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Abstract

Incremental computation takes advantage of repeated computations on inputs that
differ slightly from one another, computing each output efficiently by exploiting the
previous output. This paper gives an overview of a general and systematic approach
to incrementalization: given a program f and an operation @, the approach yields an
incremental program that computes f(z @vy) efficiently by using the result of f(z), the
intermediate results of f(x), and auxiliary information of f(z) that can be inexpensively
maintained.

Since every non-trivial computation proceeds by iteration or recursion, the ap-
proach can be used for achieving efficient computation by computing each iteration
incrementally using an appropriate incremental program. This approach has applica-
tions in interactive systems, optimizing compilers, transformational programming, and
many other areas, where problems were previously solved in less general and system-
atic ways. This paper also describes the design and implementation of CACHET, a
prototype system for incrementalization.

Keywords: caching, incremental computation, incremental programs, incrementalization, pro-

gram analysis, program optimization, program transformation, programming environments

1 Introduction

Incremental programs. Given a program f and an operation @, a program f’ is called
an incremental version of f under @ if f’ computes f(z @ y) efficiently by making use of
f(z). Here are some examples:

e Suppose f is a program sort, x is a list of numbers, and @ prepends a number y to the
old input z, i.e., x @ y is cons(y,z). Then f’ can be an insertion program sort’ that
inserts y at the appropriate place in the sorted list sort(x). The incremental version
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sort’ satisfies that, if » = sort(z), then sort'(y,r) = sort(cons(y,x)). While comput-
ing sort(cons(y,z)) from scratch takes Q(nlogn) time in the worst case, computing
sort'(y,r) by inserting y into r takes only O(n) time.

e Suppose f is a C compiler, x is a C program, and & performs changes to the C program.
Then f'is an incremental C compiler that compiles a new program by updating the
old compiled code rather than compiling from scratch.

e For general iterative programs, f is a loop body, z is the induction variable, and &
increments the induction variable. Then f’ is a general strength-reduced version, like
one from strength reduction [5, 17], that computes each iteration incrementally based
on the result of the previous iteration.

Incrementalization for efficiency improvement. In essence, all nontrivial computa-
tion proceeds in a repetitive fashion, by iteration or recursion. Our key to efficiency is to
compute each iteration incrementally using the stored results of the previous iteration. We
regard the iteration body as a program f, and we regard the iteration increment as an oper-
ation @; then, we can use an incremental version to replace the iteration body. We call this
process incrementalization. As a result, we may make each iteration and thus the overall
computation faster.

Incremental computation has wide applications throughout computer science. They can
be divided into two groups: those that explicitly handle changes and require fast response
time, and those that repeatedly perform expensive computations and require overall op-
timization. The former includes interactive systems such as programming environments
and document-editing systems, reactive systems such as control systems, systems with soft
or hard real-time requirements, distributed systems where failures occur dynamically, and
dynamic management of large databases. The latter includes optimizing compilers, trans-
formational program development, algorithm design, and programming methodology.

In all these applications, it is usually much easier to write straightforward programs
without worrying about efficient incremental updates, e.g., writing a batch attribute eval-
uator without worrying about changes to the syntax tree [3, 74], writing a straightforward
recursion for a combinatorial optimization problem without worrying about memoization
or tabulation [19, 50], designing a VLSI chip by writing an algorithm that uses standard
arithmetic operations, not shifts of bits and so on [46, 58], or writing an image-processing
program without worrying about eliminating redundant computations on overlapping regions
of the image [49, 90]. More importantly, it is much easier to understand such straightforward
programs, to prove their correctness, and to update and reuse them as needed. Then, to
achieve the required computation efficiency in all these applications, it is highly desirable to
be able to derive an efficient incremental version from a straightforward version following a
systematic method.

A general systematic transformational approach. This paper gives an overview of a
general and systematic transformational approach to incrementalization for improving the



efficiency of computation. The approach was first introduced in the author’s Ph.D. work [45].
Given a program f and an operation &, the approach aims to derive an incremental program
that computes f(z @ y) efficiently by using

(P1) the value of f(z), i.e., the return value of f(z),

(P2) the intermediate results of f(z), i.e., values computed in computing f(x), not neces-
sarily the return value, and

(P3) auxiliary information of f(z), i.e., values not computed in computing f(z) and that
can be inexpensively maintained for efficiently computing f(z @ ).

Using the value of f(x) gives incrementality, i.e., ability to reuse, over computing f(z & y)
from scratch; using the intermediate results of f(z) gives greater incrementality than using
only the value of f(z); using auxiliary information gives even greater incrementality than
using only the return value and the intermediate results. We use P1, P2, and P3 to denote
these three subproblems.

Related work. Incremental computation has been widely studied [71]. We classify work
on it into three categories.

The first category consists of incremental algorithms, which includes dynamic algorithms
and on-line algorithms. These are particular algorithms manually derived to handle particu-
lar problems and particular input changes. Examples are incremental parsing [41], attribute
evaluation [75, 87], data-flow analysis [78], circuit evaluation [6], constraint solving [30], tran-
sitive closure [88], shortest path [72], minimum spanning tree [23, 29], connectivity [23, 73],
and scheduling. Since these algorithms are manually derived to solve particular incremental
problems, we say that they are ad hoc.

The second category is called incremental execution frameworks. The goal is to study gen-
eral methods for incremental problems. The idea is to allow different application programs
to run in such a framework without deriving explicit incremental algorithms. Examples
are incremental attribute evaluation framework [74, 75], function caching [69], incremental
lambda reduction [1, 25|, traditional partial evaluation [82], change-detailing network [89],
and program abstraction [39]. Each such framework provides some language for describing
application programs, defines the classes of input changes that the framework can handle,
and uses a particular incremental algorithm to handle the input changes. Any input change
to an application program is mapped to a change that the framework can handle. Thus,
these frameworks are not always effective for particular applications. So we say that these
frameworks have poor specializability.

The third category is called incremental-program derivation approaches. This class aims
to be general, as does the second class, in that it handles any program and any input
change; it also aims to be effective on each given problem by deriving an incremental program
using special properties of the problem, as does the first class. Indeed, many methods for
program efficiency improvement in optimizing compilers, transformational programming,
and programming methodology do derive efficient incremental programs and use them in
computing each iteration of an overall computation. Examples are strength reduction in



optimizing compilers [5, 17|, finite differencing in transformational programming [63, 81],
and maintaining loop invariance in programming methodology [21, 36]. It is easy to see that
methods in this class have the potential to be most general and powerful.

The approach described in this paper falls into the third category. The principles of the
approach are essentially the same as those underlying the work by Allen, Cocke, Kennedy,
and others on strength reduction [4, 5, 16, 17, 35, 43, 61], by Earley on high-level itera-
tors [22], by Fong and Ullman on inductive variables [26, 27, 28|, by Paige, Schwartz, and
Koenig on finite differencing [59, 60, 63|, by Dijkstra, Gries, and Reynolds [21, 36, 37, 76] on
maintaining and strengthening loop invariants, by Boyer, Moore, Manna, and Waldinger on
induction, generalization, and deductive synthesis [13, 55, 56|, by Dershowitz on extension
techniques [20], by Bird on promotion and accumulation [9, 10], by Broy, Bauer, Partsch,
and others on transforming recursive functional programs in CIP [7, 14, 65], by Smith on
finite differencing of functional programs in KIDS [81], as well as the work pioneered by
Michie on memoization [18, 40, 57, 84] and by others on related techniques [8, 15, 66] . The
most basic idea can be traced back to the Difference Engine of Charles Babbage in the 19th
century [31].

Our approach exploits program semantics, using analysis of data structures and control
structures, to discover incrementality not directly embedded in particular primitives. It
comprises step-wise program analysis and transformation modules that can, for the most
part, be mechanized. Therefore, compared to work by Allen, Cocke, Kennedy, Earley, Fong,
Paige, etc., where a set of rules is developed to transform expensive primitive operations into
efficient incremental operations, our approach is more semantics-based and more general;
compared to work by Dijkstra, Gries, Boyer, Manna, Dershowitz, Bird, Broy, Smith, etc.,
where only general strategies are suggested, our approach is more systematic and more
automatable.

Outline. This rest of the paper is organized as follows. Section 2 describes the approach,
in particular, solutions to P1: exploiting the previous result, P2: caching intermediate re-
sults, and P3: discovering auxiliary information, and uses a small example. Section 3 gives
additional examples. Section 4 discusses correctness, power vs. limitation, applications and
usage, and a prototype system, CACHET.

2 Methods and techniques

This section describes our methods and techniques for addressing subproblems P1 to P3;
together they form an overall approach for incrementalization.

Language and example. We use an untyped, first-order, call-by-value functional lan-
guage. Each program is a set of mutually recursive function definitions f(vq,...,v,) =
e. The expression e that defines a function is built from the most commonly used lan-
guage constructs: variables v, data constructions c(eq, ..., e,), primitive function applica-
tions p(es, ..., €,), user-defined function applications f(es,...,€,), conditional expressions



if e; then ey else e3, and binding expressions let v = e; in ey;. Following Lisp, we use
cons(h,t) to construct a list with head h and tail ¢, and use car(l) and edr(l) to select the
head and tail, respectively, of list [. We use nil to construct an empty list, and use null(l) to
test whether [ is an empty list. An example program cmp is given in Figure 1. It compares
the sum of odd positions and the product of even positions of list x. We use the same

emp(z) = sum(odd(z)) < prod(even(zx))

odd(z) = if null(z) then nil sum(z) = if null(z) then 0

else cons(car(z), even(cdr(z))) else car(z) + sum(cdr(z))
even(z) = if null(z) then nil prod(z) = if null(z) then 1

else odd(cdr(z)) else car(z) * prod(cdr(z))

Figure 1: An example program.

language to describe the operation @. For example, z @ y = cons(y,z). Even though the
language is simple, it can express all computable functions, and it is sufficiently powerful
and convenient to write sophisticated programs f and operations @. In this section, we use
cmp as a small example to illustrate our approach.

We use an asymptotic-time cost model. Our primary goal is to reduce the asymptotic
running time of the incremental programs. Of course, caching intermediate results and
auxiliary information takes extra space. Our secondary goal is to save space by maintaining
only information useful for the incremental computation.

2.1 P1: Exploiting the previous result

Suppose that we have computed f(z) and obtained its result r, as depicted on the left of
Figure 2, and that we want to compute f(z@®y) on the right. Clearly, all subcomputations of
f(z®y) depend on either x or y. For those that depend on y—a new parameter—we do not
attempt to reuse the old result r. For those that depend only on z, e.g., f(z), as shown in
the box for f(x @®y), we avoid recomputation by replacing them with retrievals from the old
result . Thus, the idea is to symbolically transform f(z @ y) to separate subcomputations
on x from those on y and replace those on x with retrievals from r. The resulting program
f' may depend on z, y, and r, and it satisfies that if f(x @ y) = ' then f'(z,y,r) =1/, as
shown on the right at the bottom of Figure 2. To summarize, we first introduce function f
to compute f(z @ y), with the cached result r of f(z) as an extra argument besides z and
y. Then, we do two things to obtain a definition of the incremental version: (1) unfold (i.e.,
expand f(z @y) using definitions of f and &) and simplify, and (2) replace using the cached
result (based on identity, for the case that f(z) appears in the expanded f(z @ y)). Finally,
we replace a function call to f with a call to the incremental version f’. Replacement of a
subcomputation may cause other subcomputations on which the replaced subcomputation
depends to become dead. Thus, dead code elimination is performed at the end.

We can do much better than only directly using the value of f(z). We exploit the seman-
tics of each program construct, i.e., data structures and control structures. For example,
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Figure 2: Exploiting the previous result.

if the return value r of f(x) is a tuple, and g(x) is a component, then the value of g(z)
can be retrieved from r, as depicted by g(z) sitting on the bottom of the box for f(x) on
the left of Figure 3. Thus, a subcomputation g(x) in f(x @ y) on the right can be replaced
with a retrieval from r. Also, subcomputation g(z) in f(z @ y) on the right may appear
in certain context, e.g., in the true branch of a conditional expression. If f(z) on the left
can be specialized to g(x) under the same condition, then the value of g(x) on the right can
be retrieved from 7 in this branch, even if it may not be retrievable in the other branch.

flz®y)
f(z) :
. : replace
value : g(z) with retrieval
retrievable g(z) . from r
from r :
ll 4
r — fl(z,y,7)
fl@)=r flaey)=r'"= f(z,y,r) =1

Figure 3: Exploiting the previous result (cont’d).

The transformation steps are as previously summarized, except that replacements using the
cached result are based also on equality reasoning and auxiliary specialization, as illustrated
above.

A number of important analyses and transformations are used here. Unfolding and alge-
braic simplification are among the most basic transformations [15], while equality reasoning
and auxiliary specialization, which can be regarded as a kind of equality reasoning, could
be arbitrarily powerful. However, limiting the power of these transformations, by using
simple rewrite rules on data structures and control structures, such as car(cons(a,b)) = b
and if true then a else b = a, and using fully automatable analyses for arithmetic and
booleans [42, 68], we are able to derive all the examples discussed in this paper and many
more. Two efficient static analyses are also used: a forward dependence analysis to identify



subcomputations depending only on x, and a backward dependence analysis to identify dead
code.

As for most program transformation techniques, it should be noted that the quality of
the resulting program depends on that of the original program. In the worst case, if no
replacement with retrievals can be done, then f(z @ y) is computed from scratch. We will
show in Section 3 how our method derives different incremental programs for three different
sorting programs.

Example. Consider the given function sum and the operation & below.

sum(z) = if null(z) then 0
else car(z) + sum(cdr(z))

z®y = cons(y, )

We introduce sum/(z,y,r), where r = sum(z), to compute sum(cons(y,z)). Unfolding
sum(cons(y,x)) yields

if null(cons(y,z)) then 0

else car(cons(y,z)) + sum(cdr(cons(y, z)))
where the condition is simplified to false, the first operand of + is simplified to y, and the
argument of sum is simplified to z. Then replace sum(z) with . We obtain

‘ sum/(y,r) = y+r ‘

where parameter x to sum’ is dead and eliminated. We have, if r = sum(z), then sum/(y,r) =
sum(cons(y,x)). While sum(cons(y,z)) takes O(n) time to compute, sum’(y,r) takes only
O(1) time and needs one unit of space to hold the old result.

2.2 P2: Caching intermediate results

Often, intermediate results of f(z) that are not retrievable from the return value are useful
for efficient incremental computation. This is illustrated in Figure 4, which is the same as
Figure 3 except for the two additional boxes for ¢g;(z) and the additional bottom line of
formulas. Basically, a subcomputation g;(z) in f(z @ y) on the right may also be computed
in computing f(z) on the left, but its value is not retrievable from the result r of f(x).
If we know which intermediate results of f(x) are useful for the incremental computation,
then we can extend f(z) to f(z) that returns also these results in 7, as shown on the left
of the bottom line in Figure 4; then an incremental version f’ of f under @ can use these
results in 7 and compute the corresponding results for f (x®y), as shown on the right of the
bottom line in Figure 4. The hard problem is that f(z) may compute a huge number of
intermediate results. How can we identify useful intermediate results?

We propose a three-stage method called cache-and-prune. Stage I constructs a function
f that extends f to return all intermediate results computed by f. The return value of
f is a tree structure, mirroring the control structure incurred by (recursive) function calls,
where the original value of f is, for convenience, the leftmost child of the root. Now that all

intermediate results are cached in the return value of f, Stage II incrementalizes f under &

7
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Figure 4: Caching intermediate results.

to obtain an incremental version f’ that can use all of them, as done for P1. Function f’
computes a new tree of intermediate results, but only the result corresponding to the new
value of f—the value of f(z @ y), at the leftmost child of the new tree—is originally desired.
Stage III analyzes f’ to determine all cached values needed for computing the desired value
and prunes out the rest in both f and f', yielding f and f’ , respectively.

The method for P2 consists of three relatively independent stages and thus is modular.
Stage I enables maximum speedup via reuse by providing all intermediate results possibly
used by Stage II. Stage II uses these intermediate results for the exclusive purpose of incre-
mentalization and is reduced to P1. Stage III yields minimum space usage by preserving
only intermediate results used by Stage II. Thus, the overall method for P2 has a kind of
optimality—the best any caching method can do—with respect to the method used in Stage
I1. The analyses and transformations used for Stages I and III are simple and efficient.

The method for P2 can be used for general program optimization via caching, by incre-
mentalizing the body of a loop or recursion. Since intermediate results are computed by the
original program anyway, caching and using them will not increase the asymptotic running
time of the transformed program. It can drastically decrease the running time if the original
program performs repeated subcomputations. We illustrate this with the classical Fibonacci
function in Section 3.

Example. Consider the given function emp and the operation & below.

cmp(z) = sum(odd(z)) < prod(even(x))

T @ (y1,y2) = cons(yi, cons(ya, z))

Clearly, if we cache intermediate results sum(odd(x)) and prod(even(x)), then an incremental
version only needs to add y; to the former and multiply y, by the latter.

Let us use cache-and-prune. First, caching all intermediate results yields function emp
below, where functions odd, sum, even, and prod return their intermediate results in a
similar fashion and are omitted. We use () to denote a tuple, and selectors 1st, 2nd, and

8



so on to select the corresponding components of a tuple. Then, incrementalizing ¢mp under
the given @ yields function emp below, such that if 7 = emp(z), then emp' (y1,y2, 7) =
cmp(cons(yi, cons(ya, x))).

cmp(z)= let u; = odd(zx) in emp (y1,y2,7)= let uy = (cons(y1, 1st(2nd(7))), 2nd(7) ) in
let us = sum(1st(uy)) in let us= (y1 + 1st(3rd(7)), 3rd(F))in
let u3 = even(z) in let ug= (cons(yz, 1st(4th(7))), 4th(F) ) in
let uy= prod(1st(us)) in let us= {yo * 1st(5th(F)), 5th(F))in
(1st(uz) <1st(ug), ui, uz, us, uqg) (1st(us) < 1st(uq), ur, uz, uz, ug)

Finally, pruning all returned components not needed for computing 1st(us) < 1st(u4) in
emp' (y1, Yo, T), we obtain functions ¢mp and émp’ below. They satisfy that, if 7 = ¢mp(z),
then émp'(yy1, yo, 7) = cmp(cons(yy, cons(yz,x))), and cmp(z) = 1st(cmp(x)).

emp(z) = let v; = sum(odd(z)) in
let vy = prod(even(z)) in
(v1< 02, w1, va)
cTn\p' (yl,yQ, ?) = let v =Y + 2nd(?) in
let vy = ys * 3rd(7) in
(v1<wa, v1, v2)

While cmp(cons(yy, cons(ys, z))) takes O(n) time, cmp'(y1, y2,7) takes only O(1) time and
needs two additional units of space for two intermediate results.

2.3 P3: Discovering auxiliary information

Sometimes, auxiliary information not computed by f(x) at all is useful for efficient compu-
tation of f(z @ y). However, it is difficult to discover such information. Even for manually
derived incremental algorithms, only a small number of special auxiliary data structures have
been studied. We propose a systematic method that can discover a general class of auxiliary
information. The idea is illustrated in Figure 5 and is explained below. Note that Figure 5
is the same as Figure 4 except for the additional box for A(x) on the right and the different
bottom line of formulas.

The method has two phases. In Phase A, we transform f(z @ y), shown on the right of
Figure 5, to separate subcomputations on z from those on y, as done for P1. If the value
of a subcomputation, e.g., g(z) or g;(z) in the box for f(z & y), can be retrieved from the
return value of f(x) or an intermediate result of f(x), e.g., as g(z) or g;(x) respectively in
the box for f(z) on the left, then it is left alone. However, if the value of a subcomputation
depending only on z, e.g., h(z) in the box for f(z@®y), cannot be retrieved from either, then
it is collected as a candidate auxiliary information. In Phase B, we determine whether such
information can be used and maintained for efficient incremental computation, as done for
P2. We extend f(z) to compute and cache the candidate auxiliary information, as well as
intermediate results, incrementalize the resulting program, and prune out useless values and
computations. This yields the resulting programs f and f', as shown in the bottom line of
Figure 5, where f returns useful intermediate results as well as auxiliary information, and
f" incrementally uses and maintains them.
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Figure 5: Discovering auxiliary information.

The overall method for P3 is composed of analyses and transformations basically like
those used for P1 and P2. Phase A uses transformations as those for P1, followed by a
forward dependence analysis to identify subcomputations depending on x but not replaced
with retrievals from the result of f(z), i.e., the return value and intermediate results. Phase
B uses the transformations for P2, except that f(z) is further extended to compute the
candidate auxiliary information. Thus, we have reduced a difficult problem to modular
steps where solutions to previous problems can be used. Even though the overall method is
complex, each module is relatively simple.

Since auxiliary information is not computed by the original program, we use such in-
formation only if we can conservatively determine that it can be efficiently computed and
maintained. Actually, to obtain incremental programs that are asymptotically at least as
fast, we only need to require that auxiliary information be computed initially as fast as
the original program. Usually, the cost of this initial computation is amortized over re-
peated computation using the incremental program, and efficient use and maintenance of
the auxiliary information allow the overall computation to be much faster.

Example. Consider the given function emp and the operation & below.

emp(z) = sum(odd(z)) < prod(even(zx))

z®y= cons(y, )

After an input change, the sublists for the odd positions and even positions are swapped.
Caching only intermediate results is useless for the incremental computation. We need to
compute and save also the values of sum(even(z)) and prod(odd(z)). Then, an incremental
version can use and maintain each of these values by a single addition, multiplication, or

copy.
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Using the two-phase method, we obtain functions ¢mp and ¢mp’ below, such that if
7 = cmp(z), then ¢cmp'(y,7) = ¢cmp(cons(y,z)), and emp(x) = 1st(cmp(z)).

cmp(z) = let v; = odd(z) in
let u; = sum(vy) in
let v = even(z) in
let uz = prod(vs) in
{u1 < ug, u1, usz, sum(vs), prod(vy))

G (y,7) = (y + 4h(7) < 5th(P),
y + 4th(F), 5th(F), 2nd(F), y  3rd(7))

While cmp(cons(y, x)) takes O(n) time, cmp'(y,7) takes only O(1) time and needs another
two additional units of space for two pieces of auxiliary information.

3 Additional examples

This section gives additional examples. We use three different sorting programs to illus-
trate the power of our method for deriving incremental programs, and we use the classical
Fibonacci function to illustrate how our method is used for optimizing recursive programs.
More examples are summarized at the end of this section.

The table below shows the running times of both the batch versions and the incremental
versions (with respect to the given @ operations) for the examples sum and cmp seen above
and three sorting programs to be seen below, where n is the size of the input list. For the
example of Fibonacci function, an incremental version is used in the body of the recursion to
improve the straightforward program to an optimized program, where 7 is the input number.

| Problem | Batch | Incremental |
sum, cmp O(n) o)
insertion sort O(n?) O(n)
selection sort O(n?) O(n)
merge sort O(nlogn) O(n)

| Problem | Straightforward | Optimized |

| Fibonacci function | o(2™) | O() |

3.1 Insertion sort

Insertion sort takes a list, recursively sorts the tail of the list, and then inserts the first
element into the appropriate place in the sorted tail. Consider its definition below and a
change operation that adds an element y to the input list.

sort(x) = if null(z) then nil
else insert(car(x), sort(cdr(z)))
insert(i,xz) = if null(xz) then cons(i,nil)
else if i <car(z) then cons(i, z)
else cons(car(z), insert(i, cdr(x)))

z@®y= cons(y,zx)

11



We introduce sort'(x,y,r), where r = sort(x), to compute sort(cons(y,z)). Unfolding
sort(cons(y, z)) yields

if null(cons(y, z)) then nil
else insert(car(cons(y, x)), sort(cdr(cons(y, x))))

where the condition is simplified to false, the first argument of insert is simplified to y, and
the argument to sort is simplified to z. Then replace sort(z) with . We obtain

‘ sort'(y,r) = insert(y,r) ‘

where parameter x to sort is dead and eliminated. We have, if r = sort(x), then sort'(y,r) =
sort(cons(y, z)). While sort(cons(y, z)) takes O(n?) time, sort'(y,r) takes O(n) time. This
result is easy to obtain. Function sort’ simply calls the given function insert.

3.2 Selection sort

Selection sort takes a list, selects the least element in the list, puts it in the first place,
and then recursively sorts the rest of the list. Consider its definition below and a change
operation that adds an element y to the input list. It is nontrivial how selection sort applied
to the new list can be transformed to use the previously sorted list. Our approach to P1
allows us to derive a definition of insertion not given in the original program.

sort(z) = if null(z) then nil
else let k = least(z) in
cons(k, sort(rest(z, k)))

if null(cdr(z)) then car(x)
else let s = least(cdr(z)) in
if car(z) < s then car(z) else s
rest(z, k) = if k = car(z) then cdr(z)
else cons(car(zx),rest(cdr(x), k))

least(x)

z®y= cons(y, )

We introduce sort'(y,z,r) to compute sort(cons(y,z)), where r = sort(x). First, unfold
sort(cons(y, z)) and simplify:

sort(cons(y,x)) = if null(cons(y,z)) then nil = let k = least(cons(y, z)) in
else let k = least(cons(y,z)) in cons(k, sort(rest(cons(y, x), k))) (1)
cons(k, sort(rest(cons(y, x), k)))

Then, unfold least(cons(y, z)) in (1) and simplify:

least(cons(y,x)) = if null(cdr(cons(y,z))) then car(cons(y,z)) = if null(z) then y
else let s = least(cdr(cons(y,x))) in else let s = least(z) in (2)
if car(cons(y,z)) <sthen car(cons(y,x)) else s if y<sthen yelse s

and unfold (2) into (1) and simplify:

(1) = let k = if null(x) then y = if null(z) then cons(y, sort(rest(cons(y,x),y)))
else let s = least(z) in else let s = least(z) in (3)
if y<s then y else s in if y <s then cons(y, sort(rest(cons(y,z),y)))
cons(k, sort(rest(cons(y, x),k))) else cons(s, sort(rest(cons(y, ), s)))

12



Then, unfold rest(cons(y,x),y) and rest(cons(y, ), s) in (3) and simplify:

rest(cons(y,x),y) = if y = car(cons(y, z)) then cdr(cons(y,x)) = if y =y then z =z (4)
else cons(car(cons(y, x)),rest(cdr(cons(y,x)),y)))) else cons(y,rest(z,y))

rest(cons(y,x),s) = if s = car(cons(y, z)) then cdr(cons(y,x)) = if s=ythenz (5)
else cons(car(cons(y, z)),rest(cdr(cons(y,x)),s)))) else cons(y,rest(z,s))

and unfold (4) and (5) into (3) and simplify:

(3) = if null(z) then cons(y, sort(z)) = if null(z) then cons(y, sort(x))
else let s = least(z) in else let s = least(z) in
if y < s then cons(y, sort(z)) if y < s then cons(y, sort(z)) (6)
else cons(s, sort(if s =y then x else cons(s, sort(cons(y, rest(zx, s))))

else cons(y,rest(z,s))))

Next, we perform equality reasoning and auxiliary specialization and replace subcomputa-
tions in (6) with retrievals from the cached result r. First, sort(x) in (6) is replaced with r.
Also, null(z) = null(r) since, using auxiliary specialization twice, we have null(x) is true if
and only if null(sort(x)) is true. Furthermore, when null(z) is false, sort(z) is specialized
to let k = least(x) in cons(k, sort(rest(z, k))) by definition, which means least(x) = car(r)
and sort(rest(z,least(x))) = cdr(r). Thus least(z) in (6) is replaced with car(r). Finally,
recursive call sort(cons(y,rest(z,s))) is replaced with sort'(y,rest(z,s), sort(rest(zx, s))),
where sort(rest(x, s)) in the latter is replaced with cdr(r). We obtain

sort' (y,z,r) = if null(r) then cons(y,r)
else let s = car(r) in
if y < s then cons(y,r)
else cons(s, sort' (y, rest(z, s), cdr(r)))

Eliminating dead parameter z and dead code in the corresponding argument, we obtain

sort'(y,r) = if null(r) then cons(y,r)
else let s = car(r) in
if y < s then cons(y,r)
else cons(s, sort' (y, cdr(r)))

which is exactly an insertion program.

3.3 Merge sort

Merge sort takes a list, separates it into two sublists of roughly equal lengths, recursively
sorts both, and then merges the two sorted sublists. Consider its definition below and, again,
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a change operation that adds an element y to the input list.

sort(z) = if null(z) then nil
else if null(cdr(z)) then z
else merge(sort(odd(x)), sort(even(x)))

odd(x) = if null(x) then nil
else cons(car(z), even(cdr(x)))
even(x) = if null(x) then nil

else odd(cdr(z))

merge(z,y) = if null(z) then y
else if null(y) then z
else if car(z) < car(y) then
cons(car(x), merge(cdr(z),y))
else cons(car(y), merge(z, cdr(y)))

z@®y= cons(y,z)

If we are given that sort(cons(y,r)) equals merging a single-element list of y with the pre-
viously sorted list of x, then we can straightforwardly obtain an incremental version, which
is essentially an insertion with a constant-factor overhead.

‘ sort' (y,r) = merge(cons(y,nil),r) ‘

However, this equality is nontrivial. Even proving it needs a nontrivial induction. If no
additional equality is given, can we compute merge sort of the new list more efficiently than
computing from scratch? The answer is yes, simply using cache-and-prune.

The derivation is straightforward. We illustrate the idea with the following picture, rather
than code as for selection sort. The top thicker line denotes list x; the thinner line below
denotes sort(x); the two thicker lines below denote odd(z) and even(z), respectively;, and
the two thinner lines below denote sort(odd(z)) and sort(even(x)), respectively. This goes
down until each list has a single element.

> logn

First, cache all the intermediate results of sorted sublists, as depicted above. Then, incre-
mentalize after a new element y is added to the top thicker line. Clearly, y belongs to one of
the two thicker lines immediately below, which means the intermediate result for the other
thicker line can be reused. This goes down until a single element is left, and comes back
up to perform merge at each level. The depth is logn, and the amount of work for each
level, from bottom to top, is 1 unit, 2 units, 4 units, ... n/2 units, with a total of O(n)
time. Finally, prune out intermediate results such as odd(z) and even(z). The resulting
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incremental merge sort is as follows:

sort (y,7) = if null(1st(7)) then (cons(y, nil))
else if null(cdr(1st(r))) then
(merge(cons(y,nil), 1st(r)), ( cons(y,nil) ), { 1st(7) ) )
else let u; = so/?tl(y, 3rd(7)) in
let us = 2nd(7) in
{merge(1st(uy), 1st(uz)), ur, uz)

where function merge is as in the given program. Note that this incremental merge sort
takes O(nlogn) space rather than O(n) space. However, no additional equality is needed
for this derivation. The resulting program sort (y,7) takes O(n) time while sorting from
scratch using sort(cons(y,z)) takes O(nlogn) time. To our knowledge, this algorithm was
not known previously, probably due to its log n factor of additional space, but it reduces the
running time by a logn factor without additional knowledge about the problem.

3.4 Fibonacci function

Fibonacci function is a classical example where powerful optimizations are needed for efficient
computation.

fib(z) = if £ <1 thenl
else fib(z—1) + fib(x—2)

First, cache all intermediate results of fib. We obtain function fib that, if run, returns a
tree of exponential size, as depicted on the left of the picture below, where fib(z) is the first
node on the left, and fib(z — 1) and fib(x — 2) are recursive subtrees. Then, incrementalize
to compute fib(x + 1), whose computation tree is depicted on the right of the picture, where
the node fib(x + 1) equals fib(x)+ fib(x — 1) by definition, and both fib(z) and fib(z — 1)
can be retrieved from the cached results on the left. Overall, only the two leftmost nodes
need to be used and maintained for the incremental computation. Finally, all other results
are pruned.

ib(z+1)

fib(z+1)
Fib(z)+ fib(z—1
fib(z

Using this derived incremental version to form a new Fibonacci program, we obtain

fibi(z) = if £ <1 then (1)
else if z = 2 then (2,(1))
else let r; = fibj(xz—1) in
(Lst(r1) + 1st(2nd(r1)), (1st(r1) ) )

For input n, while the straightforward program takes O(2") time, the optimized program
takes only O(n) time.
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3.5 More examples

Below are more examples taken from graph algorithms [9, 52], VLSI design [46, 58], image
processing [49, 90|, and string processing [50, 70], respectively. Each one is a nontrivial
problem.

| Problem | Straightforward | Optimized |
dag path sequence problem o@2") O(n?)
non-restoring binary integer square root k2,20 +,—,%2, /2
see explanation below
local neighborhood problem O(n*m?) O(n?)
string-editing problem o@3™tm) O(n *m)

The table summarizes the time complexities of the straightforward versions and the opti-
mized versions except for the square root example, where n and m are the sizes of the input
parameters. For the square root example, the table shows that operations in the straight-
forward version that are expensive in hardware (multiplications and exponentiations) are
replaced with inexpensive operations (additions, subtractions, and shifts).

The dag path sequence problem was used by Bird to illustrate important program trans-
formation strategies called promotion and accumulation [9], where an O(n?) time recursive
program is derived (incorrectly in [9] but corrected in [10]), but no systematic steps are
given. It is one of our first examples that shows the use of auxiliary information [52], where
an efficient program is obtained easily following our systematic method.

The square root example is from formal hardware design, where an efficient design was
derived manually and proved correct using a theorem prover [58]. We showed how an ef-
ficient design can be obtained systematically using incrementalization [46]. As a result,
we also discovered an unnecessary shift operation done in [58] and optimizations that were
unnecessarily delayed to the lower-level hardware in [58].

The local neighborhood problem is typical in image processing [38, 86, 90|, where aggre-
gate computations are performed for the neighbors of pixels and these neighbors overlap.
We identify such aggregate computations as function f and appropriate update operations
as 6, and incrementalize the aggregate computations; to our knowledge, our method is the
first that can automatically derive such optimizations [49].

The string-editing problem represents a class of combinatorial optimization problems,
where dynamic programming is used to obtain efficient polynomial-time algorithms [19,
70]. Our incrementalization method allows us to systematically derive such efficient algo-
rithms [50] for all examples found in [2, 19, 70]. Furthermore, for all but two of the problems,
no array is needed, i.e., linked data structures are sufficient; also, pruning enables us to use
only the amount of space needed, obviating the additional space optimization described in,
e.g.,Cormen, Leiserson, and Rivest’s algorithm textbook [19, pages 318-319].

These examples show applications of incrementalization for optimizing loops and recur-
sions. The techniques used in these applications for incrementalizing expensive computations
with respect to appropriate change operations are the same as those used for deriving in-
cremental programs that handle explicit input changes to give fast response time. Study
of the latter was actually the initial motivation for this research; an example application is
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the derivation of an incremental attribute evaluation algorithm as summarized in an earlier
paper [53].

4 Discussion

We have given an approach for deriving incremental programs that use the old result, in-
termediate results, and auxiliary information. The approach is modular. On the one hand,
we can regard each of the methods for P1, P2, and P3 that uses additional values as an
extension to the previous method. On the other hand, we can view the previous methods as
aids to the next method. Indeed, a user may decide to use only the method for P1 so as not
to use any additional space, or may decide to use the method for P3 so as to use all three
kinds of values. The approach is general and systematic, as discussed below. Details of the
analyses and transformations for P1, P2, and P3 are described in separate papers, [54], [53],
and [52], respectively. These papers also contain more extensive discussions, related work,
and detailed examples.

Correctness. Each of the methods for P1, P2, and P3 preserves the semantics in the
sense that if the original program terminates with a value, then the incremental program
terminates with the same value, exactly as summarized in the bottom line in each of the
Figures 2 to 5. This is because all transformations in P1, P2, and P3 are based on function
definitions, algebraic laws, replacements of equals with equals, or dependence analyses. These
transformations preserve the exact semantics with the exception that unfolding by definition
and eliminating useless computations may make a non-terminating computation terminate.
Note that our transformations do not increase non-termination as we do not use arbitrary
folding (which could be dangerous [79]); calls to incremental versions are only used to replace
existing function calls.

The incremental program computes asymptotically at least as fast as computing from
scratch using the original program, provided that the auxiliary information used, if any, can
be initialized at least as fast. Note that we cannot guarantee that an incremental program
is always strictly faster; indeed, it is undecidable whether such a faster program exists at
all. However, if we can conservatively determine that certain expensive subcomputations are
replaced with retrievals from the cached results, then we know that the incremental program
runs faster; also, if expensive subcomputations are repeated in a given iterative or recur-
sive program, then incrementalizing the body of the loop or recursion yields a much faster
program. By expensive computations, we mean those that contribute to the asymptotic run-
ning time of a program. Work in time analysis, e.g., by Wegbreit [85] and by Rosendahl [77],
can help determine this; we have been studying such analyses in our own recent work as
well [32, 48].

Power and limitation. Our work is the first in which reusing the previous result, caching
intermediate results, and discovering auxiliary information are explicitly identified and put
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into a general framework. It unifies existing methods and allows domain-specific proper-
ties to be effectively used. The power of the overall method depends on the power of the
equality reasoning and time analysis used and on the ability to discover special auxiliary
data structures. In principle, if these were arbitrarily strong, then the method can derive
all incremental algorithms or efficient algorithms that use incremental bodies. Even limiting
equality reasoning to use simple rules involving data structures and control structures, lim-
iting time analysis to use simple heuristics, and using no special auxiliary data structures,
the method is able to derive all the examples in [50, 52, 53, 54] and many more.

The overall method combines many existing analyses and transformations, also improving
some of them [47, 51|, and puts them in an overall step-wise procedure. Thus it is systematic
and, in particular, automatable modulo the equality reasoning, time analysis, and discovery
of special auxiliary data structures. Because of this, we are able to derive many exam-
ples easily and quickly, often obtaining clearer, shorter, and more efficient programs, with
confidence in their correctness.

The method as it currently stands has a number of limitations and needs many improve-
ments. First, it lacks an exact characterization of how the power of equality reasoning and
time analysis affects the classes of problems that can be incrementalized. Our characteriza-
tions so far have been informal. Second, the method needs to be extended to handle other
language features. Even though the method is general and the underlying principles apply
to other features, precise analyses and transformations need to be studied. For example, we
have applied the approach to incrementalize loops [46] and aggregate array computations [49].
The idea is to (1) capture expensive computations in the presence of these other features as
functions f, (2) capture updates to the parameters of these computations as operations @,
and (3) apply incrementalization by exploiting equality reasoning and other analyses based
on the semantics of the language features involved. For example, for optimizing aggregate
array computations [49], we reduce various analyses to solving constraints on loop variables
and array subscripts and use an automated tool, Omega [68], to solve them.

The power of the method in the presence of these other features needs to be characterized
as well. The higher level a language is, the easier it is to do equality reasoning and other
analyses for it. For example, using techniques similar to incrementalization on a set-theoretic
language [60, 63|, Paige and others have derived a number of new and improved algorithms for
various applications, e.g., partition refinement [64], process equivalence [11], database query
optimization [33, 34], and dataflow analysis [33]. It is well-known that features like goto,
pointers, and higher-order functions are generally difficult to analyze, but they are usually
not needed to express straightforward solutions to problems. Precise characterization of all
this needs to be studied.

Finally, it is not yet known how to systematically discover special auxiliary data struc-
tures, e.g., disjoint sets [83], dynamic trees [80], and topology trees [29], even though only a
small number of them are used so far in incremental or dynamic algorithms, e.g., for main-
taining a minimum spanning tree or forest [24, 29]. This is open for future study. Currently,
we can just put them in a library and use them from there by looking up the data structures
that support the needed operations.
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Applications and usage. We have described wide applications of incremental computa-
tion in Section 1. The method described in this paper can be used for all of them. Based on
the degree of automation, the method has a spectrum of usages, from compiler optimizations
to programming methodologies. At one end, limiting equality reasoning and time analysis to
use fully automatic techniques, the method can be implemented in an advanced optimizing
compiler to incrementalize loops or recursions. In the middle of the spectrum, limiting those
components to use semi-automatic techniques, the method can be used for transformational
program development. At the other end, the method can be followed on paper for deriv-
ing incremental algorithms or optimizing straightforward algorithms, e.g., deriving efficient
dynamic-programming algorithms from straightforward exponential-time recursions.

Implementation. Because transforming programs by hand is tedious and error-prone, we
view it as an integral part of our approach to provide automated assistance to the user of the
method. Our prototype system, CACHET, is an initial attempt to implement this powerful
method.

CACHET was initially built as a semi-automatic supporting tool for deriving incremen-
tal programs [44]. Most of the analyses and transformations are built in, and an interactive
environment allows the user to select and invoke them. The original implementation of
equality reasoning and time analysis was ad hoc. We have been gradually automating CA-
CHET (for use by a software development group at Motorola) and making equality reasoning
more systematic [91]. In particular, equality reasoning on arithmetic operations and boolean
operations are now performed using dedicated tools, Omega [68] and MONA [42], respec-
tively. We have also been building a system, ALPA, for automated time analysis [32, 48] and
plan to use it in CACHET. Our optimizations for aggregate array computations [49] have
also been automated. Our goal is to integrate all analyses and transformations in an open
environment, and provide the user with options for different degrees of automation.

CACHET has been used to derive numerous incremental programs, including all the ex-
amples discussed in this paper. In fact, currently, CACHET can perform incrementalization
fully automatically for all examples in this paper except the dag path sequence problem.
The dag path sequence problem requires user intervention because of the yet incomplete im-
plementation. The square root example is special in that it uses a pre-given set of algebraic
laws about multiplication and exponentiation. Figure 6 is a snapshot of CACHET), in the
middle of incrementalizing selection sort.

The ultimate goal of this work is the construction of a complete system for incremen-
talization. This by itself poses many challenging research problems, well-known in systems
that perform or support program analyses and transformations [12, 44, 62, 74].

CACHET is currently implemented using the Synthesizer Generator [74], a system for
generating language-based editing environments. The Synthesizer Generator allows parsing
rules, pretty printing rules, and semantic rules to be specified in a declarative fashion, and
transformations to be specified as direct rewrites of the program tree. In particular, semantic
rules are specified as attribute equations, and attributes are evaluated incrementally as the
program is transformed. Thus, the system response is fast, and this is an obvious advan-
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tage over other program transformation systems, e.g., CIP [7], KIDS [81], and APTS [62].
However, incrementalization needs circular dependence analyses, external analysis tools, and
complex transformations, while efficient circular attribute evaluation, interleaved with com-
plex transformations that may be enabled by external analysis results, is not supported by
the Synthesizer Generator or other existing tools and is a subject open for study. Currently,
we code these complex analyses and transformations directly as functions or procedures,
rather than declaratively, making it difficult to modify, extend, or scale up the system.
These are important issues for future research.

Conclusion. Incremental computation is important for efficiency. It has wide applications
and has been studied extensively. We have described a general and systematic approach
for incrementalization that exploits return values, intermediate results, and auxiliary infor-
mation. The approach unifies existing work in incremental computation and exploits many
program analysis and transformation techniques. Many aspects merit further study. Our
ultimate goal is to build a tool that fully supports incrementalization and related analyses
and transformations.
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