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Abstract.  Surface parameterization is a fundamental tool in geometric
modeling and processing.Most existing methods deal with simply con-
nected disks. This work intro duces a novel method to handle multiply
connected surfacesbased on holomorphic one-forms. The method maps
gerus zero surfaceswith arbitrary number of boundaries to an annulus
with concertric circular slits. Any two boundaries can be chosento map
to the inner circle and the outer circle, the other boundaries to slits.
Equivalently, the surfacescan be mapped to a rectangle with horizontal
slits.

Compared to existing linear methods that require surface partition, this
method is more intrinsic and automatic. Compared to the existing holo-
morphic one-form method that requires double covering, it is more e -
cient and has better control over singularities. Compared to the existing
Ricci o w method, this oneis linear and simpler.

The proposed method has many merits. The images of boundaries are
parallel line segmerts. This regularity not only helps improve the accu-
racy for surfacematching with boundaries, but also makesquad-remeshing
or mesh-spline conversion conversion convenient. The whole rectangle in
texture domain is fully occupied without any gap or overlapping; this im-
provesthe packing e ciency for texture mapping. The positions of the
slits are completely determined by the surface geometry, which can be
treated asthe nger print of the surfaceto classify surfacesby conformal
equivalence.

The algorithm is thoroughly explained in detail. Experimental results
are demonstrated to show the usefulnessof the algorithm for multiply
connected domains.
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1 Intro duction

Surfaceconformal parameterization is a fundamertal tool in geometricmodeling
and processinglt is an essetial technique for many applications, suc astexture
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Fig. 1. Slit map. (a) shows the original surface, which is a multiply connected domain;
(b) shows the slit domains. The top is the circular slit domain with outer circle ;1 and
inner circle o; the bottom is the parallel slit domain with upper side o and lower side
1. (c) shows the conformal texture mapping by the circular slit map. (d) shows the
conformal texture mapping by the parallel slit map.

mapping, surface matching, registration and tracking, re-meshing, mesh-spline
cornversionand so on.

Most existing parameterization methods focus on simply connected surfaces
namely gerus zero surfaceswith a single boundary. According to Reimann's
mapping theorem, any simply connectedsurface can be conformally mapped to
the unit disk, asshawn in gure 2. The mapping is not unique. Two conformal
mappings di er by a Mobius transformation of the unit disk.

Fig. 2. Riemann mapping for a simply connected surface.

In practice, surfacesare usually with complicated topologies.In order to pa-
rameterize them using cornventional methods, surfacesneedto be partitioned to
simply connecteddisks rst. This will intro duce many arti cial cuts and destroy
the intrinsic geometric properties of the original surfaces.In many geometric
modeling and processingapplications, such as mesh-splinecornversionand shape
classi cation, it is highly desirable to compute the parameterization without
partitioning. Our work focuseson the global parameterization of a broad class
of surfaces.

A multiply connected surface is a gerus zerosurfacewith multiple boundaries,
as showvn in gure 1. Similar to the Riemann mapping theory, any multiply
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connectedsurface can be conformally mapped to somecanonical domains. One
of sudh domainsis the circular slit domain, which is an annulus with conceriric
arc slits, as shown at the top of gure 1b; The other is the periodic parallel slit
domain, which is a strip with parallel slits, as shown at the bottom of gure 1b.
Two boundariesof the surfaceare mapped to the inner and outer boundaries of
the circular slit domain, and all the other boundariesare mapped to the circular
slits.

Compared to the simply connected case,the conformal mapping of multi-
ply connectedsurfacesis much more complicated. Two surfacesare conformally
equivalent, if there exists a conformal map betweenthem. We can pick a canon-
ical represertativ e for eadh conformal equivalenceclass.For example, all simply
connectedsurfacesare conformally equivalent, and the unit disk can serwe asthe
solecanonicalrepresertativ e. But multiply connectedsurfacesare in generalnot
conformally equivalent. For eadh conformal equivalenceclassof sudh surfaceswe
needa separatecircular slit domain asthe canonicalrepresenativ e. In this sense,
the conformal parameterization algorithm for multiply connectedsurfacesmust
compute both the mapping and the target domain; whereasthe algorithm for
simply connectedsurfacesonly needsto compute the mapping, sincethe domain
could be unique.

1.1 Contributions

In this paper we propose a novel method of conformal parameterization for
multiply connectedsurfaceslt mapsthe surfaceto circular slit domain or parallel
slit domain conformally. The algorithm is basedon nding certain holomorphic
one-forms whose integration along boundaries satis es special constraints. To
the best of our knowledge, this is the rst work to directly handle multiply
connectedsurfacesby a linear method.

Slit mapping has many merits for geometric modeling and processingtasks.

First, slit mapping mapsthe whole surfaceto a rectangle,with all the bound-
aries mapped to parallel slits. This regularity not only helps improve the ac-
curacy for surface matching with boundaries, but also makes quad-remeshing,
mesh-splinecorversion corveniert.

Second,the whole rectanglein the parallel slit domain is fully occupiedwith-
out any gap or overlapping, which improves the packing e ciency of texture
mapping.

Third, the positions of the slits in the regular domain are completely de-
termined by the surface geometry, which can be treated as the nger print to
classify surfacesby conformal equivalence.

Fourth, the whole pipeline is basedon manipulation of one-forms,which is

a linear processthat is very e cien t and stable. Plus, the whole pipeline is very
easyto implemernt.
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1.2 Related Work

In recert years, many excellert algorithms have been deweloped in surface pa-
rameterization. In this work, we only brie y review the most related works. For
more thorough referenceson parameterization methods, we refer readersto the
the following excellent surveys:[4] by Floater et al and [2] by She er et al.

Many existing methods target at simply connectedsurfaces either with xed
boundary condition ([3], [5] and etc) or free boundary condition [[6], [7], [1], [8]
and etc]. These methods can not be applied to the multiply connectedsurfaces
directly, becausethey can not guarantee the mapping to be di eomorphism.

A commonway to generalizethe parameterization methods for simply con-
nected surfacesis by "cutting-and-packing". This approac has been adapted
by Cohen-Steineret al. [9], Garland et al. [10], Maillot et al. [11] and Sanderet
al. [12]. All these methods require to cut the surfaceinto multiple patches, pa-
rameterizethem separatelyand then padk them together in the texture domain.
Becausethe partitioning processis arti cial, global geometric properties of the
surfaceswill be lost. Furthermore, the conformality can not be achieved along
the patch boundaries.

Global method without segmetation is proposedby Gu et al. [13][14]. They
used holomorphic one-forms as the underlying tool. But for multi-hole annuli,
this method needsdouble covering to make the surfaceclose,which will increase
the computational cost. Our slit method, on the other hand, does not require
double covering and is more e cien t. Furthermore, their method can not cortrol
the positions of singularities in the parameterization. Our method hasfull control
of the singularities. The method in [14] is general for surfaceswith arbitrary
topologies.In our work, we focus on multiply connectedsurfaces,therefore the
algorithm is simpli ed to skip the computing of homology basis.

One-form has also beenusedfor vector elds decomposition and smoothing
[23]. Discrete one-forms on mesheswere studied in [18]. Tong et al. [20] used
harmonic one-formsfor surfaceparameterization. They enlargethe spaceof har-
monic one-formsby allowing additional singular points on the surface.Kelberer
et al. applied one-formsfor surfaceparameterization combining with branch cov-
ering in [21], where the parameter lines are governed by a given frame eld. In
[22] Fisher et al. used one-formsfor designingtangent vector elds on surfaces
with complicated topologies.

Another method for multiply connectedsurfacesis discrete Ricci o w, pro-
posedby Jin et al. [15]. They can prescribe the target curvature of boundaries,
sothat the target domain has regular shape, such as a unit disk with multiple
inner circle boundaries.But it requires non-linear optimization. In our method
only linear operations get involved and is therefore much faster and more stable.

In the following part of the paper, wewell rst presen the theoriesunderlying
our method in section2. Then we give the algorithm pipeline and the implemen-
tation details of eacth stepin section 3. The experimental results are reported in
4, followed by a conclusionand a brief discussionon the future direction in 5.
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2 Theoretic Background

In this section, we brie y introduce the theoretic badkground necessaryfor un-
derstanding the algorithm proposedhere.

Intuitiv ely, a tangent vector eld on a surfaceis harmonic, if both its circu-
lation and divergenceare zeros. Two harmonic elds form a holomorphic one-
form, if they are orthogonal everywhere.An intrinsic way to compute conformal
parameterization is to seard for a holomorphic one-form that satis es certain
properties. In order to acquire the canonical mapping to the slit domains, we
shall nd certain holomorphic one-formswith special behavior on the boundary
of the surface.

2.1 Harmonic Function

SupposeS is a surface embeddedin R3 with induced Euclidean metric g. S is
coveredby an atlas f(U ; )g. Suppose(x ;y ) is the local parameter on the
chart (U ; ). Wesay (x ;y ) isisothermal, if the metric hasthe represeration

g= €& XV )(dx? + dy?):
The Laplae-Beltrami operator is de ned as

1 @ k£ d
iZFey g @)

De nition 1 (Harmonic Function). A function f : S! R is harmonic, if
f 0.
g

2.2 Holomorphic One-form

Suppose! isadierential one-formwith the represenation f dx +g dy inthe
local parameters(x ;y ), andf dx + g dy in the local parameters(x ;y ).
Then I

& o —
& @ -
@ @ g g
I is a closal one-form, if on eadh chart (x ;y )
e a_,
@ @

! is an exact one-form, if it equalsthe gradient of some function. An exact
one-formis also a closedone-form. If a closedone-form! satis es
9 .a
& @
then ! is a harmonic one-form. The gradient of a harmonic function is an exact
harmonic one-form.
The so-calledHodge star operator turns a one-form! to its conjugate !,

:O,

' = gdx +f dy:
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De nition 2 (Holomorphic  One-form). A holomorphic one-form is a com-
plex di er ential form p
L+ 11

where ! is a harmonic one-form.
The wedgeproduct of two one-forms! ¢ = fydx+ gcdy; k = 1;2is atwo-form

FinM o= (fige  fogr)dx” dy:

2.3 Slit Mapping

SupposesS is an open surfacewith n boundaries 1; ; n.Wecanuniquely nd
a holomorphic one-form! , suc that
8
z <2 k=1
= 2 k=2
k " 0 otherwise

De nition 3 (Circular Slit Mapping). Fix a point po on the surface, for
any point p2 S, let be an arbitrary path connection pg and p, then the circular

slit mappingis de ned as
|

R
(p=e
The proof of the following theorem on slit mapping can be found in [24].

Theorem 1 (Canonical Domains for Multiply Connected Surface). The
function e ects a one-to-one conformal mapping of M onto the annulus 1 <
jzj < e° minus n 2 concentric arcs situated on the circles jzj = e ;i =
1,2, ;n 2

For a given choice of the inner and outer circle, the circular slit mapping is
uniquely determined up to a rotation around the certer.

The slit mapping computesthe intrinsic structure of the given surface,which
can be re ected in the shape of the target domain. The shape of a canonical
region with connectivity n dependson 3n 6 real constarts. If we put the certer
of boundary circlesat the origin, and chosethe radius of the outre circle to be 1 by
normalization, then the position and length of ead concertric slit is determined
by 3 numbers, which givesa total of 3n 6; the radius of the inner circle requires
an additional parameter, but another parameter must be discourted to allow for
arbitrary rotation of the domain. Actually, 3n 6 is exactly the dimension of
the conformal equivalenceclassspacefor an annulus with n boundaries.

The parallel slit mapping can be de ned in a similar way.

De nition 4 (Parallel Slit Mapping). LetS be the universal covering space
of thesurfaceS, :S! S bethe projection and! = ! bethe pull back of ! .
Fix a point pp on S, for any point p2 S, let be an arbitrary path connection
po and p, then the parallel slit mapping iszde ned as

(p= 1!
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2.4 Discrete Appro ximation

All the conceptsde ned in the smooth setting can be approximated in the dis-
crete setting. A smooth surfaceis approximated by a piecewiselinear triangular
meshM . v; represers a vertex, [vi; vk] meansa half-edge, [vi;Vv;; vi] is an ori-
ented face.

A discrete zero-form is a function de ned on the verticesf : V! R. A
discrete one-form is a function de ned on the edges! : E ! R. A discrete
two-form is a function de ned on the faces.The boundary operator @givesthe
boundary of an oriented edgeand an oriented face.

@vi;vil=v, Vi
@vi; v vkl = Vi vil+ [V v + [ vil

The discrete exterior di erential operator d is de ned asthe following. Suppose
f is a zero-form, then d is a one-form:

d(vi;vi) =1 @vi;vil="1f(v) f(w):
If I is a one-form, then d! is a two-form:
dl ([vi;visw]) =1 @vi;visvid = Vv 1+ DIy wd + ! [vic vl

Given a discrete one-form! , if d! is zero,the ! is closed.If there is a zero-form
f,suchthat ! = d, then! is exact.

Suppose! is a closedone-form,then we canembed ead faceon the planeand
assignit with a local coordinates. The discrete one-form can be represeried asa
smooth one-form on the face. The Hodge star operator and the wedge product
operator can be de ned the sameasin smooth case.

The Laplace-Beltrami operator can be approximated by the cotangert for-
mulae. A thorough discussionon the discrete Laplace-Beltrami operator can be
found in Xu's work [19].

3 Algorithm Pip eline

In this work, our goal is to compute a conformal mapping from a multiply
connectedmeshto the slit domain. Supposethe input meshhasn+ 1 boundaries,

@ =9 1 ne

Without loss of generality, we map ¢ to the outer circle of the circular slit
domain, ; to the inner circle, and all the others to the conceriric slits.
The following is the algorithm pipeline:

1. Compute the basisfor all exact harmonic one-forms;(section 3.1)
2. Compute the basisfor all closedharmonic one-forms;(section 3.2)
3. Compute the basisfor all holomorphic one-forms;(section 3.3)

4. Construct the slit mapping. (section ?7?).
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d 1 € 2 f) s

Fig. 3. Harmonic functions for three dierent inner boundaries. The rst row shows
the harmonic function f¢ by color-encading, the secondrow shows the corresponding
harmonic one-form by integration contours.
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3.1 Basis of Exact Harmonic One-form

The rst step of the algorithm is to compute the basisfor exact harmonic one-
forms. Let ¢ beaninner boundary, we compute a harmonic function fy : S! R
by solving the following Diric hlet problem on meshM :

fv O
fe | = «
where ; is the Kronecker function, is the discrete Laplacian-Beltrami oper-
ator using the well-known co-tangert formula proposedin [16].
The exact harmonic one-form  can be computed as the gradient of the
harmonic function fy,
k = dy;

andf 1; 2; ; ngform the basisfor the exact harmonic one-forms.

3.2 Basis for Harmonic One-forms

@ 1 (b) &

Fig. 4. Constructing a closed one-form. (a) shows the cut path 1 on M bridging the
inner boundary ; to the outer boundary o; (b) shows the harmonic function g; on
the cut meshM .

After getting the exact harmonic one-forms,we will compute the closedone-
form basis.Let  (k > 0) be an inner boundary. Compute a path from | to
0, denoteit as y asshown in gure 4. | cut the meshopento My, while |
itself is split into two boundary segmets ; and , in My. De ne a function

Ok : Mg ! R by solving a Dirichlet problem,

g gk O

O : =1

& =0

k
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Fig. 5. Basis for the closedbut not exact harmonic one-forms.

Compute the gradient of gx and let ¢ = dg, then map ¢ back to M, where
x becomesa closedone-form. Then we needto nd a function hy : M ! R, by
solving the following linear system:

(k+dhy) O
closedbut not exact harmonic one-forms. Figure 5 shows the closednon-exact
harmonic one-form basisfor the face model.
With both the exact harmonic one-form basisand the closednon-exact har-

monic one-form basis computed, we can construct the harmonic one-form basis
by taking the union of them:

fa 20 5ons 120 5 on@

3.3 Basis for Holomorphic One-forms

Fig. 6. Holomorphic one-form basis.
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In step 1 we computed the basisfor exact harmonic one-formsf 1; ; ,0.
Now we compute their conjugate one-formsf 1; ; g, sothat we cancom-
bine all of them together into a set of holomorphic one-form basis.

First of all, for  we compute an initial approximation 2 by a brute-force
method using Hodge star. That is, rotating ¢ by 90 about the surfacenormal
to obtain . In practice such an initial approximation is usually not accurate
enough. In order to improve the accuracy we employ a technique utilizing the
harmonic one-form basis we just computed. From the fact the  is harmonic,
we can concludethat its conjugate  should also be harmonic. Therefore,
can be represerted as a linear combination of the baseharmonic one-forms:

X X

We solvethis linear systemto obtain the coe cien tsa; andhy (i = 1;2; ;n)
for the conjugate one-form . Pairing eat baseexact harmonic one-formwith
its conjugate, we get a set of basisfor the holomorphic one-form group on M :

f1+p_1 1; ;n+p_1 ng

Figure 6 demonstratesthe baseholomorphic one-formson the mesh.

3.4 Construct Slit Mapping

After computing the holomorphic one-form basis,we needto nd a special holo-
morphic one-form!

In order to get the coe cients , solve the following linear system for ;,
i=1, ;n:

0 10 1 0 1
11 12 1n 2
%21 22 2n§%2§_%0§

nl n2 nn n 0
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@) (b) (d) (e)

Fig. 7. Circular Slit Mapping and Parallel Slit Mapping. The rst row shows the con-
formal texture mappings induced by the slit mappings; the second row shows the
corresponding slit domains.

where Z

ki = K>
i
It can be proventhat this linear systemhas a unique solution, which re ects
the fact that ; is mappedto the inner circle of the circular slit domain. Further,

the systemimplies the following equation

100t 2 2% *t non=2;

which meansthat ( is mapped to the outer circle in the circular slit domain.

After computing the desired holomorphic one-form! , we are ready to gen-
erate the circular slit mapping. What we needto compute is a complex-valued
function :M ! C by integrating ! and taking the exponertial map. Choosing
a basevertex vo arbitrarily , and for eat vertex v 2 M choosing the shortest
path  from vg to v, we can compute the map as the following:

R
v=e '

Basedon the circular slit map we just computed, we can compute a parallel
slitmap :M ! C:
(V) = In (v):

Figure 7 shows the results for both circular and parallel slit mappings. In the
third frame, ¢ and ; are mapped to the outer and inner boundaries, ; and 3
to the circular slits. In the secondframe, , and 3 are mapped to the outer and
inner boundaries, ¢ and ; to the circular slits. Frame 3 shows the parallel slit
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mapping, which is the logarithm of the circular slit mapping in the rst frame;
Frame 4 is the logarithm of the circular slit mapping in the secondframe.

Fig. 8. Circular slit mappings with dierent boundary arrangemerts.

Figure 8 shaws more circular slit mappings. Any two boundaries can be
chosenand be mapped to the outer and inner circles.

4 Exp erimen tal Results

We implemented our algorithm in C++ on Windows platform. The system has
beentested on seweral real human face surfaces(see gure 10), scannedby 3D
scannersintroduced in [?]. Each face mesh has around 15k vertices and 30k
triangles with 4 boundaries.We alsotested our systemon a brain cortical surface
(gure 11), which is reconstructed from M RI images.The cortical surface has
30k verticesand 60k faceswith 12 landmarks slicedon the surface.The harmonic
forms are computed using a brute-force implementation of the conjugate gradient
method, without using any well-tuned numerical library. The whole processing
takeslessthan 3 minuets. In all experiments the algorithm convergesstably, and
the nal parameterization results are conformal.

As a global conformal parameterization method, slit mapping can be applied
to many applications in geometric modeling and processing.In the current work
we applied slit mapping method for seweral most direct applications and got
somepreliminary results.

Texture Mapping. One of most direct applications in computer graphicsis tex-
ture mapping. As shown in gure 1, the parallel slit domain can serve as the
texture domain, which is very regular in shape. More over, the texture domain
is fully utilized during the texture mapping, since there is no gap inside the
domain.

Although this work focuseson multiply connectedsurfaces,in fact our algo-
rithm can be easily generalizedto handle high gerus closedsurfaces,such asthe
eight model in gure 9. The only extra requiremert is to slice the surface open
along certain cycles,for example, the two tunnel cyclesin gure 9c. Such cycles
can be automatically computed using methods like that proposedby T. Dey et
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(b) (©) (d)

Fig. 9. Slit mapping of closed mesh. The closed eight model needsto be sliced open
along two tunnel cyclesand turned into an annulus with 4 boundaries, as shown in (c).
(a) is the texture mapping using texture domain (b), which is the parallel slit domain
with prescribed boundary o and »; (e) is the texture mapping using texture domain
(d), which is the parallel slit domain with prescribed boundary o, and s.

al in [17]. After turning the surfaceinto a multiply connectedone, we can carry
out the slit algorithm thereafter directly.

Surface Fingerprint. The slit mapping method computesthe conformal invari-
ants of the surface.The shape parametersof the circular slit domain indicate the
conformal equivalenceclassof the surfaceand can be treated asthe ngerprin ts
of the surface.We test our algorithm for seweral human facesfrom di erent per-
sonswith dierent expressions.The result is illustrated in gure 10. From this
gure, it is very clear that the ngerprin ts of the three calm facesare very sim-
ilar, whereasthe ngerprin t of the laughing faceis quite di erent from others.
This givesus a way to measurethe expressionquartitativ ely.

Conformal Brain Mapping with Landmarks. Slit mapping provides a valuable
tool for brain mapping. As showvn in gure 11, brain surfacesare highly con-
voluted. It is a great challenge to match two cortical surfacesdirectly in R3.
Conformal brain mapping attens the brain surfaceonto the canonicaldomains.
Special landmarks are labeled on the surface, which are required to be regis-
tered acrossdi erent brain surfaces.By using slit mapping, all the land marks
are mapped to parallel slits, and the whole brain is mapped to a rectangle. This
makes the down stream registration and analysis much easier. In the middle
column of gure 11, the circular slit mapping result is illustrated. In order to
show the landmarks clearly, we remove the texture information from the surface
in the bottom frame. The last column shows the parallel slit mapping result; all
the landmarks are mapped to horizontal slits asillustrated in the bottom frame.

As a generalmethod for conformal parameterization, slit mapping can also
bene ts many other applications, suc as quad-remeshing,geometry image gen-
eration, mesh-splineconversionand etc. It is an interesting researt direction to
explore the potential of our method in those applications.
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Fig. 10. Slit domains as nger prints. The left column shows two face models; the
middle and right column show their nger prints using the parallel and circular slit
domains respectively.

Fig. 11. Conformal brain mapping with 12 landmarks. The rst column is the brain
surface; the secondcolumn is the circular slit mapping; the last column is the parallel
slit mapping.
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5 Conclusion

In this work, we preseried a novel global conformal parameterization method,
calledslit map, for multiply connectedsurfaces.The method is basedon comput-
ing a holomorphic one-formthat hasspecial behaviors on the surfaceboundaries.
The algorithm maps any multiply connectedsurfaceto a at annulus with con-
certric circular slits (circular slit domain) or to a rectangle with parallel slits
(parallel slit domain). The target domains are canonicaland re ect the intrinsic
conformal structure of the surface;therefore, the shape parametersof the target
domains can be usedfor conformal surfaceclassi cation. The method can bene-
t many important applications in geometric modeling and processing,suc as
texture mapping, surfaceclassi cation, quad re-meshing,mesh-splineconversion
and soon. It canalsobe applied for conformal brain mapping in medicalimaging
eld. The regularity of the target domain facilitates surfacematching with land
mark constraints. The method is automatic, e cien t, stable and general, which
can be shown by our experimental results

In the future, we will explore more applications of slit mapping. Also, we want
to investigate alternativ e methods of conformal mapping for multiply connected
surfacesand comparetheir performancesto that of slit mapping.
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