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Abstract

Sampling is an important tool for estimating
large, complex sums and integrals over high-
dimensionalspaces. For instance,importance
samplinghasbeenusedasanalternativeto exact
methodsfor inferencein beliefnetworks.Ideally,
wewantto haveasamplingdistribution thatpro-
videsoptimal-varianceestimators.In this paper,
we presentmethodsthat improve the sampling
distribution by systematicallyadaptingit aswe
obtaininformationfrom thesamples.Wepresent
astochastic-gradient-descentmethodfor sequen-
tially updatingthesamplingdistributionbasedon
thedirectminimizationof thevariance.We also
presentother stochastic-gradient-descentmeth-
odsbasedon theminimizationof typicalnotions
of distancebetweenthe currentsamplingdistri-
bution andapproximationsof thetarget,optimal
distribution. We finally validateandcomparethe
differentmethodsempirically by applyingthem
to the problemof actionevaluationin influence
diagrams.

1 INTRODUCTION

Often,we areinterestedin computingquantitiesinvolving
large sums,suchas expectationsin uncertain,structured
domains. For instance,belief inferencein Bayesiannet-
works(BNs)requiresthatwe sumor marginalizeover the
remainingvariablesthat arenot of interest. Similarly, in
orderto solve the problemof actionselectionin influence
diagrams, we sumover thevariablesthatarenot observed
at thetime of thedecisionin orderto computethevalueof
differentactionchoices.

We can representthe uncertaintyin structuredenviron-
mentsusing a BN. A BN allows us to compactlydefine
a joint probability distribution over the relevant variables
in a domain. It providesa graphicalrepresentationof the

distribution by meansof a directedacyclic graph(DAG).
It defineslocally a conditionalprobability distribution for
eachrelevantvariable,representedasa nodein thegraph,
giventhestateof its parentsin thegraph.This decomposi-
tion canhelp in theevaluationof thesums.However, due
to factorsregardingthe connectivity of the graph,in gen-
eral this is not sufficient to allow an efficient computation
of theexactvalueof thesumsof interest.

Samplingprovides an alternative tool for approximately
computingthesesums.Samplingmethodshave beenpro-
posedasanalternativeto exactmethodsfor suchproblems.
In particular, importancesampling(see Geweke [1989],
and the referencestherein)hasbeenappliedto the prob-
lem of belief inferencein BNs [Fung and Chang,1989,
ShachterandPeot,1989] andactionselectionin IDs (see
Charnesand Shenoy [1999] and the referencestherein,
andOrtiz andKaelbling [2000]). In its simplerform, the
importance-samplingdistribution usedis the “prior” dis-
tribution of the BN resultingfrom settingthe valueof the
evidence.It hasbeennotedearlyon thatthissamplingdis-
tribution is far from optimalin thesensethatit provideses-
timateswith larger variancethannecessary[Shachterand
Peot,1989]. For instance,the optimal samplingdistribu-
tion in the caseof belief inferenceis to samplethe unob-
served variablesfrom the posteriordistribution over them
given the observedevidence. If we knew this distribution
wewouldknow theanswerto thebelief inferenceproblem.

Several modificationshave beenproposedto improve the
estimationof the simple importancesampling distribu-
tion discussedabove, basedon informationobtainedfrom
the samples[Fung and Chang,1989,Shachterand Peot,
1989, Shweand Cooper,1991]. In this paper, we pro-
posemethodsto systematicallyandsequentiallyupdatethe
importance-samplingdistribution. We view the updating
processasoneof learningaseparateBN just for sampling.
Thelearningobjective is to minimizesomeerrorcriterion.
A stochastic-gradientmethodresultsfrom the direct min-
imization of the varianceof the estimatorwith respectto
the importancesamplingdistribution asan error function.
Otherstochastic-gradientmethodsresultfrom minimizing



error functionsbasedon typical measuresof thenotionof
distancebetweenthecurrentsamplingdistribution andap-
proximationsof theoptimalsamplingdistribution.

2 DEFINITIONS

We begin by introducingsomenotationusedthroughout
the paper. We denoteone-dimensionalrandomvariables
by capital letters and denotemulti-dimensionalrandom
variablesby bold capital letters. For instance,we de-
note a multi-dimensionalrandomvariableby

�
and de-

noteall its componentsby �������	�
�
������
�� where��� is the�����
one-dimensionalrandomvariable. We usesmall let-

ters to denoteassignmentsto randomvariables. For in-
stance,

�����
meansthat for eachcomponent��� of

�
,��� ��� � . We denotethesetof possiblevaluesthat ��� can

take by ���! andthesetof possiblevaluesthat
�

cantake

by ��" � 
�$#%� ���% . Wealsodenoteby capitallettersthe
nodesin agraph.We denoteby &(')�+*,� theparentsof node* in adirectedgraph.

We now introducenotationthat will becomeuseful dur-
ing the descriptionof the methodspresentedin this pa-
per. We denote by the operator - the sum over
the possiblevalues of the individual variablesforming.

, /10 /3254	4
4 /76 0 . For any function 8 with vari-

ables
.

and 9 , the expression 8�� . ��9:��;=< #?> standsfor
a function @BA over variables

.
that resultsfrom setting

the values of 9 in 8 with assignmentC while letting
the values for

.
remain unassigned. In other words,@BA+� . � � 8D� . �E9:�E; < #F> � 8D� . �E9 � C(�+� The notation� � � . �E9G� meansthat the variable

�
is formed by

all the variablesthat form
.

and 9 . That is,
� �

�H� � �
�
�	�1�+� 
 � � �+I � �	�
�	���
I 
 0 �
J � �	�
�	���
J 
 2 � � � . �E9:� ,
whereK � K �1L KNM . Notethatweareassumingthattheset
of variablesforming

.
andthoseforming 9 aredisjoint.

Thenotation
.PO @ meansthat the randomvariable

.
is

distributedaccordingto probabilitydistribution @ .

A Bayesiannetwork(BN) is agraphicalprobabilisticmodel
usedto representuncertaintyin structureddomains.It com-
pactlyrepresentsthe joint probabilitydistribution over the
relevant variablesof the systemof interest. It usesa di-
rectedacyclic graph (DAG) to representthe relationship
betweenthe relevant variables. A nodein the graphrep-
resentsa variable. The modeldefinesa local conditional
distribution QR�H� � ;S&(')�H� � �E� for eachnodeor variable� �
givenitsparents&('T�H� � � in thegraph.Thejoint distribution
is then

QR� � � � 
�$#%� QR�����(;U&(')�������E���
For instance,we candefinea BN on the graphgiven in

Figure1(a).

Theinferenceproblemin BNsis thatof computingthepos-
terior probabilityof anassignmentto a subsetof variables
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Figure1: Exampleof (a) Bayesiannetwork and(b) influ-
encediagram.

givenevidenceaboutanothersubsetof variablesin thesys-
tem. Assumethat thevariablesarediscreteandtheir sam-
plespacesor thepossiblevalueseachvariablecantakeare
finite. In general,let

� � � . �E9G� where 9 is the setof
variablesof interest,C is anassignmentto it and

.
arethe

remainingvariables.For this problemwe wantto compute
probabilitiesof thekind

QR��9 � Ce� � - QR� . ��9 � C5���
Often,thelocaldecompositionof thejoint distributionstill
leadsto the evaluation of sumsover a large numberof
variables.In general,this problemis intractable[Cooper,
1990].

An influencediagram (ID) is a probabilistic model for
decision-makingunderuncertainty. We canthink of anID
asaBN with decisionandutility nodesadded.For instance,
wecanuseourexampleBN to build anID asshown in Fig-
ure1(b). Thesquareis a decisionnode.Thediamondis a
utility node.We now have potentiallydifferentjoint distri-
butionsover thevariables,for eachactionchoiceavailable.
Assumefor simplicity that thereis a singledecisionnode
in thegraph.Thejoint distributionoverthevariables,given
theactionchoice f assignedto thedecisionvariable,is

QR� � ;Bg � fS� � 
�$#%� QR�H� � ;h&('T��� � �E�E;=i #Fj �
Thedecisionassociatedwith a decisionnodeis a function
of its parentnodesin the graph. We will have accessto



thevalueof thesevariablesat thetime of makingthedeci-
sion. Similarly, theutility associatedwith a utility nodeis
a functionof its parentnodesin thegraph.

Assumethat we have a finite numberof discreteaction
choices.Then,oneproblemis to selectthebeststrategyor
function kml mappingeachpossiblevalueof theparentsof
thedecisionnodeto anactionchoice.Thebeststrategy is
thestrategy with highestexpectedutility. Let

�n� � . �E9G�
wherethe variablesin 9 areparentsof the decisionnode
and

.
are the remainingvariables. The problemof ob-

taining an optimal strategy reducesto obtaining,for each
assignment9 � C , the action that maximizesthe value
associatedwith theactionandtheassignment:

o >)��fB� � -pQR� . ��9 � C�;Bg � fS��qr� . ��9 � Ce�
g � fS�+�
Noteonceagainthatcomputingthisvaluerequirestheeval-
uationof a sum. For the samereasonsas in the previous
problemof belief inferencein BNs, theexactcomputation
of this valueis intractablein general.

3 IMPORTANCE SAMPLING

Importancesamplingprovidesan alternative to the exact
methodsfor evaluatingsums. Let the quantity of inter-
est be s � -utN�+I`� for some real function t . We
can turn the suminto an expectationby expressings �
-p@N� . �T�HtN� . �+vw@N� . �E� , where@ is aprobabilitydistribu-

tion over
.

satisfying,for all
.

, tN� . �Xx�zy|{ @N� . �\x�}y .
We call @ the importance-samplingdistribution. We de-
fine the weight function ~\� . � � tN� . ��v�@N� . � which al-
lows us to expresss � -p@N� . ��~\� . � . Hence,we can
obtainanunbiasedestimateof s by obtaining � samples�!� ��� �
�	�
��� �!�$� � from

.�O @ andcomputingtheestimate�s � �� �� #%� ~\� �!�
� � �+� (1)

We canapplythis techniqueto theproblemof belief infer-
encein BNs. Typically, we let

tN� . � � QR� . ��9 � C5�� 
 0��#m� QR�+Ie�(;U&(')��I?�E��� 
 2� #%� QR��J � ;U&(')��J � �E� < #?> �@N� . � � 
 0��#%� QR�+I � ;U&(')�+I � ����; < #F> � which implies

~\� . � � 
 2� #%� QR��J � ;U&('T��J � ��� < #F> �
Note that we aredefiningthe importancesamplingdistri-
bution to be the “prior” distribution of the BN. We obtain
samplesfrom this distribution by samplingthe variables
in the (partial) order definedby the DAG and according
to the local conditionaldistribution of theoriginal BN for
eachvariable.As weobtainsamplesfrom eachvariableby
traversingthenodesin thegraphandsamplingthevariable
correspondingto it, if wegetto anodeor variablethatis in
theevidenceset9 , wedonotsampleit. Instead,weassign

to it thevaluegivenby theevidenceassignmentC . There-
fore, the resulting sampleswill be assignmentsto those
variablesthat arenot in the evidencesetaccordingto the
“prior” distributionof theBN. Wecall themethodresulting
from this importance-samplingdistribution the traditional
method. In the context of belief inference,this methodis
calledlikelihood-weighting(LW) sincetheweightfunction
is a “lik elihood” andthuseachsampleis weightedby its
“lik elihood.”

We cansimilarly applythis techniquein thecontext of ac-
tion selectionin IDs to evaluate

o >)��fB� . In general,we let

tN� . � � QR� . ��9 � C�;Bg � fS��qr� . ��9 � Ce�
g � fS�+�
@N� . � � 
 0��#%� QR�+Ie�e;U&(')�+Ie������; < #F>B� i #Fj �
~\� . � � 
 2� #%� QR��J � ;U&('T��J � ���+qr� . �E9��
g\� < #F>B� i #Fj �
In particular, for ourexample,

t1� . � � QR�����	�+QR��� M ;����
�+QR�����R;����
���
QR������;U� M �
g � fS�+QR������;����w�+�������
QR����� ��� �r;�� M �+QR����� �:� �R;�� M �����3���
qr�������
g � fS�+�

@N� . � � QR��� � �+QR����Mr;�� � �+QR��� � ;�� � ���
QR��� � ;U��M��
g � fS�+QR��� � ;�� � �+� � ���

~\� . � � QR��� � ��� � ;���M��+QR��� � �:� � ;���M���� � ���
qr��� � �
g � fS�+�

An importantpropertyof theestimator
�s is thevarianceof

the weightsassociatedwith the importance-samplingdis-
tribution. This is

� '���� ~\� . ��� � - @N� . ��~\� . � MZ� s M �
Recall that s � -�t1� . � by definition andassumethatt is a positive function. From this we canderive that the
optimalor minimum-varianceimportance-samplingdistri-
bution is proportionalto t1� . � :

@Nl�� . � � tN� . �+v -�t1� . ��� (2)

Theweightswill have zerovariancein thatcase,sincethe
weight function will always output our value of interests . We also note that we needto avoid letting @N� . � be
too small with respectto t1� . � , since this will increase
the variance. As a matterof fact,

� '���� ~\� . ��� � ¡ as@N� . �R� y
for at leastonevalueof

.
. This implies that

we shoulduseimportance-samplingdistributionswith suf-
ficiently “f at tails.”

4 ADAPTIVE IMPORTANCE SAMPLING

The traditional method presentedabove uses as the
importance-samplingdistribution the “prior” distribution



of theBN which canbe far from optimal in thesensethat
it canhave highervariancethannecessary. In the caseof
evaluatingactionsin IDs, it alsocompletelyignorespoten-
tially usefulinformationabouttheutility values.Therefore,
we try to learnthe optimal importance-samplingdistribu-
tion by adaptingthe currentsamplingdistribution as we
obtainsamplesfrom it.

We view theadaptiveprocessasoneof learningadistribu-
tion overthevariablesthesumis overto usespecificallyas
animportance-samplingdistribution. In particular, we can
view thisprocessaslearningBNsfrom thesamplesjust for
sampling.Fromtheexpressionof theoptimal importance-
samplingdistribution given in equation2 (and,in particu-
lar, from thefactorizationof thefunction t for thedifferent
estimationproblems),we can deducethat in order to be
able to representthis distribution graphicallyusinga BN
we needto addarcsthat connectevery pair of nodesthat
areparentsof observationsand/orutility nodes,if they are
not alreadyconnected.However, doingsocanincreasethe
sizeof themodel,particularlyin caseswherethelocalcon-
ditional probabilitiesandtheutilities have a smaller, more
compactparametricrepresentation(i.e.,noise-or’s). In this
paper, we do not dealwith this issueandinsteadconcen-
trateon theproblemof learninga BN with thesamestruc-
ture as the original BN (or ID). Hence,we only needto
updatethelocal conditionalprobabilitydistributionsaswe
obtainsamples.

We canparameterizetheimportance-samplingdistribution
using a set of parameters¢ . Let the indicator function£ �+I � �¥¤ ��&('T�+I � � �§¦ ; . � �©¨

if thecondition I � �¥¤
and &(')��I � � �ª¦

agreeswith the valueassignedto
.

;
y

otherwise.Then,we canexpresstheimportance-sampling
distributionas

@N� . ;�¢�� �


��#%� �¬«�­)®
¯¬°²±  ²³ ´ «�­ ±  

µ	¶ � /  # ´ � ·�¸ � /  �¹# �¬º - �� � ´ �
(3)

wherefor each
� � ¦ � ¤ , µ � � ´ � QR�+Ie� �§¤ ;h&(')��I?�E� �G¦ �¬¢:� .

Hence,for all
� � ¦ , ´ µ � � ´ �ª¨

, andfor all
¤
,
µ � � ´G» y

.
Notethatthisrepresentationusestheassumptionsof global
and local parameterindependencetypically usedin BNs.
The weight function is alsoparameterizedanddefinedas~\� . ;�¢�� � t1� . �+v�@N� . ;3¢�� .
4.1 LEARNING CRITERIA AND UPDATE RULES

In the following subsectionswe presentdifferentmethods
for updatingthe samplingdistribution. The updaterules
areall basedon gradient-descent.Hence,at eachtime ¼ ,
we updatetheparametersasfollows:½ � �H¾ ���À¿ ½ � � � �ÂÁ �H¼��EÃ`Ä�Åh� ½ � � � �+� (4)

In theupdaterule above, Á �H¼�� denotesthe learningrateor
thestepsizeruleand Ã`ÄwÅU�Æ¢�� denotesthegradientof error

function Å , appropriatelyprojectedto satisfytheconstraints
on ¢ . Themethodsdiffer in how they define ÃXÄ�Åh� ½ � � � � .
In thediscussionbelow we denotethe ���H¼�� i.i.d. samples
as �!� � � �¹� �	�
�
��� �!� � � �X� � �¹� drawn accordingto

.ÇO @N� . ;½ � � � � . If we gathersamplesto estimates usingmany dif-
ferent samplingdistributions,how canwe combinethem
to getanunbiasedestimate?It is sufficient to weightthem
usingany weightingfunctionthatis independentof thesub-
estimatesobtainedby usingjust thesamplesfor onesam-
pling distribution. For instance,theestimator�s �$È � � È� #%�DÉ ��¼�� �sR� ½ � � � �+� (5)

where
È� #%��É �H¼�� �Ê¨ and É ��¼��(Ë y , for all ¼ , and
�sr� ½ � � � � � ��X� � � �\� � �� #%� ~\� �!� � �

� � ; ½ � � � ��� (6)

is unbiasedaslong as É ��¼�� and
�sR� ½ � � � � areindependent

for each¼ . Letting É �H¼�� �Ì¨ v�Í will producean unbi-
asedestimate. This is the weight we use in the experi-
ments. In general,we would like to give moreweight to
importance-samplingdistributionswith smallervariances.
Assumingthatthevariancedecreaseswith ¼ , wewould like
É �H¼�� to be an increasingsequenceof ¼ . Note that using
É �H¼��\Î ¨ v �Ï M� , where

�Ï M� is the samplevarianceat time ¼ ,
thoughappealing,doesnot necessarilyleadto anunbiased
estimatorsince É ��¼�� and

�sR� ½ � � � � arenot independent.

We will considerthreegeneralstrategies:minimizingvari-
ancedirectly, minimizing distanceto global approxima-
tionsof theoptimalsamplingdistribution,andminimizing
distanceto the empiricaldistribution of the optimal sam-
pling distribution basedon local approximations. For the
first two strategies, we will find that we can expressthe
partialderivativesthatform thegradientas,for all

� � ¦ � ¤ ,
Ð�Ñ ��Ò �Ð�Ó  �ÔÆÕ � - @N� . ;�¢�� Ö ¶ � /  # ´ � ·�¸ � /  �¹# �¬º - �Ó  =ÔÆÕ �

× � . �¬¢��¹���
where× � . �¬¢:� isafunctionthatdependsontheerrorfunc-
tions. Note that this is an expectation.Then,the methods
updatetheparametersby estimatingthevalueof thepartial
derivativesevaluatedat the currentsettingof the parame-
ters

½ � � � as

ÐSØÑ ��Ù ° Ú ³ �Ð�Ó  =ÔÆÕ � ��X� � � �X� � �� #%� Ö ¶ � /  �# ´ � ·�¸ � /  ��¹# �¬º - #FÛ
° Ú�Ü Ý ³ �Ó ° Ú ³ �ÔÆÕ �

× � �!� � � � � � ½ � � � � �
4.1.1 Minimizing Variance Directly

As we notedabove, the optimal importance-samplingdis-
tribution for estimating s is that which minimizes the
varianceof ~ . Using that as our objective, we derive a
stochastic-gradientupdaterule for the parametersof the



importance-samplingdistribution. Let the error function
be

ÅßÞ3¸áà¬�Æ¢:� � � 'w����~\� . ;3¢��E�� - @N� . ;3¢���~\� . ;�¢:� M � s M
Thecorrespondingfunctionfor thegradientis

× Þ3¸�à � . �¬¢�� � ~\� . ;3¢:� M � (7)

Note thatusingthis definition of × yields an unbiasedes-
timateof the gradient. This is becausethe gradientis the
expectationof aparticularfunctionand,in thiscase,wecan
alwaysevaluatethefunctionexactly. Hence,wecanobtain
anunbiasedestimateby samplingfrom @N� . ;3¢�� .
4.1.2 Minimizing Variance Indirectly via

Approximate Global Minimization

Recalltheoptimalimportance-samplingdistribution @Nl for
estimatings given in equation2. Theupdaterulesof the
following subsectionareall motivatedby theideaof reduc-
ing somenotionof distancebetweenthecurrentsampling
distribution and this optimal samplingdistribution. Note
thatwecannotreallycomputethevaluesof theoptimaldis-
tribution sincethat requiresknowing thenormalizingcon-
stant - t1� . � � s which is exactly the valuewe want
to estimate.We approximatetheoptimaldistributionusing
thecurrentestimateof s asfollows�@ � � . � � t1� . �+v �s � � � � (8)

In thefollowing, wewill considerfour errorfunctions,one
basedonthesum-squared-errorandthreebasedonversions
of theKullback-Leiblerdivergence.

If we usethe âFM normor sum-squared-errorfunctionasa
notionof distancebetweenthedistributions,thentheerror
functionis

Åßã 2 �ä¢:� � �M - �E@N� . ;3¢�� � @ l � . �E� M �
Thecorrespondingfunctionfor thegradientis

× ã 2 � . ��¢�� � @ l � . � � @N� . ;�¢��å @N� �!� � � � � ; ½ � � � ���
~\� �5� � � � � ; ½ � � � �+v �s � � � � ¨ � (9)

wherethe approximationresultsfrom using
�@ � � . � asde-

finedin equation8 asanapproximationto @Nl�� . � .
An alternative,commonly-usednotionof distancebetween
two probability distributions is given by the Kullback-
Leibler (KL) divergence. This measureis not symmetric.
Oneversionof the KL divergencein this context is given
by theerrorfunction

Åáæ ã 0 �ä¢�� � - @Nl	� . ��çHè�éZ�E@Nl
� . �+vw@N� . ;3¢:�E�3�

Thecorrespondingfunctionfor thegradientis
× æ ã 0 � . �¬¢�� � @ l � . �+vw@N� . ;3¢:�å ~\� �5� � � � � ; ½ � � � ��v �s � � � � (10)

Anotherversionof theKL divergenceis givenby theerror
function

Åßæ ã 2 �Æ¢:� � - @N� . ;3¢���çHè�é\�+@N� . ;�¢:��v�@Nl
� . �E�S�
Thecorrespondingfunctionfor thegradientis

× æ ã 2 � . �¬¢�� � ç²èwéZ��@ l � . ��v�@N� . ;�¢:��� � ¨å ç²èwé ~\� �!� � � � � ; ½ � � � ��v �s � � � � ¨ � (11)

A “symmetrized”versionof KL sometimesusedis given
by theerrorfunction

Å æ ãSê
�Æ¢:� � �M Å æ ã 0 �Æ¢:� L �M Å æ ã 2 �Æ¢:�+�
We canobtainthepartialderivativesfor this errorfunction
andtheir approximationaccordingly.

4.1.3 Heuristic Local Minimization Based on
Empirical Distribution

Theupdatemethodsin thissubsectionaremotivatedby the
idea of minimizing differentnotionsof distancebetween
thecurrentsamplingdistributionandanempiricaldistribu-
tion of the optimal importance-samplingdistribution that
we build from thesamples.Thehopeis that theempirical
distribution is a goodapproximationof the optimal sam-
pling distribution. Wedefinetheempiricaldistribution,pa-
rameterizedby

�¢ locally asfollows: for all
� � ¦ � ¤ ,�µ � � �� � ´ �ìë�í ° Ú ³Ý î 0 ¶ � /  # ´ � ·�¸ � /  �¹# �¬º - #FÛ °=Ú¹Ü Ý ³ �äï � Û °=Ú¹Ü Ý ³ º Ù °=Ú ³ �ë�í ° Ú ³Ý î 0 ¶ � ·�¸ � /  $�¹# �¬º - #FÛ °=Ú¹Ü Ý ³ �ðï � Û ° Ú�Ü Ý ³ º Ù ° Ú ³ � � (12)

if
�X� � �� #%� £ ��&(')��I � � ��¦ ; .ñ� �!� � � � � �H~\� �(� � � � � ; ½ � � � ��x�}y ;�µ � � �� � ´ � µ � � �� � ´ otherwise.We areessentiallydefiningtheem-

pirical distribution usingthe samplesif therearesamples
that can be usedto defineit; otherwise,we revert to the
currentdistribution. We try to minimize the distancebe-
tweenthe currentsamplingdistribution andthe empirical
distribution locally.

Similar to thecaseof the previousstrategies,we will find
thatwecanexpressthepartialderivativesthatform thegra-
dientof theerror functionsdiscussedin this subsectionas,
for all

� � ¦ � ¤ , Ð�ÑEò ��Ò �Ð�Ó  =ÔÆÕ � � × A�� �µ � � ´ � µ � � ´ ���
where × AÆ� �µ � � ´ � µ � � ´ � is a functionthatdependson theerror
functions.Then,themethodsupdatetheparametersby es-
timatingthevalueof thepartialderivativesevaluatedat the
currentsettingof theparameters

½ � � � asÐ ØÑ ò �$Ù °=Ú ³ �Ð�Ó  =Ô+Õ � � × A+� �µ � � �� � ´ � µ � � �� � ´ �+�



We definethe local ó M -normerrorfunctionas

ÅßAã 2 �ä¢:� � �M �Æ� � � ´ µ � � ´ � �µ � � ´ M �
theerrorfunctionfor oneversionof KL as

ÅßAæ ã 0 �ä¢:� � �+� � � ´ �µ � � ´ ç²èwé �µ � � ´ v µ � � ´ �
andtheotheras

ÅáAæ ã 2 �ä¢:� � �+� � � ´ µ � � ´ çHè�é µ � � ´ v �µ � � ´ �
From this we obtain the correspondingfunctions for the
gradient:

× Aã 2 � �µ � � ´ � µ � � ´ � � �µ � � ´ � µ � � ´ �× Aæ ã 0 � �µ � � ´ � µ � � ´ � � �µ � � ´ v µ � � ´ �× Aæ ã 2 � �µ � � ´ � µ � � ´ � � ç²èwé �µ � � ´ v µ � � ´ � ¨ �
We canobtainanupdaterule basedon the“symmetrized”
versionof KL accordingly.

4.2 DISCUSSION OF UPDATE RULES

First,notethatof all theupdaterules,only theonederived
for Å Þ3¸áà clearlyusesanunbiasedestimateof thegradient.It
is not immediatelyapparentwhethertheupdaterulesbased
on Åßã 2 , Å æ ã 0 and Å æ ã 2 useunbiasedestimates.

Notealsothat themagnitudeof thecomponentsof the re-
sultinggradientsaredifferent,assuggestedby theirrespec-
tive × functions.Thefunction × Þ�¸áà hasmagnitudepropor-
tional to thesquaresof theweights.Themagnitudesof × ã 2
and × æ ã 0 arelinear in the weights. However, the magni-
tudeof × ã 2 is potentiallysmallersinceit hastheprobabil-
ity of the sampleasa factor. The magnitudeof × æ ã 2 is
logarithmicin theweights.

Becausewe assumethat t is positive, theweightsarepos-
itive. Hence, × Þ�¸áà and × æ ã 0 are always positive. The
function × ã 2 is positive if ~\� . ;!¢��+vws » ¨

. Similarly,
the function × æ ã 2 is positive if çHè�é��H~\� . ;ô¢��+vwsR� » ¨

.
If ~\� . ;À¢�� » s then the samplingdistribution under-
estimatesthe valueof t while if ~\� . ; ½ ��õös then it
overestimatesthe value. Therefore,the sign of × ã 2 and× æ ã 2 dependson whetherwe under- or over-estimatedthe
valueof t . Similarly, themagnitudesof × Þ�¸áà , × ã 2 , × æ ã 0 ,
and × æ ã 2 are related to the amountof under- or over-
estimation.For × Þ3¸�à , × ã 2 and × æ ã 0 themagnitudeis larger
whenthesamplingdistributionunderestimatesthanwhenit
overestimates.For × æ ã 2 , the logarithmbringstheamount
of over- andunderestimationto the samescale.Note that
for the approximationsof × ã 2 , × æ ã 0 , and × æ ã 2 , �s can-
not be zero,and in addition for × æ ã 2 , ~\� . ; ½ � cannot
bezero.Theseconditionshold from theassumptionthat t
is positive. Note thatunlesswe constrainthe importance-
samplingdistribution, all the functions × Þ3¸áà , × ã 2 , × æ ã 0
and × æ ã 2 will beunboundedevenif t is bounded.

The local â M error function, ÅßAã 2 , leadsto an updaterule
for which the stepsizehasa very intuitive interpretation
as a weighting betweenthe current importance-sampling
distribution and the empirical distribution. In the case
of Å Aæ ã 0 , the updatedirection is proportionalto the ratio
of the empirical distribution with respectto the current
importance-samplingdistribution. On the otherhand,forÅßAæ ã 2 , theupdatedirectionis proportionalto the logarithm
of the sameratio. Note × æ ã 2 is not definedif at least

one
�µ � � �� � ´ �¥y

. We canfix this by letting, for each
� � ¦ � ¤ ,�µ � � �� � ´ �ø÷ ë í ° Ú ³Ý î 0 ¶ � /  �# ´ � ·�¸ � /  $�¹# �¬º - #FÛ °=Ú¹Ü Ý ³ �ðï � Û ° Ú�Ü Ý ³ º Ù ° Ú ³ �+ù ¾ Ó °=Ú ³ =ÔÆÕ

÷ ë í °=Ú ³Ý î 0 ¶ � ·w¸ � /  ���# �¬º - #FÛ ° Ú�Ü Ý ³ �ðï � Û ° Ú�Ü Ý ³ º Ù ° Ú ³ �+ù ¾ � .

This is essentiallyimposinga Dirichlet prior with parame-
tersequalto thecurrentprobabilityvaluesontheempirical
distributionparameters.

We can interpret the update rules basedon local KL-
divergenceasaddingweightsto theelementsof thedomain
of theimportance-samplingdistributionandrenormalizing.
For the versionof KL-divergencewith respectto the em-
pirical distribution,we arealwaysaddingweights.We add
valuesrelative to the amountwe underestimatedor over-
estimatedthe magnitudeof the distribution for a particu-
lar state.If we underestimated,we addweightslargerthan
one.If weoverestimated,weaddweightssmallerthanone.
For the other versionof KL-divergence,due to the loga-
rithm function,we addweight if we underestimatedwhile
wesubtractweightif weoverestimated.Therefore,thelog-
arithmbringstheamountof underestimationandoveresti-
mationto the samescaleandaddsor subtractsweight ac-
cordingly.

Note thatwhenapproximatingthegradientsfor Å Þ3¸áà , Åáã 2 ,Å æ ã 0 and Å æ ã 2 , wecanuseaslittle asonesampleto obtain
anestimateof thegradient(i.e., ���H¼�� ��¨ ). This is not ad-
visablefor themethodbasedonthelocalheuristicsincethe
empiricaldistribution of theoptimalsamplingdistribution
will behighly inaccurate.Hence,theupdaterulesbasedon
theempiricaldistribution will work betterwhenwe take a
larger numberof samplesbetweenupdates.Finally, note
thatwhen¼ �ú¨ and ���H¼�� �Ê¨ , × ã 2 �Ây , andtherefore,the
parameterswill not changein thefirst iteration.

5 RELATED WORK

Differentvariationsof importancesamplinghavebeenused
for the problemsdiscussedin this paper (See Lin and
Druzdzel[1999] andthereferencestherein).Our methods
belongto the classof forward samplers sincethey sam-
ple from a distribution basedon the original structureof
theBN. Of these,self-importancesampling[Shachterand
Peot,1989,ShweandCooper,1991] is themethodclosest
to themethodsproposedin this papersinceit alsoupdates
thesamplingdistributionasit obtainsinformationfrom the
samples.This methodhasanupdaterule that is very sim-
ilar to the onederived for ÅßAã 2 . It updatesthe distribution



afterobtainingtheempiricaldistribution,but theupdateis
aweightingbetweentheempiricaldistributionandthefirst
samplingdistribution used[ShweandCooper,1991]. The
updaterule is
µ � �H¾ �¹�� � ´ ¿ � ¨ �ÂÁ �H¼���� �µ � � �� � ´ L Á ��¼�� µ � û �� � ´� µ � � �� � ´ �

Á �H¼��
µ � � �� � ´Á �H¼�� � �

¨ �ÂÁ �H¼����
�µ � � �� � ´Á �H¼�� �

µ � û �� � ´ �
In our framework, we canthink of this updaterule asre-
sultingfrom theerrorfunction

Å A ü ¶ ü �ä¢ �+¼�� �¨
ý Á �H¼�� � � ´

µ � � ´ � � ¨ �ÂÁ �H¼���� �µ � � ´ L Á �H¼�� µ � û �� � ´
M �

Annealedimportancesampling[Neal, 1998] is a related
techniquein that it tries to obtainsamplesfrom the opti-
mal samplingdistribution. As we understandit, the user
setsup a sequenceof distributions,thelastdistribution be-
ing the optimal distribution, typically definedby Markov
chains. We move from onedistribution to anotheraswe
“anneal” andthe sequenceconvergesto the optimal sam-
pling distribution. The hopeis that we can get an inde-
pendentsamplefrom that distribution, thenwe restartthe
processto try to obtainanotherindependentsample,and
soon. Finally, it usesthoseindependentsamplesto obtain
an estimate.Notice that each“traversal” of the sequence
of distributions(or Markov chains)producesa singlesam-
ple. The techniqueis very generalandwe areunawareof
whetherit hasbeenappliedto the problemsconsideredin
this paper. We arecurrentlyinvestigatingpossibleconnec-
tionsbetweenourmethodsandthis technique.

6 EMPIRICAL RESULTS

We implementedall of the adaptive importance-sampling
methodsdescribedabove. We let the learningrate Á ��¼�� �þ v�¼ , where

þ
is a value that dependson the updating

method. We needdifferent valuesof
þ

for the different
methodsbecauseof the differencesin magnitudeof their
gradients.We imposean additionalconstrainton the pa-
rameterswhichwecall the ÿ -boundary. Werequirethatfor
all
� � ¦ � ¤ , µ � � ´ Ë©ÿ���; ���% E;H� ��� v!; ���! �; , where

�
is a con-

stantfactor. In our experiments,we let
� � y � ¨ . We do

this sothatour samplingdistribution has“f at tails”, avoid-
ing extremain probability andhencethepossibilityof in-
finite variance.We initialize theparameters

½ �=û � suchthat
thestartingimportance-samplingdistribution is the“prior”
probabilitydistributionof theoriginalBN. However, if one
of the local conditionalprobabilityvaluesdoesnot satisfy
the ÿ -boundaryconstraint,we changethe distribution so
thatit does.
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Figure2: Graphicalrepresentationof the ID for the com-
putermouseproblem.

In orderto satisfytheconstraintthatfor all
� � ¦ , ´ µ � � ´ �¨

, we project the approximationof the gradientsonto the
simplex of the local conditional probability distribution.
We do soby letting, for all

� � ¦ � ¤ ,
Ð���ØÑ � Ó �Ð�Ó  =Ô+Õ ¿ ÐTØÑ � Ó �Ð�Ó  =ÔÆÕ � �; ­��  ; ; ­ �  ;´ #m� ÐSØÑ � Ó �Ð�Ó  =Ô+Õ � (13)

Notethatthis is not enoughto guaranteethataftertakinga
stepin theprojecteddirection,theparameterswill remain
in the constraintspace. If, whenupdatinga local condi-
tional probabilitydistribution, its respective parametersdo
notsatisfytheconstraint,wefind theminimumstepÁ A that
will allow themto remaininsidethe constraintspaceand
take a stepof size Á AÆv ý alongthe gradientdirection(i.e.,
half thedistancebetweenthecurrentpositionof theparam-
eterweareupdatingin thesimplex andtheclosestpointon
the ÿ -boundaryalongthegradientdirection).

We tested the methodson the computer mouseprob-
lem [Ortiz and Kaelbling, 2000], a simple made-upID
shown in Figure 2. We addedone to all the utility val-
ues presentedin Ortiz and Kaelbling [2000] to make t
positive. We will considerthe problemof obtaining the
value

o���� Ú ��g\� for the action g � ý
andthe observation� Q � �Ê¨ .

We evaluated each method by computing the mean-
squared-error (MSE)betweenthetruevalueof theexpec-
tationof interest(

o���� Ú �+gX� ) andtheestimategeneratedus-
ing the adaptive samplingmethod. The first resultsshow
how themethodsachieve betterMSEswith fewer samples
for this problem. We only show resultsfor thosemethods
that were the mostcompetitive. We denoteby “Var” the
methodbasedon theminimizationof thevariance,andby
“L2 ”, “KL1”, and“KLS” themethodsbasedon theglobal
minimization of â M , �`âm� and �`â�� respectively. For the
updatemethodswe use ���H¼�� � ¨

for all ¼ . We take into
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Figure3: Averagemeansquarederror, over 40 runs,asa
function of the numberof samplestaken. We allow LW
twice asmany samples.

accountthattheupdatemethodshave to traversethegraph
onceeveryiterationto updatetheparametersrelevantto the
sampletaken.To compensatefor thistime,weallow thees-
timatebasedonLW to usetwiceasmany samples.Figure3
shows theresults.Thegraphshows theaverageMSE over
40 runsasa functionof thetotal numberof samplestaken
(times2 for LW) by themethods.We notethatVarandL2
achievebetterMSEsthanLW andconvergeto themfaster.
With significancelevel

y � y�y�� we can state(individually)
for eachtotal numberof samples� ����y � ¨��wy � ý ��y , that
Var andL2 (individually) arebetterwith respectto MSE
thanLW. Also, for � � ý ��y

, KLS is betterthanLW.

We also ran the methodswith ����¼�� ����y
, including the

local heuristicmethods.They wereonly competitive after
a largertotalnumberof samples( � » ¨���y ). Althoughfur-
ther analysisis necessary, we would like to convey some
generalobservations.We believe that in generalthereis a
tradeoff in thesettingof ���H¼�� and

þ
. We notethat,of the

updatesbasedon thetwo KL versions,KL1 typically per-
formsbetterthanKL2. We believethis is becausetheerror
function Åßæ ã 0 is definedwith respectto the optimal sam-
pling distribution while Åßæ ã 2 is with respectto thecurrent
samplingdistribution. KLS seemsto performbetterthan
both.L2 is morestablethanany of theothermethods,sug-
gestingfurther theoreticalanalysiswhich we arecurrently
undertaking.Severalpossiblereasonsfor this behavior are
(1) the varianceof the gradientmight be smallerthan in
other cases,(2) the error function is bounded,and/or(3)
theerrorsurfacemightbesmootherthanin othercases.We
conjecturethatL2 convergesto a stationarypoint of Åßã 2 .
The secondresult shows that the updatemethodsindeed
lead to importance-samplingdistributions with smaller
variancerelatively quickly for this problem. Figure 4
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Figure4: Averageof thetruevarianceof theweight func-
tion, over40runs,asafunctionof thetotalnumberof sam-
plestaken.

showsagraphof thetruevarianceof thesamplingdistribu-
tion learnedusingthe differentupdatemethodsasa func-
tion of the total numberof samplesused. The horizontal
line shows the varianceassociatedwith the samplingdis-
tribution usedby LW (i.e., the “prior” distribution of the
originalBN).

Theseexperimentsare all carried out on a single prob-
lem. Although they mustclearly be extendedto a variety
of largerproblems,they indicatethatadaptive importance-
samplingmethods,particularly thosethat minimize vari-
anceandthe âNM norm,canleadto significantimprovements
in the efficiency of samplingas a methodfor computing
largeexpectations.
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