
F-logic program P, denoted PYf, is a general logic program constructed by the
following steps:
(1) For every rule R in P, add its rewriting p(R) into P/,
(2) Include the trailer shown in Figure 7 to P*f (note that uppercase letters
denote variables in the trailer rules).

Definition 26. Let P/ be the well-founded rewriting of an F-logic program P,
HBpus be the Herbrand base of P, HBp be the Herbrand base of P, 1%/ be a
subset of HBpur, and I be a subset of HBp, we say that I*f is isomorphic to I,
if all of the following conditions are true:
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mvd(S,M,V) <— locmvd(S,M, V).
mud(S,M,V) <— inhmuvd(S,M,V, C).
sub(S,C) <— sub(S,0), sub(0,C).
inhmvd(S,M,V, C) <— candidate(C,M,V,S), =multiple(C,S, M).
candidate(C,M,V,S) <— sub(S,C), locmvd(C,M,V), C #S,

= local(S, M), = override(C,S, M).
local(S,M) <— locmwvd(S,M, V).
multiple(C,S,M) <— candidate(O,M,V,S), O #£ C.
override(C,S,M) <— sub(0O, C), sub(S, 0), locmvd(0O,M,V), O # C, O #S.

Fig. 7. Trailer Rules for Well-Founded Rewriting

(1) for all s and c: sub(s,c) € I*f iff s::c e

(2) for all s, m, and v: locmvd(s, m,v) € T% iff sfm—s v]4 € 1

(3) for all s, m, v, and c, such that s # c: inhmuvd(s,m,v,c) € I/ iff

sim—» vt €1

Let T% and U be disjoint sets of true and undefined atoms in HBpur, respec-
tively, M = (T ;U be the well-founded model of P, and M = (T;U)
be the optimistic object model of P. We say that M® is isomorphic to M, if
T is isomorphic to T and U is isomorphic to U.

Theorem 3. Given the well-founded rewriting P* of an F-logic program P, the
well-founded model of P*f is isomorphic to the optimistic object model of P.

7 Data Complexity

In general, the optimistic object model of an F-logic program is not necessarily
recursively enumerable. However, for function-free F-logic programs, the Her-
brand universe is finite and thus the optimistic object model can be effectively
constructed. In this section we discuss data complexity for such programs.

Since in this paper we only consider a subset of F-logic, which contains only
two kinds of atoms, s :: ¢ and s[m —» v], any ground atomic query must have one
of these two forms, where s, ¢, m, v are constants.

As for Datalog programs, we can divide any F-logic program, P, into two
disjoint parts: an intensional database (IDB), Pg, which consists of all rules in
P and no facts, and an extensional database (EDB), Pg, which contains only
the facts in P. We can think of Py as a function that maps any EDB, Pp, to
the optimistic object model of the combined F-logic program Pg UPr. Following
[32], we have the following definition of data complexity.

Definition 27 (Data Complexity). Given an IDB Py and an EDB Py, the
data complexity of Pgr is defined as the computational complexity of deciding the
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truth value of any ground atomic query in the optimistic object model of Pg UPy,
as a function of the size of Py.

Given an F-logic program P = Pgr U Py and its well-founded rewriting P*f,
let Pﬁf be the IDB of P/, and ng be the EDB of P*. By Definitions 24
and 25, Pll‘if consists of the trailer shown in Figure 7 plus the rewritings of all
rules in Pr. The EDB ng consists of the rewritings of all facts in Pr. Because
the rewriting of an F-logic rule is linear and the size of the trailer is a constant,
the size of ng is linear in the size of PR and the size of ng is also linear in the
size of Pp.

By Theorem 3, the well-founded model of P*/ is isomorphic to the optimistic
object model of P. Therefore, the data complexity of the optimistic object model
semantics reduces to the data complexity of the well-founded semantics.

Because the rewriting does not introduce new function symbols, the rewriting
of a function-free F-logic program is a function-free Datalog program. Since data
complexity of the well-founded semantics for function-free programs is polyno-
mial time [13], we have the following corollary.

Corollary 1. The data complexity of the optimistic object model semantics for
function-free F-logic programs is polynomial time.

8 Conclusion and Future Work

We developed a new model theory for nonmonotonic multiple inheritance in
frame-based knowledge bases. Unlike previous attempts, this new semantics is
rooted in well-defined postulates, which formalize the commonly accepted intu-
ition behind nonmonotonic multiple inheritance in frame-based languages, and
extend this intuition to handle the interaction between deduction and inheri-
tance. Although we chose F-logic as a framework for presenting our results, the
problem described here is inherent in any logic-based system that supports both
inheritance and rules. Our solution applies to such systems and, in particular,
to extensions of DAML+OIL [17] which permit deductive rules and inheritance.

We should note that the kind of inheritance considered here is known as value
inheritance, which is commonly used in AI systems. However, it has been shown
that value inheritance can also simulate code inheritance that is traditionally
used in object-oriented programming [22]. Therefore, our results apply to code
inheritance as well.

In addition to the inheritance semantics, our formalization of the concepts of
locality, context, inheritance candidacy, and the inheritance postulates sets the
stage for a framework in which programmable inheritance policies can be defined
formally. It has been argued in the past that along with the “default” semantics
for inheritance, tools for programming inheritance-like deduction in an ad hoc
way can benefit certain applications. For instance, discretionary access control
and trust management can benefit from a variety of inheritance-based strategies,
such as most-specific-definition-based overriding [18] (similar to the semantics
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developed here), path-based overriding [18], inflating inheritance [20], and null
inheritance [20]. We are currently working on extensions of our framework to
allow users to specify their inheritance strategies declaratively. Such a system
can be part of an infrastructure for advanced knowledge base systems.
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