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Abstract— Computational conformal geometry is an interdis-
ciplinary �eld, combining modern geometry theories from pure
mathematics with computational algorithms from computer
science.

Computational conformal geometry offers many powerful
tools to handle a broad range of geometric problems in
engineering �elds. This work summarizes our research results
in the past years. We have introduced ef�cient and robust
algorithms for computing conformal structures of surfaces
acquired from the real life, which are based on harmonic maps,
holomorphic differential forms and surface Ricci �ow. We have
applied conformal geometric algorithms in computer graphics,
computer vision, geometric modeling and medical imaging.

I. I NTRODUCTION

Computational conformal geometry is an interdisciplinary
�eld, combining modern geometry theories from pure math-
ematics with computational algorithms from computer sci-
ence.

From theoretical point of view, computational conformal
geometry has deep roots in mathematics and physics. In
mathematics, it is the intersection of many �elds, such as
algebraic topology, differential geometry, Riemann surface,
harmonic analysis, and so on. It also has close relation
with many physics �elds, such as electromagnet �eld in
electrodynamics, elasticity deformation in mechanics, heat
diffusion in thermal dynamics, modular space theory in super
string theory.

Fig. 1. Face geometries with different expressions of the same person,
scanned using real time high speed high resolution scanner.

From practical point of view, computational conformal
geometry offers many powerful tools to handle a broad range
of geometric problems in engineering world.
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Recently, the 3D scanning technology is developing ex-
tremely fast. Figure 1 shows several facial surfaces with
different expressions of the same person, which are scanned
by a scanner based on the phase-shifting method [1]. The
scanning speed is as fast as 180 frames per second, each
frame has 640� 480 samples. The scanner can capture
dynamic facial expressions in real time. It is challenging
to process the huge amount geometric data ef�ciently and
robustly especially in real time.

The basic geometric processing tasks include shape repre-
sentation, geometric compression, surface repairing, shape
de-noise and smoothing, surface stitching and merging,
meshing and re-meshing, mesh and spline conversion. High
level shape operations include surface classi�cation, shape
comparison, surface matching and recognition, shape ma-
nipulation, and many others.

Computational conformal geometric methods can handle
most of the above tasks directly or indirectly. The main
strategy is to use conformal mappings to transform 3D
surfaces to canonical 2D domains, and convert 3D geometric
problems to 2D ones.

Fig. 2. Visualization of a holomorphic differential form onthe bunny
surface.

II. T HEORETICBACKGROUND

Conformal geometrystudies theconformal structureof
general surfaces. Conformal structure is a natural structure
of all surfaces in real life. Riemannian metric is a structure
to measure the lengths of curves on the surface, the areas of
domains on the surface and the intersection angles between
curves. Conformal structure is a structure to only measure
the intersection angle between two curves on the surface.



A complex function f : C ! C;(x;y) ! (u;v) is called
holomorphic, if it satis�es the following Riemann-Cauchy
equation
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SupposeS is a topological 2-manifold with an atlasA =
f (Ua ; f a )g, such that all the coordinates transition functions
are holomorphic, thenS is called aRiemann surface. A is
called aconformal atlas. The maximal conformal atlas is
called aconformal structureof S.

SupposeS1 andS2 are two Riemann surfaces,f : S1 ! S2
is a mapping between them. Suppose(Ua ; f a ) is a local
chart of S1 and (Vb ;y b ) is a local chart ofS2, then if the
local presentation off , y b � f � f � 1

a , is always holomorphic,
then we sayf is a holomorphic mapor conformal map. A
conformal mapbetween two surfaces preserves angles.

A. Riemann Mapping
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Fig. 3. A Riemann mapping from a human face to the unit disk, the
mapping is angle-preserving.

Riemann mappingtheorem states that any simply con-
nected surface with a single boundary (a topological disk)
can be conformally mapped to the unit disk. As shown in
�gure 3, a human faceS is a topological disk and mapped to
the unit diskD by a conformal mappingf : S! D. Suppose
g1;g2 are two arbitrary curves on the face surfaceS, f maps
them tof (g1); f (g2). If the intersection angle betweeng1;g2
is q, then the intersection angle betweenf (g1) and f (g2) is
also q. g1 and g2 can be chosen arbitrarily. Therefore, we
say f is conformal, meaningangle-preserving.

(a)face (b) checker board (c) circle pattern

Fig. 4. Visualization of conformality using texture mapping in computer
graphics.

The conformality can be visualized usingtexture mapping
techniques in computer graphics. Figure 4 illustrates the idea.
A texture refers to an image on the plane. First a conformal
mapping between the face surface (a) to the unit disk is
established. Then we cover the disk by a texture image, pull
back the image onto the surface. In this way, the mapping can
be directly visualized. If the texture is a checker board, then
the pull back map glues the checker board to the face surface.
Because the map is conformal, all the right angles of the
corners of the checkers are preserved on the face as shown
in (b). If we replace the texture by a circle packing pattern,
then planar circles are mapped to circles on the surface, the
tangency relation among circles are preserved as shown in
(c).

B. Conformal Representation of Multi-holed Annulus
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Fig. 5. Conformal mappings of a multi-holed annulus.

Figure 5 shows the conformal mappings of a multi-holed
annulus. The planar domains are circular disks with circular
holes. If we specify one boundary of the surface to be
mapped to the unit circle, then all such a mapping is unique
up to Möbius transformations. Multi-holed annulus can also
be conformally mapped to an annulus with concentric cir-
cular arcs as shown in the �gure 5. The planar domains are
determined by the conformal structure of the original surface.

C. Holomorphic Differentials

On a Riemann surface, the derivative of a holomorphic
function is called aholomorphic differential. Let S be a
Riemann surface with a conformal atlasf (Ua ; f a )g and w
is a differential form. On each local chart(Ua ; f a ), suppose
za is the local complex coordinates, then

w = f (za )dza ;

where f (za ) is a holomorphic function, thenw is called a
holomorphic 1-form. The real and imaginary components of
w are realharmonic 1-forms, which are conjugate to each



other. According to Hodge theorem, each cohomology class
has a unique harmonic form.

The holomorphic 1-forms can be visualized using the
same technique as the visualization of conformal mapping.
By integrating the holomorphic differentials, we can locally
map the surface to the plane, the mapping is conformal and
visualized by checker board texture mapping.

Figure 6 shows the holomorphic differentials on the animal
surfaces. Figure 7 shows the holomorphic differentials on the
Michelangelo's David surface.

Fig. 6. Visualization of holomorphic differentials on animal surfaces.

Fig. 7. Visualization of holomorphic differentials on Michelangelo's David.

D. Riemann Uniformization

Riemann uniformization theoremstates that all surfaces
in real life can be conformally mapped to three canonical
shapes: the unit sphere, the Euclidean plane and the hyper-
bolic space. Namely, all surfaces admit one of the three
canonical geometries, spherical, Euclidean or hyperbolic
geometry. It can also be interpreted as all surfaces admit a
canonical Riemannian metric, which is conformal to the orig-
inal metric and induces constant Gaussian curvature, which
is + 1, 0 or � 1. Such a metric is called theuniformization
metric of the surface.

Figure 8 illustrates the uniformization theorem. Closed
surfaces without any handle as shown in the �rst column can
be conformally mapped to the unit sphere. Closed surfaces
with one handle can be periodically mapped to the plane. For
example, the whole kitten surface in the middle column of
the �gure can be conformally mapped to a parallelogram on
the plane, the repetition of the parallelogram forms a tiling
of the whole plane. The third column shows an exotic bottle,

which has two handles. The surface has no self-intersection
and is embedded inR3. It can be conformally periodically
mapped to the unit disk, which represents the hyperbolic
space. The whole surface is mapped to a hyperbolic octagon,
the repetition of the octagon forms a tiling of the whole
hyperbolic space.

Supposeg is the Riemannian metric on the surfaceS,
then normalized surface Ricci �owcan deform the metric
conformally to the uniformization metric

du(t)
dt

= � 2(K(t) � 2p
c (S)
A(t)

); (1)

wherec (S) is the Euler characteristic ofS, A(t) is the area
of the Riemannian metricg(t). It is easy to see that the area
under g(t) are preserved. The Gaussian curvature evolves
like a heat diffusion process.

E. Teichm̈uller Space

Surfaces can be classi�ed using conformal geometry. Two
surfaces are conformally equivalent, if they can be confor-
mally mapped to each other. It is challenging to verify if
two surfaces are conformal equivalent. Roughly speaking, for
closed surfaces with one handle, if the shapes of the parallel-
ograms are similar, then they are conformally equivalent. The
same result holds for surfaces with more handles. For closed
surfaces with two handles, if their hyperbolic octagon are
congruent in the hyperbolic space, then they are conformally
equivalent.

The conformal equivalence classes form a �nite dimen-
sional space, which is called the Modular space, which is
the space of shapes. The universal covering space of the
modular space is the Teichmüller space, which has simpler
topology and is easier to handle. Each point in the shape
space represents a shape, each curve represents a deformation
process.

Surface classi�cation using conformal structures is de-
scribed in [2]. The methods for computing general geometric
structures are in [4]. Shape space application using Ricci �ow
is described in [5]. Discrete surface Ricci �ow methods are
described in [20].

F. General Geometric Structure

Fig. 9. Visualization of the af�ne structures of two genus one surfaces.

SupposeX is a topological space,G is the transformation
group ofX, a (X;G) structureof a surfaceSis an atlas, such
that the local coordinates are inX, the transition functions
are in G. For example, a spherical structure is an atlas,



(a) c > 0 (b) c = 0 (c) c < 0

Fig. 8. Uniformization Theorem: all surfaces with Riemannian metric can be conformally embedded onto three canonical spaces: the sphere, plane and
hyperbolic space.

where all the local coordinates are on the sphere, all the
transition functions are rotations. The three frames in �gure 8
can be interpreted as the visualization of spherical structure,
Euclidean structure and the hyperbolic structure respectively.

Fig. 10. Visualization of the hyperbolic structure and the real projective
structure of a genus two vase model.

If a surface admits a(X;G) structure, then the corre-
sponding geometry can be de�ned on the surface directly.
For example, in the automobile industry and mechanics
engineering �elds, surfaces are represented as splines, which
are piecewise rational polynomials. Conventional splinesare
de�ned on the Euclidean plane and constructed based on
af�ne invariants. The fundamental problem in the computer
aided geometric design (CAGD) �eld is to construct splines
de�ned on arbitrary surfaces. If the surface admits anaf�ne
structure, then splines can be de�ned on the surface without
any dif�culty. Unfortunately, very few surfaces admit af�ne
structure. This fact causes intrinsic dif�culty for applications
in the CAGD/CAD �eld. But fortunately, all surfaces admit
real projective structure. How to construct splines based on
real projective geometry is an active research area in geo-
metric modeling today. Figure 10 visualizes the hyperbolic
and real projective structures of a genus two surface.

III. A LGORITHMS FORCOMPUTING CONFORMAL

MAPPINGS

We summarize the major algorithms for computing con-
formal mappings of surfaces with various topologies.

A. Harmonic Maps for Topological Spheres

The harmonic map between a topological sphere and the
canonical unit sphere
is automatically
conformal. The
computational
algorithm is based
on non-linear heat
diffusion process.
We �rst construct
a degree one map,
such as the Gauss

Fig. 11: Harmonic maps for topologoical
spheres.

map, then we compute the Laplacian of the map, and
update the map along the negative direction along the
tangential component of the Laplacian. Because of the
projection to the tangential space, the heat diffusion process
becomes non-linear. Different solutions differ by Möbius
transformations of the sphere. Therefore, normalization
conditions are necessary. Figure 11 shows one example of
conformal mapping of a topological sphere.

B. Riemann Mappings of Topological Disks

Harmonic maps between a topological disk to the unit disk



may not necessarily be
conformal. We compute
the double covering of a
topological disk, which
is a topological sphere,
then we compute a
conformal map between
the doubled surface and
the unit sphere, such Fig. 12: Riemann mapping.

that each copy of the topological disk is mapped to a
hemisphere. Then we use stereo-graphic to project the unit
sphere onto the whole plane, the lower hemi-sphere is
mapped to the unit disk. This induces the Riemann mapping
from the surface to the unit disk.

C. Conformal Mappings with Free boundaries

Conformal mappings with free boundaries can be
achieved by discrete
approximation of Beltrami
equation, a special case
is the Riemann-Cauchy
equation. The advantage
of this method is that it
is linear and ef�cient. The
disadvantage is the less
control of the boundaries.

Fig. 13: Solving Beltrami equation us-
ing free boundary condition.

It mainly handles genus zero surfaces. The mapping results
may have self-overlapping. Extra constraints can be added
to enhance the mapping result, such as feature point or
feature curves.

D. Conformal Mapping of Multi-Holed Annuli

If the input surface is an annulus with multiple holes, the
conformal mapping is more
complicated to compute. It
can be mapped onto the unit
disk with circular holes.
In each homotopy class
of degree one mappings,
such kind of mapping exists
and is unique upto Möbius
transformation. We apply
the Euclidean Ricci �ow

Fig. 14: Conformal Mapping be-
tween a multi-holed annulus to a unit
disk with circular holes.

method to construct such kind of mapping. The centers
of the circles and the radii of the circles are conformal
invariants and determined by the geometry of the input
surface.

E. Holomorophic 1-forms

All metric surfaces are Riemann surfaces, which admit

holomorphic 1-forms. The group of
the holomorphic 1-forms has special
structure, the generators can be explic-
itly calculated. A holomorphic 1-form
has zero points, the number of zero
points equals to the absolution value of
the Euler number. In the neighborhood
of normal points, holomorphic 1-form
induces conformal maps between the
neighborhood to the complex domains.

Fig. 15: Conformal tex-
ture mapping induced by
a holomorphic 1-form.

Iso-parametric curves through zero points can be used to
segment the surface. Figure 15 illustrates a conformal texture
mapping induced by a holomorphic 1-form.
F. Conformal Mapping of Multi-Holed Annuli to Annulus
with Concentric Circular Arcs

Special holomorphic 1-forms can be constructed on a
multi-holed annulus,
such that the whole
surface is mapped to an
annulus with concentric
circular arcs. Two
boundaries are mapped
to the inner and the
outer boundaries of
the annulus, other
boundaries are mapped
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Fig. 16: Conformal Mapping between a
multi-holed annulus to an annulus with con-
centric circular arcs and a rectangle with
slits.

to the slits. Computing such holomorphic 1-forms is a linear
problem, and the most dif�cult part is to �nd harmonic
1-forms. Figure 16 shows the conformal mapping of a
three-holed face surface, (the mouth is open), the target
domain is a unit disk with two concentric circular arcs.
The exterior boundary of the face is mapped to the outer
circle of the annulus, the mouth boundary is mapped to the
inner circle. The boundaries of eyes are mapped to the two
circular slits. Then we conformally mapped the annulus to
the rectangle, the outer and inner circles are mapped to
parallel lines and the boundaries of eyes are mapped to
horizontal slits.
G. Euclidean Ricci Flow for Genus One Surface

Euclidean Ricci �ow method computes special metrics
of the surface conformal
to the original metric
with prescribed target
curvature. For genus
one closed surfaces,
we set the target
Gaussian curvature to
be zero everywhere. The
universal covering space
of the surface can be

Fig. 17: Conformal �at metric of a genus
one surface, computed using Euclidean
Ricci �ow.

isometrically embedded on the plane. Figure 17 shows one
example. The kitten surface is of genus one, the universal
covering space is embedded on the plane. The rectangle is
a fundamental polygon.
H. Hyperbolic Ricci Flow for High genus Surface

For high genus surfaces, there exists a unique Riemannian



metric, which is
conformal to the
original Riemannian
metric, and induces
constant Gaussian
curvature everywhere,
the constant is� 1.
Such kind of metric
can be computed

Fig. 18: Conformal hyperbolic mapping of a
genus two surface.

using hyperbolic Ricci �ow. The universal covering space
of the surface can be isometrically embedded on the
hyperbolic space. Figure 18 demonstrates the embedding of
the universal covering space of a genus two surface on the
Poincaré model of hyperbolic space.
I. Conformal Metric Designed by a Prescribed Curvature

The conformal metrics and the curvatures of a surface are
essentially of one-to-one
correspondence. The
conformal metric can
be computed using a
prescribed curvature
on the surface using
Euclidean Ricci �ow
method. Figure 19 shows
one example. The input
surface is a topological
disk. It is mapped to
the planar domains
speci�ed by curvature
on the boundaries. The

Fig. 19: Conformal �at metrics are de-
signed by the target curvature.

curvature of interior points are zero everywhere. The
conformal mapping induced by the metric is fully controlled
by the prescribed boundary curvatures.

IV. A PPLICATIONS

Computational conformal geometric methods are valuable
for a broad range application in geometric modeling, com-
puter graphics, computer vision, visualization, medical imag-
ing and scienti�c computing and many other engineering
�elds.

Computational conformal geometric methods have the
following merits: All surfaces in daily life are Riemann
surfaces and admit conformal structures. All surfaces, no
matter how complicated the shape is, can be conformally
deformed to three canonical shapes. For example, all genus
zero surfaces can be mapped to the unit sphere, preserving
the conformal structures. In practice, conformal geometric
methods are suitable to ef�ciently handle large deformations.
Conformal geometric methods are equivalent to solve an
elliptic PDE, therefore they are stable and robust.

The followings are some examples of direct applications.

A. Computer Graphics

Conformal geometry has numerous applications in com-
puter graphics, including surface parameterization, mesh
repairing, texture mapping and synthesis, surface re-meshing,

mesh matching, mesh-spline conversion, geometric morph-
ing, ef�cient rendering, animation and many other applica-
tions.

a) Surface Parameterizations:In computer graphics,
surface parameterizations refer to the process of mapping the
surface onto 2D planar domains. The mapping will unavoid-
ably introduce distortions, which can be further classi�ed
to area distortionand angle distortion. It is impossible to
eliminate both area distortion and angle distortion, unless the
shape is �at. Conformal geometric methods can completely
eliminate angle distortions.

The basic process is to construct a conformal map from the
surface to the plane. In practice, we can add other constraints
for the mapping. For example, we prescribe the images of
some feature points, or the target positions of some curve
land marks; we can enlarge the size of the image of some
part of the surface and shrink the other; we can require area
distortion of the mappings to as uniform as possible, etc.

(a) Texture mapped bunny (b) Front view

(c) Back view (d)Planar image

Fig. 20. Conformal parameterization of Stanford bunny model.

Figure 20 illustrates the process. We �rst construct a
conformal mapping to map the Standford bunny surface
shown in (b) and (c) to the planar domain shown in (d),
which is called the texture domain. In order to improve
parameterization quality on the two ears, we have carefully
designed the mapping. The left part and the right part of the
bunny are maps to two rectangles. We preserve the normal
information on the planar image (d). So we can see the
correspondence between the surface and the image. Globally,
the sizes of different parts are changed drastically. This also
demonstrates that conformal mapping locally can be treated
as scalings. The area distortions can be predicted by the
Gaussian curvature of the surface and the relation between
the area distortion function and the Gaussian curvature func-
tion can be accurately formulated and solved using surface
Ricci �ow method.



The global conformal surface parameterization algorithms
based on Riemann surface theory can be found in [6].
Algorithms for computing conformal structures are explained
in [7] and [8].Optimal conformal surface parameterizations
based on conformal structure is described in [9].

(a) Geometry (b) Texture mapping

Fig. 21. Texture mapping using hyperbolic parameterization.

b) Texture Mapping:In computer graphics, surfaces are
approximated by triangular meshes, which can be supported
by graphics hardware directly. The rendering ef�ciency of
the hardware depends on the resolution of the mesh. For
real time applications, usually low resolution meshes are
preferred. Small geometric details, and material properties
are modeled as texture images. The paramterization process
maps each vertex to the planar domain, and obtains its 2D
coordinates, which is called the texture coordinates. Then
graphics hardware will glue the texture to the meshes using
the texture coordinates. Figure 21 illustrates the process.

Fig. 22. Conformal texture mapping of a genus one closed surface.

Figure 22 shows texture mappings of the genus one kitten
surface. Different textures are illustrated as the upper right
corners, the conformal parameterization is demonstrated by
checker board texture mapping on the left.

c) Texture Synthesis:Figure IV-A.0.c demonstrates a
texture synthesis application of conformal parameterization.
Given a small patch of texture sample, texture synthesis

Fig. 23. Texture synthesis using conformal parameterization [10].

process generates large texture to cover the whole surface.
Instead of generating new texture in 3D on the surface
directly, we generate the texture on the 2D parameter plane.
By using conformal parameterization, the local shape of
the texture will not be distorted. Therefore, the synthesis
algorithm solely focuses on the size of the local shape. It is
much more ef�cient to generate uniform textures. The work
on uniform texture synthesis based on conformal structure is
explained in [10].

Fig. 24. Geometric morphing of the Standford bunny surface to the unit
sphere.

d) Geometric Morphing:Figure 24 shows a geometric
morphing process using the conformal mapping technique.
The Standford bunny surfaceSis a topological sphere, which
can be conformally mapped to the unit sphereS2, we denote
the mapping asf : S! S2. Then we can construct a family
of surfaces to deform from the bunny to the sphere. The
simplest morphing is the linear combination of the initial



shape and the target shape. More complicated morphing se-
quence can be constructed similarly. The conformal mapping
is computed using non-linear harmonic map method.

e) Geometry Images:General meshes have both con-
nectivity information of the triangulations and geometric
information represented as the coordinates of the vertices.
After re-meshing, the quad-mesh connectivity is regular. It
is not necessary to encode the connectivity any more; we
just record the coordinates of vertices. We can color encode
the coordinates and represent a surface as an image, which is
called geometry image. There are two pipelines in graphics
hardware, one handles meshes and the other handles texture
images. Geometry image uni�es both geometry and texture,
which has the potential to simplify the graphics hardware.
Geometry images can be applied to ef�cient rendering.
Figure 25 shows a geometry image for Michelangelo's David
head model. The details of geometry image are presented in
[11].

(a) Original Surface (b) Conformal Parameterization

(c) Geometry Image (d) Normal map

Fig. 25. Geometry image of Michelangelo's David head model.

B. Computer Vision

Conformal geometry has been applied in computer vision
for surface matching, shape comparison, shape classi�cation,
geometric analysis and tracking.

f) Surface Matching:Surface matching is a fundamen-
tal task for computer vision, graphics and medical imaging.
Figure 26 shows the basic idea of using conformal mappings
to convert 3D matching problems to 2D ones. SupposeS1
andS2 are two surfaces inR3. f 1 : S1 ! D and f 2 : S2 ! D
are conformal mappings to map surfaces to the canonical
planar domain.f̄ : D ! D is a a map fromD to itself, this
is a 2D matching process. Then

f = f � 1
2 � f̄ � f 1;S1 ! S2;

is the desired 3D matching.
Figure 27 demonstrates the fact that isometric deformation

preserves the conformal structure. The original surface in(a)

f

�f

� 1 � 2

Fig. 26. Surface matching using conformal mapping.

(a) Original surface (b) Planar image of (b)

(c) Deformed surface (d) Planar image of (c)

Fig. 27. Isometric deformation from (a) to (c) preserves conformal
structures, their planar images of conformal mappings are consistent shown
in (b) and (d). Courtesy of Dimitris Samaras [12].

is a plastic mask, which can only be bent and can hardly be
stretched. We deform it to get another surface shown in (c).
We use 3D scanner to acquire their shapes, denoted asS1 and
S2. Then we use conformal mapf 1 : S1 ! R2 and f 2 : S2 !
R2 with the constraint that the images of all the boundaries
are circles. We do not specify the centers and radii of the
images of the boundaries, they are calculated automatically
by our conformal geometric algorithms. Their planar images
are shown in (b) and (d), which are identical. Then the 2D
map f̄ is the identity of the two hole annulus, the 3D map
f = f � 1

2 � f̄ � f 1, which is exactly the isometric deformation.
This example shows that conformal geometric methods can
recover isometric maps automatically. Therefore, for the
purpose of surface matching, conformal geometric methods
reduce the dimensionality and recover isometric maps, fur-
thermore, they can handle surfaces with arbitrary topologies.

In �gure IV-B.0.f, we matched two genus two surfaces.
We visualize the matching by transferring the textures from
the domain surfaces to the range surfaces. Figure 29 shows



Fig. 28. Surface matching between two high genus surfaces using
conformal geometric methods.

the surface matching between two genus two surface by a
geometric morphing.

Fig. 29. Visualization of surface matching by surface morphing.

Surface matching with exact feature alignment is in
[13].3D surface matching, recognition and stitching using
conformal geometry is described [14].

g) Surface Tracking:Tracking dynamic shapes with
large deformation is a challenging task. By using conformal
geometric methods, 3D surfaces are mapped onto 2D do-
mains, and dynamic surfaces can be consistently matched.
Major feature points are aligned and tracked. Figure 30
illustrates such an example. We match a generic face mesh
to real facial data sets acquired using high speed 3D scanner.

We performed tracking on four subjects performing vari-
ous expressions for a total of twelve sequences of 250� 300
frames each (at 30Hz). Each frame contains approximately
80K 3D points, whereas the generic face mesh contains 8K
nodes. Our technique tracks very accurately even in the case
of topology change. Details of high resolution tracking of
non-rigid 3D motion are presented in [12].

h) Shape Space:Surfaces can be classi�ed by confor-
mal equivalence. For closed surfaces with one handle (genus
one), all conformal classes form a 2 dimensional space,
namely, each conformal class can be represented by 2 real pa-
rameters. For genusg > 1 closed surfaces, all the conformal
equivalent classes form a 6g� 6 dimensional space, which is
called the Teichmüller space. TheTeichm̈uller Coordinatesof
a surface can be explicitly computed and as the �ngerprint
of the shape, which can be applied to geometric database
indexing and the shape comparison purposes.

Given a pair of topological pants (a topological annulus
with two holes ), we can compute a unique hyperbolic
metric and embed it in the hyperbolic space. The Teichmüller
coordinates of it are the geodesic lengths of three boundaries
under the hyperbolic metric. Figure 31 shows three such kind
of surfaces and their embedding in the hyperbolic space. If
the fundamental polygons are congruent in the hyperbolic

Fig. 31. The coordinates of topological annuli with 2 holes in the shape
space are the lengths of their boundaries under the hyperbolic metric. The
shape of their fundamental polygon indicates the shape space coordinates.

space, the corresponding surfaces are conformally equivalent.
It is easy to see that every surface in the �gure is not
conformal equivalent to any other one.

Fig. 32. The shape of the fundamental polygon determines theconformal
class of the surface. The two genus two surfaces in the �gure are not
conformal equivalent.

The similar idea can be applied to surfaces with more
complicated topologies. Figure IV-B.0.h shows the funda-
mental polygons of two genus two surfaces in the hyperbolic
space. Because these hyperbolic polygons are not congruent,
there is no conformal mapping between the two surfaces
( in the given homotopy class). Figure IV-B.0.h shows the
fundamental polygons of two genus three surfaces in the
hyperbolic space, one is the sculpture model, the other is
Michelangelo's David. They are not conformal equivalent
either. Shape classi�cation using conformal invariants has
the potential to index large scale geometric database.



(a) (b) (c) (d) (e)

Fig. 30. Snapshots from a Tracking Sequence of Subject A:a) Initial data frame. b) Initial tracked frame. c) Data at the expression
peak. d) Tracked data at the peak. e) Close-up at the peak. [12].

Fig. 33. The shape of the fundamental polygon determines theconformal
class of the surface. The two genus three surfaces in the �gure are not
conformal equivalent.

C. Geometric Modeling

The surfaces obtained by 3D scanners are represented as
point clouds. After geometric processing, triangular meshes
are constructed. In geometric modeling �elds, surfaces are
usually represented as piecewise polynomials or rational
polynomials with higher order continuity, called splines.
Conformal geometric method is a useful tool to convert
meshes to splines. For the purpose of generalizing splines
from planar domain to manifold domain, special atlas needs
to be constructed using conformal geometric methods.

i) Manifold Splines: In graphics, surfaces are approxi-
mated by piecewise linear polygonal meshes, which are with
C0 continuity. In automobile and manufacturing industries,
the requirements for the continuity of surface representations
are much higher. In general, a surface representation withC2

continuity is highly desirable.
Conventional spline schemes are de�ned on planar do-

mains and based on af�ne invariants, such as bary-centric
coordinates. Therefore, conventional splines are based on
af�ne geometry on the plane. One of the most important
properties of a spline scheme isparametric af�ne invariance.

This means if we transform the parameters of a spline surface
by an af�ne transformation, preserve the control points of the
spline surface, then the shape of the surface does not change.

As we discussed before, if a surface admits an af�ne
structure, then conventional splines can be de�ned on it. Let
M be the domain surface with an atlasf (Ua ; f a )g, the spline
will be de�ned on M. SupposeUa and Ub intersect each
other, the coordinate transition function is given byf ab :
f a (Ua ) ! f b (Ub ). Assuem the transition functionf ab is an
af�ne mapfrom R2 to itself. Then we can de�ne conventional
splines on the parameter domainsf a (Ua ) of the local chart
(Ua ; f a ) , f b (Ub ) of the local chart(Ub ; f b ). Ca , Cb are the
control nets, which are consistent for the overlapping regions.
Then by the parametric af�ne invariance property, the shapes
of the spline surfaces de�ned on the overlapping region are
identical. By this way, we can de�ne conventional splines
on each local chart and keep the consistencies of the control
nets for the overlapping regions. Then the spline surface is
coherently de�ned on the domain manifoldM, and resulting
spline surfaceF is with desired continuity.

Therefore, the key is to construct an af�ne atlas for the
domain surface. Any surface with boundaries admits an
af�ne structure and only genus one closed surfaces admit
an af�ne structure. By using conformal geometric methods,
af�ne structures can be explicitly constructed for surfaces
with various topologies. Figure 34 shows a manifold T-Spline
de�ned on Michelangelo's David head model and the Buddha
model.

The theoretic framework of manifold splines is established
in [15]. Then the theory is applied to generalize many spline
schemes on manifolds, such as manifold T-Splines, trian-
gular B-Spline, polycube splines. Especially, we construct
manifold splines with single singularity [16], which reaches
the theoretic limit.

D. Medical Imaging

With the rapid development of medical imaging tech-
nologies, vast medical imaging data are available today.
In order to fuse medical images acquired from different
modalities, extract surfaces or volumes, register, fuse and
compare different geometric data sets, conformal geometric
algorithms have been developed and proven to be valuable
for real applications.
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Fig. 34. Manifold Splines for Michelangelo's David Head andthe Buddha
model. [15].

(a) Brain cortex surface (b) Conformal Spherical
brain mapping

Fig. 35. Conformal Brain Mapping.

j) Conformal Brain Mapping:Brain imaging technol-
ogy has accelerated the collection and databasing of brain
maps. Computational problems arise when integrating and
comparing brain data. The cortex surface of a brain is highly
convoluted and the anatomical structures vary from person
to person. One way to analyze and compare brain data is to
map them into a canonical space while retaining geometric
information on the original cortex surface as far as possible.

Cortical surfaces are of genus zero and therefore can be
conformally mapped onto the unit sphere. All such conformal
mappings differ by Möbius transformations of the sphere,
which form a 6 dimensional group. For genus zero closed
surfaces, harmonic maps are also conformal. We can obtain
a conformal mapping by optimizing the harmonic energy.
Further constraints are added to ensure that the conformal
map is unique. Empirical tests on magnetic resonance imag-
ing (MRI) data show that the mappings preserve angular
relationships, are stable in MRIs acquired at different times,
and are robust to differences in data triangulation, and
resolution. Figure 35 shows the conformal brain mapping
of a real human cortical surface.

Conformal brain mapping using nonlinear heat diffusion
is introduced in [17]. Conformal brain mapping based on

Riemann surface structure is explained in [18].

Fig. 36. Conformal colon �attening. [19].

k) Conformal Virtual Colon Flattening: Virtual
colonoscopy uses computed tomographic (CT) images of
patient's abdomen and a virtual �y-through visualization
system that allows the physician to navigate within a 3D
model of the colon searching for polyps, the precursors
of cancer. Virtual colonoscopy has been successfully
demonstrated to be more convenient and ef�cient than
the real optical colonoscopy. However, because of the
length of the colon, inspecting the entire colon wall is
time consuming, and prone to errors. Moreover, polyps
behind folds may be hidden, which results in incomplete
examinations.

Virtual dissection is an ef�cient visualization techniquefor
polyp detection, in which the entire inner surface of the colon
is displayed as a single 2D image. We developed a method
for colon �attening by computing the conformal structure
of the surface, and map the whole colon surface onto a
rectangle. The �attening is angle preserving, so the shape
of the polyps is preserved. It is convenient for doctors to
visually locate the polyps. The colon surface is reconstructed
from CT images. We compute its conformal structure and
visualize it using checker board texture mapping. The colon
surface is a cylinder and can be conformally mapped to
the plane periodically, where the boundaries are mapped
to parallel lines and each period is a rectangle. We cut
the rectangle to three segments. The mapping is conformal,
therefore all the geometric details of the colon surface, such
as the muscle structure, are preserved on the �attened image.
Details of conformal virtual colon �attening can be found in
[19].

V. FUTURE WORKS

Computational conformal geometry is an emerging �eld.
There are a lot of challenging open problems both in theory
and in practice. Establishing the convergence of discrete
conformal mapping to the smooth solution and estimating
the error bounds are widely open. Designing algorithms to
compute extremals quasi-conformal maps, designing data
structures for holomorphic quadratics are under investigation.
Applying computation conformal geometric methods for
broader applications and adapt them to real systems is also
developing.
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