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Abstract

Despitethe growinginterestin subdivisiornsurfaceswithin the computergraphicsand geometricprocessingcommunitiessub-

divisionapproadceshavebeenreceivingmud lessattentionin solid modeling This paperpresents powerfulnew framevork

for a subdivisionschemethat is de ned over a simplicial comple in any n-D space We r st presenta seriesof de nitions

to facilitate topolagical inquiries during the subdivisionprocess.The schemeis derivedfrom the double(k + 1)-directional

box splinesover k-simplicial domains.Thus,it guaranteesa certain level of smoothnes the limit on a regular mesh.The

subdivisionrules are modi ed by spatial avelaging to guaranteeCl smoothnessear extraordinary casesWthin a single
framavork, we combinethe subdivisiorrulesthat canproducel-, 2-, and 3-manifoldin arbitrary n-D space Possiblesolutions
for non-manifoldregionsbetweerthe manifoldswith differentdimensionsre suggestedasa form of selectivesubdivisiorrules

accoing to user prefeence We brie y describethe subdivisionmatrix analysisto ensue a reasonablesmoothnesacross
extraordinary topolagies,and empirical resultssupportour assumptionin addition, throughmodi cations, we showthat the

schemecan easily representobjectswith singularities,sud as cusps,creasespr corners. We further developlocal adaptive
re nementrulesthat can achieve level-of-detailcontmol for hierarchical modeling Our implementatioris basedon the topo-

logical propertiesof a simplicial domain.Theeforg, it is exible and extendable We also develop a solid modelingsystem
foundedon our theoetical framavork to showpotentialbene tsof our work in industrial design,geometricprocessingand

otherapplications.

Categyoriesand SubjectDescriptorgaccordingto ACM CCS) 1.3.5 [ComputerGraphics]:ComputationalGeometryand Object
Modeling— Curve surface solid, and objectrepresentations

1. Intr oduction

Since Requichaand Voelcler [RV82]'s famoussuney paperin
1982, the pasttwo decadeshave witnessedsigni cant growth in
solid modeling,especiallyin the developmentof new solid repre-
sentatiortechniquesln essencewe canclassifythe existing tech-
niquesby how they represenmodels:namely either continuous
or discreterepresentationParametricrepresentationandimplicit
function methodsaretwo classicexamplesof the continuousrep-
resentationAlthough modelswill be eventually approximatedo
vertices,edgesand/orfacesto be displayedon computerscreen,
they aredescribedcasanimageof continuousfunctions,level-sets
of functions,or patchesf locally smoothfunctions,internally. As
Boehmetal.[BFK84] suneyed,parametricurvesandsurfaceshad
beenwidely usedespeciallyin computeraideddesignand manu-
facturingfor alongtime. Bernstein-Béziesolids[Las85],B-spline
solids,andothertensorproductbasedGP89 approachearetyp-
ical examplesof parametriaepresentations solid modeling.Im-
plicit function methodssuchas CSG [PS94]and blobby models
[WMW86], de ne anobjectby a solutionsetof implicit functions.
In this method.,it is especiallyeasyto performsetoperationssuch
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asintersectionsand unions.However, even for the implicit func-
tion method,which hasa great e xibility in the topologiesof the
modelsthatit canrepresentit is relatively hardto modelobjects
with differentdimensionality(e.g., non-manifoldobjects)in a sin-
glerepresentation.

In contrastthe discreterepresentationmcludecell decomposi-
tion, triangularmodelsfor surfacesandtetrahedrabr hexahedral
modelsfor solids. Thesetechniquesepresenimodelsasa nite
numberof elementssuchaspixels,voxels, triangles or tetrahedra.
Becausehereis no function involved, it canrepresentn object
with arbitrarymanifold properties suchasa combinationof lines
andsurfaces self-intersectingaces,etc We canachieve a certain
level of detail, for instance,by using an octreeor a progressie
mesh[Hop96]. One olvious problemwith the discreterepresen-
tationis thatthereis no geometricinterpretationon the elements.
Thus,we have to rely on approximationto obtainary geometric
propertiesTopologicalinquiry is rathereasierbut it still requires
intensve graphsearchingn mostcases.

In fact, thereis no clear distinction betweenthesetwo cate-
goriesin currentmodelingapplications.Every continuousrepre-
sentatiorhasto be convertedto discreteobjectsfor computerdis-
play andpracticaluse,andsophisticate@pproximatiortechniques
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have beendevelopedto obtaingeometridnformationfrom discrete
models.Accordingly, variouscomputeraideddesignsystemauti-
lize bothrepresentationis a hybrid fashion.The subdvisiontech-
niqueis anexampleof new representatiothat shareghe features
of both cateyories.Fromaninitial controlmeshthatis essentially
discretewe successiely performaseriesof computations-mostly
simplelinear combinations- to obtainthe next level of meshthat
is ner thanthepreviousone.In thelimit, we endup gettinganob-
jectwhich is animageof smoothfunctions.Topologicalinforma-
tion canbe acquiredfrom the initial mesheswhereaggeometrical
propertiescanbe obtainedfrom the subdvision matrix analysis.

In this paper we establisha framework thatis basedon e xible
parametricdomainsand powerful subdvision ruleswhich canbe
appliedto objectswith complicateddimensionality The goalsof
our new approachareasfollows: (1) De ne a parametricdomain
thatprovideshigh e xibility in modelingandsimplicity in topolog-
ical inquiry; (2) Represenbbjectswith multiple dimensionsn a
singleframework; (3) Develop subdvision rulesfor arbitraryman-
ifolds andmultiple dimensionsand(4) Supportfeaturesandlevel-
of-detail (LODSs) control. We begin thediscussiorby reviewing the
previouswork thatis relatedto the goalsspeci ed above.

Parametric domain. For nearly all subdvision schemes,
the tensofproductis a standardway to expand the dimensions.
For instance,the Catmull-Clark schemeby Catmull and Clark
[CCT78 andthe Multi-linear Cell Averagingschemeby Bajaj et
al.[BSWX02] both utilize tensofproductcubic B-splines.In ary
case their parametricdomainsshouldhave the form of a tensor
productspace Someshortflls areapparenfor the tensorproduct
spaceFirst, tensorproductfunctionshave a higherpolynomialde-
greethan the functionsthat are natively de ned over the space
with the samesmoothnessSecondly tensofproductmeshesare
less e xible thanothers,suchastriangularor tetrahedraimeshes.
Also, thereis an ambiguity problemif eachfaceof the meshis
not planar We choosea simplicial meshas our parametricdo-
mainfor theframavork becausef its e xibility, extendability and
the ability to accommodatenon-manifolds.There hasbeensub-
stantial researchon simplicial meshesFor instance,Floriani et
al.[FMPS02,FMPO3]proposedechniqueso represenprogressie
non-manifoldsby simplicial meshesMost of the work on simpli-
cial meshedasbeenrelatedto numericalanalysis,especiallyfor
the nite elementmethod(FEM).

Subdivision schemes. Sinceoneof thepurpose®f theframe-
work is to representnulti-dimensionabbjects,we arerequiredto
have subdvision schemesghat can be easily extendedto various
dimensionsMoreover, asexplainedin the previous paragraphwe
want the schemego be basedon a simplicial domain. Cubic B-
spline subdvision is one of the simplestschemedor curves. An
exampleof the surface subdvision schemeghat are basedon 2-
simplicesprtriangulameshesis Loop'sschemdL0087]. For 3-D
solid objects,MacCraclen and Joy [MJ96] proposecthe tensor
productextensionof the Catmull-Clark subdvision in the volu-
metric setting,mainly for the purposeof free-formdeformationin
3-D space Later on, Bajaj et al. [BSWX02] further extendedthe
schemawith ananalysishasedn numericalexperimentsThey are
both the tensofrproductextensionsof the cubic B-spline curves,
andhence arenot suitablefor our purpose Most recently Chang
et al.[CMQO02] suggested non-tensoiproductbasedsubdvision
schemeversimplicialmeshesvhoseimit convergesto thetrivari-

@ (b) (€)
Figure 1: Anon-manifoldobjectrepresentedby thesubdivision(a)
Theinitial comple thatconsistof 1-, 2-, and3-simplices(b) After
level 3. (c) Thecross-sectiomf the 3-manifoldrevealstheinternal
structue.

ate box spline. They also proposedan interpolatorysubdvision
solid schemgCMQO3] over simplicial complexes.In fact, the cu-
bic B-splineschemel.oop's schemeandChangs box splinesolid
schemearethedirectanalogsf the doubledirectionalbox splines
over 1-, 2-, and 3-simplicial meshesThesethree schemesene
asbasicrulesfor our framework. In addition,evenfor a singledi-
mensionalschemenon-manifoldregions can occur throughself-
intersection.Ying et al.[YZ01] suggestednodi ed rulesfor the
Loop's schemeo dealwith non-manifoldsurfaces.In our frame-
work, thecase@remorecomplex thanthoseof asinglesubdvision
scheme.

Non-manifolds, features and detail control. The models
representetly subdvision schemesendto be smootheverywhere.
However, thevastmajority of real-world models especiallymanu-
facturedobjects,have sharpfeaturesHoppeet al.[HDD 94] pro-
posedmodi cations to Loop's schemeto represenfeatureslike
cornersand creasesWe follow similar approachego introduce
featureswithin the framework. For level-of-detail control, a con-
siderableamountof researcthasbeendonefor progressie mesh
approachegror instance Popwic et al.[PH97] presentedheidea
of a progressie simplicial comple. In our framework, we follow
the traditionallocal re nementmethodfor triangularandtetrahe-
dralmeshedo achieze the LODs.

The restof the paperis organizedin the following fashion.In
Section2, wede ne aparametricddomainanddocumenbthertopo-
logical de nitions, which sene asthe fundamental®f our unique
framavork. In Section3, we discussthe subdvision rules, their
modi cations, and a brief sketch of the analysis.We tackle the
problemof featuresand level-of-detail control in Section4. Sec-
tion 5 describesheimplementatiorof the framework in detailand
demonstrateseveralmodelsgeneratedby our framework. Finally,
we discusguturework andconcludethe paperin Section6.

2. Simplicial Complex

In the paper we de ne anobjectin the spaceasa manifold, or a
union of manifolds. Topologically a manifold is de ned asa lo-

cally EuclideancountableHausdorf space By locally Euclidean,
we meanthatfor any pointx onthemanifold,we can nd ahome-
omorphicmapfrom an opensubsetof R". In addition, thereis a
manifoldwith boundaryif the domainof alocal Euclideanmapis

half-space-lile. Fromthe solid modelingpoint of view, it is amat-
terof choosingacontinuousinjective, andsurjectve functionfrom

anappropriatedomainin Euclidearspace.

¢ TheEurographic#ssociation2004.
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Figure 2: Examplesof simplices(a) A 1-simple, (b) a 2-simple,
and(c) a 3-simple.
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Throughoutthe framewvork, we choosethe domainto be k-
simplicesin R (k  3). Local Euclideanmapsare de ned and
evaluatedby a seriesof subdvision ruleswhosesupportsarelim-
ited in a single simplex or a small numberof adjacentsimplices.
In fact, theinitial control pointsfor the subdvision rulesalsopro-
vide the simplicial domainof our objects.Moreover, they arenot
only homeomorphichut also satisfy the higherlevel of smooth-
nesson their supportsandare(’:l acrosghe simplices.In the next
few sectionswe introduceseveralde nitions relatedto the simpli-
cial comple thatareto beutilized for varioustopologicalinquiries
duringthe subdvision process.

2.1. De nitions

Ourdomainof choiceis a simplicial complex in R". A k-simplex S
canbede ned asasetin R",

K
S=fx2R"Mx= (X Xo)g; (1)
i=1
where
K
¢ 1, §c=1x2R" 2)

i=1

Since S canbe uniquely determinedby k+ 1 pointsXg, X1, :::
Xk, andis independenof their ordering,we simply usea setno-
tationS:= fXg;Xq;:::;Xkg. In this paperwe limit k to be lessthan
or equalto three.Note thatary subsetof S alsoforms a simplex.
Geometricallyeachsubsetanbeconsideredsaface,anedge,or
avertex. We call k thedimensiorof thesimplex S, or dim(S).

In ary collectionof simplices,we call a simplex a subsimplg if
it is a subsebf ary othermemberof the collection.Likewise, it is
calleda proper subsimplg if it is a propersubsef a simplex in
thecollection.

A simplicial comple, or a comple, Cis a collection of sim-
pliceswhere:(1) the subsimplice®f eachsimplecin Cisin C; (2)
theintersectiorof arny two simplicesof Cis a subsimpl& of both.
Thesecondoropertypreventstheintroductionof T-junctionsor the
improperincursionamongsimplices Also, anonemptysubseD of
a simplicial comple Cis calleda simplicial subcomple if it also
satis esthepropertiesWe simply call it asubcomple. Thedimen-
sionof acomple is de ned by the highestdimensionof simplices
in it.

In summary the domain spaceof our framewvork can be ex-
pressedsthe pair of thefollowing sets:

¢ TheEurographicsAssociation2004.
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Figure 3: Thesubsimplicesf a 3-simple. (a) The2-subsimplices,
(b) the 1-subsimplicesand(c) the 0-subsimplices.
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Figure 4: Complex decompositionA complex C can be decom-
posednto G/'swithk= 1;2;3.
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Setof vertices
V="fxjx2 R?’g; 3)
A simplicial comple
C=fS VjS6;;iS 4g (4)
with thefollowing property:

If S2 C, thenT2 CforallT S T6;: (5)

2.2. Complex Decomposition

A complex C cancontainsimplicesof differentdimensionsSince
eachk-simplex is to beusedasa partof theinitial controlpointsof
a k-manifold, we needto decomposé& with respecto the dimen-
sionsof the simplices.We de ne G asthe largestsubcomplg of
C, whosemaximalelementhave thedimensiork. We considetthe
maximality by setinclusionorder In otherwords, G, compriseof
all maximalk-simplicesandtheir subsimplicesn C. We call it a
k-subcomple. Thereforewe canexpressC as:

k-subcomplg decomposition
C=G[ Gl &[ G; (6)
whereeachG; satis esthefollowing property:
If S2 G andis maximalin G; thendim(S) = k: @)

In Section3, we de ne k-manifolds(with boundary)over the k-

subcomplg usingappropriatesubdvision rules.However, G's are
not mutually exclusive. This factleadsus to the needfor special
rulesacrosgheintersection®f thek-subcomplges.In fact,thein-

tersectionsepresenhon-manifoldregionsin theresult. Moreover,

somenon-manifoldregions could appeamwithin C; and G, since
thecomple is de ned over RS

2.3. Boundary and Non-manifold Simplex

A faceof ak-simplex Sis simply de nedasa(k 1)-subsimple
of S. A boundaryof a complex canbe de ned asfollows:
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Figure 5: Examplesof complees containing non-manifoldsim-
plices.(a) Typel, (b) type2, and(c) type 3. Theverticesor edges
in gray are the non-manifoldsimplices.

Boundarysimplex: If (k 1)-simplex S2 Cis afaceof a max-
imal k-simplex, andis not a subsimpl& of ary othersimplices,
thanSde nesaboundaryWe call it ak-boundarysimplex.

It is clearthat boundarysimplicesand their subsimplicedorm a
subcomplg of C. It is denotedby 1C.

It is not possibleto de ne amanifoldmapover a certainregion.
For instancejf a 1-manifoldanda 2-manifoldmeetatasinglever-
tex, thevertex is notlocally Euclidean eventhoughwe cande ne
eachmanifoldoveral- anda2-simple, respectirely. Ontheother
hand,if a 1-manifoldintersectdtself, it is not possibleto nd the
map either We categorize the non-Euclidearpart of our domain
complex asfollows:

Non-manifold simple«: A k-simplex S2 C is a non-manifold
simple, if

1. S2 G\ G wherek6 I.

2. S2 G exclusiely, andit is a faceto more than two k-
simplices,or

3. S2 G exclusively, and it is a face to more than one k-
boundarysimplex.

We call thema type 1, a type 2 and a type 3 non-manifoldsim-
plex, respectiely. We employ variousstratgjiesto tacklethe non-
manifold casesGenerally non-manifoldsimplicescreateill-posed
problems.There could be several different solutionsto meeta
particularrequirementn certainapplicationsWe rely on a user
speci ¢ preferenceo resolhe the problems.If norule is speci ed
by the user we usethe subdvision rulesfor 3-manifoldsto spa-
tially blendthe manifoldsof differentdimensionsilt is worthwhile
to mentionthat the type 2 only occursin C; and G becauseour
comple is de nedin R®.

3. Subdivision Scheme

In the previous sectionwe de ned thedomainof the framework as
asimplicial comple. Our objectcanberepresentethy the sumof
smoothbasisfunctionsthat are de ned locally over the simplices
in thecomple:

f(x) = & PN(X); ®)

wherep 2 S2 Cwith dim(S) = 1. Therefore the 1-simplices(or
vertices)in thecomplex actasthecontrolpointsof theshapeN(x)

is abasisfunctionwith local supportde ned overthecomplec. Ba-
sis functionsform a partition of unity on C. We choosethe box
splineasthefunctionN(x) whosesupportiesin the 1-ring of sim-
plices. For multivariate caseswe do not use the tensorproduct
generalizatiorof splinesin strongcontrastto mary other subdi-
vision schemessinceour domainis basedon a comple. Instead,

Q@

@

Figure 6: Thedomainsupportfor the box splines.Theupperim-
agesare the unit cubeswhoseprojectionsare taken. Thethick ar-
rowsare thedirectionvectos. For (c), weonly displaythe support,
sinceit is hard to visualizea 4-hypecube

we introducemultivariate box splineswith simplex support.One
exampleis Loop's schemgLoo87] for surfaces.For 3-D, we use
the box splinesolid that hasbeenemployed in our previous work
[CMQO02]. Nontensofproductbox splinesareparticularyusefulin
the subdvision processsince:(1) Their subdvision rulesare ob-
tainedintuitively from their de nitions; (2) They canachieze com-
parablesmoothneswiith relatively low polynomialdegree.

3.1. Box Splines

Box splinescan be understoodas projectionsof hypercubesnto
R". Becausef this, eachbox splineNp(x) canbe representethy
the collection of directionvectorsD = [dy;:::;dq]. Note thateach
di 2 R¥is the projectionof an edgeof a hypercube andthus,is
not necessarilydistinct. We employ the double(k+ 1)-directional
box splinefor eachk-manifoldde ned over G, exceptk = 0. Each
double(k+ 1)-directionalbox splinehasthe propertiesasfollows:

1. Fork= 1, thedirectionvectorsarechoserto beD = [1;1;1; 1],
whereeachl is aunit vectorlying in a1-simple, or aline sey-
ment.lt is double2-directional but thetwo directionscoincides
in al-simple. In fact,thisis exactly the samesplineasthe cu-
bic B-spline. As such,it follows the samepropertiesas cubic
B-splines.

2. Fork= 2,D = [(1;0),(1;0),(0;1),(0;1),(1;1),(1;1)]. The box
spline Np is the double 3-directionalbox spline. As shavn in
Figure6(b), its domainlies in the 1-ring of 2-simplices,or tri-
anglesLoop's schemas basedn this box spline.

3. Fork= 3,D = [e1;€1; e;e;€3; €3;U; U], whereg is aunit vec-
tor for eachaxisin R® andu = & g The supportof the box
splineis shavn in Figure6(c). Unfortunatelyit is notembedded
in the 1-ring of 3-simplices,or tetrahedraHowever,by adding
few moreedgeswe canturnit into a simplicial comple.

Generally the box splinessatisfy the following two propertiesas
provenin [dBHR93:

1. TheboxsplineNp is piecavise polynomialof degreejDj k.
2. Thebox splineNp is aC™ functionwherem= jDj jD(i 2,
andD%is amaximalsubsebf D thatdoesnotspaan.

For instancethe double(k + 1)-directionalbox splinesare piece-
wisepolynomialsof degreek + 2.

¢ TheEurographic#ssociation2004.
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Figure 7: Subdivisiorof theboxsplines.
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Figure 8: Splita tetrahedon andan octahedon.

3.2. Subdivision Meshes

Thebox splinescanbe expressedisa sumof the box splineswith
the half-sizedsupportqSeeFigure 7). Using this property we can
nd outtherulesfor the subdiision schemeWe rst considerthe
split of thedomain.As mentionedn the previoussectionspur box
splinesarede ned overthe 1-ring of k-simplices It is easyto sub-
divide the domainif it is comprisedof only 1-, or 2-simplicesas
shavn in Figure7(b) and(d). Trivial edgebisectionresultsin the
half-sizedsimplicesof the originalsin thesecasesHowever, it is
not sosimplefor 3-simplices A 3-simpl&, or atetrahedrondoes
not split into congruentetrahedray edgebisecting.In fact, there
is noway to obtaincongruentetrahedrdrom ary subdvision of a
tetrahedronThis is alsorelatedto the problemthata singletype of
tetrahedraannot Il theentireR®, unlike 2-simplicespr triangles

in R?. Weresohe the problemby thefollowing approaches:

1. The boundaryof the projectionof a 4-hypercubeon RS (See
Figure 6(c)) is a rhombicdodecahedront is well-known that
this polytopecan Il thespace.

2. By introducinga few additionaledgeswe candecomposéghe
dodecahedromto severaltetrahedra.

3. A singletetrahedracanbe split into four congruenttetrahedra
andoneoctahedronasshavn in Figure8(b). Also, an octahe-
droncanbesplitinto eighttetrahedrandsix congruenbctahe-
dra(SeeFigure8(d)).

4. If we keepcontinuingthis processthenwe geta semi-rgular
space- lling structurecalledoctet-trusgSeeFigure9). It is not
dif cult to gure outthatthe simplicial split of the dodecahe-
droncanbe embeddedn the truss,andthuscanprovide usthe
subdvision of the 3-simple« domain.

5. We storeonediagonalinsideanoctahedronasshavn in Figure
8(c), to keeptrackof the adjacenyg of eachvertex. In fact,each
octahedrorcanbe consideredsafamily of four tetrahedra.

3.3. Regular Subdivision Rules

Even thoughit is possibleto gure out the subdvision rulesus-
ing the de nitions of the box splines,it is more convenientto use
the generatingunctionsof the box splinesandtheir recursve re-
lations.lIt is known thatthe coefcients of the generatingunctions
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Figure 9: Octet-truss.
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Figure 10: Regular subdivisionrules. (a) The 1-simple rules. (b)
The2-simple rules.
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canprovide usthe coefcients for the subdvision rules,asproven
in [WWO01]. In generalthe generatingunction Sp(z) for the box
splineNp(x) canbe expresseds:

— 1 g 1+ di . 9
9@ = 5 x O+ ©)
whered = jDj. Note that the power of z follows the multi-index

notation.For eachk, thegeneratingunctionsof thedouble(k+ 1)-
directionalbox splinesare:

k=1:
S = 1+ )" (10)
k=2:
S(i2) = 151+ 21+ )1+ 22)% (A1)
k=3:
So(2i212) = g(1+ 201+ 2)2(1+ 221+ 212,29

(12)

We can nd the subdvision rules for the regular simplicial
meshedy assigninghe coefcients of the z%'sto the vertex with
the coordinates);. We cansummarizeherulesasfollows:

Regulark-simplex subdvisionrules:

Vertex points (for eachvertex x;):

1" 1 9 °
Vnew = K+ 2 27+ 2x+ a X : (13)
Xj2r(Xi)
Edgepoints (for eachedges = [Xi;Xi+ 1]):
L o
ew= gy (2 T DOIF XD A X (14)
xj2r(e)

thediagonallx;; Xj+ 1]):
" ©
Cnew= g (Xi+  *Xieg)* 20X+ Xje1) 1 (15)
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Figure 11: Regular 3-simplex subdivisionrules. (a) Vertex point,
(b) edge point,and(c) cell pointrules.

Here, we use more corventional namesfor 0-, 1-, 2-, and 3-
simplices,namely vertices,edgesandcells, respectiely. r () de-
notesthe 1-ring of neighboringverticesof a vertex or anedge.In
the regular k-simplicial meshesjr (x)j = 21 2 andjr (e)j =
2¢ 2 for eachvertex x or edgee. Note thateachk-manifold gen-
eratedby the subdvision rules on the regular meshsatis es ck
smoothnesasmentionedabore.

3.4. Extraordinary Subdivision Rules

In practiceacomplex Ccouldcontainavertex or anedge thatdoes
not have aregularnumberof neighborgr ( )j (or valencedor ver-
tices).We call themtheextraordinary casesThey requiremodi ed

rulesto accommodatéhe lack (or the excessienesspf neighbors.

Fortunately the extraordinarycasesareisolatedover the subdvi-
sion processesAlso, someof the regular rulesdo not requireary
extraordinaryrule. For instance the 1-simplec rules do not have
ary extraordinarycase For the2-simplex rules,therecouldbeonly
extraordinaryvertices.Lik ewise,no extraordinarycell pointrule is
requiredfor the 3-simple rules.

Theextraordinaryertex rule for a2-simplex hasbeernwell stud-
ied andthereis a considerabl@mountof literaturesuggestinghe
coefcients for the rule that guaranteeat leastC' smoothnesén
the limit. For instance,the original Loop scheme[Lo087] sug-
geststhe coefcients for a vertex with valencem thatarederived
from the discreteFourier analysisand the eigevalue analysisof
the subdvision matrix. We adoptthe valuesproposedy Warrenet
al.[wwo1]:

Modi ed 2-simple subdvisionrules:

Vertex points (jr (xj)j = m):

vrew= (1 moxi+c & X (16)
Xj2r1(X)
wherec= 3 form= 3,c= g, otherwise.

Similar modi cations arerequiredfor the 3-simplex subdvision
rules:

Modi ed 3-simple subdvisionrules:
Vertex points (jr (xj)j = m):
7 o

Vnew = in"' 16m a Xj: (17)
Xj2r(Xi)
Edgepoints (jr (g)j = m):
5 3 o
€new = 1—6(Xi+ Xj+1) + 8m a Xj: (18)
xj2r(e)

Figure 12: Modi ed k-simple subdivisiorrules.

@) (b) (©)
Figure 13: Exampleof manifoldswith boundary (a) A 1-manifold
with boundary (b) A 2-manifoldwith boundary (b) A 3-manifold
with boundary

3.5. Manifold with Boundary and Non-manifold Region

The boundariesof k-manifolds cannotbe representedy the k-
simplex subdvision rules, becausehey are de ned by the faces
of k -simplices.Instead,we usethe (k 1)-simplex subdvision
rulesto representhe boundariesSinceall of the subdvision rules
rely only onthe 1-ringsof neighborsthis approacttauseso addi-
tionaltroublebetweerntheboundaryandtheinteriorsimpliceslt is,
in fact,a standardapproactor mostsubdvision surfaceschemes.
Figure13 demonstrateexamplesof suchboundarycases.

Someregionsof the comple requirespecialrulesbecausehey
cannotsene asthe domainof manifolds.We catgyorizethe cases
into threetypes,asexplainedin Section2.3.In eachcasewe rely
onuserinputto determinewhich rulesto apply If theuserhasnot
providedachoice,wetry to nd thebestpossibleway to dealwith
it. Ying et al.[YZ01] proposeddetailedapproacheso overcome
non-manifoldtopology with subdvision surfaces.They involve a
the speciallymodi ed Loop's schemeanda geometrictting pro-
cess.Sinceour domainis in R® andwe have the 3-simplex sub-
division rulesthat canacceptan arbitrarymanifold with lower di-
mensionpur solutionscouldbe muchsimpler asdescribedelow.

@) (b) (c)
Figure 14: Examplesof non-manifoldcases(a) A type 1 caseby
the 2- and 3-manifoldintersection.(b) A type 2 caseby a single
1-manifold.(c) Thecross-sectiomf thetype?2 case
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CY (b) (c)
Figure 15: Type3 non-manifoldrules. (a) Theinitial comple. (b)
Thesubdivisiorby RuleG-1. (c) Thesubdivisionby RuleG-2. The
redvertex preservests positionin (b), whileit is blendedn (c).

Recallthatthe dimensionof a non-manifoldsimplex is eitherzero
(avertex), or one(anedge):

Typelis aregionwherethemanifoldswith differentdimensions
meet.In this case we canfollow the subdvision rulesfor one
k-simplex of our choice.The othersignorethe region (no rule
applied).

Type 2 is a region where a multiple manifold of a single di-
mensionintersects.This region can be consideredas a self-
intersection One possiblesolutionis to chooseone pair of the
simpliceson which we apply the subdvision rule. The others
ignoretheregion (no rule applied).

Type 3 is a region wherethe boundarieof multiple manifolds
of asingledimensioncoincide.Thereis no speci ¢ solutionfor
this case exceptthe generarulesbelow.

Regardlessof thetype,we canapply oneof the generakulesas
follows:

Rule G-1 Treattheintersectiorasa0-, or 1-singularity
Rule G-2 Use the 3-simplex subdvision rules with the relief
topologycondition(only considerconnectvity).

By a subdvision rule with the relief topologycondition,we mean
thatthe rule only considerghe connectvity betweeneachvertex
whenacquiringthe 1-ring of neighborsregardlesf the existence
of a simplex in between Figure 14 and 15 illustrate examplesof
non-manifoldcasesin Figure14(a),a2-mainfold(thepurplearea)
intersectawith a 3-manifold (the blue area). Therefore,it formsa
typel caseForthisparticularcase auserhasdecidedo follow the
2-manifoldrule. Thus,the intersectedareafollows the 2-manifold
boundaryrule, andthe 3-manifoldis blendedinto it. Figure14(b)
and(c) shaw typical type 2 casesln Figure 14(b), the 1-manifold
intersectgtself at a point (the red vertex). A multiple numberof
surfacesintersectsat an edgein Figure 14(c). For both caseswe
useRule G-2 to blend non-manifoldpartsinto the bodies.Figure
15 shawvsthe effectsof thedifferentrules.In Figure15(b),theuser
selectgheredvertex to beasingularity(RuleG-1). Hencewe only
applythe0-mask(i.e., thel 1 identity matrix) onthevertex dur
ing the subdvision processThus,it preseresthe positionduring
thesubdvision. However, in Figure15(c),wefollow Rule G-2. As
a result,the vertex hasbeenmoved accordingto the positionsof
the 1-ring neighborsbecauseve usethe subdvision rulesfor 3-
simplices.In theend,the nal shapes muchsmootherandall the
boundariesrewell blendedWe shouldmentionthatthesuggested
rulesdo not representll the possiblesolutions.Nonethelesswe
canintroduceanew rule dependingn therequiremenbf a partic-
ular application.

¢ TheEurographic#Association2004.

3.6. Analysis

Smoothnessinalysisis requiredonly for the extraordinarycases,
sincethe regular rules are basedon the recursve propertyof the
box splinesand the generatingfunctions. The corvergenceand
smoothnessf theregularcasesrewell-documentedh [dBHR93
and [WWO01]. For the 1-simpl rules, thereis no extraordinary
caseandthus,no extraordinaryanalysids required The 2-simple
rulesrequireanalysisof the extraordinaryvertex case.This analy-
sis, basedon the spectralanalysistechnique hasbeenproposed
by mary researchersror instance Micchelli [MP87], Prautzsch
[Pra85,Pra98], Reif [Rei95h Rei95a],and more recently Zorin
[2SS96,Zor00]investicatedthesuf cient andnecessargonditions
of con/ergenceamdthec1 smoothnesGiventhealundancef the
relatedliteratureandin the interestof spacewe only sketchthe
ideain brief.

Sincethesubdvisionprocesss alinearcombinationjn essence,
we canrepresentheruleslocally by the subdvision matrix S,

p*l=sp; (19)

Wherep‘ consistsof a vertex X atthe subdvision level * andits
neighborsx = [xq;:::; Xm]. Weassumehatl ;'s arethe(left) eigen-
valuesof S in non-increasingorder If the setof the initial ver
tices pO is expressedy the correspondingeigervectorsy; in the
eigenspacef thematrix S,

p0 = agVg+ V1 +  + anvn; (20)
thelimit procescanbeexpresseds
+ 1 nanvn: (21)

of x° canbe expressedy,

p‘ =s p0 = 6aovo+ | ia1v1+
Hence thelimit positionx®

+ImXOm.

0+
1ol , (22)

lo+ +1lm
underthe condition:

lo=1>11 l2>13 ;ln (23)

As shavn in Figure12(a),thematrix S hasacyclic structuredue
to its planarsymmetryin the 2-simplex case.Therefore after re-
orderingpo, it is possibleto applythediscreteFouriertransformon
Sto obtainthe closedform of the eigervalues.Combinedwith the
condition (23), this leadsus to the coefcients of the subdvision
rule (16). Accomparying analysison the characteristianap sug-
gestedby Reif [Rei95b] canguaranteghe c?! smoothnessround
thevertex.

The sameprocessanbe appliedto the 3-simplex edgecaseto
prove c! smoothnesshecausit still carriesthe planarsymme-
try in S. However, the subdvision matrix for the 3-simplex vertex
rule doesnot have ary symmetryat all in general.This resultsin
thefailure of the applicationof the discreteFouriertransform,and
only anumericalprocessanbe emplo/edto acquirethe eigerval-
ues.In fact, Bajaj et al.[BSWX02] suggestedhe conditionfor ct
smoothnessf threedimensionataseas:

[3>14 ln; (24)

throughtheirempiricalanalysis Our suggestedaluesarebasen
thespatialaveragingandthe assumptiorof the evendistribution of
the valencesof the verticesin the 1-ring planargraph.The eigen-
valuesfor our subdvision matrix have con rmed thatthe condition

lo=1>11 15
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(24) is satis ed for mostof the casesgxceptvery smalljr ( )j (va-

lence4, in particular)which hardlyoccursin ary realapplications.
Nonethelessyur experimentsshav thatthereareno visible degen-
erationsof the 3-manifoldeven after the very large numberof the
subdvision processesMore in-depthanalysison the 3-D caseds

notyetfully explored,andit will bethe subjectof our future pub-
lication.

4. Singularity and Adaptivity

Eventhoughthesubdvision rulesthatwe have presentedofarare
idealfor representingmoothobjectsijt is desirabldo haveamodel
with sharpfeaturessuchascuspsgcreasesor cornersespeciallyin
real-world applicationsAlso, we maywantto have moredetailsin
somepartof themodelwithout subdviding thewholecomple. In
thefollowing sectionsye discusghe extensionf the framevork
thatcanincreasats bene tin practicalsolid modeling.

4.1. Singularity Representation

Hoppeetal.[HDD 94] suggestedmodi cation of Loop'sscheme
to represensharpfeatureswithin smoothsurfaces.Our basicidea
is similar to theirs.However, we generalizehe approacto apply
to multi-dimensionamodels.

A manifold de ned by the subdiision rulesis C* smoothover
the complex C exceptin non-manifoldregions. To represenfea-
tureswithin the manifold: (1) We needto specify the areaof the
domainwherethefeaturesoccur;(2) We needto specifythe subdi-
visionrulesto representhefeaturesn themanifold. Amongmary
types of features,we only consider“sharp" features,wherethe
manifoldis continuousput is not differentiable We call this type
of featuresa singularity for corvenience We de ne a k-singular
simplex by:

k-singularsimplex: A k-simplex S2 Cis ak-singularsimple, if
andonly if: (1) Thereexistsno ct mapto I-manifoldsde ned
overary simplex T 2 C, whereS T andk< I. (2) It is pos-
sible to de ne a differentiablemap on the singularsimplex to
k-manifolds.

Weconsidelasubcomplg S  C, whichisacollectionof all singu-
lar simplicesin C. Sincethey areacomple by themseles,all def-
initions andsubdvision rulesthatareappliedto thecomplex C are
alsoapplicableto S. Basically S generateembeddednanifolds
within the original manifoldson C. Whenapplyingthe subdvision
rules,if a vertex x or an edgee belongsto a maximalsimplex in
S, we only follow the subdvision rulesthat matchthe dimension
of the simplex, andignore ary other simplicesthat may contain
thesingularsimplex. Figurel6illustratesexamplesof singularities
which our framework canrepresentAs showvn in Figure16(a),if a
vertex (al-simple) is assignedo besingularthentheschemenly
appliesthe 0-maskonthevertex duringthe subdvision. Therefore,
the vertex doesnot changeits position at eachsubdvision level.
However, otherverticesaroundit follow the normalrules.As are-
sult,we canobtainanobjectwhichis smoothexceptatonesingular
vertex andin its local area.This singularityis particularlyusefulto
generatea cuspon the part of a manifold. In Figure 16(b), a user
hasassignednevertex andall edgeghatgo throughit assingular
The 0-maskis appliedto the vertex, andeachedgefollows the 1-
simplex edgerule. It effectively producescornerandthreecreases

) (b) (©
Figure 16: Examplesf singularitiesin manifolds.(a) A singular
vertex. (b) A cornerandcreases(c) A 2-manifoldembeddedh the
3-manifold.

>0 0 05

Figure17: Localre nementrules.(a) RedRuleand(b) GreenRule
for local triangulation. (c) RedRule (d) Green-Ill Rule and (e)
Green-IRulefor local tetrahedalization.

startingfrom it. Thecaseshawvn in Figure16(c)is moresubtle.The
userhasintroduceda 2-manifold singularregion in the middle of
the 3-manifold. As a result,the 3-manifoldis split into two parts
alongwith the singularsurface.Both partsare smoothinsideand
outside but theintersectioris only smoothalongwith the tangent
directionof the singularity Thesetypesof singularitiesare espe-
cially usefulif we wantto designor t objectswith heterogeneous
material For instancewe canmodelageologicaimagecontaining
streamsandmineralveins(1- and2-singularities)ith ease.

4.2. Local Adaptive Re nement

Duringtheproces®f modelinganobjectrepresentetly ourframe-
work, asituationcanoccur, thatrequiresner simplicesthanorigi-
nally given.For instanceyve maywantto generateery ne details
on a certainregion of the manifold thatis de ned over one sim-
plex originally. Sincethe subdiision rules generatea C' smooth
box splineon a singlesimple, it is not possibleto achieve high-
level of detailwithoutsplittingthesimplex itself. Oneobvioussolu-
tionis aglobalre nementof theentirecomple. This surelywould
work, but at the expenseof the size of the complex andthe mem-
ory consumptionlf we simply split a singlesimplex, the integrity
of thecomplex will bebroken,sincethe neighboringsimplicesbe-
comenon-simplicialby theintroductionof cracks,or T-junctions.
We follow typical Red-Greersplit rulesto avoid the situation(See
Figure 17). For the 1-simplex caseno specialrule is neededFor
the 2-simplex case,only the 1-ring of the adjacentsimplicesare
affectedby Greenrule (Figure 17(b)). For 3-simplices the 1-ring
of theadjacensimplicesaresplit by Green-llIrule (Figure17(d)),
while the 2-ring of the neighboringsimplicesandthe edge-sharing
simplicesaremodi ed by Green-Irule (Figurel17(e)).For anocta-
hedralcell, we simply splitit into four tetrahedrawithout effecting
the neighborgSeeFigure18(a)and(b)). Thenwe canapply Red-
Greenrulesasusual.
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5. Implementation

In this section we discusdetailedissuegelatedto theimplemen-
tation of the framewvork andsomeof resultsthat arefrom our ex-
perimentadesignsystem.

5.1. Input Data

As aninput, the framework takesa combinationof the vertex set
V, thecomplex C, andthe singularsubcomplg S. However, since
subsimplicexan be inducedfrom maximal simplices,we do not
needall thesimplicesin C. So,in theimplementationywe only take
thefollowing dataasaninput.

Setof verticesV = fxj x 2 R%g.
Setof maximalsimplices:
maxC) = fS2 Cj S: maxmalg.
Setof maximalsingularsimplices:
maxS)=fT2SjT: maimalg.
Setof combinedmaximal:
M = maxC)[ maxs).

Theseare the minimum datathat are requiredto reconstructhe
comple andthe otherinformation. Additional input caninclude
userspeci ¢ preferencedor eachnon-manifoldcases.Sincewe
heavily rely on setoperationson the comple, an efcient data
structures necessary

5.2. Complex Construction

We reconstructhe complex C, thedecompositiorG, theboundary
1C, andthetype 2 non-manifoldsimplicesaccordingo thefollow-
ing process:

Initialize Casempty
Foreachk= 0;1;2;3:

1. Foreachk-simplex S2 M :

2. PutSinG..

3. Foreachl-subsimple T Swith| < k.

4 PutT in G,.

5. Constructr () if | = 0; or 1.

6. Foreachnew (k 1)-subsimple (face)T:

7. If (T belongsto only onek-simplex),

8 TagT asboundary

Elseif ( T belongso morethantwo k-simplex),
10. TagT asnon-manifoldtype 2.

© ¢

Oncethe comple is constructedwe gure outthe othertypesof
non-manifoldsimplices.This hasto bedoneafterthe construction,
becauseve needthe boundaryandthe decompositiorinformation:

Foreachk= 0;1:

1. Foreachk-simplex S2 C:
2. If (S2 GiandS2 G andk 6 1),

3. TagT asnon-manifoldtype 1.
4. Elseif (type-three-tesg§==true)
5. TagT asnon-manifoldtype 3.

Notethat,thetype3 testis morecomplex thantheotherslt requires
the computationof the adjaceng graphof r (S) for eachO- or 1-
simplex S, andthecomponentest:

type-three-tes§) is trueif andonly if:

¢ TheEurographicsAssociation2004.
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Figure 18: (a) and (b) showa 4 split of an octahedon. (c) The1-
ring neighborhoodf thetype3 non-manifoldvertex. It contains2
components.

©

1. Shasbeentaggedasboundary
2. Theadjaceng graphof r (S) containamorethanonecompo-
nent.

Figure 18(c) shavs how this processworks. Oncethe stepsare
completewe arereadyto choosethe appropriatesubdvision rules
for eachvertex andedge.Note thatthe subsimplicesnducedfrom
maximalsimplicesarerequiredonly for the neighborhoodestand
the boundary/manifoldtest. It can be safely removed from the
memoryonceevery stepis done.

5.3. Subdivision Process

We constructthe subdvision matrix andthe 1-ring neighborsfor

eachvertex andedgeusingtheinformationgatheredn theprevious
stepsAdditional userinputis consideredo treatthe non-manifold
region. Then,we outputV® andC% asthe next level of the vertices
andthecomplex:

For eachvertex x in C:

1. Filterr (x) to containonly the sametype of vertices.
2. Choosehe subdvision matrix Sx.

3. Computethevertex pointvney by Itered r (S andSx
4. Associate/ney With x.

We follow the exactly samestepsfor eachedgeto obtainnew edge
points.Oncethe new vertex andedgepointshave beencomputed,
we split eachsimplex:

Foreachk= 0;1;2;3:

1. For eachk-simplex S2 C.
If (k== 0orl),
PUtVnay OF enay associateavith Sin V°.
Else
If Sis anoctahedroreell,
Computethe cell point chew.
Putcnay in V°
Split Sby Vhaw, €nev andcnewif required.
9. Putthe split simplicesin C°.

NGO A~WDN

Finally, we obtainthe ner comple c® with the new verticesV°.
We may continuethe stepsfrom Section5.2 to achieve more sub-
divisionlevel.

5.4. Results

We have implementeda basicdesignsystembasedon our frame-
work. We presenta few examplesfrom the resultsof our system.
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Figuresl9(a-c)shav asimplescrav modelby lessthan20 control
points.Four bladesconsistof surfaceswherethecoreis asolid ob-
ject. Thecross-sectioshavstheinnerstructureof thecore.In Fig-
ures19(d-f), we usea simple spiral equationto generatehe solid
spring part. The valve part comprisesa solid cap and a cylinder
whichis asurfacemodel.All partsarerepresentedvithin a single
complex meshandthe non-manifoldpartsare smoothlyblended.
In Figures19(g-i), we have designeda part of a shipthat consists
of thesolid bow, afew decksanda partof thehull. Figures20(a-c)
illustratea mechanicapartwith non-trivial topology Thehandleis
a 2-manifold surfacemodel, whereaghe otherpartsareall solid.
We usethesingularityrulesto make theroundedcornersthesharp
cornersthe at surfacesandthecircularholes.Theframework has
the potentialto be a greatanimationcharactemodelingtool, as
shavn in Figures20(d-f). Oftentimes,animationcharacterson-
tain manifoldsof differentdimensionsandourframevork canhan-
dle themeasily Finally, Figures20(g-i) shav an experimentwith
material properties We assigntensionvaluesat the initial level,
andthe subdvision rules smoothlyblendtheminto the structure.
In all gures, we usethe samecolor schemeo representifferent
manifolds.Blue color represent2-manifoldsor the boundarieof
3-manifolds,while orangecolor is for the insidesof 3-manifolds.
Eachvertex andedgearecoloredaccordingo thesubdvisionrules
thatare appliedto them.Redverticesare singular andgreenand
blue verticesarethe verticeswherewe applythe 1- and2-simple
rules,respectrely. Thesamecolor schemas appliedfor theedges.

6. Conclusionand Futur e Work

We have presenteda new framework for multi-dimensionaladap-
tive subdvision objectsbasedon simplicial complexesand subdi-
vision schemesA simplicial complex asa parametricdomainpro-

videsusgreat e xibility for thetopologyof models.Ilt cancontain
simplicesof multiple dimensionsimultaneouslyThus,it provides
an excellentcontrol meshfor the subdvision rulesof differentdi-

mensionality Queryingandprobingon the complex in our frame-
work offers us information of topologicalstructureof the result-
ing manifold. The subdvision rules basedon the box splinesare
generalizedndmodi ed to generatenanifoldsof differentdimen-
sionsin thelimit. Unlikethetensorproductschemespurschemes

well-de ned over a simplicial domain.The subdvision rulesnatu-
rally resultin highly smoothmanifolds exceptfor theextraordinary
caseswherethey convergeto satisfyC1 smoothnessThe general
rulesandthe userspeci c rulesareselectvely appliedto the non-

manifoldregion to modelspecialshapesn practice.Theboundary
representatiofior eachmanifold is basedon the subdvision rules
of onelesserimensionThereforetheresultis consistenthrough-
out the frameawork. Singularitiesare de ned asan embeddedub-
comple of the domain,andthe appropriatesubdvision rulesare
appliedonly onthe subcomplg, sothatsharpfeaturescanbealso
representeds manifoldswithin manifolds.Furthermorelocal re-

nement rulesare alsoillustrated,which affords a usera mecha-
nism for selectve detail control on the objects.In the implemen-
tation, the propertiesof the complex domainare extensvely em-

ployed to obtainvarioustopologicalinformation. We also brie y

discussthe analysisof the subdvision schemeswhich is mostly
basedn well-establishednathematicahndnumericaltechniques.

Our new framework hasgreatpotentialfor the modelingof very
comple, real-world objects.The subdvision rulescanbe usedto

approximatenotonly geometrianodels put alsomaterialattributes
of heterogeneousbjects.In particular if combinedwith a proper
approximatingalgorithms theframewvork canbe appliedto recon-
structandcompresdarge heterogeneousiodels like bio-medical
imagespr geo-scienti cdata.We arepursuingthisandotherdirec-

tionssuchasdatatting, modelingof physicalattributes,andmodel
segmentationln addition,althoughwe have implementedoolsfor

the basicmodelingpurposesmore practicaloperationsvould en-

ableusto pushthe framavork toward mary practicalapplications
in computeraideddesignandmanufcturing.Theseoperationsn-

clude,but arenotlimited to, setoperationdetweermanifolds,di-

rectsculpting,andmaterialpainting.

Finally, thesubdvision analysighathasbeensuggestetiereare
only aglimpseof thefull analysign 3-D case We intendto pursue
morecompleteandgeneralanalysisof subdvision scheme®n 3-
simplicesin thenearfuture.
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