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Introduction

Fig. 1.1.Visualization of a holomorphic differential form on the 8tard bunny surface.
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Fig. 1.2.Visualization of conformal mappings.
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Fig. 1.3.A Riemann mapping from a human face to the unit disk. The nmapisiangle-preserving.

(a)Face surface (b) Map to disk (c) Checker texture (d) €ipalcking texture

Fig. 1.4.Visualization of conformality using texture mapping in gouter graphics.

Fig. 1.5.Conformal mappings of a multi-holed annulus.
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Fig. 1.6.Visualization of holomorphic differentials on animal sacés.

Fig. 1.7.Visualization of holomorphic differentials on Michelarigs David.
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@c>0 (b)c=0 (c)c<O0

Fig. 1.8.Uniformization Theorem: all surfaces with Riemannina rieetan be conformally embed-
ded onto three canonical spaces: sphere, plane and hyjgespate.

Fig. 1.9.Visualization of the af ne structures of two genus one scefa
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Fig. 1.10.Visualization of the hyperbolic structure and the real pctive structure of a genus two
vase model.

Fig. 1.11.Face geometries with different expressions of the sam@pessanned using a real time
high speed high resolution scanner.Courtesy of Geometfacrhatics Inc.
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Fig. 1.12.Harmonic maps for topologoical disks.

Fig. 1.13.Harmonic maps for topologoical spheres.

Fig. 1.14.Riemann mapping.
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Fig. 1.15.Solving Beltrami equation using free boundary condition.

Fig. 1.16.Conformal mapping between a mutil-holed annulus and a isktwlith circular holes.

Fig. 1.17.Conformal mapping induced by a holomorphic 1-form.
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Fig. 1.18.Af ne structure induced by holomorphic 1-forms.
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w

Fig. 1.19.Conformal Mapping between a multi-holed annulus and an lasrnwith concentric cir-
cular arcs and a rectangle with slits.

Fig. 1.20.Conformal at metric of a genus one surface, computed usindiBiean Ricci ow.
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Fig. 1.21.Conformal hyperbolic mapping of a genus two surface.

Fig. 1.22.Real projective structure of a genus two surface.

Fig. 1.23.Conformal at metrics are designed by the target curvature.
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(a) Texture mapped bunny (b) Front view (c) Back view (d)Bfamage

Fig. 1.24.Conformal parameterization of the Stanford bunny model.

(a) Geometry (b) Parameterization (c) Texture mapping

Fig. 1.25.Texture mapping using hyperbolic parameterization.

Fig. 1.26.Conformal texture mapping of a genus one closed surface.
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Fig. 1.27.Texture synthesis using conformal parameterization,tesyrof Klaus Mueller P].

Fig. 1.28.Geometric morphing of the Standford bunny surface to thesptiere.

(a) Original mesh (b) Quad mesh

Fig. 1.29.Surface remeshing using conformal parameterization.
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(a) Original Surface  (b) Conformal Parameterization  (cp@etry Image (d) Normal map

Fig. 1.30.Geometry image of Michelangelo's David head model.

Fig. 1.31.Surface matching using conformal mapping.

(a) Original surface  (b) Planar image of (a) (c) Deformedaxe (d) Planar image of (c)

Fig. 1.32.Isometric deformation from (a) to (c) preserves conforntralctures, their planar images
of conformal mappings are consistent shown in (b) and (dijwrtésy of Dimitris Samara<].
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Fig. 1.33.Surface matching between two high genus surfaces usingicoaf geometric methods.

Fig. 1.34.Visualization of surface matching by surface morphing.

@ (b) © (d) (e)

Fig. 1.35. Snapshots from a Tracking Sequence of Subject /&) Initial data frame. b) Initial
tracked frame. c) Data at the expression peak. d) Trackedadahe peak. e) Close-up at the peak.
Courtesy of Dimitris Samara&].
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(a) () (e) 9)

(b) (d) ® (h)
Fig. 1.36.An example of surface alignment and stitching: (a,b) Twgiogl 3D faces with texture
in different poses and deformations. (c,d) Original 3D fawéthout texture. (e,f) The conformal
mapping images of the faces. (g) The aligned planar imagtsdivo faces. (h) The resultind3
face by stitching a part of (c) into (d). Courtesy of DimitBamaras?]

Fig. 1.37.The coordinates of topological annuli with 2 holes in thepghapace are the lengths of
their boundaries under the hyperbolic metric. The shapkesf fundamental polygon indicates the

shape space coordinates.
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Fig. 1.38.The shape of the fundamental polygon determines the coafatass of the surface. The
two genus two surfaces in the gure are not conformal eqenal

Fig. 1.39.The shape of the fundamental polygon determines the coafatiass of the surface. The
two genus three surfaces in the gure are not conformal edeint.
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Fig. 1.40.Framework of manifold spline.
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(a) Holomorphic 1-form (b) Domain surface (c) Spline suefac (d) control net

Fig. 1.41.Manifold Spline for a genus three surface. Curtesy of Hong [@.

Conformal Mapping Knot structure Spline surface

Control net Knot structure Spline surface

Fig. 1.42. Manifold Splines for Michelangelo's David Head and the Bboddnodel.Courtsey of
Hong Qin and Ying He?, ?, ?].
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(a) Brain cortex surface (b) Conformal Spherical
brain mapping

Fig. 1.43. Conformal Brain Mapping. Courtesy of Tony Chan, Paul Thoompsnd Yalin Wang?].

(a) Colon surface reconstructed (b) Conformal Colon Fiétig (c) Conformal Parameterization
from CT Images

Fig. 1.44.Conformal colon attening. Courtesy of Arie Kaufmaf][
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Fig. 2.1.Topological deformation between two genus zero surfaces.

Fig. 2.2.Topological deformation between two genus one surfaces.
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genus 2 genus 3

Fig. 2.3.Topological invariant: genus of surfaces.

Fig. 2.4.A human face surface is with one boundary and topologicallymalent to a planar disk.
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Fig. 2.5.A minimal surface is topologically equivalent to a torusihree holes.

Fig. 2.6.A Mobius Band is a non-orientable surface with one boundary

(HE(X2)
S S

Fig. 2.7.Connected sum.
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Fig. 2.8.a is homotopic tab, not homotopic ta.
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Spherical Euclidean Hyperbolic

Fig. 2.9.The universial covering spaces of all closed orientabléases are sphere, plane or disk.

Fig. 2.10.A loop on the surface is lifted to a path on the universal coger
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Fig. 2.11.Shortest loop on the surface is lifted as the shortest patheuniversal covering.
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Fig. 2.12.Canonical basis of fundamental gropp(M; po).
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Fig. 3.1.A smooth surface is approximated by a piecewise lineardtitar mesh.

(a). 25k vertices, front view (b). Bk vertices, back view

(c). 1 vertices, back view (d) 20vertices, front view

Fig. 3.2.Approximate a smooth surface by triangular meshes witleidifit resolutions.
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Fig. 3.3.Planar Delaunay triangulation with the empty circum-@rptoperty.

Fig. 3.4.1-chains and 2-chains on a simpleical complex.

Fig. 3.5.Boundary operator extracts boundaries of a complex.
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closed 1-chains open 1-chains

Fig. 3.6.Closed 1-chains and open 1-chains.

exact 1-chains a closed 1-chain

Fig. 3.7.Exact 1-chains and a closed 1-chain.
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a. Tunnel Loops b. Handle Loops

Fig. 3.8.Tunnel loops and handle loops.
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Exterior Differential Calculus

Fig. 4.1.Differential forms on the bunny surface.
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Fig. 4.2.Manifold
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Differential Geometry of Surfaces
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Fig. 5.1.Index of singularities of a vector eld.

S0
N2 x

Fig. 5.2.Special vector eld on a surface.
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Fig. 5.3.The Costa minimal surface.

Fig. 5.4.The Costa minimal surface is a genus one surface with threedaoies.
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Riemann Surface
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Fig. 6.1.Manifold

Fig. 6.2.holomorphic mappings preserve angles. The human facecelifanapped onto the plane
by a conformal mapping. The checker board texture is mapgaek tnto the surface. All the corner
angles of the checkers are preserved.
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Fig. 6.3.Surfaces which are topologically equivalent but not comi@requivalent.

Fig. 6.4.Mobius transformation on the unit disk.
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6 Riemann Surface

Fig. 6.5.M0bius transformation on the unit sphere.
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Fig. 6.6.Characteristic form construction.
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Fig. 6.7.The fundamental polygon of a genus two surface.
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Harmonic Maps and Surface Ricci Flow
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@c>0 (b)c=0 (c)c<O0

Fig. 7.1.Uniformization Theorem: all surfaces with Riemannian rieetan be conformally embed-
ded onto three canonical spaces: sphere, plane and hyjgespate.
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Geometric Structure
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Fig. 8.1.Spherical structure.

Fig. 8.2.Euclidean structure.

Fig. 8.3.Hyperbolic Structure and induced complex projective dtre; real projective structure of
a genus two surface.
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Topological Algorithms

Fig. 9.1.Half-Edge data structure to represent a mesh.



50 9 Topological Algorithms

\V 1

Vo V3

Fig. 9.2. Mesh orientation and surface normal. Three vertices arereddcounter-clock-wisely,
the normal is towards the front side. Each interior edge Washialf-edges attached with opposite
orientation. Each boundary edge has one half-edge attathed walk along the boundary, the
surface is on our left-hand side, the hole is on our right ksidd.

[vertex

¢ r
\O ©vert

TN '
face

hal fedge
face

Fig. 9.3.Half-edge data structure.

Fig. 9.4. The Stanford bunny surface is represented as a triangulsin oging the half-edge data
structure.
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wedges 3 wedges around a vertex

Fig. 9.5.Wedge.

Fig. 9.6.A cut graph of a genus two surface.

Fig. 9.7.A cut graph of a genus one mesh

Fig. 9.8.A set of homotopy basis of a genus two surface.
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(a) Front view of the (b) Back view of the (c) Doubled surface
single surface single surface

Fig. 9.9.Double Covering an Open Mesh

Fig. 9.10.Universal covering space of a genus one surface.

Fig. 9.11.Curve lifting.

Fig. 9.12.Shortest cycle in the homotopy class
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Algorithms for Harmonic Maps

Fig. 10.1.Harmonic mapping for a face surface.
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Fig. 10.2.The human face is double covered to form a topological spférmen the double covering
surface is conformally mapped to the unit sphere, the sph@@nformally mapped onto the plane
by the stereographic projection.
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Fig. 10.3. Conformal mapping of a double covered human face surfacegainit sphere. The
sphere is conformally mapped to the plane by a stereograpbjection.
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Fig. 10.4.Cotangent formulae for harmonic edge weight.

Fig. 10.5.A triangular face.

Fig. 10.6.Harmonic Mapping for a face surface.
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Fig. 10.7.Conformal spherical mapping.

Fig. 10.8.Conformal spherical brain mapping.

Fig. 10.9.Conformal spherical mapping of a hand and a foot surface.
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Fig. 10.10.Comparison between a harmonic map and a conformal map. Tthieaee shows a
harmonic map, the right frame shows a conformal map.

Fig. 10.11.Riemann Mapping for three face surfaces of the same pergbrtifferent expressions.
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Fig. 10.12.Parameterizations for three face surfaces of the samerpeiitio different expressions
using least square method of solving Beltrami equation.
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Fig. 10.13.Surface matching framework.

Fig. 10.14.Construct a fundamental polygon.
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Fig. 10.15.Different sets of canonical homology basis of a two holessurface.
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Fig. 10.16.Matching two genus two surfaces.

Fig. 10.17.Homeomorphisms between a vase model and a two hole torusiathe are of different
homotopy types.
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Fig. 10.18.Geometric Morphing based on surface matching



11

Harmonic Forms and Holomorphic Forms

Fig. 11.1.Holomorphic one-form.
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Fig. 11.2.The basis of the group of harmonic 1-forms.

Fig. 11.3.Harmonic 1-forms conjugate to those in gure 11.2.
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Fig. 11.4.A set of holomorphic 1-form basis on a genus two surface.11.4

Fig. 11.5.Holomorphic 1-form on a surface with boundaries.
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Fig. 11.6.Holomorphic 1-form on a genus one surface with boundaries.

Fig. 11.7.Holomorphic 1-form on a genus zero surface with ve bounésyithe cuts are on the
mouth and the toes.

Fig. 11.8.Holomorphic one-forms on teapot surfaces.
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Fig. 11.9.Different holomorphic one-forms with zero points.

aw, b.w, cwy+ wy dw, ws.

Fig. 11.10.Holomorphic 1-forms on a two-holed disky andw, are two base forms, their different
linear combinations induce different holomorphic 1-forms

Fig. 11.11.Segmentation induced by the critical horizontal trajaetar
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Fig. 11.12.Segmentation by critical horizontal trajectories of thaty surface.

Fig. 11.13.Surface segmentation induced by the critical trajectafesholomorphic 1-form.

Fig. 11.14.Surface segmentation induced by the critical trajectafesholomorphic 1-form.
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Fig. 11.15.Holomorphic 1-forms on the two hole torus model. Locate tbezoints at different
positions

Fig. 11.16.Zero Point allocation. (a). Zero point is originally at lstioulder. (b) Put zero point
at left armpit. (c) Zero point is originally at right shouldéd) Put zero point at right armpit, most
uniform result.

c. Least Uniform d. Most Uniform

Fig. 11.17.Uniform Global Conformal Parameterization. Least unifazamformal parameteriza-
tion is shown in (a). Most uniform conformal parameteriaatis shown in (b).
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a. Emphasize left ear b. Emphasize right ear

Fig. 11.18.Emphasized Conformal Parameterization. (a) Maximize #rarpeter area of the left
ear. (b) Maximize the parameter area of the right ear.

Fig. 11.19.Conformal period of the genus one Kitten surface.
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Fig. 11.20.Conformal mappings from a multi-holed annulus to canoricahains.



11 Harmonic Forms and Holomorphic Forms 71

Fig. 11.21.Conformally mappings of annuli. The faces are sliced aldrggrhouths and mapped
onto planar annuli, using the harmonic measure and its gatgu
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Discrete Ricci Flow

Fig. 12.1.Conformal mappings transform in nitesimal circles to intasimal circles and preserve
the intersection angles among the circles. Here, the iagiihal circles are approximated by circles
with nite radii, and all the intersection angles among tlieles are zeros, i.e. adjacent circles are

tangent to each other.
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Fig. 12.2.Discrete conformal mapping approximated by circle packing



12 Discrete Ricci Flow

Fig. 12.3.Circle packing metric.

Fig. 12.4.Circle packing on the Stanford Bunny surface.
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original surface

Fig. 12.5.Approximating conformal mappings by circle packing. Theld radii are changed while
tangency relations are preserved. The second column shaivswar boundary condition; the
third column shows a free boundary condition. For the freenldary condition, all circle radii of

boundary vertices are equal.
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Fig. 12.6.Discrete Gaussian curvature
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Fig. 12.7.Circle packing metric on a triangle.

Fig. 12.8.Conformal parameterization using Newton's method forroting discrete Ricci energy.

Fig. 12.9.1sometric embedding of the Kitten model with a at metric.
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Fig. 12.10.Surfaces which are topologically equivalent but not comf@requivalent.

Fig. 12.11.Tiling of different Global Conformal Parameterizations fdavid Head Surface with
three boundaries using curvature control by discrete Heah Ricci ow.
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Fig. 12.12.Conformal parameterization optimization process. Thigalnparameterization is grad-
ually optimized to reach the most uniform result.

Fig. 12.13.0ptimized conformal parameterization of horse and camealeiso The initial parame-
terizations on the left are gradually improved and reachedrost uniform conformal mapping on
the right.
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Fig. 12.15.Hyperbolic line and hyperbolic circle.

Fig. 12.16.From left to right: (a) Genus two vase model (b) One canorfisatiamental domain
embedded in Poincaré disk (cy Fuchsian group generators act on vase model, which are rigid
motions in the hyperbolic space. Different color indicadéferent periods (fundamental domains).
The generators maps the central period to the colored ospsatvely.
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Fig. 12.17 Hyperbolic embedding of the universal covering spacesgi bienus surfaces.

Fig. 12.18.(a) David head model, which is a two holed topological ansau{h) Hyperbolic embed-
ding of the universal covering space of the doubled surfajédyperbolic fundamental polygon.

Fig. 12.19.(a) Skull model, which is a two holed topological disk. (b)pé¢ybolic embedding of the
universal covering space of the doubled surface. (c) Hypierbundamental polygon.
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HZ

Fig. 12.20.Hyperbolic embedding of a pair of pants.

Fig. 12.21.Concentrating curvatures on one vertex: The rst row gives different positions of
singularities on the same model; The second row shows thaiesponding at metric. From left
to right, the area distortion increases.
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Fig. 12.22.Different pants decomposition for a genus two surface.






