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Abstract

Sampling is an important tool for estimating
large, complex sums and integrals over high-
dimensionalspaces. For instance,importance
samplinghasbeenusedasanalternatve to exact
methoddor inferencen beliefnetworks. Ideally,
we wantto have a samplingdistribution thatpro-
videsoptimal-varianceestimators.In this paper
we presentmethodsthat improve the sampling
distribution by systematicallyadaptingit aswe
obtaininformationfrom the samplesWe present
astochastic-gradient-descanethodfor sequen-
tially updatingthesamplingdistributionbasedn
the directminimizationof the variance.We also
presentother stochastic-gradient-descemteth-
odsbasedon the minimizationof typical notions
of distancebetweenthe currentsamplingdistri-
bution andapproximationf the target, optimal
distribution. We finally validateandcomparethe
differentmethodsempirically by applyingthem
to the problemof actionevaluationin influence
diagrams.

1 INTRODUCTION

Often, we areinterestedn computingquantitiesinvolving
large sums, such as expectationsin uncertain,structured
domains. For instance belief inferencein Bayesiannet-
works (BNs)requiresthatwe sumor marginalizeover the
remainingvariablesthat are not of interest. Similarly, in
orderto solve the problemof actionselectionin influence
diagrams we sumover the variablesthatarenot obsened
atthetime of thedecisionin orderto computethe valueof
differentactionchoices.

We can representthe uncertaintyin structurederviron-
mentsusinga BN. A BN allows us to compactlydefine
a joint probability distribution over the relevant variables
in a domain. It providesa graphicalrepresentatiomf the
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distribution by meansof a directedacyclic graph (DAG).
It defineslocally a conditionalprobability distribution for
eachrelevantvariable,representedsa nodein the graph,
giventhe stateof its parentsn thegraph.This decomposi-
tion canhelpin the evaluationof the sums. However, due
to factorsregardingthe connectvity of the graph,in gen-
eralthis is not sufficient to allow an efficient computation
of theexactvalueof the sumsof interest.

Sampling provides an alternatve tool for approximately
computingthesesums. Samplingmethodshave beenpro-
posedasanalternatveto exactmethodgor suchproblems.
In particular importancesampling(see Geweke [1989],
andthe referencegherein) hasbeenappliedto the prob-
lem of belief inferencein BNs [Fung and Chang,1989,
Shachterand Peot,1989] and actionselectionin IDs (see
Charnesand Sheng [1999] and the referencestherein,
and Ortiz andKaelbling [2000]). In its simplerform, the
importance-samplinglistribution usedis the “prior” dis-
tribution of the BN resultingfrom settingthe value of the
evidence.lt hasbeennotedearly on thatthis samplingdis-
tributionis far from optimalin the sensehatit provideses-
timateswith larger variancethannecessaryShachterand
Peot,1989]. For instance the optimal samplingdistribu-
tion in the caseof belief inferenceis to samplethe unob-
sened variablesfrom the posteriordistribution over them
giventhe obsened evidence. If we knew this distribution
wewould know theanswetto the beliefinferenceproblem.

Several modificationshave beenproposedo improve the
estimationof the simple importancesampling distribu-
tion discussedbove, basedon informationobtainedfrom
the samples[Fung and Chang,1989, Shachterand Peot,
1989, Shwe and Cooper,1991]. In this paper we pro-
posemethodgo systematicallyandsequentiallyupdatethe
importance-samplinglistribution. We view the updating
processasoneof learninga separat®N justfor sampling.
Thelearningobjective is to minimize someerror criterion.
A stochastic-gradiennethodresultsfrom the direct min-
imization of the varianceof the estimatorwith respectto
the importancesamplingdistribution asan error function.
Otherstochastic-gradienhethodsresultfrom minimizing



error functionsbasedon typical measure®f the notion of
distancebetweerthe currentsamplingdistribution andap-
proximationsof the optimal samplingdistribution.

2 DEFINITIONS

We beggin by introducing somenotation usedthroughout
the paper We denoteone-dimensionatandomvariables
by capital letters and denote multi-dimensionalrandom
variablesby bold capital letters. For instance,we de-
note a multi-dimensionalrandomvariableby X andde-
noteall its componentdy (X, ..., X, ) whereX; is the
it" one-dimensionatandomvariable. We use small let-

tersto denoteassignmentso randomvariables. For in-

stance,X = x meanghatfor eachcomponentX; of X,

X, = z;. We denotethe setof possiblevaluesthat X; can
take by Q x, andthe setof possiblevaluesthat X cantake

byQx = X ?leXi- We alsodenoteby capitallettersthe
nodesin agraph.We denoteby Pa(Y") the parentsof node
Y in adirectedgraph.

We now introducenotationthat will becomeuseful dur-
ing the descriptionof the methodspresentedn this pa-
per  We denote by the operator ), the sum over
the possiblevalues of the individual variablesforming
Z, 3z, 2z, 2z, - Forary function h with vari-
ablesZ and O, the expressionh(Z, O)|,_, Standsfor
a function f’ over variablesZ that resultsfrom setting
the valuesof O in h with assignmento while letting
the valuesfor Z remain unassigned. In other words,
f(Z)=h(Z,0)|p_, = M(Z,0 = o). The notation
X = (Z,0) meansthat the variable X is formed by
all the variablesthat form Z and O. Thatis, X =
(X1, Xn)=(Z1y. oy Z0ny, O01,...,0p,) = (Z,0),
wheren = n; + ny. Notethatwe areassuminghatthe set
of variablesforming Z andthoseforming O aredisjoint.
ThenotationZ ~ f meanghatthe randomvariableZ is
distributedaccordingto probability distribution f.

A Bayesiametwork(BN)is agraphicalprobabilisticmodel
usedo representincertaintyin structuredlomains.It com-
pactly representshe joint probability distribution over the
relevant variablesof the systemof interest. It usesa di-

rectedacyclic graph (DAG) to representhe relationship
betweenthe relevant variables. A nodein the graphrep-
resentsa variable. The modeldefinesa local conditional
distribution P(X; | Pa(X;)) for eachnodeor variable X;

givenits parenta(X;) in thegraph.Thejoint distribution

is then

P(X) = [T, P(Xi | Pa(Xy)).

For instance,we candefinea BN on the graphgivenin
Figurel(a).

Theinferenceproblemin BNsis thatof computingthe pos-
terior probability of anassignmento a subsebf variables

X1

(b)

Figure 1. Exampleof (a) Bayesiametwork and (b) influ-
encediagram.

givenevidenceaboutanotheisubsebf variablesn thesys-
tem. Assumethatthe variablesarediscreteandtheir sam-
ple spacesr the possiblevalueseachvariablecantake are
finite. In generallet X = (Z, O) whereO is the setof

variablesof interest,o is anassignmento it and Z arethe
remainingvariables.For this problemwe wantto compute
probabilitiesof thekind

P(O=0)=)> ,P(Z,0 = o).

Often,thelocal decompositiorof thejoint distribution still
leadsto the evaluation of sumsover a large number of
variables.In general;this problemis intractable[Cooper,
1990].

An influencediagram (ID) is a probabilistic model for
decision-makinginderuncertainty We canthink of anID
asaBN with decisionandutility nodesadded Forinstance,
we canuseour exampleBN to build anlD asshovnin Fig-
ure 1(b). Thesquares a decisionnode. The diamondis a
utility node.We now have potentiallydifferentjoint distri-
butionsoverthevariablesfor eachactionchoiceavailable.
Assumefor simplicity thatthereis a single decisionnode
in thegraph.Thejoint distribution overthevariablesgiven
theactionchoicea assignedo the decisionvariable,is

P(X | A=a) =TT, P(X; | Pa(X0)] ,_, -

The decisionassociatedvith a decisionnodeis a function
of its parentnodesin the graph. We will have accesgo



thevalueof thesevariablesat the time of makingthedeci-
sion. Similarly, the utility associateavith a utility nodeis
afunctionof its parentnodesin thegraph.

Assumethat we have a finite numberof discreteaction
choices.Then,oneproblemis to selectthe beststrategy or
function* mappingeachpossiblevalue of the parentsof
the decisionnodeto anactionchoice. The beststrateyy is
the strat@y with highestexpectedutility. Let X = (Z, O)
wherethe variablesin O are parentsof the decisionnode
and Z are the remainingvariables. The problemof ob-
taining an optimal stratgyy reducego obtaining,for each
assignmenO = o, the actionthat maximizesthe value
associatedavith the actionandthe assignment:

Vola) =>4

Noteonceagainthatcomputingthisvaluerequiregheeval-

uationof a sum. For the samereasonsasin the previous
problemof belief inferencein BNs, the exactcomputation
of this valueis intractablein general.

P(Z,0=0|A=a)U(Z,0 =0,A=a).

3 IMPORTANCE SAMPLING

Importancesamplingprovides an alternatve to the exact
methodsfor evaluatingsums. Let the quantity of inter

estbe G = ), g(Z) for somereal function g. We

canturn the suminto an expectationby expressingG =

Y2 f(Z)(g(Z)/f(Z)), wheref is aprobabilitydistribu-

tion over Z satisfying,for all Z, g(Z) # 0 = f(Z) # 0.

We call f the importance-samplinglistribution. We de-

fine the weightfunctionw(Z) = ¢(Z)/f(Z) which al-

lows usto expressG = ), f(Z)w(Z). Hence,we can
obtainanunbiasedestimateof G by obtaining N samples
2z ...,z from Z ~ f andcomputingthe estimate

=& 2 w(z®). @)

We canapplythis techniqueto the problemof beliefinfer-
encein BNs. Typically, we let

9(Z)=P(Z,0 = o)

=I1i2i P(Zi | Pa(Z)) 132, P(O; | Pa(0)))|
[(Z2) = TI:%, P(Z; | Pa(Z;))|o_,, - Whichimplies
w(Z) = 1% PO; | Pa(0)]

Note that we are definingthe importancesamplingdistri-
bution to be the “prior” distribution of the BN. We obtain
samplesfrom this distribution by samplingthe variables
in the (partial) order definedby the DAG and according
to the local conditionaldistribution of the original BN for
eachvariable.As we obtainsampledrom eachvariableby
traversingthenodesin thegraphandsamplingthe variable
correspondingo it, if we getto anodeor variablethatis in
theevidencesetO, we donotsamplet. Insteadwe assign

to it thevaluegivenby the evidenceassignmenb. There-
fore, the resulting sampleswill be assignmentdo those
variablesthat are not in the evidencesetaccordingto the
“prior” distributionof theBN. We call themethodresulting
from this importance-samplingdistribution the traditional
method In the context of belief inference this methodis
calledlikelihood-weighting LW) sincetheweightfunction
is a “lik elihood” andthus eachsampleis weightedby its
“lik elihood”

We cansimilarly applythis techniquen the context of ac-
tion selectionin IDs to evaluateV, (a). In generalwe let

9(Z) = P(Z,0=0|A=a)U(Z,0=0,A=a),
f(2) = T2 P(Zi | Pal(Zi)l oo a0
w(2) = II;2, P(O; | Pa(0;))U(Z,0, A)

=o0,A=a

In particular for our example,

9(Z) = P(X1)P(Xz | X1)P(X5 [ X1) x
P(Xs | X2,A =a)P(X7| X3,X6) X
P(Xy =124 | X2)P(X5 =25 | X2, X3) X
U(X7, A=a),
[(z) = PXy)P (X2 | X1)P(X3 | X1) %
P(Xe | X2, A= a)P(X7| X3, X¢),
w(Z) = P(X4 =14 | Xo)P(X5 =25 | X2, X3) X
(X7

= a).

An importantpropertyof theestimatorQ is thevarianceof
the weightsassociatedvith the importance-samplinglis-
tribution. Thisis
Varlw(Z)] =Y, f(Z)w(Z)? — G

RecallthatG = )", ¢g(Z) by definition andassumehat
g is a positive function. From this we canderive thatthe
optimal or minimum-variancemportance-samplingistri-
butionis proportionalto g(Z):

[(2) =9(2)) 7 9(2). )

Theweightswill have zerovariancein thatcase sincethe
weight function will always output our value of interest
G. We also note that we needto avoid letting f(Z) be
too small with respectto g(Z), sincethis will increase
the variance. As a matterof fact, Var[w(Z)] — oo as
f(Z) — 0 for atleastonevalueof Z. Thisimpliesthat
we shoulduseimportance-samplindistributionswith suf-
ficiently “fattails”

4 ADAPTIVE IMPORTANCE SAMPLING

The traditional method presentedabose uses as the
importance-samplinglistribution the “prior” distribution



of the BN which canbe far from optimalin the sensehat
it canhave highervariancethannecessaryln the caseof

evaluatingactionsin IDs, it alsocompletelyignorespoten-
tially usefulinformationabouttheutility values.Therefore,
we try to learnthe optimal importance-samplingistribu-

tion by adaptingthe currentsamplingdistribution as we

obtainsampledromiit.

We view the adaptie processasoneof learninga distribu-

tion overthevariableghe sumis overto usespecificallyas
animportance-samplingistribution. In particular we can
view thisprocessaslearningBNs from thesamplegustfor

sampling.Fromthe expressiorof the optimalimportance-
samplingdistribution givenin equation2 (and,in particu-
lar, from thefactorizatiorof thefunction g for thedifferent
estimationproblems),we can deducethat in orderto be
ableto representhis distribution graphicallyusinga BN

we needto addarcsthat connectevery pair of nodesthat
areparentf obsenationsand/orutility nodesijf they are
not alreadyconnectedHowever, doingsocanincreasehe
sizeof themodel,particularlyin casesvherethelocal con-
ditional probabilitiesandthe utilities have a smaller more
compactparametriaepresentatiofi.e., noise-ors). In this

paper we do not dealwith this issueandinsteadconcen-
trateon the problemof learninga BN with the samestruc-
ture asthe original BN (or ID). Hence,we only needto

updatethelocal conditionalprobability distributionsaswe

obtainsamples.

We canparameterizéheimportance-samplingistribution
using a set of parameter®. Let the indicator function
1(Z; = k,Pa(Z;) = j | Z) = 1if theconditionZ; = k
andPa(Z;) = j agreeswith the value assignedo Z; 0
otherwise.Then,we canexpressthe importance-sampling
distribution as

=k,Pa(Z;)=j|Z
Z|® H H Hamk (Z:)=4l )’
i=1jEQpa(z,) kEQZ,
®3)
wherefor eachi, j, k, 0, = P(Z; = k| Pa(Z;) = j,0).

Hence,for all 4,5, >, 6;;x = 1, andfor all &, 65, > 0.
Notethatthisrepresentationsesheassumptionsf global
andlocal parameterindependencéypically usedin BNs.
The weight function is also parameterize@nd definedas

w(Z]0)=y(2)/f(Z]©).
4.1 LEARNING CRITERIA AND UPDATE RULES

In the following subsectionsve presentifferentmethods
for updatingthe samplingdistribution. The updaterules
are all basedon gradient-descentHence,at eachtime ¢,

we updatethe parameterasfollows:
0t — 0 — a(1)VPe(0W). (4)

In the updaterule above, a(t) denoteshelearningrateor
thestepsizeruleandV?e(®) denoteshegradientof error

functione, appropriatelyprojectedo satisfytheconstraints
on ©. Themethoddiffer in how they definevre(6™).

In the discussiorbelov we denotethe N () i.i.d. samples
asz®V ... z®N®) dravn accordingto Z ~ f(Z |

). If we gathersamplego estimatez usingmary dif-
ferent samplingdistributions, how canwe combinethem
to getanunbiasedestimatet is sufficientto weightthem
usingary weightingfunctionthatisindependenof thesub-
estimatebtainedby usingjust the sampledor one sam-
pling distribution. For instancethe estimator

GO = WHG(e™), (5)
WhereZtT:1 W (t) =1andW(t) > 0, forall ¢, and
GOW) = ﬁ Zf\;(lt)w(z(t,l) | 6™, (6)

is unbiasecaslong as W (t) and G(8")) areindependent
for eacht. Letting W (t) = 1/T will producean unbi-
asedestimate. This is the weight we usein the experi-
ments. In general,we would like to give more weight to
importance-samplingistributionswith smallervariances.
Assumingthatthevariancedecreasewith ¢, we wouldlike
W (t) to be anincreasingsequencef ¢. Note that using
W(t) < 1/6%, wheres? is the samplevarianceat time ¢,
thoughappealingdoesnot necessarilyeadto anunbiased
estimatorsincelV () andG(6) arenotindependent.

We will considerthreegeneraktratgies: minimizing vari-
ancedirectly, minimizing distanceto global approxima-
tions of the optimal samplingdistribution, andminimizing
distanceto the empirical distribution of the optimal sam-
pling distribution basedon local approximations For the
first two stratgjies, we will find that we can expressthe
partialderivativesthatform thegradientas,for all 7, j, &

— =k,Pa(Z;)=j
=Y, f(Z|®) I(Z olzjlfz) ilz) o
¢(Z.9)],

80”;C

wherep(Z, ©) isafunctionthatdependsntheerrorfunc-

tions. Note thatthis is an expectation.Then,the methods
updatetheparameterdy estimatinghevalueof the partial

derivativesevaluatedat the currentsettingof the parame-
tersd® as

066 _ 1

;e N

N(t)

—I(Zi=k,Pa(Z))=j|Z=2"1)
=1

(t)
01]k

Sp(z(t,l)’ B(t) ):| i

4.1.1 Minimizing Variance Directly

As we notedabove, the optimalimportance-samplingis-
tribution for estimatingG is that which minimizes the
varianceof w. Using that as our objective, we derive a
stochastic-gradientipdaterule for the parameterf the



importance-samplinglistribution. Let the error function
be

evar(®) = Var(w(Z | ©))
= Yz f(Z]|Ow(Z]|©)} -G

Thecorrespondindunctionfor the gradientis
©Var (Za G))

Note that usingthis definition of ¢ yields an unbiasedes-
timate of the gradient. This is becausdhe gradientis the
expectatiorof aparticularfunctionand,in thiscasewe can
alwaysevaluatethefunctionexactly. Hence we canobtain
anunbiasedestimateny samplingfrom f(Z | ©).

=w(Z|©). ()

4.1.2 Minimizing Variance Indirectly via
Approximate Global Minimization

Recalltheoptimalimportance-samplindistribution f* for
estimatingG givenin equation2. The updaterulesof the
following subsectiorareall motivatedby theideaof reduc-
ing somenotion of distancebetweernthe currentsampling
distribution and this optimal samplingdistribution. Note
thatwe cannotreally computehevaluesof theoptimaldis-
tribution sincethatrequiresknowing the normalizingcon-
stant) _, g(Z) = G whichis exactly the valuewe want
to estimate We approximatehe optimaldistribution using
the currentestimateof G asfollows

F1(2)=9(2)/G". @)

In thefollowing, we will consideffour errorfunctions,one
basednthesum-squared-err@ndthreebasednversions
of theKullback-Leiblerdivergence

If we usethe Ly norm or sum-squared-errdunctionasa
notionof distancebetweerthe distributions,thenthe error
functionis

(@) =31Y 4 (/(Z] ©) - [1(Z))°.
Thecorrespondindunctionfor the gradientis

0L.(2.0) = ['(2)-f(Z]©)
FD | 60)

(w(zth 16Dy /G0 1), @
wherethe approximationresultsfrom usingft(Z) asde-
finedin equation8 asanapproximatiorto f*(Z).

An alternatve, commonly-usedhotionof distancebetween
two probability distributions is given by the Kullback-
Leibler (KL) divergence This measurds not symmetric.
Oneversionof the KL divergencein this context is given
by theerrorfunction

2.z [7(Z)log (f*(2)/f(Z | ©)).

ekr, (®) =

Thecorrespondindunctionfor the gradientis
¢kL,(Z2.0) = [f(2)/f(Z]0)
w(z®D | gy /G®

Anotherversionof theKL divergences givenby theerror
function

Q

(10)

=22 f(Z]0©)log(f(Z]0)/f*(Z)).

kL, (©)

The correspondindunctionfor the gradientis

PKL,(Z,0) =log (f*(2)/f(Z | ©)) -
~ log (w(z(t’l) | 6®) /G0 ) —-1. (11)

A “symmetrized”versionof KL sometimeausedis given
by theerrorfunction

exL, (©) = fexr, (©) + fexr, (O).

We canobtainthe partial derivativesfor this errorfunction
andtheir approximatioraccordingly

4.1.3 Heuristic Local Minimization Based on
Empirical Distribution

Theupdatemethodsn this subsectiormremotivatedby the

idea of minimizing differentnotionsof distancebetween
thecurrentsamplingdistribution andanempiricaldistribu-

tion of the optimal importance-samplinglistribution that
we build from the samples.The hopeis thatthe empirical
distribution is a good approximationof the optimal sam-
pling distribution. We definetheempiricaldistribution, pa-

rameterizedy © locally asfollows: for all 4, j, k

i _ TR 1(Zi=kPa(Z)=j|Z=2""D)w(z"D|8")
ijk EN“)zpa Zi)=j| Z=z(tD )w(zt-D|0W®)

it S I(Pa(Z) = 5| Z = 2tD)w(z) | 09) £ 0;
95 1 = Q(tk otherwise.We areessentiallydefiningthe em-
plrlcal dlstrlbutlon usingthe samplesf thereare samples
that can be usedto defineit; otherwise,we revert to the
currentdistribution. We try to minimize the distancebe-
tweenthe currentsamplingdistribution and the empirical
distributionlocally.

(12)

Similar to the caseof the previous stratgies, we will find
thatwe canexpresshepartialderivativesthatformthegra-
dientof the errorfunctionsdiscussedn this subsectioras,
forall 4, j, k,
9e'(® 5
o) = =/ Bk, O,
Wherego’(éijk, 0:;1) is afunctionthatdependontheerror
functions.Then,themethodsupdatethe parameterdy es-
timatingthevalueof the partial derivativesevaluatedat the
currentsettingof the parameter®*) as

e (9 At)  p(t)
Bé”k L = (eL]k:7 eljl\,)



We definethelocal Ly-normerrorfunctionas
e, (©) =32k <0ijk - éijlc>27
theerrorfunctionfor oneversionof KL as
ek, (@) =
andtheotheras
ek, (©) = X2,k Oiji log (eijk/éijk> .

From this we obtain the correspondingunctionsfor the
gradient:

> ik bijilog (éijk/eijk) ;

©or, Oijis i) = Oijre — Oijie,
i, O Oije) = Oiji/Oij,
log (éijk/eijk> -1

We canobtainanupdaterule basedon the “symmetrized”
versionof KL accordingly

OxL, Oijis Oijr) =

4.2 DISCUSSION OF UPDATE RULES

First, notethatof all theupdaterules,only theonederived
for eya, Clearlyusesanunbiasedstimateof thegradient.It
is notimmediatelyapparentvhethertheupdaterulesbased
Oner,, exr, andekr,, useunbiasedestimates.

Note alsothatthe magnitudeof the component®f the re-
sultinggradientsaredifferent,assuggestetyy theirrespec-
tive ¢ functions.Thefunctionpv,, hasmagnitudepropor
tionalto thesquare®f theweights. Themagnitudesf ¢r,,
and ki, arelinearin the weights. However, the magni-
tudeof ¢r,, is potentiallysmallersinceit hasthe probabil-
ity of the sampleasa factor The magnitudeof ¢kr,, is
logarithmicin theweights.

Becausave assumehatg is positive, the weightsarepos-
itive. Hence,pva, and ¢k, are always positve. The
function ¢r,, is positve if w(Z | ©)/G > 1. Similarly,

the function ¢k, is positive if log(w(Z | ©)/G) > 1.

If w(Z | ®) > G thenthe samplingdistribution under

estimateghe value of g while if w(Z | 8) < G thenit

overestimateshe value. Therefore,the sign of ¢r,, and
vKL, depend®nwhetherwe under or over-estimatedhe
valueof g. Similarly, the magnitude®f vvar, ©L,, YKL,

and k1., arerelatedto the amountof under or over

estimation.For pvar, 1., andexkr,, themagnitudes larger
whenthesamplingdistributionunderestimatethanwhenit

overestimatesFor ¢xr,,, thelogarithmbringsthe amount
of over andunderestimationio the samescale. Note that
for the approximationsof ¢r1,,, ¢xr,,, and ¢xr,, G can-
not be zero,andin additionfor ¢xr,, w(Z | @) cannot
be zero. Theseconditionshold from the assumptiorthat g

is positive. Note thatunlesswe constrainthe importance-
samplingdistribution, all the functions ¢var, ¢L,, YKL,

andykr,, Will beunboundedvenif g is bounded.

The local Ly error function, e’L2, leadsto an updaterule
for which the stepsize hasa very intuitive interpretation
as a weighting betweenthe currentimportance-sampling
distribution and the empirical distribution. In the case
of ey, the updatedirectionis proportionalto the ratio
of the empirical distribution with respectto the current
importance-samplinglistribution. On the otherhand,for
exr,» the updatedirectionis proportionalto the logarithm
of the sameratio. Note ¢kr., is not definedif at least

one éfﬂ = 0. We canfix this by letting, for eachi, j, k,

00 (ZY 1(Zi=k,Pa(Z:)=j| Z=2"D)w (D 01))) +60),
k(2 1(Pa(20) =1 220w (24D 90) ) +1

This s essentiallymposinga Dirichlet prior with parame-

tersequalto the currentprobabilityvaluesonthe empirical

distribution parameters.

We can interpret the updaterules basedon local KL-

divergenceasaddingweightsto theelement®of thedomain
of theimportance-samplindistributionandrenormalizing.
For the versionof KL-divergencewith respectto the em-
pirical distribution, we arealwaysaddingweights.We add
valuesrelative to the amountwe underestimatedr over-

estimatedthe magnitudeof the distribution for a particu-
lar state.If we underestimatedye addweightslargerthan
one.If we overestimatedye addweightssmallerthanone.
For the other versionof KL-divergence,dueto the loga-
rithm function, we addweightif we underestimatedhile

we subtractveightif we overestimatedThereforethelog-

arithm bringsthe amountof underestimatiomnd overesti-
mationto the samescaleandaddsor subtractaveightac-
cordingly.

Note thatwhenapproximatingthe gradientsfor ey, er,,
exL, andexky,,, we canuseaslittle asonesampleto obtain
anestimateof thegradient(i.e., N(¢t) = 1). Thisis notad-
visablefor themethodbasenthelocal heuristicsincethe
empiricaldistribution of the optimal samplingdistribution
will behighly inaccurateHence theupdaterulesbasedn
the empiricaldistribution will work betterwhenwe take a
larger numberof samplesbetweenupdates.Finally, note
thatwhent = 1 andN (¢) = 1, ¢, = 0, andthereforethe
parametersvill not changen thefirstiteration.

5 RELATED WORK

Differentvariationsof importancesamplinghave beenused
for the problemsdiscussedn this paper(Seelin and
Druzdzel[1999] andthe referencesherein). Our methods
belongto the classof forward samples sincethey sam-
ple from a distribution basedon the original structureof
the BN. Of these self-importancesampling[Shachterand
Peot,1989,ShweandCooper,1991]is the methodclosest
to the methodsproposedn this papersinceit alsoupdates
thesamplingdistribution asit obtainsinformationfrom the
samples.This methodhasan updaterule thatis very sim-
ilar to the onederivedfor e . It updateghe distribution



after obtainingthe empiricaldistribution, but the updateis
aweightingbetweerthe empiricaldistribution andthefirst
samplingdistribution used[Shweand Cooper,1991]. The
updateruleis

1 ~ 0
oY~ (1 —a®)i), + ()6
_ g(t)

ijk
O 05 o
alt) (a(t) (1) 75 - 0) :

In our framework, we canthink of this updaterule asre-
sultingfrom the errorfunction

—(1-

efS‘IS(ga t) =

%(t) > (eijk - <(1 — a(t))fijn + a(t)95211>)2-

Annealedimportancesampling[Neal, 1998] is a related
techniquein thatit tries to obtain samplesrom the opti-
mal samplingdistribution. As we understandt, the user
setsup a sequencef distributions,the lastdistribution be-
ing the optimal distribution, typically definedby Markov
chains. We move from one distribution to anotheraswe
“anneal” andthe sequence&ornvergesto the optimal sam-
pling distribution. The hopeis that we can get an inde-
pendentsamplefrom that distribution, thenwe restartthe
procesgo try to obtain anotherindependensample,and
soon. Finally, it usesthoseindependensamplego obtain
an estimate. Notice that each“traversal” of the sequence
of distributions(or Markov chains)producesa singlesam-
ple. Thetechniques very generalandwe are unavare of
whetherit hasbeenappliedto the problemsconsideredn
this paper We are currentlyinvestigatingpossibleconnec-
tionsbetweerour methodsandthis technique.

6 EMPIRICAL RESULTS

We implementedall of the adaptve importance-sampling
methodsdescribedhbove. We let the learningratea(t) =
B/t, where 3 is a value that dependson the updating
method. We needdifferentvaluesof 3 for the different
methodsbecausef the differencesn magnitudeof their
gradients. We imposean additionalconstrainton the pa-
rametersvhich we call thee-boundary We requirethatfor
alli,7,k, 05 > e(|Qx,|) = v/ |Qx,], wherey is acon-
stantfactor In our experimentswe lety = 0.1. We do
this sothatour samplingdistribution has“f at tails”, avoid-
ing extremain probability andhencethe possibility of in-
finite variance.We initialize the parameterﬁ(o) suchthat
the startingimportance-samplindistributionis the “prior”
probabilitydistribution of the original BN. However, if one
of thelocal conditionalprobability valuesdoesnot satisfy
the e-boundaryconstraint,we changethe distribution so
thatit does.
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Figure2: Graphicalrepresentatiowof the ID for the com-
putermouseproblem.

In orderto satisfythe constrainthatfor all i, 7, >, 0i;1 =
1, we projectthe approximationof the gradientsonto the
simplex of the local conditional probability distribution.
We do soby letting, for all 7, 4, k,

|2,

1
|Qxi| Zk:l

8P &(0)
0051k

oe(6)
LIS

9¢(6)
0051 "

(13)

Notethatthisis notenoughto guarante¢hataftertakinga
stepin the projecteddirection,the parametersvill remain
in the constraintspace. If, whenupdatinga local condi-
tional probability distribution, its respectre parametersio
notsatisfythe constraintwe find the minimumstepc’ that
will allow themto remaininsidethe constraintspaceand
take a stepof size«’/2 alongthe gradientdirection (i.e.,
half thedistanceébetweerthecurrentpositionof theparam-
eterwe areupdatingin thesimplex andtheclosestpointon
thee-boundaryalongthe gradientdirection).

We tested the methodson the computer mouse prob-
lem [Ortiz and Kaelbling, 2000], a simple made-upID
shawvn in Figure 2. We addedoneto all the utility val-
ues presentedn Ortiz and Kaelbling [2000] to malke ¢
positive. We will considerthe problemof obtainingthe
valueVysp, (A) for theaction A = 2 andthe obsenation
MP;, = 1.

We evaluated each method by computing the mean-
squaed-erior (MSE)betweerthe true value of the expec-
tationof interest(Vi, p, (4)) andtheestimategeneratedis-
ing the adaptve samplingmethod. The first resultsshow
how the methodsachieve betterMSEswith fewer samples
for this problem. We only shav resultsfor thosemethods
that were the mostcompetitve. We denoteby “Var” the
methodbasedon the minimizationof the variance andby
“L2 ", “KL1", and“KLS” themethodshasedntheglobal
minimization of Lo, KI,; and KL respectiely. For the
updatemethodswe use N (¢) = 1 for all ¢. We take into
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Figure3: Averagemeansquarederror, over 40 runs,asa
function of the numberof samplestaken. We allow LW
twice asmary samples.

accounthatthe updatemethodshave to traversethe graph
onceeveryiterationto updatethe parameterselevantto the
sampleaken. To compensatéor thistime, we allow thees-
timatebasedn LW to usetwice asmary samplesFigure3
shavs theresults. The graphshows the averageMSE over
40 runsasa function of thetotal numberof samplegaken
(times2 for LW) by the methods We notethatVarandL2
achieve betterMSEsthanLW andcorvergeto themfaster
With significancelevel 0.005 we can state(individually)
for eachtotal numberof samplesN = 50, 150, 250, that
Var andL2 (individually) are betterwith respectto MSE
thanLW. Also, for N = 250, KLS is betterthanLW.

We alsoran the methodswith N(¢) = 50, including the
local heuristicmethods.They wereonly competitve after
alargertotal numberof sampleg N > 150). Althoughfur-

ther analysisis necessarywe would like to corvey some
generalobsenations. We believe thatin generalthereis a
tradeof in the settingof N(¢) and 5. We notethat, of the
updateshasedon thetwo KL versionsKL1 typically per

formsbetterthanKL2. We believethisis because¢heerror
function exr,, is definedwith respecto the optimal sam-
pling distribution while exy., is with respecto the current
samplingdistribution. KLS seemgo perform betterthan
both. L2 is morestablethanary of the othermethodssug-
gestingfurthertheoreticalanalysiswhich we arecurrently
undertaking.Severalpossiblereasongor this behaior are
(1) the varianceof the gradientmight be smallerthanin

other cases(2) the error function is bounded,and/or(3)

theerrorsurfacemightbesmoothethanin othercasesWe
conjecturethatL.2 corvergesto a stationarypointof e, .

The secondresult shavs that the updatemethodsindeed
lead to importance-samplingdistributions with smaller
variancerelatively quickly for this problem. Figure 4

L L L L L L L L L
50 100 150 200 250 300 350 400 450 500
number of samples

Figure4: Averageof thetrue varianceof theweightfunc-
tion, over40runs,asafunctionof thetotalnumberof sam-
plestaken.

shavsagraphof thetruevarianceof the samplingdistribu-
tion learnedusingthe differentupdatemethodsasa func-
tion of the total numberof samplesused. The horizontal
line shavs the varianceassociatedvith the samplingdis-
tribution usedby LW (i.e., the “prior” distribution of the
original BN).

Theseexperimentsare all carried out on a single prob-

lem. Althoughthey mustclearly be extendedto a variety
of largerproblemsthey indicatethatadaptve importance-
samplingmethods,particularly thosethat minimize vari-

anceandthel.; norm,canleadto significantimprovements
in the efficiency of samplingas a methodfor computing
large expectations.
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