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Abstract—Mesh parameterization is a fundamental technique
in computer graphics. The major goals during mesh param-
eterization are to minimize both the angle distortion and the
area distortion. Angle distortion can be eliminated by the use of
conformal mapping, in principle. Our paper focuses on solvig
the problem of nding the best discrete conformal mapping that
also minimizesarea distortion.

Firstly, we deduce an exact analyticaldifferential formula to
represent area distortion by curvature change in the discree
conformal mapping, giving a dynamic Poisson equation. On a
mesh, the vertex curvature is related to edge lengths by the

curvature map. Our result shows the map is invertible, i.e. Fjg 1. There are an in nity number of conformal parametatioms for a
the edge lengths can be computed from the curvature (by given surface. We minimize the area distortion within thefoemal mappings.
integration). Furthermore, we give the explicit Jacobi matix of

the inverse curvature map.

Secondly, we formulate the task of computing conformal parem- How can we nd the best conformal mapping that has the least
eterizations with least area distortions as a constrainedanlinear area distortion?

optimization problem in curvature space. We deduce explidi

conditions for the optima. In this paper, we present a set of theoretical tools as well as

Thirdly, we give an energy form to measure the area distortios, practical algorithms to tackle this problem.

and show that it has a unique global minimum. We use this

to design an ef cient algorithm, called free boundary curvature

diffusion, which is guaranteed to converge to the global minimum; - A Background
it has a natural physical interpretation.

This result proves the common belief that optimal parameter Parameterization methods have become a fundamental tool in
zation with least area distortion has a unique solution and an  graphics, and a signi cant amount of research has focused on
be achieved by free boundary conformal mapping. it. Here, we brie y overview the most related works and refer

Major theoretical results and practical algorithms are presented readers to [1]-[3] for wider surveys.

for optimal parameterization based on the inverse curvatue map. N L .
Comparisons are conducted with existing methods and using A common approach for parameterization is to minimize sabert

different energies. Novel parameterization applicationsare also €nergy to control the distortion. Léwt al. [4] de ned an energy
introduced. The theoretical framework of the inverse curvdure to approximate the Cauchy-Riemann equation; Desbktual. [5]
map can be applied to further study discrete conformal mappngs. optimize Dirichlet energy. Variations of harmonic enesyiare
also optimized using discrete Laplace-Beltrami operaior6]—
I_ndex Terms— Mesh, Conformal Parameterization, Poisson, Met- [11]. More general energy forms can be found in [12]-[17].9Vlo
ric, Curvature, Inverse map linear methods apply a convex Dirichlet-type boundarytoér
boundaries are applied in [17] and [18] to absorb distogtion
introduced by the convex boundary conditions. Alterndyivet]
and [5] provide parameterizations which require to x only a
Surface parameterization is the process of mapping a gurfdew vertices in the parametric domain. Kaeti al. [19] discuss
to a planar region, and it has broad applications in graphidge design of geometrically complex boundary conditionghwi
Parameterizations introduce distortions between therafigur- constraints. Zayeret al. [20] apply discrete tensorial quasi-
face and its planar image, which can be separated anigle harmonic maps to improve the boundary and reduce the dstort

distortion and area distortion[1]—[3]. In theory, angle distortion . . .
. . .. One of the most prominent characteristics of conformal rivapp
can be eliminated completely by conformal mapping, but it iS

impossible for conformal mappings to further eliminsaesa 'S that it preserves angles. Angle based attening methodHf

distortion completely, except for developable surfaces [21] utilizes this property to produce high quality conf ap-
' ’ pings. They derive the discrete conformal mapping by miningj

For a given surface, we can de ne innitely many differentthe ABF energy which is de ned as differences between the
conformal mappings with different area distortions, aswshain corner angles of faces on the original mesh and their images
Fig. 1. The central problem of the optimal parameterizattan on the parameter plane. During the process the boundaryesvol
be stated as follows: freely to further reduce the distortion. Recently, the rodtlas

I. INTRODUCTION
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been improved by several derivative works [22], [23] in teraf We show that the curvature map is bijective in the conformal
speed and robustness. mapping. We give an analytical formula for theverse curvature
map by explicitly computing its Jacobian, which is revealed as
a dynamic Poisson equation (see Section Il). Therefore, ame c
easily compute the radii from the prescribed curvatures.

Another characteristic of conformal mapping is to map itesi-
mal circles to in nitesimal circles and preserve their irs@ection
angles. This inspired the circle packing method in [24].ceir
packings and circle patterns replace in nitesimal circlegh Discrete conformal parameterization can be treated asngai
nite circles. In the limit of re nement the continuous camimal con guration of radii such that all curvatures are zeros epic
maps are recovered [25]. Collins and Stephenson [26] hatse at the boundaries and cone singularities. All cureatu
implemented circle packing in their softwaf@irclePackwhich con gurations corresponding to parameterizations formaéne
only considers combinatorics. The connection betweenlecircsubspace, which we call thedmissible curvature spacérea
packing and smooth surface Ricci ow [27] was discovered idistortions can be measured by various energy forms de med o
[28]. The discrete Ricci ow method was introduced in [29F fo the con gurations of radii. Optimal conformal parametetinn
hyperbolic parameterization. is equivalent to minimizing the speci ¢ energy in the adntits

Kharevychet al. [30] provided conformal parameterizations forcurvature space, and therefore it is a nonlinear optinuzati

arbitrary genus types by applying circle patterns basedhen tproblem with linear constraints.

variational principle in Bobenko and Springborn [31]. Thethod Energies with good properties, such as differentiabilitgjque

in [30] supports very exible boundary conditions rangingrh  global minimum, simple forms of gradient and Hessian, are
free boundaries to control of the boundary shape via ptesgri highly preferred in practice. We discovered an energy fonat t
curvatures. They can further reduce the distortion by ino@ting meets all the requirements (see Section III-E). Furtheemar
manually selected cone singularities. Ben-Cle¢ral. [32] intro-  simple curvature ow algorithm with free boundary conditois
duced a conformal parameterization which automaticallierde guaranteed to converge to the global minimum.

mines the locations and target curvatures of the cone sirngak. o . L )
The pipeline of optimal parameterization system is as ¥adlo

Our work differs from the previous work in the following agp& 1. Mesh preparation (Section 1ll-A)

Based on a rigorous theoretic proof, our method can produgeComputing the initial circle packing metric (Section-B)

a discrete conformal parameterization with least aresodieh 3. Selecting the singular vertex set (Section 1lI-C)

among all possible parameterizations. Similar to [30], method 4. Computing the optimal circle packing metric (SectionDl|
is applicable for meshes with general topologies. Furtieeenthe Section IlI-E)

method can be extended for optimizing more general energ@slisometric embedding (Section llI-F)

with constraints on curvatures and area distortions. @ighows

parameterizations with special curvature constraintsh shat all

boundary curvatures are constant.) The theoretical results of inverse curvature map are axgdain

Section Il. Each step of the algorithm pipeline is elucidaie
In this paper, we will explain our theoretical results angogith- ~ Section I1l. The experimental results are demonstratedeitién
mic implementations with circle packings. Since circle lpag |v. We conclude our work and point out the future direction in
and circle patterns are equivalent in theory [33], [34], msults Section V. Detailed theoretical proofs are presented inefpix.
can also be explained with the setting of circle patterne (se
Appendix B).
II. INVERSEDISCRETECURVATURE MAP

B. Overview In this section, we introduce the inverse curvature mapgchvis
the key ingredient of our optimal parameterization.

Most of the previous works minimize some energy forms which . o . .

measure both angle distortion and area distortion. In thigkw The discussion is based on general triangular meshes with ar

we take the approach similar to those in [5], [20] to separatery topologies. We denote a mesh ly= fV.E;Fg. A vertex,

these two criteria. As shown in Fig. 1, we only minimize thén edge, and a face are denoted;aps;v;] (or &), and[vi; vj; ]

area distortion within the conformal mappings, which efiate (Or fij), respectively. A mesM embedded "Rfo’ has a naturally
the angle distortions. induced Euclidean metric, which is determined by each edge

length. The vertex curvatures are de ned as follows. For an
We address the angle distortion by using the discrete cowafor interior vertex, the curvature equalp inus the sum of angles
mappings based ocircle packing The given mesh is covered by petween edges at the vertex, whereas for a boundary vertex, i
circles, each of which is centered at a vertex as shown in Fig.minus this sum. The discrete Gauss-Bonnet theorem stages th

3. A circle centered at a vertex is tangent to or intersectf Withe total curvature is2c(M), wherec(M) is the Euler number
another circle centered at its neighbor vertex. We appratém of the mesh.

the conformal mapping by varying the radii while preservihg
intersection angles among the circles. (see Section II).

With circle packing, we can establish the mapping from th@- Circle Packing Metric
con guration of radii to the con guration of the curvaturethe

so calledcurvature map K Given a triangular mesh, we associate to each vertexcircle

with radiusg. On edges;j, the two circles with radiig and g
K : fcon guration of radiig!f con guration of curvatureg: intersect at an angle df;j, as shown in Fig. 3.
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Mesh Preparation‘%’Compute the Initial CP Metriq@—>’ Select the Singular Vertex S%r» Optimizatior Embedding

Fig. 2. Algorithm pipeline.

The derivative maplK: TP,(u) ! TW(K), satis es the discrete
Poisson equation,
dk = D(u)du; Q)

whereTP (u) is the tangent space &f, at the pointu, TW(K)
is the tangent space & at the pointk, andD(u) is a positive
de nite matrix when restricted td P (u).

Therefore, the curvature map and the inverse curvature @ap c
be represented as
z Uy 4 Ky .
ki ko= Dimdm u; up= D(x) “dx: (2

Fig. 3. Circle packing metric. Uo ko

A detailed proof can be found in Appendix A. Here we give an
De nition 2.1 (Circle Packing Metric):A circle packing metric Intuitive picture using alifferential network ow mode&s shown
for a meshM is de ned as(M:G F), whereM represents the in Fig. 4. We treat the mesh as a network. Curvature ows along
triangulation,G: V! R* is the circle radius function for vertices the €dges when vertex radii change. Suppgsandv; are two
(i.e.,vi 7! @), andF :E! [0;2] is the angle function for edges adjacent vertices, such that the logarithms of the radingbaby

(ie.. &) g fij). The discrete metric on an edeg is determined du; and du; respectively, and the conductivity (weight) for the
by lij= ¢+ &+ 2gg; cosfij edge iswjj > 0, which depends on the current vertex radii.
ij = ; j COST .

) ) _Then the curvature ux fromy; to v; along the edge iglkj =
Now, the edge lengths can be determined by the circle r@“.j”wi,-(du,- du). Each vertex has several edges connected to it, SO
and the intersection angles; with the cosine law, depicted in the net edge curvature ux equals the overall curvature ghan

Fig. 3. Since the edge lengths determine the angles on eeeh gy the vertexdk; = &; dk;j. Therefore, the Laplace matrix has an
the circle radii determine the vertex curvatures. We ded@the gypicit form: D= ( di).

mapping from the con guration of radii to the con guratiorf o

the vertex curvatures as tlervature map < wyj P68 i[vi;vj]2E
dj=. kW =] ®3)
-0 i6 j;[vi;vj]6E

B. Inverse Curvature Map We now explain the geometric meaning of the edge weight. On

each face, there exists a unique circle perpendicular tthede
circles, as the red circle shown in Fig. 3. The center of thelei

is the radial center (or power centey. Then the weight for a
halfedge equals t(?l'—‘ whereh;; is the distance from the radial
center to the halfeagé;j is the current length of the halfedge.
The edge weight is the sum of those of its halfedge weights
and depends on the current curvature (or, equivalently aba)r
Therefore the Laplace-Beltrami operator is dynamic. Tlaist f
makes the whole theory more complicated.

Two circle packing metrics of the same medh (M;G;; F1) and
(M; G; F ), areconformalto each other, ifF; equalsF,. Each
conformal equivalence class of circle packing metrics foran
space which we call aonformal discrete metric spacdenoted
by U. Upon xing the edge angle$;j, a discrete circle packing
metric can be represented by a vectos (ui; ;up), where
u = logg, u 2 ( ¥;+¥), andn is the number of vertices. Each
conformal discrete metric space is homeomorphiRtoBecause
scaling does not affect the curvature, we normalize thecraml
metrics by requiringd;u; = 0, which de nes a hyper-plane in
the R" that we denoteéP . The discrete curvatur& maps each
u to a curvature functiork = (ki;ke;  ;k,), and the image of
W = K(Py) is a convex polytope [28].

The curvature mapgK from the conformal metric space to the
curvature spac& : P! W is bijective; both the map and the
inverse map have an in nite degree of smoothness. Furthermo e L o _
the curvature map is real analytic (so it can be represergdhbea dkj = &idk; dkij = wij(duj  du;)

summation of an in nite series.) Fig. 4. Differential network curvature ow model. The cutuae ux along

edgedk;j is driven by the gradient affu. The change of curvature at a vertex
Theorem 2.2 (Inverse Curvature Mapyhe curvature mapK dk equals the divergence of the curvature ow.

from a conformal class of circle packing metriés, to the
curvature spacd\, is aC¥ diffeomorphism. Furthermore, it is Algorithm 1 computes thénverse curvature mapwhich can be
real analytic. applied for conformally parameterizing general meshesctly.
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Fig. 5. Discrete conformal parameterizations usingerse Curvature Maf[#v, #f, execution time (sec)] are [20660, 41118, 6.3],928, 59417, 11.2],
[20224, 40118, 5.8], [20618, 40803, 6.6], and [10219, 20438], respectively with Pentium4 2.8GHz with 2GB memory).

Fig. 5 demonstrates some parameterization results usiisg th I1l. OPTIMAL SURFACE PARAMETERIZATION

algorithm.
This section explains the algorithm pipeline for the optation

Algorithm 1 for computing the discrete conformal metticfor system as shown in Fig. 2, each subsection corresponds to one
the prescribed curvature is as follows: step respectively.

Algorithm 1 Inverse Curvature Map = K (k)

— - - A. Mesh Preparation (optional)
Compute the initial circle packing metr{gV; G F)

Compute initial curvature In practice, the initial circle packing metric requires tile edge
u( uo, whereup is the initial circle packing metric. angles to be acute, so that the Jacobi matrix of the curvature
while jk kj> edo map is positive de nite (equivalently, the Ricci energy E4) is
Computew;j(u) to form the Laplace matri(u). convex) to ensure the uniqueness of the solution. If thetimash
du( Du) Yk k) has too many obtuse angles and skinny triangles, we remesh it
u( u+du using the algorithms described in [35], [36] to improve thesim
k( K(u) quality.
end while
u( u

B. Computing the initial Circle Packing Metric

We use a simple method for the initial circle packing metric,
described in Algorithm 2.

C. Relation with Discrete Ricci Flow

Algorithm 2 Compute the initial Circle Packing Metric
Vi;wl]2 F do

Inverse curvature map can be also deduced from the theory ofor all faces|v;;

discrete Ricci ow [28]. The fact that curvature map:u! k for all corrlgrr?cil_krelated tovi in each facedo
is invertible is proven in the following way. oc) ==
_ end for
Let ug be the initial metric with the curvaturky. Supposek is end for
the prescribed curvature and its corresponding metrig, ithen for all vertexv; 2V do
we can de ne the followingdiscrete Ricci energy g maxg(c)jcis attached tosg
Z, end for
Eric(u) = (k k)Tdm 4 for all edQES[Vi;Vj]ZZ E do
to fij = minf cos 1l %G L;8g, where |jj is the Euclidean
From discrete Ricci ow theoryEgic(u) is convex in the sub- edge length
af ne spaced u; = 0, andu is the unique global minimal point. end for
The target metriau can be obtained by minimizing the energy,
using the steepest descent method In experiments, this algorithm guarantees to get acuteecorn
du ~ _ angles, and the initial circle packing metrics are very etbso
i NEric(U) = (k K); the induced Euclidean metric of the mesh.
which is the discrete Ricci ow. Therefore, the curvaturepm@a
is invertible. C. Selecting Singular Vertex Set

In order to compute the optimal parameterization, we need bn order to reduce the area distortion, it is very helpful to
explicit form of the Jacobi matrix of the curvature map, whis concentrate curvatures on a subset of vertices, which weacal
related to the Hessian matrix &kic(u). This is the key step for singular vertex setFor example, if a mesh has boundaries, all
a nonlinear optimization algorithm. of the boundary vertices are in the singular vertex set iregen
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Moreover, we can set several interior vertices as singuleasdn Optimal Parameterization Problem: Compute the minima of
order to minimize the area distortions. Several effectivethnds the energyE(k) in the admissible curvature spaPe:

have been introduced to select singular vertices, inctudianual
selection [30], vector eld analysis [37], and spectral lgses
[32]. Basically, we compute the gradient Bfk) w.r.t k, denoted as
We select the singular vertex set in step 3 of algorithm pigel N«E, and project the gradient to the af ne subspate While

in Fig. 2. Intuitively, we rst let the curvature be uniforgnl e Projected gradient is not equal to zekds updated along its
distributed on all vertices, then measure the area distgrind direction. Namely, at a critical point d£(k), N«E is orthogonal
nally pick the critical points of the area distortion furioh. The O the admissible curvature space.

algorithm is described in Algorithm 3. Fig. 6 demonstrates t This procedure can nd one local minimum but does not guar-

mingE(k); s.t. k2 Py:

algorithm using the Stanford Bunny model. antee that neither all minima, nor the global minimum can be
found. In next subsection, we design a special energy with a
Algorithm 3 Compute the Singular Vertex Set unique minimum, in order that this algorithm can reach ttubal
ki Oforvi2 1M, minimum.
ki 2ch(M_) for v 62/M, wheren is number of interior vertices
u K (k) using Algorithm 1 Algorithm 4 Optimal Discrete Conformal Parameterization
S( YM[ flocal minima ofug Randomly select & 2 Py
repeat

u K (k) using Algorithm 1
Compute the gradierifl,E
NkE ( D(u) N.E
for all vi 2 N do

NkE( NkE < NkE;g > g

= 100

end for
- le6 NkE NkE < NkE;d> ﬁ%
k k IRE

Fig. 6. Singularity selection process: (a) and (b) depietdtea distortion of e
the bunny model without any singular vertex. We selectaaitpoints in ear ~ Until jNkEj < e
tips and the point between the roots of the ears. (c) showarte distortion
after computing the inverse curvature map with the selestegular vertices.
The uniformity of the area distortion is greatly improved. whered is a vector withd; = O for non-singular vertices and

d; = 1 for singular vertices.

Theorem 3.2:Supposek is an interior point of Py, also an
optimum for an energy forniE(u), then all the components of

Now, we explain the process to compute the optimal circlékpadkE corresponding to the singular vertices are equal.

ing metrics in step 4 of the algorithm pipeline in Fig. 2. Th@re  proof The proof is based on the KKT theorem [38].Kfis an
two methods for the optimization, the projected gradienthoe optimum of E(k), then N E? Py. Supposev; is a non-singular
described in Section 1lI-D.1 and the free boundary cun@&tugertex, the normal to the hyperplarié = 0g is g, the normal

D. Compute the Optimal Circle Packing Metric

diffusion method described in Section IlI-E. to the planefa, skj = 20¢(M)g is d, whered; = 0 for non-
1) Projected Gradient Method for Optimizatiote can de ne Singular vertices andd; = 1 for singular vertices;. Therefore
various energy fo_rms tp measure the area di;tortion. Theg_yne \kE= & e+ nd:

can be de ned either in the conformal metric space or in the wi2N

curvature space. In terms of computational complexityy thee .
. . . wheremis a real number.
equivalent. We decide to de ne the energy in curvature space
because this is a convex af ne subspace. If the energy isespnvThe common energy forms used in the literature are:
only one optimum exists. Therefore, it is easy to handle both

theoretically and practically. 1) Angle Based Flattening energy de ned in [21]: this energy
measures the differences between the original and thettarge
The possible solutions must be a valid parameterizatiomeha angles at all the corners, (a corner is determined by a face
all curvatures are zeros except at the singularities. and one vertex adjacent to it).
De nition 3.1 (Admissible curvature spacefziven a meshM, o 5
the vertices are divided into two sefsand N. S represents the Enr(k) = a (q(k) a(ko)”;
singular vertices, whered$ represents non-singular vertices. The q
admissible curvature space is an af ne subspace de ned @s th  whereq(ko)'s are the original corner angles.
intersection of the following hyper-planes: 2) Area distortion energy de ned in [5]: this energy measure
\ ° \ the ratio between the original face area and the face area
Pci= fki=0g fa kj=2pc(M)g W ®) on the parameter plane,
Vi2N Vvj2S )
Then the optimal parameterization problem is equivalerugt- Exn(k)= & st (k) 1 - (6)

mizing some energy forr&(k) in the admissible curvature space. +  st(ko) ’
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where si(ko);si(k) are the areas of the fack under the one-form, and therefore the integration is path independéie
original metric and the target metric. This energy is thean choose an arbitrary path frdkg to k in the curvature space.
most direct measurement for area distortion. .

o . . .. The curvature entropy energy is closely related to tksuare
u-square energy: this energy is just the normupfvhich is energy de ned in Eq. (7)
a vector with the logarithms of the change of circle radii. oy q- 10, 7
Because the mean afis zero, this energy can be treated as
the variance ofi, which is a measurement of the uniformity
of uj.

3)

u
Ep(u)= (M up)Tldm
Uo
wherel is the identity matrix. If we replacé by D(u) ! in the
above formula, we will get the curvature entropy energy
z u z k
Een(u)= (M uo)'D(m ‘dm=
Uo

u(ko)j%

whereu(ko) is the initial circle packing metric.

Epe(K) = ju(k) @

uo) "dx:

(u
The gradient of an energg w.r.t. u is N E, which is related to 0

NE by Both D 1(u) and| are positive de nite. Thereforey-square en-
NkE = D Y(u)NE: ergy and curvature entropy energy are equivalent for theqaer
of measuring the uniformity of the area distortian
This energy can be directly optimized using the projectedlignt
method. The gradient of the curvature entropy is very simple
NkEen(u) = u  ug:
It can also be minimized by the followingurvature diffusion
method.
Algorithm 5 Curvature Diffusion with Free Boundaries
while max;onjkij > e do
for all vi 2 N do
du (K
U U+ duy
end for "
ay2v Ui
¢ =i
for all vertexv; 2V do
Uy U C
Fig. 7. Approximating conformal mappings by circle packirithe circle endl for '
radii are changed while tangency relations are preserviee.sécond column d whil
end while

shows a circular boundary condition; the third column shavisee boundary
condition. For the free boundary condition, all circle fagih the boundary
vertices are equal.

Intuitively, Algorithm 5 sets% = k. According to Eq. (1),

the curvature will evolve like a heat diffusim%—': = Dk. The
singular vertices absorb all the curvature ux, and the whol
surface deforms to be at in the most natural way. Because the
The energies introduced in the above are not satisfactory @ntropy increases in the heat diffusion process, we nange thi
practice. Firstly, it is unclear whether they have a uniqlebg energy as curvature entropy.

minimum or not. Secondly, their gradient has a complicatechf
leading to an expensive computation using the projectedigma
method.

E. Curvature diffusion with free boundary conditions

We show that when the algorithm terminates, the deformation
the singular vertices is uniform.

. . Lemma 3.4:Supposeu is the solution of the free boundary
In t_hls part, we introduce a novel energy, calte.dvature_entropy curvature diffusion algorithm, the uio const8v; 2 S.
which overcomes the shortcomings of other energies. It has a

unique global minimum,; its gradient has the simplest farit
can ef ciently be computed with methods other than the e
gradient method.

De nition 3.3 (Curvature Entropy Energy)The entropy energy
is Z

Een(k) = k(u up) " dx;

0
whereug is the initial metric with the curvatur&g de ned with
the initial mesh.

The integration measures the uniformity of the area distort
function, (i.e., conformal factor). The one-forad dk is a closed

Proof At the beginning, the; U terms are zero for all boundary
vertices. At each normalization step, u’ changes by the same
amount. Thereforey; u’'s are always equal.

The third column in Fig. 7 demonstrates this fact that all the
circle radii of the boundary vertices are equal (this is bseathe
radii for all vertices in the initial circle packing metriceaequal).
This result is consistent with theorem 3.2, i.e. the gradigrihe
curvature entropy isu, and this algorithm leads to a solution
where allu's are equal on the singular vertices. Therefore, this
algorithm minimizes the entropy in a different approach.

Theorem 3.5:The curvature entropy energy is well de ned
(namely, the value is independent of the choice of the iat&n
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path) and has a unique global minimum point in admissible
curvature space. The free boundary optimization algorikbads
to the global minimum.

Proof In order to show that the energy is well de ned, we need to
show that the 1-fornd (u; u?)dlq is closed. Namely, the matrix
(g—lljj) is symmetric.D is symmetric, therefor® 1 =( 3—3,-) is also
symmetric.

We can directly compute the gradient BEn(k), NxEen(k) =
u Uo. The necessary condition of the optimum pointiis u® =
constfor all singular vertices.

We further compute the Hessian matrixEdfy, which is directly

1 . e . l . e .
D “(k). BecauseD is positive de nite,D ~ is positive denite. g g pesh parameterization with the inverse curvaturep rfar a
Therefore Egy is a convex energy. On the other hand, thépologically complicated model: The David head mode! tws boundaries,

admissible space ok is a convex afne space, implying thatas shown in (a) and (b). Four different con gurations areictepl in (c)-(f),
the energy has a unique global minimum on it each of which has one outer boundary and three inner bowsdari the
' parametric space. For each case, the parameterizationtémet by using

The free boundary optimization algorithm can reach onecatit the inverse curvature map by specifying the sum of targetatures for an
. . L. . outer boundary asg®, the sum of target curvatures for each inner boundary
point of Egn andEgn has only one unique crltlgal point. Hence s 2p andke U is constant for boundary vertices.
the free boundary curvature optimization algorithm carchethe
global minimum.

Comparing to the projected gradient algorithm in Sectidn 11 f@ir comparisons, we tested the previous methods with thleso
D.1, the curvature diffusion algorithm doesn't need to sdfiae which are available on the websites of the original authors.

Poisson equation, it is simple, direct and easy to implem&fth  Tapje | summarizes the statistics of our experiments onrakve
free boundary conditions, we can apply the curvature ddfus models as shown in Fig. 9, Fig. 10, Fig. 11. Angle distortians
algorithm directly. measured with three different energy forms: conformalityy [2
shear [22], and squared sum of angle differences [22]. Aa/sho
in Table I, all of the methods minimize the angle distortiorda
F. Embedding hold the conformality well.

The nal step in our algorithm pipeline in Fig. 2 is to isomieally ~ Area distortions are measured with two different energynfarL2
embed the mesh on the plane using the circle packing metgigetch in [13] and Log area distortion Eq. (8). Our optirtiza
obtained from the optimization. approaches provide the best results for the complicatecetsod
o such as the horse and the camel. ABF++ produces small area
We rst compute a cut on the mesh to slice it to an Opepjsiortions in many cases, but it may fall into a local minimu

topological disk. Several algorithms [39], [40] can be @l (see Fig. 11). The circle patterns provide comparable gesdiis
directly. Then we embed the open mesh isometrically onto thgi, 411 the tested models.

plane using the optimal circle packing metric. For mesheth wi
less than 3K faces, we select a face near to the center of the
mesh as the root face and directly embed it, then atten theda

Log area distortior § lo si(k) ?
adjacent to it. g 4 .

f Sf(kO)

®)

We propagate the embedding face by face until the whole mesh
is attened. The efciency of both Algorithm 1 and Algorithm 4 greatly

depends on solving the Poisson equatitr= D(u)du. Since the
For large scale meshes, the propagated errors accumutate| gplace matrixD is positive de nite when restricted ofiP ,(u),
instead, we use a method similar to [22]. According to lemmge yse the conjugate gradient method to solve the lineaersyst
5.4, the planar embedding : M ! R? is a harmonic map which is ef cient in terms of time and storage. As shown in Fg
Df = 0, where the Laplace-Beltrami operator is determined by thgr parameterization with inverse curvature map is coniparm
nal circle packing metric. We rst x the parametric posihs = those of ABF++ and circle pattern methods. The error dedncti

of two vertices, then form a linear system to approximate thg very fast as in the convergence chart. Most models can be
parameter positions for other vertices in the least squanses parameterized within 4 steps in Algorithm 1.

The result was always found to be a valid embedding for all of

our experiments. For optimal parameterization, the free boundary curvatlife
fusion method (Algorithm 5) is much more efcient than the
projected gradient method (Algorithm 4). This is because th

IV. IMPLEMENTATIONS AND EXPERIMENTAL RESULTS latter needs to compute inverse curvature map for eachidera

step, which is very time consuming when the energy is close

In this section, we give the experimental results of our @lgms to the minimum. In the experiment for the horse model (Fiy.11

and compare our methods with the state-of-the-art tecksiquvith 30k vertices, the ICM entropy method takes several minutes,

including LSCM [4], ABF++ [22], and circle patterns [30]. Fo whereas the curvature diffusion method only takes 21s to get
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the similar result. For other energy forms (ABF, Area Dititor APPENDIXA: PROOF OFINVERSE CURVATURE MAP

U2), their gradients are more complicated than one of cureat THEOREM

entropy energy, thus they are computationally more expensi

Experiments show that the optimizations of curvature gutro N this appendix, we give a detailed proof of the main theorem
energy and ABF energy lead to parameterizations with highé this paper. The proof is based on analytic geometry. We hav

qualities than other energies. The area distortion enemy( used Maple to derive various formulae. In order to save space
has the local minima. we omit the calculation results returned by Maple.

For a Euclidean trianglgvi; v2; v3] with a circle packing metric
with radii gi; @; @, and intersection anglefo; f »3; f 31, the three
V. CONCLUSION AND FUTURE WORK common chords intersect in one poidt(see Fig. 3), called the
radial centerof three circles.
In this work, we introduce a set of rigorous theoretical $oahd
practical algorithms to solve the optimal conformal parteria
zation problem.

For a triangle with the circle packing metric, the following
equations hold (the proof can be found in [24]):

L Ta _ h

Inverse curvature map represents the exact analyticatioela T T 9)
between area distortion and curvature as a dynamic Poisson ! K

system. This enables us to nd the conformal parametedmatiWhereu; = logg;, andhy is the distance from the radial center
with the least area distortion using nonlinear optimizattech- t0 the edges.

niql_Jes with linear constraints. The_ e_xplicit gon_ditionsr fhe _Also we have (the proof can be found in [26], [28]):

optima are deduced from the variational principle. A specia

energy form to measure the area distortion, called the tunera Ta _ M (10)
entropy, is investigated. It has a unique global minimum and uj  Tu

can be optimized using curvature diffusion algorithm witkbef

boundanes. .Our e>.<per|ments on complex meshes support P¥hma 5.1:For a triangle with the circle packing metric, the
theoretical discoveries. derivative ofg satis es:

The inverse curvature map theorem is deduced for meshes with
Euclidean geometry, i.e. the mesh is formed by gluing Eeealid
triangles. We believe that the inverse curvature map hobds f
meshes with hyperbolic and spherical geometry, and leads to

novel hyperbolic and spherical parameterization algorihBoth Proof Because the face is a Euclidean trianglet g + g =

g:ot(;‘:lmgplay important roles for shape analysis and geomett] - 1 hereforefl g =1 + Ta=Tu+ 1ot o 0, Bacause of

symmetry in Eqn. 107g=Tui= 7g=Tu; 7Tg=Tuk. Therefore,

h hj
dg = l—:(du du) TH(du  du): (11)
J

Although we solved the optimal parametrization problem dor
given singular vertex set, it remains a challenging problem
determine the optimal vertex set. The common belief for shrap
singular vertices is to pick the critical points of the aréstaftion
function, as our algorithm in Section I1I-C does. In the fetuwe

will apply our theoretic tools to continue the exploratiolor®y  Now, we are ready to prove the main theorem,
this direction.

. = Ia 14 4y + T4
dg = qdu+t ﬂ—ujdu,+ ﬂ—ukduk

My du) F(du du):

Theorem 5.2 (Inverse Curvature MapJhe curvature mapK
from a conformal class of circle packing metriéy, to the
curvature spacé\, is aC¥ diffeomorphism. Furthermore, it is

ACKNOWLEDGEMENTS .
real analytic.

The authors are grateful to Professor Tom Sederberg and PFoe derivative maplK: TPy(u) ! TWk(k), satis es the discrete
fessor Ralph Martin for stimulating discussion. Speciainiks Poisson equation,
to Professor Zhongxiao Jia in Tsinghua for his insightfuéde dk = D(u)du; (12)

back of the numerical computing problems. The authors thaWﬁereTPu(u) is the tangent space &, at the pointu, TW (k)

Yukun Lai and Qianyi Zhou for their help for remeshing. Th . : S
models used in this paper are the courtesy of Stanford Univ(?sr the tangent space &k at the pointk, andXu) is a positive

sity and AIM@SHAPE shape repository. This work is partially‘l/aje hite matrix when constrained @P(u).
supported by the National Science Foundation CCF-044833%00f We consider the one ring neighborhood of a verexX_ et
DMS-0626223, DMS-0528363, National Basic Research Projean adjacent face bfi;vj;v], whereqi‘k denotes the angle at
of China (Project Number 2006CB303102), the Natural S@enwithin the face. Then from the de nition of discrete curvagu
Foundation of China (Project Number 60673004, 60628208nd from Eqn. 11 in the lemma 5.1,

and the National High Technology Research and Developm%% etdk = & dak = & wi (d duy)
Program of China (Project Number 2007AA01Z336). Feng Lug: 9 Apivivd2r GG = Aqiv2e Wi (AW AU),

is partially supported by the NSF (DMS 0625935). Junho Kim iwherew;; is the edge weight as de ned in Eqgn. 9. If edgg v;]

partially supported by the IITA&MIC scholarship program. is adjacent to two facefy;vj; v and[vj;vi;v], then its weight



TO APPEAR IN IEEE TVCG 9

Model Methods  |conformality Angle | L2 L2 log area
distortion shear stretch |distortion

camel |LSCM 0.00002 0.002030.0511185.809011.84310
#v: 20773ABF++ 0.0001% 0.0013%0.0453 5.1039 0.74653
#f. 40384(CirclePatterns 0.00008 0.0014%0.0472 8.5819 0.70627
Free Boundary 0.00032 0.003970.0699 5.1496 0.68069

Optimize U2 0.0012% 0.003740.0691 5.4908 1.92130

Optimize entropy  0.00019 0.002910.0613 5.4141 0.74996

Optimize ABF 0.0002( 0.002780.0596 5.4812 0.73377

horse [LSCM 0.00017 0.000810.0310 16.8601 7.45106
#v: 3140qABF++ 0.0000% 0.000470.0256¢ 1.5570 0.86409

D

#f: 61588CirclePatterns 0.0000% 0.000460.0262 1.6924 0.40167

Free Boundary 0.00034 0.0019%0.0502 1.6968 0.40979
|

Optimize U2 0.00051 0.001670.0465 1.3928 0.36636
Optimize entropy  0.00028 0.001610.0458 1.7169 0.42591
Optimize ABF 0.00027 0.001560.0454 1.6462 0.40199
oliverhandLSCM 0.00024 0.000340.0216¢ 3.2283 3.97385
#v: 5660|ABF++ 0.00007 0.000180.0162 1.0274 0.05258
#f: 10782CirclePatterns 0.00012 0.000380.0228 1.0278 0.05314
Free Boundary 0.00117 0.003530.0641 1.0383 0.06702
Optimize U2 0.00077 0.002630.0569 1.0766 0.13460
Optimize entropy ~ 0.0009% 0.002640.0584 1.2530 0.39787
Optimize ABF 0.00081 0.002490.0543 1.0363 0.06675
Optimize AD 0.00104 0.002940.0587 57.0863 6.40391
wood sh |LSCM 0.00022 0.0003¢0.0209 3.2104 3.33530
#v: 4457|ABF++ 0.00008 0.000210.0152 1.0126 0.02515
#f: 8449 |CirclePatterns 0.00008 0.0002§0.0192 1.013% 0.02689
Free Boundary 0.00162 0.0033(0.0664 1.0171 0.02832
Optimize U2 0.00108 0.002270.0571 1.0217 0.03755
Optimize entropy  0.00158 0.0031%0.0649 1.0167 0.02803
Optimize ABF 0.00128 0.0021%0.055% 1.0167 0.03056
Optimize AD 0.00066 0.002670.0620 3.8291 2.09491
TABLE |

COMPARISON OF DIFFERENT CONFORMAL PARAMETERIZATION METHOB.

Fig. 9. Comparison of different parameterization with thed&sh model: (a) initial, (b)-(e) optimizing ABF, AD, erdpy, and U2, respectively, (f)-(h)
LSCM, circle patterns, and ABF++, repectively

is equal tow;j = 7’“ + ”i In [24], Thurston gave a geometric The Jacobi matrix in Eqn. 1 has the following charactersstic

fu;
tion of each row is zero, and only the diagonal elements
roof to show tha fq is osmve if the radial center is inside the " A
P Iﬂ_ p are positive. Using linear algebra, it can be shown thaas a

triangle, which is guaranteed if all edge anglgs are acute. one dimensional null space, spannedtby(1; :1), andJ is

Ther_efore all edge weightsjj are positive. In our work, we positive de nite constrained on the complement space.
require all of the edge angles to be acute.
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Fig. 10. Comparison of different parameterization with @lezer's hand model: (a) initial, (b)-(e) optimizing ABF,2y entropy, and U2, respectively, (f)-(h)
LSCM, circle patterns, and ABF++, respectively

In the tangent space of admissible curvature space, beadusé :frg!f Fg with the constraintfi,tri = O is bijective and
the Gauss-Bonnet theoremk is orthogonal ta, i.e. §;dk = 0. real analytic.

In the tangent space of the normalized conformal metric espa
because of the normalization conditialy is orthogonal td, i.e.
a;dy = 0. Therefore, the Jacobi matrix is invertible. Accordingﬂfg _fl singee”

to the inverse function theorem, the curvature lapP,! Wk ¢, = 7, — i g

is invertible. a fre A (e cosge)?(1+ (eXSIisge)z)

By direct computation, the Jacobi matrix is differentiatite Similar to Lemma 5.1, the following holds

%roof Similar to Egn. (9) and (10), direct computation shows

> 0;whenge 2 (0; p)

in nite degree, and so is its inverse. Therefore the cumetaap qfk

is aC¥ diffeomorphism. Furthermore, the explicit formula for the dfé = ﬁ—re(dfk dry);

Jacobian shows that its elements are elementary functibtieo !

uUi. Hence, the map is real analytic. then from equation 14, the Jacobian map is
dF = D(r)dr

\
X whereD(r) has the same characteristics as Eq. (3). Therefore, it

]
Vi . .. .
i is positive de nite.
Vi The projected gradient optimization algorithm (Algorithd)
¢ and curvature diffuse algorithm (Algorithm 5) can be dihect

translated to the circle pattern setting.

Fig. 12. Circle pattern metric
9 P APPENDIXC: EMBEDDING INDUCED BY INVERSE CURVATURE

MAP

APPENDIXB: INVERSECURVATURE MAP THEOREM IN

In this section, we give the formal proof to show that the
CIRCLE PATTERN SETTING

embedding of the mesh induced by the Inverse Curvature Map
is harmonic. This builds the intrinsic connection to coniamal

We used the notations in [30] for the following explanatidine )
darmonic maps.

con guration of circle pattern is shown in Fig. 12, two face
[vi;vj;vi] and [vj;vi;v] sharing an edge = [v;;vj]. The face
circum-circles centered aj and cj with radii g and gj ,

intersecting at an anglge. Let rij = loggj. rji = logg , then
Singe

fk=tan 1——1—; 13

€ e cosge’ (13)

wherex= rijjix rji. Then the curvature of fade2 T is de ned
as
Fi=2p @ 2f; (14)
e2t

Theorem 5.3 (Inverse Curvature Map in Circle Pattern):

SupposeM s a closed mesh with a circle pattern. If theFig. 13. The embedding induced by Inverse Curvature Map ibaic.
edge weightsge 2 (0;p) are xed, the face curvature map
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ICM entropy
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Circle Patterns
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Lemma 5.4:SupposeM is a mesh with a circle packing metric,[13] P. V. Sander, J. Snyder, S. J. Gortler, and H. Hoppe, ttfexmapping

which induces zero Gaussian curvature everywhéreyl !

RZ

is the isometric embedding oM onto the plane. Then the [14]
embeddingf is harmonic, namely

Df = O:

[15]

[16]

Proof As shown in Fig. 13,v is a vertex on the mesh,

Vo, V1,
of the dual circle on the facpv;;vi+ 1], which is orthogonal to

;Vn 1 are the neighbor vertices of andc; is the center

the three circles centered at the vertices. We embed theinge r
neighborhood ofv onto the complex plan€, and use the same 18]
symbol to represent the complex coordinates of the vertitiesn

by de nition, the edge weight of edds; vi], denoted asv, equals

[17

]

[19]
to O p
i = ng\igj;wi(w V= e 6
JWvi) [20]
Therefore,
o 2 p_
awvi v=a Ua ¢ 1)=0
; [21]

where this is equivalent tBf = 0. Hence the coordinates of the
vertices ofM are harmonic functions.
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