Software Toolsfor TechnologyTransfer manuscript No.
(will beinsertedby the editor)

A systematicincrementalizationtechniqueand its application

to hardware design

StevenD. Johnson, YanhongA. Liu , YuchenZhang

IndianaUniversity ComputerScienceDepartmente-mail: sjphnson@cs.indiana.edu

Thedateof receiptandacceptancwiill beinsertedby the editor

Abstract. A systematitransformatioimethodbasedn
incrementalizatiomndvaluecachinggeneralizesbroad
family of programoptimizationsit yieldssigni cant per
formanceimprovementsin mary programclassesjn-
cludingiteratveschemethatcharacterizbardwarespec-
i cations. CACHET is aninteractve incrementalization
tool. Althoughincrementalizatiors highly structuredand
automatablepetter resultsare obtainedthroughinter-
action,wherethe main taskis to guide term rewriting
basedn dataspeci ¢ identities.Incrementalizatiospe-
cializedto iterationcorresponds$o strengthreduction a
familiar programre nementtechnique This correspon-
dencssillustratedby thederivationof ahardware-efcient
nonrestoringquare-rootélgorithmwhichhasalsosened
asan exampleof theoremprover basedmplementation
veri cation. One goal of this study is to explore how
ingeniousdesigninsightsare discoreredand appliedin
contrastingormal systemsasre ectedin their support-
ing tools.
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1 Intr oduction

Thetransformatioriechniquealescribedn this papemwill
be familiar to all programmersanddigital engineersit
centerson incrementalcomputationthe exploitation of
partial resultsto more ef ciently calculatenew results.
We presentherea generalmethodfor performingsuch
optimizationsanda tool called CACHET for systemati-
cally applyingthatmethod.

We introduceincrementalizatiorthrougha seriesof
smallexamplesculminatingwith thederivationof anon-
restoringinteger squae root implementatiororiginally
veri ed in Nuprl by O'Leary, Leeser Hickey, and Aa-
gaard17]. That,too,wasatutorialillustrationof formal-
ized reasoningn a hardware designcontext. One pur-
poseof this studyis to explore how the critical insights
neededo improve a designare discoveredand applied
in agivenreasoningramenork, asre ectedin its tools.
In particular we areinterestedn contrastingdeductive
veri cation, in which the designprocesdormalizedas
a proof, with derivationalveri cation, in which the de-
sign processs formalizedasa sequenc®f equivalence
preservinge nements.

Thisis notaquestiorof whichstyleis “better” but of
gainingunderstandingbouthow intelligent judgments
aremadeso thatthey canbe betterfacilitatedin anin-
tegratedreasoningervironment.The ultimategoalis an
ervironmentincorporatinga broadvariety of reasoning
systemsbothautomaticandinteractive. In orderto suc-
cessfullyreachthat goal, we needa clearerpicture of
how humansnteract,andespeciallyhow creatize judge-
mentarises.

Thesqrt exampleof Sectiord is relatively small,but
otherwiseit is representatie of real designsin signal
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Fig. 1. Speci cationandimplementatiorof nonrestoringqrt

processingarithmetic units, microprocessopipelines,
andsoon.Behavioral formsof thesqrt speci cationand
implementationgxpressedn a statemenbrientedsyn-
tax, areshavn in Figurel. The essencef implementa-
tionveri cation, thekey insights arealgebraiddentities—
in this case Jaws of arithmeticbut generally equational
laws of atype structureover whichthespeci cationand
implementatiorareexpressed.

Theimplementationn Figurel is readilyreducedo
hardware. The DDD transformationsystemis an inter
active tool for formally deriving andmanipulatinghard-
warearchitecturelescriptiongrom behaioral speci ca-
tions[6,2]. O'Leary, et. al. includea hardwaredescrip-
tion in theirimplementatiorproof, usingan ML variant
to expressarchitecturabtructuresThus,asinglereason-
ing tool, Nuprl, analyzeshoth behaioral and architec-
tural expressionsThederivationstudyalsousedialects
of functional notationto represenbehaior and archi-
tecture,but CACHET appliesonly to behaioral forms.
DDD translatesontrolorientedexpressiongo architec-
tureorientedexpressionsindreduceshelatterto boolean
systems.

It is shavn in Section4 that, beyondsomelinearin-
equalities judicious applicationsof distributivity, asso-
ciativity, theidentity

sufce to supportanimplementatiorproof attheinteger
level. Thisobsenationholdswhetheitheargumenis de-
ductive or derivational. However, “judiciousapplication”
impliesthatthe designagentnot only hasthe insightto
tacticallyapplyalgebraiddentities but alsounderstands
thelogical contet, thatis, the overall stratgy andform
of the proof.. We areinterestedn contrastinghow in-
sightsarediscovered,visualized,andappliedin various
reasoningramenorks.

This paperhastwo maingoals.The rst is to intro-
ducethe analyse@ndconstructionghat, togethercom-
prise incrementalizationWe begin with a small moti-
vating examplerelatingit to strengthreduction a clas-

sical programtransformatiortechnique.Two examples
follow toillustrategeneralityin particular extendingthe
ideaof strengthreductionto nonlinearrecursiorpattern-
s.In software,applicationof incrementalizatiohasbeen
shavntoyield dramaticasymptotigerformancénprove-
mentsthroughrecursiorremoval [12].

Loop strengthreductionis animportantspecialcase,
especiallyasit appliesto hardware design.The second
goalis toillustratehow incrementalizatiolspecializeso
theiterationscommonin hardwarespeci cation.In this
contet anincrementalizatiotiool, like CACHET intro-
ducedin Section5, facilitatesthe interplay of designer
insightwith formal manipulation.

1.1 Badkground

The coreapproactio incrementalizations describedy
Liu in her dissertation[13,14]. An incrementalization
tool, CACHET is the focusof [9]. Subsequent|yexten-
sionsto the basicapproachhave addressedaching, or
maintainingpartialresultsin auxiliary variableg11,12].
Cachingusesan on-line dependencanalysisto prune
unneededaccumulatorsin [10], Liu outlinesthe step-
s of a systematicsemi-automatablencrementalization
processincludingabrief presentationf thesqrt deriva-
tion detailedherein Sectior4. Incrementabomputation
isinvolvedin abroadfamily of optimizationtechniques,
suneyedin [13].

Designderivationrefersto a formalizeddesignpro-
cessin which a creatve agentinteractswith a reason-
ing tool to transforma speci cationinto a correctimple-
mentationJohnsonBose Miner, andothershaveinves-
tigatedanintegratedframework for formalizeddesignin
whichaderivationaltool, DDD, interactswvith atheorem
prover. It is demonstrateéh [2,1] thatsucha heteroge-
neoudramework reducegheeffort of verifyingamicro-
processoimplementationin [7,15], Miner exploresa
moretightly coupledrelationshipbetweena derivation-
al and deductve formalisms.Thesestudiesraise basic
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guestionsaboutthe characteiof interactionasre ected
in theanalysigools.

The pastfew yearshave seenincreasingattention
paidto term-levelreasoningn hardwareveri cation. Va-
lidity checkingwith uninterpretedunctionsymbols(e.g.
[8]) is a way to increasethe power of modelchecking
and adaptto datapath aspectsAt the sametime, the-
oremproving approachebave repeatedlydemonstrated
thattheessencef hardwareveri cation liesin equation-
al reasoningperformedin the complicatedogical con-
text of animplementatiorproof. Moore's descriptionof
asymbolicspreadsheef1 6] re ectsthisinsight.Greve's
analysisof the JEM1 microprocessotandothersimilar
casestudiesgxploreinteractie veri cation centeringon
symbolic simulation(i.e. function expansion)andterm
simpli cation [4].

In 1993, Windley, Leeser and Aagard pointed out
that numeroushardware veri cations have beenfound
to follow a commonproof plan[21]. Incrementalization
might be seenasa “superduper” derivation tactic, but
onethatis applicableto a muchbroaderangeof speci-
cation classeshanjusthardware.

1.2 Strengthreduction

Incrementalizatiogeneralizes basicprogrammingech-
nigue found in virtually all approacheso programre-
nement, however formal. Theillustrationbelon comes
from an undegraduatetextbook written in 1978 [20],
which credits Dijkstra for the phrase“strengthreduc-
tion” [3]. We usethenotation to expresar
tial correctness'|f precondition holdsthenexecution
of program establishepostcondition ”

We wantanalgorithmto computetheintegersquare
rootof aninput ; thatis,an suchthat

The and in the postconditionsuggests loop, with one
conjunctservingastheloop'stestandthe othertheloop
invariant[5]:

To getrid of the expensve term , We canintro-
ducean auxiliary variable to hold this value.Thein-
variantbecomednv and
theloopis beadaptedo maintainthe strongeicondition.
Let and denotethevaluesof and afterthenext

loopiteration.Theanalysegsimultaneous general)

eliminatesthe squaringoperation Of course, mustbe
properlyinitialized.

INV

Therearefour discussiorpoints.

First, the derivation of  exploits the algebraici-
dentity, , at the third step.
In generalwe cannotexpectsuchinsightbefully auto-
matedbecauseerm equivalences undecidablen some
structures,ncluding arithmetic. From hereon, we re-
fer to the applicationof algebraidaws asan exercise of
judgment presumablyby aningeniousagent.We indi-

catepointsof judgmentwith thesymbol® ‘. However,

evenif nosuchinterventiongake place programsareof-

tenimprovedby reusingntermediateesults asoptimiz-

ing compilerscommonlydo. Incompleteor specialized
equationalreasoningcanimprove the resultstill more,
evenif it can't alwaysachieve theoptimumautomatical-
ly.

Secondwhile incrementalizatiorgenerallyhasthe
goal of exploiting partial resultsto eliminateexpensve
operationsthemeasur®f expensalepend®nthetarget
technologyln theprogramabove,if weregarded: " as
expensve,we couldeliminateit by introducingasecond
auxiliary variablevariable,to maintain . The

analysis shawvs
we cancorvertmultiply-by-twoto add-twq providedwe
canseeto apply the distributive law. Obviously, this is
notanimprovementor hardware,andit mayor maynot
befor software,dependingnthe compilet

Third, while we cancertainlyarguethatthe elimina-
tion of improvestheprogramijt is still linearin
themagnitudeof its input. Fastercorvergencerequiresa
betteralgorithm,suchasthenonrestoringqgrt in Section
4,

Finally, loopinvariantsareaformaldevicefor declar
ing intent They areusedherefor the morelimited pur
poseof reasoningaboutincrementalcomputation.The
underlyingoptimizationtactic is loop unrolling (or un-
fold/fold transformation)If we know the optimization
techniquebeingapplied,usingthe moregeneraimethod
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of inductiveassertionsnightbeconsideredverkill. One
measuref a goodmethodis how broadlyit canbe ap-
plied, but thisis not necessarilyhe casefor tools,where
specializatiortanresultin ahigherdegreeof automation
andmoreperspicuousotation.

2 Systematicincrementalization

In this sectionwe surwey the generalapproacho incre-
mentalizationProgramsarerepresentedsrecuision e-
guations thatis, systemsof rst-order function de ni-
tions. Eachde ning expressionis a conditionalwhose
branchesre either simpletermsor expressionsnvolv-
ing recursve callsto the de ned functions.Termscome
from agroundtype,or algebraicstructurevhosespeci -
cationincludesa setof equationalaws.“Termlevel rea-
soning”refersto derivationsaccordingo thesdaws.De-
cidability depend®n the decisionproblemfor the given
structureAll of theexampledn thisarticleinvolvearith-
meticoperationsvith theusuallaws of algebraHowev-
er, thetechniquespplyto any abstractiatatype.Asin a
theorenyprover, theunderlyingidentitiesareinputto the
systemandarenot built in.

Our programnotationis corventionalwith one ex-
ception: formal parametersnay include nestedidenti-
ers andaliasing.For example thephrase

bindstheidenti er tothevalueof expression andalso
declareghis valueto be a pair whose rst and second
elementsareidentied by and , respectiely. We
shallusetheseformsonly for simpledestructuring.

In the casethatall the functionsde ned in a system
aretail-recursve, we have the equivalentof a sequential
program.n thesecasesye mayusethewhile-program
notation,asin Sectionl, for thosewho are more com-
fortablewith thatform of expression.

The incrementalizatiormethodis actuallyan inter
play betweertwo kindsof functionextensionjncrement-
ing and caching, asindicatedin Figure 2. A function

standdor thespeci cationto betransformed.

Let denotea statemutator , or nonrecur

sive combinationof elementaryoperationon 'sinput

domain.Theincrementalizatiorof ~ with respecto

is afunctionthatcomputes giventhevalueof
. Thatis, hasthe propertythat

We wantto describéhow is usedin calculatingthe
nal result.For example,if  returnsa datastructure;
thenincrementalizatioinvolvesanalyzinghow compo-
nentsof arereusedn creatingheobject

Cading extendsa functionto returnpartial results.
is extendedo s thatis,
with the proviso that . The
remaining areintermediatevaluesaccumulatedh the
computationof . Of coursethe ideais to cacheon-
ly thosevaluesthatwill be usefullater This determina-
tion requiresa dependencanalysissimilar to strictness
analysis[12,18]. Thus,in incrementalizationywhat we
arereally afteris , theincrementedachingextension
of
'sincrementrepresentfust onestep,or branch of
the computation It remainsto incorporate this stepin
the original program.In functional expressionsjncre-
mentingis analogougo unfolding andincorporationto
folding, aswe shallseein the exampleghatfollow.

2.1 Examplel — Applicationto recuision

In Figure3, we beginwith the*Fibonaccl schemewhose
recursionpatternis quadratic,incrementalizedvith re-
spectto ; thatis, computes given

. We would later apply this analysisto the recur
sivecall “ " in orderto geta way of computing

given . Thesimpleincrement(Fig. 3, top
right) doesnt getus very far, becausewereit incorpo-
ratedin the original, theresultwould still bea quadratic
recursion:

A cading versionaccumulatesiot only but al-
so all relevant intermediatevalues.Assumingaddition
is “cheap) therearetwo intermediatevalues,

leadingto the de nition in Figure3, lower left. In form-
ing theincremenf |, thegoalis to pruneunneededr
redundanintermediateralues.Since

thecallto it canbereplacedy
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original

increment

original

cading

Fig. 2. Componentsf incrementalization.

Theseare not de ning equationsput identitiesrelating cached,
incrementalizedand cached-incementalizedariantsof

Furthermorethe valueof interest, , doesnotde-
pendonsubcomponents , ,or .Anautomati@anal-
ysisof transitve dependencesimilarto strictnesanaly-
sis[18], makesthis determinatior{12]. With theirrele-
vanttermsprunedfrom the computationyve get

Thecached-incrementalizédnction  in Figure3 also
prunesthe triples to pairs. The structureis now linear,
nottree-like, a positive development.

Incorporatingtheseoptimizationsinto the original
schemeanddoing someelementarytransformationsye
obtain

Letting , We canrewrite thisas

Theimportantoutcomds thattheresultis alinearre-
cursion,derived, not proven (althoughit certainlycould
be); veri cation is subsumedy the pruninganalysis it
requiresassociatiity to obtaintheiterative versionof Fi-
bonacci This, too, is derivableusing(for example)tech-
niguesoriginatedby Wand[19].

For readerswho prefer a statement-orientetbrm, this
functionis expresseds

Liu, Stoller and Teitelbaumpresenta numberof algo-
rithms whoseperformances signi cantly improved by
incrementalizationln mostcasesthe improvementis a
consequencef recursiorremoval resultingfrom caching
andpruningnonlineardatastructure§12]. Theseexam-
plesandothersdemonstratéhat the incrementalization
subsumes broadfamily of optimizationandre nement
technique$10].

In summarnyincrementalizatiomhasthreemainphas-
es: caching partial values,which entailspruningirrele-
vantsubcomputationsncrementingwith respecto a s-
tatemutator;andincorporating theresultin the original
computation.

3 Specializationto strengthreduction

Applying incrementalizatiorio iteratve systemscorre-
spondgo performingstrengthreductionon loops.Since
we aredealingwith loops,we will sometimesisea sim-
ple statemenbrientedanguage.
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original

increment

original

cading
pruned

Fig. 3. Cachedandincrementedersionsof Fibonacci

3.1 Example2 —applicationto aloop

As a rst illustration, considerthe integer division pro-
grambelow.

Let usmovetheexpensve operation, ' into theloop:

Thefunctionto increments thebodyof theloop, which
computegiext-statevaluesfor , ,and .Incrementing
with respecto the samefunction, it is the equialentof
unrollingtheloop. Thatis,

In thisexampletherearenovaluesto becachedLet
. Then

Useof distributivity in the secondstepis marked asan

exerciseof judgment—thought mightwell beautomatic—

in orderto illustrate one point wherejudgemenis typ-
ically requiredin incrementalizationWe cannow form

theincrementalizedbop, removing multiplicationin fa-
vor of addition.

Elementarytransformationsre usedto fold the initial-
izationbackinto theloop, asshavn in Figure4.

3.2 Example3

Letusreturnmomentarilyto thethenaive sqrt from Sec-
tion 1.2. With the expensve squaringoperationmoved
from theloop'stestto its body, thefunctionto increment
is

Again,becauseve aredealingwith aloop, wewant
. Assume , andfor clarity

let uswrite in placeof “ ". Then

@)
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original

increment

original

cading notused

notused

Fig. 4. Incrementalizatiof integerdivision.

andhence,

()
()

(eq.1)

(eq.1)
(eq.1)

Judgmentvasexercisedin thethird step,wherewe de-
cidednottoreplace by ;andinthefourthstepwhere
asubtermwasrewritten. Including in theincremental-

izationwasunnecessaryecausés valueneverchanges.

In Section4 we will narrov our attentionto thosestate
variablegthatbene t from incrementalizationAs in the
previousexample theincremenis now incorporatednd
foldedin theoriginalloop to obtaintheresultin Section
1.2.

3.3 More aboutincorporation

Sincewe areincrementalizinga loop, incorporatingand
folding areautomatabl¢14]. Brie y, in theloop

output

the incrementof the body
variable:

introduces asatrailer

output

Weareoftenabletorewritethetest ,theupdate ,
andtheoutputcombinatiorexclusielyin termsof (de-
noted and , respectrely); hence,

canbeeliminated

output

In practice we rename (or its componentsjo (or it-
s components)lt is alsousually possibleto fold some
or all of 'sinitialization, aswell assomeor all of the
output combinationback into the loop. In summary
loop incrementalizatiomvolvesthreephases:

1. Move expensve termsout of tests,introducingvari-
ablesasneeded.

2. Solwetheincrementalizatioproblemusingtheloop
bodyasthe statemutator

3. Incorporatesimplify, andfold the solution.

4 Application to sqrt [17]

Figurel shavsthesourceandtargetexpressionsf sqrt,
anonrestoringinteger squae root algorithm,veri ed in
Nuprl by O'Leary, LeeserHickey andAagaard17]. In
this sectionwe shaw the detailsof a formal derivation
basedon incrementalizationThis derivation was also
performedn CACHET, asdiscussedh thenext section.

Of courseijt should rst beestablishedhatthe spec-
i cation is correct.O'Leary, et.alprove in Nuprlin that
theresultis correct,exceptpossiblyin the leastsigni -
cantbit [17]. Thatis, For anyproperinput, ,

Sincewe are optimizing a loop, incrementalization
specializego the casethatthe function andstatemu-
tator arethe same.In this casethe variable is un-
changedandtheloopindex decrementsdependently
of othervariablesLet usthereforefocuson the update
to ,denotechy below.
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where

4.1 Incrementalization

A cachingextensionof s

The extensionincludestwo auxiliary values, and

, thatdo not contribute directlyto  's resultbut do
contrikute to the computatiorof . In orderto see
this, consider

Thesubterm expandsto

Fromthis it canbe seenthat is a candidatefor

caching. alsocomputes

)

andso  saes and . The partial result is
prunedbecausét is not usedseparatelyCachingauxil-
iary informationis discussedh greaterdetailin [11].

We arrive atthe cachedversionof ~ shown in Fig-
ure 5, lower left. The next goalis to incrementalize
with respecto ", thatis, compute

As discussedt the end of Section3, we would like an
incrementnvolving only cachedzalues Formingthein-
cremeninvolvestwo application®f judgmentin |

maintainghevalue  (Fig. 5, lowerleft); soin

- - ®3)

Thesederivationstake placein contet of the tests
thatguardthem.Thus,for example,in the casethatboth
and thefourthcomponentf theresultis

. 4)

Theremaindeof s givenin Figure5.

4.2 Incorporating, folding, andsimplifying

Incorporatingthe incrementalizedesultin the original
programloop opensopportunitiesto optimizein three
ways, eachbasedon dependencanalysesalreadyused
in incrementalizationandeachpossiblyinvolving tacti-
caljudgment.Thegoalis to eliminateunneedederms.

1. Replacehelooptest.  nolongerrefersto theloop
index, . If we canremove from thetest(Fig. 1,
left), it is nolongerneededatall. In~ 'sroleis to
maintain and maintains . Hence,

(®)

Thus, isunneededincewe canuseeither or
2. Minimizemaintainednformation.Onterminatiorthe
loop testfails, thatis,

(6)
Furthermorethe only value neededis , the rst
componentof , which dependson the previous
valueof , ,and .If then,since main-
tains , we canrecoverthis valueas

Analyzingthedependencies  wedeterminghat
theonly valuesneededo maintain and arecom-
ponents, ,and .Thus,if wechoose tocompute
thelooptestin theprecedingstep,we canalsoprune
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original increment
original notused
cading - - —
pruned

Fig. 5. Incrementalizatiomf sqrt

3. Fold and initialize. The body of the loop in sqgrt's
implementationFigure 1, incorporates versionof

~ withvalues and pruned.

4.3 Review of theexample

Judgmentijn the form of equationareasoningwasin-

volvedin all thestepsof incrementalizationCaching (2

and3) incrementalizatiori4), incorporationandfolding

(5 and6), all entailedtheoremsdependingn arithmetic
identities.Inductionwas not explicit, althoughit might

bearguedthatfolding is aninductivetactic. Theentailed
dependencanalysesrealreadyprovidedfor incremen-
talization.

5 CACHET: an incrementalizationtool

CACHET [9,14] is a programtransformationtool de-
velopedto explore anddemonstraténcrementalization.
Figure6 shavs snapshotef CACHET in operationasit
is appliedto thesgrt example.

Theprimarywindow in CACHET is asyntax-directed
programeditor;thecursoraddresseandoperate®nsube-
pressionsaccordingto the programgrammar Subwin-
dows may be openedo manipulatesubepressionsgis-
play analysesandsoforth. The CACHET commandsl-
lowedin agiveneditingcontet aredisplayedasbuttons

in asecondsubwindav, asshavn in the gure. Subwin-
dows inherit the contingencief conditionaltests,let
bindings,andthe accumulatiorof new function de ni-

tions. Thus, one can symbolically expandand manipu-
late a subexpressioraccordingto thoseconditionsin ef-
fectwhereit occurs.

CACHET haslimited rewriting capability It canbe
programmedvith a collectionof identitiesto apply in
simplifying a term. Thus, derivationsonce established
canoftenbereexecutecautomaticallyjundeminorchanges
to the speci cation. However, it doesnot have general
facilities for algebranor ary built-in decidersfor logic,
arithmetic etc.

Figure6 shows the key stepsin a CACHET deriva-
tion of sqrt. Theseriescoversasequencef sixteenCA-
CHET actions,mostbeingoperationsnvoked by click-
ing onabutton,but acoupleinvolving editingoperations
in the expressiorwindow. It shouldalsobe mentioned
thatthe derivationinvolved settingup a designspeci ¢

le of algebraiddentitiesto steertermrewriting.

(a) Theupdate functionis thecachedxtensionof the
function  of Sectior4.
(b) Update is incrementedvith respecto itself to ob-
tainupdatel .
(c) In this step,we have backtracledto add and
to the cacheset. Theseare the auxiliary values
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indirectly generatedn Section4 by expandingthe
originalincrement(cf. (b)).

(d) Onceagain,update is expandedwith respecto it-
s statemutatorto begin derivation of theincrement.
Oneof the conditionalbranchess selectedor spe-
cialization.

(e) The goal is to replacetermsin the function body
with component®f R The CACHE SET lists values
maintainedn R andits components.

() Thisframeshavs aninteractionin which the opera-
tor hasinvokedanidentity to rewrite
as .

(g) With subtermsnow in appropriateform, CACHET
performsreplacementrom thecacheset...

(h) Resultingin theincrement.

Enhancementf CACHET to supportincorporating,
folding, andoptimizingtheincremenis undervay.

6 Conclusionsand dir ections

Incrementalizatiois a powerful techniqueapplicableo
generatecursiorschemesnd,hencefo abroadclassof
softwareandhardwarespeci cations.Understandingt-
s full generalityis not necessaryf its useis restricted
to strengthreductionhence CACHET maybetoo pow-
erful a tool for re ning hardware speci cationsasthey
arecurrentlyexpressedThesames oftensaidaboutus-
ing theoremproversin hardware veri cation. As tools
andmethoddor hardwaredesignprogressandascode-
signintroducessoftwareto the systenspeci cationtask,
thecharactepof speci cationwill changeAs it doesthe
needwill arisefor higherlevelsof abstractiorandmore
generakeasoningools.

In evaluatingary veri cation techniquepneshould
distinguishingeniousinteractions—thoseequiring in-
sight,planning,andjudgment—frontheroutineinterac-
tionsimposedby the proof stratgy. Onecanthenwork
toward automatinghe logical “boilerplate” and provid-
ing shortcutsaandvisualsupportfor creatveintervention.
Many proof assistanthave a stratgyy languageor this
purposeandonecanalsousescriptingfacilitiesto make
argumentgeusable.

This study demonstrateshat derivational formalis-
m, conductedn in anappropriateontext, is aneffective
veri cation methodIn this study thatcontet wasincre-
mentalizatiorspecializedo strengthreduction.We con-
trastedthe derivational proof of a nonrestoringsquare-
root computationwith its deductve proofin Nuprl. The
Nuprl proof of the behaioral speci cationalsofollows
a strengthreductionparadigm representetby invariant
strengtheningassketchedn Sectionl.2.

Thealgorithmimplementationn Figurelisthesame
asthat of O'Leary, et. al. [17]. There,the veri cation
proofis carriedinto the architecturalevel usinganem-
beddedardwaredescriptiodanguagealledHML. Some
optimizationsare performedon the architectureFor in-
stancegliminationof theloop index, is donein there,
ratherthanin the algorithm.Formal derivationandsub-
sequentre nementof a correctarchitecturefor Figure
1 is straightforvardin the DDD algebraNumerousex-
amplesat a similar level of abstractiorhave beenpub-
lished[6,2,15]. However, one future direction for this
work is to compareperformingre nementson the be-
havioral andarchitecturakides.

CACHET is aresearclprototypedeveloped primar
ily, to investigateanddemonstraténcrementalizatioal-
gebraWe areonly beginningto exploreits useasanin-
teractive designtool. Thesqrt casestudyrevealsa num-
berof issuedor continuedstudy

A specializeanodefor strengthreductionwould make
the tool easierto usein hardware applicationsln soft-
ware,the“big wins” oftencomefrom recursiorremoval
eitherin controlor data.ln hardware,thereis usuallyno
recursiorto remove,andoptimizationscomefrom clever
reuseof partialvalues.Thisdifferencdan focusshouldbe
re ectedin thetool. For example,in the sqrt derivation,
we hadto backtrackto manuallyextendthe cacheset.
This stepcanbe automated.

Both CACHET andDDD needgreater e xibility in
integrating both logical and equationalreasoningacil-
ities. Justi cations 2 through6 in Section4 illustrate
pointsin the derivation whereonewould like attachd-
eductize reasoningperhapsvena proof assistantCon-
versely we have foundlong algebraicderivationsto be
dif cult toexecutein sequenstyleproofassistantsEven
more dif cult are argumentsinvolving systemswhich
are bestrepresentedy simultaneougecursve de ni-
tions.

Notes

1. (p. 5) Thereare someminor departuredrom con-
ventional -programsyntax.We rely oninden-
tation, ratherthanbegin-end braclets,to depictthe
scopeof compoundstatementsandwe useexplicit
tuples, to expressparallelas-
signment.

2. (p. 4) Liu givesthe statemutator the signature

, allowing for the introductionof
external “inputs” from a set . Externalinputsare
not usedin ary of our examples,so we simplify
for this exposition.
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Figure6 continued

)

(h)



JohnsonlLiu & Zhang:Incrementalizatiofior hardware

Adknowledgments.We areindebtedto WarrenHuntandJohn
O'Leary for theircommentn earlyversionsof this article.

References

10.

11.

. BhaskarBose. DDD-FM9001: Derivation of a Veri ed

Microprocessor PhD thesis,ComputerScienceDepart-
ment,IndianaUniversity USA, December1994. Techni-
cal ReportNo. 456,155pages.

. BhaskarBose and Steven D. Johnson. DDD-FM9001.:

Derivationof a veri ed microprocessolan exercisein in-

tegratingveri cation with formal derivation. In G. Milne

andL. Pierre editors,Proceeding®f IFIP Confeenceon

CorrectHardware DesignandVeri cation Methodspages
191-202Springer LNCS 683,1993.

. EdsgerWybe Dijkstra. A Discipline of Programming

Prentice-HallEnglevood Cliffs, N.J.,1976.

. David A. Greve. Symbolicsimulationof the JEM1micro-

processorIn GaneshGopalakrishnanandPhillip Wind-
ley, editors, Formal Methodsin ComputerAided Design
(FMCAD'98), volume15220f Lectue Notesin Computer
Sciencepages321-333.Springer 1998.

. David Gries. The Scienceof Programming Springefr

Verlag,New York, 1981.

. StevenD. JohnsorandBhaskaBose.A systenfor mech-

anizeddigital designderivation. In IFIP and ACM/SIGDA
InternationalWbrkshopon Formal Methodsin V LSI De-
sign 1991. AvailableasindianaUniversity ComputetSci-
enceDepartmenfechnicalReportNo. 323(rev. 1997).

. StevenD. JohnsorandPaul S.Miner. Integratedreasoning

supportin systemdesign:designderivation and theorem
proving. In Hon F. Li andDavid K. Probst,editors,Ad-
vancesin Hardware Designand Veri cation, pages255—
272.Chapman-Hall1997. IFIP WG 10.5AdvancedRe-
searchWorking Conferenceon CorrectHardware Design
andVeri cation Methods(CHARME'97).

. Boert B. Jones,JensU. Skaklebaek,and David L. Dil-

I.  Reducingmanual abstractionin formal veri cation
of out-of-orderexecution. In GaneshGopalakrishnana
andPhillip Windley, editors,Formal Methodsin Comput-
er Aided Design(FMCAD'98), volume 1522 of Lectue
Notesin ComputerSciencepages2—17.Springey 1998.
SecondnternationalConferenceFMCAD'98.

. YanhongA. Liu. CACHET: An interactve, incremental-

attribution-basedorogramtransformationsystemfor de-
riving incrementalprograms. In Proceedingsof the
10thKnowledg-Basedsoftwae EngineeringConfeence
pages19-26, Boston, MassachusettsNovember 1995.
|IEEE CSPress).os Alamitos, Calif.

YanhongA. Liu. Principledstrengthreduction.In Richard
Bird and Lambert Meertens,editors, Algorithmic Lan-
guages and Calculi, pages357—-381.Chapman& Hall,
London,U.K., 1997.

YanhongA. Liu, ScottD. Stoller, and Tim Teitelbaum.
Discoveringauxiliary informationfor incrementatompu-
tation. In ConfeenceRecod of the 23rd Annual ACM
Symposiumon Principles of Programming Languayes

12.

13.

14.

15.

16.

17.

18.

19.

20.

13

pages157-170,St. Petershrg Beach,Florida, January
1996.ACM, New York.

YanhongA. Liu, ScottD. Stoller, and Tim Teitelbaum.
Static cachingfor incrementalcomputation. ACM Tran-
s.Program.Lang and Syst, 20(2):1-40March1998.
YanhongA. Liu andTim Teitelbaum. Systematiaeriva-
tion of incrementalprograms. Sci. Comput.Program,
24(1):1-39February1995.

Yanhong Annie Liu. Incremental Computation: A
Semantics-Base8ystematidransformationalApproach.
PhDthesis,Departmenbf ComputerScience Cornell U-
niversity, Ithaca,New York, Januaryl996.

Paul S. Miner. Hardware Veri cation using Coinductive
Assertions PhD thesis,ComputerScienceDepartment,
IndianaUniversity USA, 1997.To appeasshortly

J StrotherMoore. Symbolic simulation:an ACL2 ap-
proach. In GaneshGopalakrishnanandPhillip Windley,
editors,Formal Methodsn ComputerAidedDesign(FM-
CAD'98), volume15220f Lectue Notesin ComputelSci-
ence pages334-350Springer 1998.

JohnO'Leary, Miriam Leeser JasonHickey, and Mark
Aagaard. Non-restoringinteger squareroot: A cases-
tudy in designby principled optimization. In Ramayya
Kumar and ThomasKropf, editors, Proceedingsof the
2ndInternationalConfeenceon TheoemProversin Cir-
cuit Design: Theory Practice and Experience volume
901 of Lecture Notesin ComputerSciencepagess2—71,
BadHerrenalk(Black Forest),Germary, Septembel994.
SpringefVerlag,Berlin.

Phillip WadlerandJohnHughes Projectiondor strictness
analysis. In 3rd International Confeenceon Function-
al ProgrammingLanguayes and ComputerArchitectuse,
pages385-407 Berlin, 1987.SpringelLNCS274.
Mitchell Wand. Continuation-basedrogramtransforma-
tion strateies. Journal of the ACM, 27:164-1801980.
Mitchell Wand. Induction,Recusion and Programming
North Holland, 1980.

. Phillip Windley, Mark Aagard,and Miriam Leeser To-

wardsa superduperhardwaretactic. In Jefery J. Joyce
and Carl Seger, editors, Higher-Order Logic Theoem
Provingandits Applications volume7800f Lectue Notes
in ComputerScienceSpringefVerlag,August1993.



