Specification of Languages

e Let A be the set of all strings of properly balanced
left and right parentheses, such as (()) or ()().

e T here are various formal definitions of A. We next
explore the use of “substring replacement rules” for
specifying formal languages.

e Example
— Take the three rules,

S — €
S — S8
S — (5)

— Begin with the symbol S and derive new strings
by repeatedly replacing an occurrence of a left-
hand side of a rule (i.e., S) by the corresponding
right-hand side (i.e., e or SS or (5).

— For instance, from S we obtain (S) (by the third
rule) and then ((S)) (by the third rule again)
and finally (()) (by the first rule).



Context-Free Grammars

e Grammars are language generators specified by sub-
string replacement rules.

e Definition

A context-free grammar is a quadruple G =
(V,x,S,R), where

V is a finite set, the elements of which
are called variables or nonterminals,

2_is a finite set disjoint from V/, the el-
ements of which are called terminals,

S is an element of V, called the start
variable, and

R is a finite subset of V x (VUX)*, the
elements of which are called produc-
tions or rules.

e The rules of a grammar G are usually written as
A — u, provided G is clear from the context.



Examples

e Formally, the context-free grammar in the example
above corresponds to a quadruple G' = (V, X, S, R)
with

vV = {S},

= = {(H}h

R = {S —c¢,
S — S8,
S — (9)}

e Another example of a context-free grammar is G =
(V,>,S, R) with

V. = {5}
> = {0}
R = {S —¢
S = (S)S}

e In both examples, the start symbol S is the only
nonterminal.



More Examples

e Let > be the alphabet {a,b}. Give grammars for
the following languages.

The
The
The
The
The

The
a's.

The

set > * of all strings.

empty set.

set of all strings of even length.
set {a"b" : n > 0}.

set of all palindromes.

set of all strings with an even number of

set of all strings with an equal number of

a's and b’'s.



Derivations

We say that a string v can be obtained from u by
replacement with G, written v = v, if and only if
there are strings x and y and a rule A — w in G
such that v = zAy and v = xzwy.

For example, we have

(($)S) = (OS)
and also

(08) = (0).

A sequence of replacement steps

ug = U1 = = Unp

is called a derivation (of u, from wug).

We also say that u, can be derived from ug, and
write ug =* u,.

Examples

§=85=5(5)=5((9)) = 500) = (5H0) = 000)
S=585=(55=05= 005 = 00(9S)) = 000)



Language Generation

The language L(G) generated by G is the set
{fweX" : S="w},
where S is the start symbol of G.

In other words, L(G) is the set of all strings of
terminals that can be derived from the start symbol.

For example, we gave two grammars that generated
the set of all strings of properly balanced left and
right parentheses.

A language is said to be context-free if it is gener-
ated by a context-free grammar.

Here is a grammar for the set of all strings in {a,b}*
with an equal number of a's and b's:

V. = {Sh
> = {a,b},
R = {S —¢,
S — aSbs,

S — bSaS}



Similarity of Derivations

The same string can often be generated by different
derivations.

For example, with the grammar G’ we can generate
the string ()() by

S=85=(9)S=05S= 005 =00
or

S=85=505)=5S0=0)0=00

T he two derivations differ only in the order in which
replacement steps are applied.

The following two derivations of use different re-
placement steps:

S = SS§ = (8)S = (0OS = ()SS
= 00)s = 005 = 00 = 000

and

S = SS = SSS = (5)SS = ()SS
= s = 00S = 00 = 000



Parse Trees

e A parse tree for a grammar G is a tree T, where

1. each leaf is labeled either by a terminal or by
the empty string,

2. each non-leaf node is labeled by a nonterminal,
and

3. for each node ¢ labeled by a nonterminal A there
isarule A— z122...2,, SUuch that the children
of 4 are labeled by z1,z2,...,x, (in this order).

e For example,
S
S S
e e
( S ) ( S )

e e

is a parse tree for the grammar G'.



Parse Trees (cont.)

The string obtained by concatenating the labels of
leaves from left to right is called the yield of the
tree.

The yield of the parse tree in the above example is
the string () ().

To construct a parse tree, start with a single node,
usually labeled by the start symbol of the gram-
mar, and then expand nodes labeled with a variable
according to a suitable grammar rule.

The tree above represents the derivations of ()()
shown earlier: both derivations employ the same
replacement steps, only in a different order.

Two derivations are similar if their parse trees are
the same.



Ambiguity

e Different parse trees with the same vield represent
an ambiguity:

( s /q\ /Q\
e ( S ) ( S )
e e

S/S\S
N,/
AN

( S ) ( S )

e




Ambiguous Grammars

A grammar G is said to be ambiguous if there is a
string with two or more distinct parse trees.

Note that a grammar is ambiguous if some string
has two different leftmost derivations.

The grammar G’ and G” generate the same lan-
guage, but one of them is ambiguous.

The structure of the string ()()() is not uniquely
determined by the rules of G'.

Some languages are inherently ambiguous in that
all context-free grammars generating the language
are ambiguous.

An example of such a language is the set

L = {a"b"c"d™ :n>1,m>1}
J{a"b"cmd” cn>1,m > 1},



Closure Properties

e T heorem

T he class of context-free languages is closed
under union, concatenation, and Kleene star.

e Proof sketch.

— Let G1 = (V1,%1,51, R1) and G2 = (V2, X2, 52, R2)
be context-free grammars with disjoint sets of
variables.

— Union. Let S be a new symbol and R be the set
of rules

RlURQU{S—>51,S—>SQ}.

Then G = (V1UVLU{S},>X1UX5, S, R) generates
the language L(G1) U L(G>).

— Concatenation. Let S be a new symbol and R
be the set of rules

Ri1UR> U {S — 5152}.

Then G = (V1UVLU{S},>X1UX5, S, R) generates
the language L(G1)L(G>2).



— Kleene star. Let S be a new symbol and R be
the set of rules

R1 U {S — e, 5 — SSl}.
Then G = (V1 U{S}, X1, S, R) generates the lan-
guage L(G1)*.

e Finite sets of strings are evidently context-free, so
that we obtain the following result.

e Corollary
Every regular language is context-free.
e \We have already seen examples of languages that

are context-free, but not regular. Next we charac-
terize regular languages more directly by grammars.



Regular Grammars

A context-free grammar G = (V, >, S, R) is said to
be regular if the right-hand side of each rule either
contains no variable or else contains a single variable
as its last symbol.

Finite automata can be transformed to regular gram-
mars by taking the states of the automaton as
nonterminals and encoding transitions by grammar
rules.

Let M = (Q,X,q0,7T,6) be a deterministic finite au-
tomaton and Gy = (Q, X, qo, R) be a context-free
grammar where

R = {q—ap: di(q,a)=np}
U{qg—€:qeT}.
Then L(M) = L(Gy).
Conversely, it is also possible to construct a finite

automaton Mg for a given regular grammar G, such
that L(G) = L(Mg).



L inear Rules

A rule A — w is said to be linear if w contains at
Mmost one variable.

A (linear) rule is called right-linear (resp., left-linear)
if its right-hand side either contains no variable or
else contains a single variable as the last (resp.,
first) symbol.

A context-free grammar is called (left, right) linear
if each of its rules is (left, right) linear.
Theorem

1. A language is regular if, and only if, it is gener-
ated by a right-linear grammar.

2. A language is regular if, and only if, it is gener-
ated by a left-linear grammar.

A language generated by a grammar with both left-
and right-linear rules need not be regular, though.



