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Abstract. A systematictransformationmethodbasedon
incrementalizationandvaluecachinggeneralizesabroad
familyof programoptimizations.It yieldssigni�cant per-
formanceimprovementsin many programclasses,in-
cludingiterativeschemesthatcharacterizehardwarespec-
i�cations. CACHET is an interactive incrementalization
tool.Althoughincrementalizationishighlystructuredand
automatable,better resultsare obtainedthrough inter-
action,wherethe main task is to guide term rewriting
basedondataspeci�c identities.Incrementalizationspe-
cializedto iterationcorrespondsto strengthreduction, a
familiar programre�nementtechnique.This correspon-
denceis illustratedby thederivationof ahardware-ef�cient
nonrestoringsquare-rootalgorithm,whichhasalsoserved
asanexampleof theoremprover basedimplementation
veri�cation. One goal of this study is to explore how
ingeniousdesigninsightsarediscoveredandappliedin
contrastingformalsystems,asre�ectedin theirsupport-
ing tools.
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1 Intr oduction

Thetransformationtechniquedescribedin thispaperwill
be familiar to all programmersanddigital engineers.It
centerson incrementalcomputation,theexploitationof
partial resultsto moreef�ciently calculatenew results.
We presentherea generalmethodfor performingsuch
optimizationsanda tool calledCACHET for systemati-
cally applyingthatmethod.

We introduceincrementalizationthrougha seriesof
smallexamples,culminatingwith thederivationof anon-
restoringinteger square root implementationoriginally
veri�ed in Nuprl by O'Leary, Leeser, Hickey, and Aa-
gaard[17]. That,too,wasatutorialillustrationof formal-
ized reasoningin a hardwaredesigncontext. Onepur-
poseof this studyis to explorehow thecritical insights
neededto improve a designarediscoveredandapplied
in a givenreasoningframework, asre�ected in its tools.
In particular, we areinterestedin contrastingdeductive
veri�cation, in which the designprocessformalizedas
a proof, with derivationalveri�cation, in which thede-
signprocessis formalizedasa sequenceof equivalence
preservingre�nements.

Thisis notaquestionof whichstyleis “better,” but of
gainingunderstandingabouthow intelligent judgments
aremadeso that they canbe betterfacilitatedin an in-
tegratedreasoningenvironment.Theultimategoal is an
environmentincorporatinga broadvarietyof reasoning
systems,bothautomaticandinteractive. In orderto suc-
cessfullyreachthat goal, we needa clearerpicture of
how humansinteract,andespeciallyhow creativejudge-
mentarises.

Thesqrt exampleof Section4 is relatively small,but
otherwiseit is representative of real designsin signal
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Fig. 1. Speci�cationandimplementationof nonrestoringsqrt

processing,arithmeticunits, microprocessorpipelines,
andsoon.Behavioral formsof thesqrt speci�cationand
implementation,expressedin a statementorientedsyn-
tax,areshown in Figure1. Theessenceof implementa-
tionveri�cation, thekey insights,arealgebraicidentities—
in this case,laws of arithmeticbut generally, equational
lawsof a typestructureoverwhich thespeci�cationand
implementationareexpressed.

Theimplementationin Figure1 is readilyreducedto
hardware.The DDD transformationsystemis an inter-
active tool for formally deriving andmanipulatinghard-
warearchitecturedescriptionsfrom behavioralspeci�ca-
tions [6,2]. O'Leary, et. al. includea hardwaredescrip-
tion in their implementationproof,usinganML variant
to expressarchitecturalstructures.Thus,asinglereason-
ing tool, Nuprl, analyzesboth behavioral andarchitec-
turalexpressions.Thederivationstudyalsousesdialects
of functionalnotationto representbehavior and archi-
tecture,but CACHET appliesonly to behavioral forms.
DDD translatescontrolorientedexpressionsto architec-
tureorientedexpressionsandreducesthelattertoboolean
systems.

It is shown in Section4 that,beyondsomelinearin-
equalities,judiciousapplicationsof distributivity, asso-
ciativity, theidentity

oqp5rCsut�vfw�p)vxrzy{p@s^r6suv

suf�ce to supportanimplementationproofat theinteger
level.Thisobservationholdswhethertheargumentis de-
ductiveor derivational.However, “judiciousapplication”
impliesthat thedesignagentnot only hasthe insight to
tacticallyapplyalgebraicidentities,but alsounderstands
thelogical context, that is, theoverall strategy andform
of the proof.. We are interestedin contrastinghow in-
sightsarediscovered,visualized,andappliedin various
reasoningframeworks.

This paperhastwo maingoals.The �rst is to intro-
ducetheanalysesandconstructionsthat,together, com-
prise incrementalization.We begin with a small moti-
vating examplerelatingit to strengthreduction, a clas-

sical programtransformationtechnique.Two examples
follow to illustrategenerality, in particular, extendingthe
ideaof strengthreductionto nonlinearrecursionpattern-
s.In software,applicationof incrementalizationhasbeen
showntoyielddramaticasymptoticperformanceimprove-
mentsthroughrecursionremoval [12].

Loopstrengthreductionis animportantspecialcase,
especiallyas it appliesto hardwaredesign.The second
goalis to illustratehow incrementalizationspecializesto
theiterationscommonin hardwarespeci�cation.In this
context an incrementalizationtool, like CACHET intro-
ducedin Section5, facilitatesthe interplayof designer
insightwith formalmanipulation.

1.1 Background

Thecoreapproachto incrementalizationis describedby
Liu in her dissertation[13,14]. An incrementalization
tool, CACHET is the focusof [9]. Subsequently, exten-
sionsto the basicapproachhave addressedcaching, or
maintainingpartialresultsin auxiliaryvariables[11,12].
Cachingusesan on-line dependenceanalysisto prune
unneededaccumulators.In [10], Liu outlinesthe step-
s of a systematic,semi-automatableincrementalization
process,includingabrief presentationof thesqrt deriva-
tion detailedherein Section4. Incrementalcomputation
is involvedin abroadfamily of optimizationtechniques,
surveyedin [13].

Designderivationrefersto a formalizeddesignpro-
cessin which a creative agentinteractswith a reason-
ing tool to transformaspeci�cationinto acorrectimple-
mentation.Johnson,Bose,Miner, andothershave inves-
tigatedanintegratedframework for formalizeddesignin
whichaderivationaltool,DDD, interactswith atheorem
prover. It is demonstratedin [2,1] thatsucha heteroge-
neousframework reducestheeffort of verifyingamicro-
processorimplementation.In [7,15], Miner exploresa
moretightly coupledrelationshipbetweena derivation-
al and deductive formalisms.Thesestudiesraisebasic
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questionsaboutthe characterof interactionasre�ected
in theanalysistools.

The past few yearshave seenincreasingattention
paidto term-level reasoningin hardwareveri�cation. Va-
lidity checkingwith uninterpretedfunctionsymbols(e.g.
[8]) is a way to increasethe power of modelchecking
and adaptto datapath aspects.At the sametime, the-
oremproving approacheshave repeatedlydemonstrated
thattheessenceof hardwareveri�cation liesin equation-
al reasoningperformedin the complicatedlogical con-
text of an implementationproof.Moore's descriptionof
asymbolicspreadsheet[16] re�ects this insight.Greve's
analysisof the JEM1microprocessor, andothersimilar
casestudies,exploreinteractiveveri�cation centeringon
symbolicsimulation(i.e. function expansion)andterm
simpli�cation [4].

In 1993, Windley, Leeser, and Aagardpointedout
that numeroushardware veri�cations have beenfound
to follow a commonproof plan[21]. Incrementalization
might be seenasa “superduper” derivation tactic, but
onethat is applicableto a muchbroaderrangeof speci-
�cation classesthanjusthardware.

1.2 Strengthreduction

Incrementalizationgeneralizesabasicprogrammingtech-
nique found in virtually all approachesto programre-
�nement, however formal.Theillustrationbelow comes
from an undergraduatetextbook written in 1978 [20],
which creditsDijkstra for the phrase“strength reduc-
tion” [3]. Weusethenotation���������	��� to expresspar-
tial correctness,“If precondition� holdsthenexecution
of program� establishespostcondition� .”

We wantanalgorithmto computetheintegersquare
rootof aninput
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First, the derivation of )@2 exploits the algebraici-
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, at the third step.
In general,we cannotexpectsuchinsightbefully auto-
matedbecausetermequivalenceis undecidablein some
structures,including arithmetic.From hereon, we re-
fer to theapplicationof algebraiclaws asanexerciseof
judgment, presumablyby an ingeniousagent.We indi-

catepointsof judgmentwith thesymbol`
9 8

w

'. However,
evenif nosuchinterventionstakeplace,programsareof-
tenimprovedby reusingintermediateresults,asoptimiz-
ing compilerscommonlydo. Incompleteor specialized
equationalreasoningcan improve the resultstill more,
evenif it can't alwaysachievetheoptimumautomatical-
ly.

Second,while incrementalizationgenerallyhasthe
goal of exploiting partial resultsto eliminateexpensive
operations,themeasureof expensedependsonthetarget
technology. In theprogramabove,if weregarded“

y

� ” as
expensive,wecouldeliminateit by introducingasecond
auxiliary variablevariable,to maintain ��D
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shows
wecanconvertmultiply-by-twoto add-two, providedwe
canseeto apply the distributive law. Obviously, this is
notanimprovementfor hardware,andit mayor maynot
befor software,dependingon thecompiler.

Third, while wecancertainlyarguethattheelimina-
tion of

o

�

rF� t

v

improvestheprogram,it is still linearin
themagnitudeof its input.Fasterconvergencerequiresa
betteralgorithm,suchasthenonrestoringsqrt in Section
4.

Finally, loopinvariantsareaformaldevicefor declar-
ing intent. They areusedherefor themorelimited pur-
poseof reasoningaboutincrementalcomputation.The
underlyingoptimizationtactic is loop unrolling (or un-
fold/fold transformation).If we know the optimization
techniquebeingapplied,usingthemoregeneralmethod
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of inductiveassertionsmightbeconsideredoverkill. One
measureof a goodmethodis how broadlyit canbeap-
plied,but this is notnecessarilythecasefor tools,where
specializationcanresultin ahigherdegreeof automation
andmoreperspicuousnotation.

2 Systematicincrementalization

In this sectionwe survey thegeneralapproachto incre-
mentalization.Programsarerepresentedasrecursione-
quations, that is, systemsof �rst-order function de�ni-
tions. Eachde�ning expressionis a conditionalwhose
branchesareeithersimpletermsor expressionsinvolv-
ing recursive callsto thede�ned functions.Termscome
from agroundtype,or algebraicstructurewhosespeci�-
cationincludesasetof equationallaws.“Termlevel rea-
soning”referstoderivationsaccordingto theselaws.De-
cidability dependson thedecisionproblemfor thegiven
structure.All of theexamplesin thisarticleinvolvearith-
meticoperationswith theusuallawsof algebra.Howev-
er, thetechniquesapplyto any abstractdatatype.As in a
theoremprover, theunderlyingidentitiesareinput to the
systemandarenotbuilt in.

Our programnotationis conventionalwith oneex-
ception: formal parametersmay include nestedidenti-
�ers andaliasing.For example,thephrase
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bindstheidenti�er � to thevalueof expression
�

andalso
declaresthis value to be a pair whose�rst andsecond
elementsare identi�ed by �

* and �

v , respectively. We
shallusetheseformsonly for simpledestructuring.

In thecasethatall the functionsde�ned in a system
aretail-recursive,we have theequivalentof a sequential
program.In thesecases,we mayusethewhile-program
notation,as in Section1, for thosewho aremorecom-
fortablewith thatform of expression.

The incrementalizationmethodis actuallyan inter-
playbetweentwokindsof functionextension,increment-
ing and caching, as indicatedin Figure 2. A function
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Caching extendsa function to returnpartial results.
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remaining3�� areintermediatevalues,accumulatedin the
computationof 34* . Of course,the idea is to cacheon-
ly thosevaluesthatwill beusefullater. This determina-
tion requiresa dependenceanalysissimilar to strictness
analysis[12,18]. Thus,in incrementalization,what we
arereallyafter is

�

2 , theincrementedcachingextension
of

�

.
�

's incrementrepresentsjust onestep,or branch,of
the computation.It remainsto incorporate this stepin
the original program.In functional expressions,incre-
mentingis analogousto unfoldingandincorporationto
folding, asweshallseein theexamplesthatfollow.

2.1 Example1 – Applicationto recursion

In Figure3,webeginwith the“Fibonacci” scheme,whose
recursionpatternis quadratic,incrementalizedwith re-
spectto
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. We would later apply this analysisto the recur-
sive call “
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. Thesimpleincrement(Fig. 3, top
right) doesn't get us very far, because,wereit incorpo-
ratedin theoriginal, theresultwould still bea quadratic
recursion:
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Theseare not de�ning equations,but identitiesrelating cached,
incrementalized,andcached-incrementalizedvariantsof � .
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2 in Figure3 also
prunesthe triples to pairs.The structureis now linear,
not tree-like,a positivedevelopment.

Incorporatingtheseoptimizationsinto the original
schemeanddoingsomeelementarytransformations,we
obtain
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Theimportantoutcomeis thattheresultis alinearre-
cursion,derived,not proven(althoughit certainlycould
be);veri�cation is subsumedby thepruninganalysis.It
requiresassociativity toobtaintheiterativeversionof Fi-
bonacci. This,too,is derivableusing(for example)tech-
niquesoriginatedby Wand[19].
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Liu, Stoller and Teitelbaumpresenta numberof algo-
rithms whoseperformanceis signi�cantly improvedby
incrementalization.In mostcases,the improvementis a
consequenceof recursionremovalresultingfromcaching
andpruningnonlineardatastructures[12]. Theseexam-
plesandothersdemonstratethat the incrementalization
subsumesabroadfamily of optimizationandre�nement
techniques[10].

In summaryincrementalizationhasthreemainphas-
es:caching partial values,which entailspruning irrele-
vantsubcomputations;incrementingwith respectto a s-
tatemutator;andincorporating theresultin theoriginal
computation.

3 Specializationto strengthreduction

Applying incrementalizationto iterative systemscorre-
spondsto performingstrengthreductionon loops.Since
wearedealingwith loops,wewill sometimesuseasim-
plestatementorientedlanguage* .
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Fig. 3. Cachedandincrementedversionsof Fibonacci

3.1 Example2 – applicationto a loop

As a �rst illustration,considerthe integer divisionpro-
grambelow.
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�

���

w �

�

������� �

s

� �

�zp

#?%

���

w

�

r&�

�

�	�

�F� w������

�

Let usmovetheexpensiveoperation,̀ � ' into theloop:

���
�

���?� ���

D

�Xp

#?%

���

w

�

r&�

�

D-�

wEs

�'�

���
�

Thefunctionto incrementis thebodyof theloop,which
computesnext-statevaluesfor

s

, � , and D . Incrementing
with respectto thesamefunction,it is theequivalentof
unrollingtheloop.Thatis,

�

o�s

: � : D

t
!

w <qs

: �

r&�

:

s

� �

>

�

o�s

: � : D

t !w <qs

: �

r&�

:

s

� �

>

In thisexampletherearenovaluesto becached.Let �

w

o

���

:

���

:

�� 

t2w

�

o�s

: � : D

t

. Then
�

o

�

o�s

: � : D

t�tmw <qs

:

o

�

r�� t=r��

:

s

�

o

�

r�� t;>

9 8

w <qs

:

o

�

r�� t=r��

:

o�s

� �

t=rCs�>

w <

���

:

���

r��

:

�� 

r

���

>

Useof distributivity in the secondstepis markedasan
exerciseof judgment—thoughit mightwell beautomatic—
in orderto illustrateonepoint wherejudgementis typ-
ically requiredin incrementalization.We cannow form

theincrementalizedloop, removing multiplicationin fa-
vor of addition.

�

p8w�� . /60's w��

�

�&#

s �zp

���?�$�

���

w �

� ��% �

���

w y

�

D �

wEs

�

y

�

������� �

D

�zp

#�%

� �

w

�

r&�

�

D �

w

D

rCs

���

w������

�

Elementarytransformationsareusedto fold the initial-
izationbackinto theloop,asshown in Figure4.

3.2 Example3

Letusreturnmomentarilyto thethenaivesqrt fromSec-
tion 1.2. With the expensive squaringoperationmoved
from theloop'stestto its body, thefunctionto increment
is

�

oqp

: � : )

tTw <qp

: �

r��

:

o�o

�

r&��t=r&��t
v

t;>

Again,becausewearedealingwith aloop,wewant �

w

� . Assume�

w o

��!

:

���

:

��"

t2w

�

oqp

: � : )

t

, andfor clarity
let uswrite #� in placeof “ �

r��

”. Then

o

��!

:

���

:

��"

taw=<�p

:$# � :

o

#�

r�� t�v�t

(1)
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�

	

� original increment

original

�c� 	YQ�#

WY� 	 � 
eQ�#

%'&L(Z*
+,WzK � 1)3

� � 	��xDPQ�#

WX� 	 � 
��H#

�

�7	���������� 	�	�

�����c� 	YQ�#

WY� 	 �u#

%'&)(
*
+,WzK �u1)3

�^� 	��2D6Q�#

WY� 	6W�D �

caching notused notused

Fig. 4. Incrementalizationof integerdivision.

andhence,

�

o

�

o�p

: � : )

t�t

w

�

o�p

:�# ��:

o

#�

r&��t

v

t

( � )
w <qp

: #�

r��

:

o�o

#�

r&��t=r&��t

v

>

( � )
9 8

w <

�
!

:

�
�

r&�

:

o�o

#�

r&��t.r&��t

v

>

(eq.1)
9 8

w <

�
!

:

�
�

r&�

:

o

#�

r�� t

v

rzy"o

#�

r�� t=r��E>

w <

�
!

:

�
�

r&�

:

�
"

rzy"o

#�

r�� t=r��E>

(eq.1)
w <

�
!

:

�
�

r&�

:

�
"

rzy"o

�
�

r&��t.r&�,>

(eq.1)

Judgmentwasexercisedin the third step,wherewe de-
cidednot to replace#� by �

� ; andin thefourthstep,where
a subtermwasrewritten.Including

p

in theincremental-
izationwasunnecessarybecauseits valueneverchanges.
In Section4 we will narrow our attentionto thosestate
variablesthatbene�t from incrementalization.As in the
previousexample,theincrementisnow incorporatedand
foldedin theoriginal loop to obtaintheresultin Section
1.2.

3.3 Moreaboutincorporation

Sincewe areincrementalizinga loop, incorporatingand
folding areautomatable[14]. Brie�y , in theloop

p

�

w�A
#

�

� ����� ���

#?%

p

�

w��{oqp)t

�

output
oqp)t

the incrementof the body
�{o�p t

introduces� asa trailer
variable:

p

�

w&A
#

�

�&#�� � ���$�

o�p

:

�

t

�

w <��{o�p t

:

p1>

�

���?� �����

#�%

p

:

�

�

w��

2

o�p

:

�

t

:

p

�

output
o�p)t

Weareoftenableto rewrite thetest� , theupdate
�

2

o�p

:

�

t

,
andtheoutputcombinationexclusively in termsof � (de-
noted ��� ,

�

�

o

�

t

and �����������

� , respectively); hence,
p

canbeeliminated
�

�

w&A�#

�

��# ��� � �����

�

�

w!�

�

o

�

t

�

������� �����

#?%

�

�

w��

�

o

�

t

�

output�

o

�

t

�

In practice,we rename� (or its components)to
p

(or it-
s components).It is alsousuallypossibleto fold some
or all of � 's initialization, aswell assomeor all of the
output� combinationback into the loop. In summary,
loop incrementalizationinvolvesthreephases:

1. Move expensive termsout of tests,introducingvari-
ablesasneeded.

2. Solve theincrementalizationproblemusingtheloop
bodyasthestatemutator.

3. Incorporate,simplify, andfold thesolution.

4 Application to sqr t [17]

Figure1 showsthesourceandtargetexpressionsof sqrt,
a nonrestoringinteger square root algorithm,veri�ed in
Nuprl by O'Leary, Leeser, Hickey andAagaard[17]. In
this sectionwe show the detailsof a formal derivation
basedon incrementalization.This derivation was also
performedin CACHET, asdiscussedin thenext section.

Of course,it should�rst beestablishedthatthespec-
i�cation is correct.O'Leary, et.alprove in Nuprl in that
the resultis correct,exceptpossiblyin the leastsigni�-
cantbit [17]. Thatis, For anyproperinput,

p

,
o#"%$'&)(;oqp)t � ��t�v

�

p"�Mo*"+$,&-($o�p t.r&��t�v

Sincewe areoptimizing a loop, incrementalization
specializesto thecasethatthefunction

�

andstatemu-
tator � arethe same.In this case,the variable . is un-
changed,andtheloop index / decrementsindependently
of othervariables.Let us thereforefocuson the update
to 0 , denotedby 1 below.

�

o

. :%0 :%/

taw

�

<

. :20�:2/

> w <

. :+1

o

. :%0 :%/

t

:2/

�F�	>
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where

1

o

. :20�:2/

tTw

�������

w

.

�

0

v

���

�&#��

% 


� �����

0

rzy

�

�4��% � ��#��

�




���?�$�

0

�6y

�

�4��% �

0

4.1 Incrementalization

A cachingextensionof 1 is

1

o

. :%0 :%/

t !w

�������

w

.

�

0

v

�&�

�����

)

wEy

�

���

�&#��

% 


� ���$�

<

0

r

)�:

�

:;)?:

y

0 )?:;)

v

>

� �&%��E��#��

�




� �����

<

0

�

)�:

�

:;)?:

y

0 )?:;)

v

>

� �&%��

<

0 : 
�: – : – : –
>

The extensionincludestwo auxiliary values,
y

0 ) and
)

v

, that do not contribute directly to 1 's resultbut do
contributeto thecomputationof 1�� � . In orderto see
this,consider

�

o

�

o

. :%0 :%/

t�t

w

�

o

. : 1

o

. :%0 :%/

t

:2/

� ��t

w=<

. : 1

o

. : 1

o

. :20�:2/

t

:2/

� ��t

:2/

�6y7>

Thesubterm1

o

. : 1

o

. :20�:2/

t�t

expandsto

�������

w

.

�

0

v

���

�&#��
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� ���$�

�������

w

.

�Yo

0

rzy

�

t

v

�&�

�&#��

%F


� ���$�

o

0

rzy

�

t.rXy

���@*

� �&%�� ��#��

�




���?�$�

o

0

rXy

�

t �6y

��� *

� �&%��

o

0

rzy

�

t

� �&%��E��#��
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���?�$�"�
�
�

From this it canbe seenthat )

w y

� is a candidatefor
caching.1	� � alsocomputes

.

� o

0�
 )

t
v

9 8

w

.

�

0

v
�
y

0 )

�

)

v

(2)

andso 1 saves
y

0 ) and )

v

. The partial result 0

v

is
prunedbecauseit is not usedseparately. Cachingauxil-
iary informationis discussedin greaterdetail in [11].

We arrive at thecachedversionof 1 shown in Fig-
ure 5, lower left. The next goal is to incrementalize1

with respectto �

w

1 , thatis, compute

o

0 2�:

�

2 : )12�:;342 : DE2

t w

1

o

. :20�:2/

�F� t����������

o

0�:

�

:;)?:;3 :;D

t w

1

o

. :20

#

:%/

t

As discussedat the endof Section3, we would like an
incrementinvolving only cachedvalues.Formingthein-
crementinvolvestwo applicationsof judgment.In 1 , D

maintainsthevalue )

v

(Fig. 5, lower left); soin 1

2

D

2

w o

)

2

t�vfw��

)

y��

v

9 8

w

D �

(3)

Thesederivationstake placein context of the tests
thatguardthem.Thus,for example,in thecasethatboth

�

%F
 and�

2 % 
 thefourthcomponentof theresultis
y

0 2 .@2

w y"o

0

r

)

t

"

v

9 8

w v��

"

v

r v

"��

v

w��

v

r

D

(4)

Theremainderof 1

2 is givenin Figure5.

4.2 Incorporating, folding, andsimplifying

Incorporatingthe incrementalizedresult in the original
programloop opensopportunitiesto optimize in three
ways,eachbasedon dependenceanalysesalreadyused
in incrementalization,andeachpossiblyinvolving tacti-
cal judgment.Thegoalis to eliminateunneededterms.

1. Replacethelooptest.1

2 nolongerrefersto theloop
index, / . If we can remove / from the test (Fig. 1,
left), it is no longerneededatall. In 1 ) 's role is to
maintain

y

� and D maintains)

v

. Hence,

/
2

!


! #" /

!(�

 #" )

!�y

9 8

 #" )

v

!

�

 #" D

!

�

(5)

Thus, / is unneededsincewecanuseeither ) or D .
2. Minimizemaintainedinformation.Onterminationthe

loop testfails, thatis,

/

2

w � �

 #" /

w


$ %" )

w-�

9 8

 #" D

w-�

(6)
Furthermorethe only value neededis 0 , the �rst
componentof 1

2 , which dependson the previous
valueof 0 , ) , and � . If )

wC�

then,since 3 main-
tains

y

0 ) , wecanrecoverthisvalueas

0

w

��#��

% 


���?�$�

�

v

r��

� �&%�� �&#&�

�




���?�$�

�

v

�F�

� ��% �

�

v

Analyzingthedependenciesin 1

2 wedeterminethat
theonly valuesneededto maintain� and 3 arecom-
ponents� , 3 , andD . Thus,if wechooseD tocompute
thelooptestin theprecedingstep,wecanalsoprune

) .
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Fig. 5. Incrementalizationof sqrt

3. Fold and initialize. The body of the loop in sqrt's
implementation,Figure1, incorporatesa versionof

1

2 with values0 and ) pruned.

4.3 Review of theexample

Judgment,in the form of equationalreasoning,wasin-
volvedin all thestepsof incrementalization.Caching,(2
and3) incrementalization(4), incorporationandfolding
(5 and6), all entailedtheoremsdependingon arithmetic
identities.Inductionwasnot explicit, althoughit might
bearguedthatfolding is aninductivetactic.Theentailed
dependenceanalysesarealreadyprovidedfor incremen-
talization.

5 CACHET: an incrementalizationtool

CACHET [9,14] is a programtransformationtool de-
velopedto exploreanddemonstrateincrementalization.
Figure6 showssnapshotsof CACHETin operation,asit
is appliedto thesqrt example.

Theprimarywindow in CACHETisasyntax-directed
programeditor;thecursoraddressesandoperatesonsubex-
pressionsaccordingto the programgrammar. Subwin-
dowsmaybeopenedto manipulatesubexpressions,dis-
playanalyses,andsoforth.TheCACHETcommandsal-
lowedin agiveneditingcontext aredisplayedasbuttons

in a secondsubwindow, asshown in the�gure. Subwin-
dows inherit the contingenciesof conditionaltests,let
bindings,andthe accumulationof new functionde�ni-
tions.Thus,onecansymbolicallyexpandandmanipu-
latea subexpressionaccordingto thoseconditionsin ef-
fectwhereit occurs.

CACHET haslimited rewriting capability. It canbe
programmedwith a collectionof identitiesto apply in
simplifying a term. Thus,derivationsonceestablished
canoftenbereexecutedautomaticallyunderminorchanges
to the speci�cation.However, it doesnot have general
facilities for algebranor any built-in decidersfor logic,
arithmetic,etc.

Figure6 shows thekey stepsin a CACHET deriva-
tion of sqrt. Theseriescoversasequenceof sixteenCA-
CHET actions,mostbeingoperationsinvokedby click-
ing onabutton,but acoupleinvolvingeditingoperations
in the expressionwindow. It shouldalsobe mentioned
that the derivation involvedsettingup a designspeci�c
�le of algebraicidentitiesto steertermrewriting.

(a) Theupdate functionis thecachedextensionof the
function 1 of Section4.

(b) Update is incrementedwith respectto itself to ob-
tainupdate1 .

(c) In this step,we have backtracked to add
y

0

y

� and
y

�

�

to the cacheset.Theseare the auxiliary values
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indirectly generatedin Section4 by expandingthe
original increment(cf. (b)).

(d) Onceagain,update is expandedwith respectto it-
s statemutatorto begin derivationof the increment.
Oneof theconditionalbranchesis selectedfor spe-
cialization.

(e) The goal is to replaceterms in the function body
with componentsof R TheCACHESETlists values
maintainedin Randits components.

(f) This frameshows aninteractionin which theopera-
tor hasinvokedanidentity to rewrite

y"o

0

rXy

�

t�y

���@*

as
y

0

y

��� *

rzy���y

�

��y

��� * .
(g) With subtermsnow in appropriateform, CACHET

performsreplacementfrom thecacheset.. .
(h) Resultingin theincrement.

Enhancementof CACHET to supportincorporating,
folding, andoptimizingtheincrementis underway.

6 Conclusionsand dir ections

Incrementalizationis apowerful technique,applicableto
generalrecursionschemesand,hence,to abroadclassof
softwareandhardwarespeci�cations.Understandingit-
s full generalityis not necessaryif its useis restricted
to strengthreduction;hence,CACHETmaybetoopow-
erful a tool for re�ning hardwarespeci�cationsasthey
arecurrentlyexpressed.Thesameis oftensaidaboutus-
ing theoremprovers in hardwareveri�cation. As tools
andmethodsfor hardwaredesignprogress,andascode-
signintroducessoftwareto thesystemspeci�cationtask,
thecharacterof speci�cationwill change.As it does,the
needwill arisefor higherlevelsof abstractionandmore
generalreasoningtools.

In evaluatingany veri�cation technique,oneshould
distinguishingeniousinteractions—thoserequiring in-
sight,planning,andjudgment—fromtheroutineinterac-
tions imposedby theproof strategy. Onecanthenwork
towardautomatingthe logical “boilerplate” andprovid-
ingshortcutsandvisualsupportfor creativeintervention.
Many proof assistantshave a strategy languagefor this
purpose,andonecanalsousescriptingfacilitiesto make
argumentsreusable.

This studydemonstratesthat derivational formalis-
m, conductedin in anappropriatecontext, is aneffective
veri�cation method.In thisstudy, thatcontext wasincre-
mentalizationspecializedto strengthreduction.We con-
trastedthe derivationalproof of a nonrestoringsquare-
root computationwith its deductive proof in Nuprl. The
Nuprl proof of thebehavioral speci�cationalsofollows
a strengthreductionparadigm,representedby invariant
strengthening,assketchedin Section1.2.

Thealgorithmimplementationin Figure1 is thesame
as that of O'Leary, et. al. [17]. There,the veri�cation
proof is carriedinto thearchitecturallevel usinganem-
beddedhardwaredescriptionlanguagecalledHML. Some
optimizationsareperformedon thearchitecture.For in-
stance,eliminationof the loop index, / is donein there,
ratherthanin thealgorithm.Formalderivationandsub-
sequentre�nement of a correctarchitecturefor Figure
1 is straightforwardin theDDD algebra.Numerousex-
amplesat a similar level of abstractionhave beenpub-
lished [6,2,15]. However, one future direction for this
work is to compareperformingre�nementson the be-
havioral andarchitecturalsides.

CACHETis a researchprototypedeveloped,primar-
ily, to investigateanddemonstrateincrementalizational-
gebra.We areonly beginningto exploreits useasanin-
teractivedesigntool. Thesqrt casestudyrevealsanum-
berof issuesfor continuedstudy.

A specializedmodefor strengthreductionwouldmake
the tool easierto usein hardwareapplications.In soft-
ware,the“big wins” oftencomefrom recursionremoval
eitherin controlor data.In hardware,thereis usuallyno
recursionto remove,andoptimizationscomefromclever
reuseof partialvalues.Thisdifferencein focusshouldbe
re�ectedin thetool. For example,in thesqrt derivation,
we hadto backtrackto manuallyextendthe cacheset.
Thisstepcanbeautomated.

Both CACHET andDDD needgreater�e xibility in
integratingboth logical andequationalreasoningfacil-
ities. Justi�cations 2 through 6 in Section4 illustrate
pointsin the derivationwhereonewould like attachd-
eductive reasoning,perhapsevena proofassistant.Con-
versely, we have found long algebraicderivationsto be
dif�cult toexecutein sequentstyleproofassistants.Even
more dif�cult are argumentsinvolving systems,which
are best representedby simultaneousrecursive de�ni-
tions.

Notes

1. (p. 5) Thereare someminor departuresfrom con-
ventional������� � -programsyntax.We rely on inden-
tation,ratherthanbegin–end brackets,to depictthe
scopeof compoundstatements;andwe useexplicit
tuples,

o

3
*

:;3

v

t

�

w < �

�

:

�

�

>

to expressparallelas-
signment.

2. (p. 4) Liu gives the statemutator � the signature
�
��
 �

�

� 
 , allowing for the introductionof
external “inputs” from a set

�

. Externalinputsare
not usedin any of our examples,so we simplify �

for thisexposition.
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(a) (b)

(c) (d)

Fig. 6. Key stepsin theCACHETderivationof sqrt
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(e) (f)

(g) (h)

Figure6 continued
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