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Abstract
Despitethegrowinginterestin subdivisionsurfaceswithin thecomputergraphicsandgeometricprocessingcommunities,sub-
divisionapproacheshavebeenreceivingmuch lessattentionin solidmodeling. Thispaperpresentsa powerfulnew framework
for a subdivisionschemethat is de�ned over a simplicial complex in any n-D space. We �r st presenta seriesof de�nitions
to facilitate topological inquiries during the subdivisionprocess.Theschemeis derivedfrom the double(k+ 1)-directional
box splinesover k-simplicial domains.Thus,it guaranteesa certain level of smoothnessin the limit on a regular mesh.The
subdivisionrules are modi�ed by spatial averaging to guaranteeC1 smoothnessnear extraordinary cases.Within a single
framework,wecombinethesubdivisionrulesthatcanproduce1-, 2-, and3-manifoldin arbitrary n-D space. Possiblesolutions
for non-manifoldregionsbetweenthemanifoldswith differentdimensionsaresuggestedasa formof selectivesubdivisionrules
according to userpreference. We brie�y describethe subdivisionmatrix analysisto ensure a reasonablesmoothnessacross
extraordinary topologies,andempirical resultssupportour assumption.In addition,throughmodi�cations,weshowthat the
schemecan easilyrepresentobjectswith singularities,such as cusps,creases,or corners. We further developlocal adaptive
re�nementrules that canachieve level-of-detailcontrol for hierarchical modeling. Our implementationis basedon the topo-
logical propertiesof a simplicial domain.Therefore, it is �exible and extendable. We also developa solid modelingsystem
foundedon our theoretical framework to showpotentialbene�tsof our work in industrial design,geometricprocessing, and
otherapplications.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometryandObject
Modeling– Curve, surface, solid,andobjectrepresentations

1. Intr oduction

Since Requichaand Voelcker [RV82]'s famoussurvey paperin
1982, the pasttwo decadeshave witnessedsigni�cant growth in
solid modeling,especiallyin thedevelopmentof new solid repre-
sentationtechniques.In essence,we canclassifytheexisting tech-
niquesby how they representmodels:namely, either continuous
or discreterepresentation.Parametricrepresentationsandimplicit
functionmethodsaretwo classicexamplesof thecontinuousrep-
resentation.Although modelswill be eventuallyapproximatedto
vertices,edges,and/orfacesto be displayedon computerscreen,
they aredescribedasan imageof continuousfunctions,level-sets
of functions,or patchesof locally smoothfunctions,internally. As
Boehmetal.[BFK84] surveyed,parametriccurvesandsurfaceshad
beenwidely usedespeciallyin computer-aideddesignandmanu-
facturingfor a longtime.Bernstein-Béziersolids[Las85],B-spline
solids,andothertensorproductbased[GP89] approachesaretyp-
ical examplesof parametricrepresentationsin solid modeling.Im-
plicit function methods,suchasCSG[PS94]andblobby models
[WMW86], de�ne anobjectby asolutionsetof implicit functions.
In this method,it is especiallyeasyto performsetoperations,such
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as intersectionsandunions.However, even for the implicit func-
tion method,which hasa great�e xibility in the topologiesof the
modelsthat it canrepresent,it is relatively hardto modelobjects
with differentdimensionality(e.g., non-manifoldobjects)in a sin-
gle representation.

In contrast,thediscreterepresentationsincludecell decomposi-
tion, triangularmodelsfor surfaces,andtetrahedralor hexahedral
modelsfor solids.Thesetechniquesrepresentmodelsas a �nite
numberof elements,suchaspixels,voxels,triangles,or tetrahedra.
Becausethereis no function involved, it can representan object
with arbitrarymanifoldproperties,suchasa combinationof lines
andsurfaces,self-intersectingfaces,etc. We canachieve a certain
level of detail, for instance,by using an octreeor a progressive
mesh[Hop96]. One obvious problemwith the discreterepresen-
tation is that thereis no geometricinterpretationon the elements.
Thus,we have to rely on approximationto obtainany geometric
properties.Topologicalinquiry is rathereasier, but it still requires
intensivegraphsearchingin mostcases.

In fact, there is no clear distinction betweenthesetwo cate-
goriesin currentmodelingapplications.Every continuousrepre-
sentationhasto beconvertedto discreteobjectsfor computerdis-
playandpracticaluse,andsophisticatedapproximationtechniques
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havebeendevelopedto obtaingeometricinformationfrom discrete
models.Accordingly, variouscomputer-aideddesignsystemsuti-
lize bothrepresentationsin ahybrid fashion.Thesubdivision tech-
niqueis anexampleof new representationthatsharesthe features
of bothcategories.Froman initial controlmeshthat is essentially
discrete,wesuccessively performaseriesof computations– mostly
simplelinearcombinations– to obtainthenext level of meshthat
is �ner thanthepreviousone.In thelimit, weendupgettinganob-
ject which is an imageof smoothfunctions.Topologicalinforma-
tion canbeacquiredfrom the initial meshes,whereasgeometrical
propertiescanbeobtainedfrom thesubdivisionmatrixanalysis.

In this paper, we establisha framework that is basedon �e xible
parametricdomainsandpowerful subdivision ruleswhich canbe
appliedto objectswith complicateddimensionality. The goalsof
our new approachareasfollows: (1) De�ne a parametricdomain
thatprovideshigh�e xibility in modelingandsimplicity in topolog-
ical inquiry; (2) Representobjectswith multiple dimensionsin a
singleframework; (3) Developsubdivision rulesfor arbitraryman-
ifolds andmultipledimensions;and(4) Supportfeaturesandlevel-
of-detail(LODs)control.Webegin thediscussionby reviewing the
previouswork thatis relatedto thegoalsspeci�edabove.

Parametric domain. For nearly all subdivision schemes,
the tensor-product is a standardway to expand the dimensions.
For instance,the Catmull-Clark schemeby Catmull and Clark
[CC78] and the Multi-linear Cell Averagingschemeby Bajaj et
al.[BSWX02] both utilize tensor-productcubic B-splines.In any
case,their parametricdomainsshouldhave the form of a tensor-
productspace.Someshortfalls areapparentfor thetensor-product
space.First, tensor-productfunctionshaveahigherpolynomialde-
gree than the functions that are natively de�ned over the space
with the samesmoothness.Secondly, tensor-productmeshesare
less�e xible thanothers,suchastriangularor tetrahedralmeshes.
Also, thereis an ambiguity problemif eachfaceof the meshis
not planar. We choosea simplicial meshas our parametricdo-
mainfor theframework becauseof its �e xibility , extendability, and
the ability to accommodatenon-manifolds.Therehasbeensub-
stantial researchon simplicial meshes.For instance,Floriani et
al.[FMPS02,FMP03]proposedtechniquesto representprogressive
non-manifoldsby simplicial meshes.Most of thework on simpli-
cial mesheshasbeenrelatedto numericalanalysis,especiallyfor
the�nite elementmethod(FEM).

Subdivision schemes. Sinceoneof thepurposesof theframe-
work is to representmulti-dimensionalobjects,we arerequiredto
have subdivision schemesthat can be easily extendedto various
dimensions.Moreover, asexplainedin thepreviousparagraph,we
want the schemesto be basedon a simplicial domain.Cubic B-
splinesubdivision is oneof the simplestschemesfor curves.An
exampleof the surfacesubdivision schemesthat arebasedon 2-
simplices,or triangularmeshes,is Loop'sscheme[Loo87]. For 3-D
solid objects,MacCracken and Joy [MJ96] proposedthe tensor-
productextensionof the Catmull-Clarksubdivision in the volu-
metricsetting,mainly for thepurposeof free-formdeformationin
3-D space.Later on, Bajaj et al. [BSWX02] further extendedthe
schemewith ananalysisbasedonnumericalexperiments.They are
both the tensor-productextensionsof the cubic B-spline curves,
andhence,arenot suitablefor our purpose.Most recently, Chang
et al.[CMQ02] suggesteda non-tensor-productbasedsubdivision
schemeoversimplicialmesheswhoselimit convergesto thetrivari-

(a) (b) (c)

Figure1: A non-manifoldobjectrepresentedbythesubdivision.(a)
Theinitial complex thatconsistsof 1-,2-,and3-simplices.(b) After
level 3. (c) Thecross-sectionof the3-manifoldrevealstheinternal
structure.

ate box spline. They also proposedan interpolatorysubdivision
solid scheme[CMQ03] over simplicial complexes.In fact,thecu-
bic B-splinescheme,Loop'sscheme,andChang'sboxsplinesolid
schemearethedirectanalogsof thedoubledirectionalbox splines
over 1-, 2-, and 3-simplicial meshes.Thesethreeschemesserve
asbasicrulesfor our framework. In addition,evenfor a singledi-
mensionalscheme,non-manifoldregionscanoccur throughself-
intersection.Ying et al.[YZ01] suggestedmodi�ed rules for the
Loop's schemeto dealwith non-manifoldsurfaces.In our frame-
work, thecasesaremorecomplex thanthoseof asinglesubdivision
scheme.

Non-manifolds, features and detail control. The models
representedby subdivisionschemestendto besmootheverywhere.
However, thevastmajorityof real-world models,especiallymanu-
facturedobjects,have sharpfeatures.Hoppeet al.[HDD � 94] pro-
posedmodi�cations to Loop's schemeto representfeatureslike
cornersand creases.We follow similar approachesto introduce
featureswithin the framework. For level-of-detail control, a con-
siderableamountof researchhasbeendonefor progressive mesh
approaches.For instance,Popovic et al.[PH97] presentedthe idea
of a progressive simplicial complex. In our framework, we follow
the traditional local re�nementmethodfor triangularandtetrahe-
dralmeshesto achieve theLODs.

The restof the paperis organizedin the following fashion.In
Section2,wede�ne aparametricdomainanddocumentothertopo-
logical de�nitions, which serve asthefundamentalsof our unique
framework. In Section3, we discussthe subdivision rules, their
modi�cations, and a brief sketch of the analysis.We tackle the
problemof featuresand level-of-detail control in Section4. Sec-
tion 5 describestheimplementationof theframework in detailand
demonstratesseveralmodelsgeneratedby our framework. Finally,
wediscussfuturework andconcludethepaperin Section6.

2. Simplicial Complex

In the paper, we de�ne an object in the spaceasa manifold,or a
union of manifolds.Topologically, a manifold is de�ned asa lo-
cally EuclideancountableHausdorff space.By locally Euclidean,
we meanthatfor any point x on themanifold,we can�nd a home-
omorphicmapfrom an opensubsetof Rn. In addition,thereis a
manifoldwith boundaryif thedomainof a local Euclideanmapis
half-space-like.Fromthesolid modelingpoint of view, it is a mat-
terof choosingacontinuous,injective,andsurjectivefunctionfrom
anappropriatedomainin Euclideanspace.
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Figure 2: Examplesof simplices.(a) A 1-simplex, (b) a 2-simplex,
and(c) a 3-simplex.

Throughoutthe framework, we choosethe domain to be k-
simplicesin R3 (k � 3). Local Euclideanmapsare de�ned and
evaluatedby a seriesof subdivision ruleswhosesupportsarelim-
ited in a singlesimplex or a small numberof adjacentsimplices.
In fact,the initial controlpointsfor thesubdivision rulesalsopro-
vide the simplicial domainof our objects.Moreover, they arenot
only homeomorphic,but also satisfy the higher-level of smooth-
nesson their supportsandareC1 acrossthesimplices.In thenext
few sections,we introduceseveralde�nitions relatedto thesimpli-
cial complex thatareto beutilizedfor varioustopologicalinquiries
duringthesubdivisionprocess.

2.1. De�nitions

Ourdomainof choiceis asimplicialcomplex in Rn. A k-simplex S
canbede�ned asasetin Rn,

S= f x 2 Rnjx =
k

å
i= 1

ci(xi � x0)g; (1)

where

ci � 1;
k

å
i= 1

ci = 1; xi 2 Rn: (2)

SinceS canbe uniquelydeterminedby k + 1 pointsx0, x1, :::
,xk, andis independentof their ordering,we simply usea setno-
tationS:= f x0;x1; :::;xkg. In this paper, we limit k to belessthan
or equalto three.Note that any subsetof S alsoforms a simplex.
Geometrically, eachsubsetcanbeconsideredasa face,anedge,or
avertex. Wecall k thedimensionof thesimplex S, or dim(S).

In any collectionof simplices,we call a simplex a subsimplex if
it is a subsetof any othermemberof thecollection.Likewise,it is
calleda proper subsimplex if it is a propersubsetof a simplex in
thecollection.

A simplicial complex, or a complex, C is a collection of sim-
pliceswhere:(1) thesubsimplicesof eachsimplex in C is in C; (2)
theintersectionof any two simplicesof C is a subsimplex of both.
Thesecondpropertypreventstheintroductionof T-junctionsor the
improperincursionamongsimplices.Also,anonemptysubsetD of
a simplicial complex C is calleda simplicial subcomplex if it also
satis�estheproperties.Wesimplycall it asubcomplex. Thedimen-
sionof a complex is de�ned by thehighestdimensionof simplices
in it.

In summary, the domain spaceof our framework can be ex-
pressedasthepairof thefollowing sets:

(a) (b) (c)original

Figure3: Thesubsimplicesof a 3-simplex. (a) The2-subsimplices,
(b) the1-subsimplices,and(c) the0-subsimplices.

C C3 C2 C1

Figure 4: Complex decomposition.A complex C can be decom-
posedinto Ck'swith k = 1;2;3.

� Setof vertices

V = f x j x 2 R3g; (3)

� A simplicial complex

C= f S� V j S6= ; ; jSj � 4g; (4)

with thefollowing property:

If S2 C; thenT 2 Cfor all T � S; T 6= ; : (5)

2.2. ComplexDecomposition

A complex C cancontainsimplicesof differentdimensions.Since
eachk-simplex is to beusedasapartof theinitial controlpointsof
a k-manifold,we needto decomposeC with respectto thedimen-
sionsof the simplices.We de�ne Ck asthe largestsubcomplex of
C, whosemaximalelementshavethedimensionk. Weconsiderthe
maximalityby setinclusionorder. In otherwords,Ck comprisesof
all maximalk-simplicesandtheir subsimplicesin C. We call it a
k-subcomplex. Therefore,wecanexpressCas:

� k-subcomplex decomposition

C= C0 [ C1 [ C2 [ C3; (6)

whereeachCk satis�esthefollowing property:

If S2 Ck andis maximalin Ck; thendim(S) = k: (7)

In Section3, we de�ne k-manifolds(with boundary)over the k-
subcomplex usingappropriatesubdivision rules.However, Ck'sare
not mutually exclusive. This fact leadsus to the needfor special
rulesacrosstheintersectionsof thek-subcomplexes.In fact,thein-
tersectionsrepresentnon-manifoldregionsin theresult.Moreover,
somenon-manifoldregionscould appearwithin C1 andC2, since
thecomplex is de�ned overR3.

2.3. Boundary and Non-manifold Simplex

A faceof a k-simplex S is simply de�ned asa (k � 1)-subsimplex
of S. A boundaryof acomplex canbede�ned asfollows:
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(a) (b) (c)

Figure 5: Examplesof complexescontainingnon-manifoldsim-
plices.(a) Type1, (b) type2, and(c) type3. Theverticesor edges
in grayare thenon-manifoldsimplices.

� Boundarysimplex: If (k � 1)-simplex S2 C is a faceof a max-
imal k-simplex, andis not a subsimplex of any othersimplices,
thanSde�nesaboundary. Wecall it ak-boundarysimplex.

It is clear that boundarysimplicesand their subsimplicesform a
subcomplex of C. It is denotedby ¶C.

It is not possibleto de�ne a manifoldmapover a certainregion.
For instance,if a1-manifoldanda2-manifoldmeetatasinglever-
tex, thevertex is not locally Euclidean,eventhoughwe cande�ne
eachmanifoldovera1- anda2-simplex, respectively. Ontheother
hand,if a 1-manifoldintersectsitself, it is not possibleto �nd the
map either. We categorize the non-Euclideanpart of our domain
complex asfollows:

� Non-manifoldsimplex: A k-simplex S 2 C is a non-manifold
simplex, if

1. S2 Ck \ Cl wherek 6= l .
2. S 2 Ck exclusively, and it is a face to more than two k-

simplices,or
3. S 2 Ck exclusively, and it is a face to more than one k-

boundarysimplex.

We call thema type 1, a type 2 anda type 3 non-manifoldsim-
plex, respectively. We employ variousstrategiesto tacklethenon-
manifoldcases.Generally, non-manifoldsimplicescreateill-posed
problems.There could be several different solutions to meet a
particularrequirementin certainapplications.We rely on a user-
speci�c preferenceto resolve the problems.If no rule is speci�ed
by the user, we usethe subdivision rules for 3-manifoldsto spa-
tially blendthemanifoldsof differentdimensions.It is worthwhile
to mentionthat the type 2 only occursin C1 andC2 becauseour
complex is de�ned in R3.

3. Subdivision Scheme

In theprevioussectionwe de�ned thedomainof theframework as
a simplicial complex. Our objectcanberepresentedby thesumof
smoothbasisfunctionsthat arede�ned locally over the simplices
in thecomplex:

f (x) = å pN(x); (8)

wherep 2 S2 C with dim(S) = 1. Therefore,the 1-simplices(or
vertices)in thecomplex actasthecontrolpointsof theshape.N(x)
is abasisfunctionwith localsupportde�nedover thecomplex. Ba-
sis functionsform a partition of unity on C. We choosethe box
splineasthefunctionN(x) whosesupportlies in the1-ringof sim-
plices. For multivariatecases,we do not use the tensor-product
generalizationof splinesin strongcontrastto many other subdi-
vision schemes,sinceour domainis basedon a complex. Instead,

(a) (b) (c)

Figure 6: Thedomainsupportfor the box splines.Theupperim-
agesare theunit cubeswhoseprojectionsare taken.Thethick ar-
rowsare thedirectionvectors.For (c), weonlydisplaythesupport,
sinceit is hard to visualizea 4-hypercube.

we introducemultivariatebox splineswith simplex support.One
exampleis Loop's scheme[Loo87] for surfaces.For 3-D, we use
thebox splinesolid thathasbeenemployed in our previouswork
[CMQ02]. Nontensor-productboxsplinesareparticularyusefulin
the subdivision process,since:(1) Their subdivision rulesareob-
tainedintuitively from theirde�nitions; (2) They canachievecom-
parablesmoothnesswith relatively low polynomialdegree.

3.1. Box Splines

Box splinescanbe understoodasprojectionsof hypercubesinto
Rn. Becauseof this, eachbox splineND(x) canberepresentedby
the collectionof directionvectorsD = [d1; :::;dd]. Note that each
di 2 Rk is the projectionof an edgeof a hypercube,andthus, is
not necessarilydistinct.We employ thedouble(k+ 1)-directional
boxsplinefor eachk-manifoldde�ned overCk, exceptk = 0. Each
double(k+ 1)-directionalboxsplinehasthepropertiesasfollows:

1. For k = 1, thedirectionvectorsarechosento beD = [1;1;1;1],
whereeach1 is a unit vectorlying in a 1-simplex, or a line seg-
ment.It is double2-directional,but thetwo directionscoincides
in a 1-simplex. In fact,this is exactly thesamesplineasthecu-
bic B-spline.As such,it follows the samepropertiesascubic
B-splines.

2. For k = 2, D = [(1;0),(1;0),(0;1),(0;1),(1;1),(1;1)]. The box
splineND is the double3-directionalbox spline.As shown in
Figure6(b), its domainlies in the1-ring of 2-simplices,or tri-
angles.Loop'sschemeis basedon thisboxspline.

3. For k = 3, D = [e1;e1;e2;e2;e3;e3;u;u], whereek is aunit vec-
tor for eachaxis in R3 andu = å ek. The supportof the box
splineis shown in Figure6(c).Unfortunately, it is notembedded
in the 1-ring of 3-simplices,or tetrahedra.However,by adding
few moreedges,wecanturn it into asimplicial complex.

Generally, thebox splinessatisfythe following two properties,as
provenin [dBHR93]:

1. TheboxsplineND is piecewisepolynomialof degreejDj � k.
2. Thebox splineND is aCm functionwherem = jDj � jD0j � 2,

andD0 is amaximalsubsetof D thatdoesnot spanRk.

For instance,thedouble(k+ 1)-directionalbox splinesarepiece-
wisepolynomialsof degreek+ 2.
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(c) (d)(b)(a)

Figure7: Subdivisionof theboxsplines.

(c) (d)(b)(a)

Figure8: Split a tetrahedronandanoctahedron.

3.2. Subdivision Meshes

Thebox splinescanbeexpressedasa sumof thebox splineswith
thehalf-sizedsupports(SeeFigure7). Usingthis property, we can
�nd out therulesfor thesubdivision scheme.We �rst considerthe
split of thedomain.As mentionedin theprevioussections,ourbox
splinesarede�ned over the1-ring of k-simplices.It is easyto sub-
divide the domainif it is comprisedof only 1-, or 2-simplicesas
shown in Figure7(b) and(d). Trivial edgebisectionresultsin the
half-sizedsimplicesof the originalsin thesecases.However, it is
not sosimplefor 3-simplices.A 3-simplex, or a tetrahedron,does
not split into congruenttetrahedraby edgebisecting.In fact,there
is no way to obtaincongruenttetrahedrafrom any subdivision of a
tetrahedron.This is alsorelatedto theproblemthatasingletypeof
tetrahedracannot �ll theentireR3 , unlike2-simplices,or triangles
in R2. We resolve theproblemby thefollowing approaches:

1. The boundaryof the projectionof a 4-hypercubeon R3 (See
Figure6(c)) is a rhombicdodecahedron.It is well-known that
thispolytopecan�ll thespace.

2. By introducinga few additionaledges,we candecomposethe
dodecahedroninto severaltetrahedra.

3. A singletetrahedracanbe split into four congruenttetrahedra
andoneoctahedron,asshown in Figure8(b). Also, anoctahe-
droncanbesplit into eighttetrahedraandsix congruentoctahe-
dra(SeeFigure8(d)).

4. If we keepcontinuingthis process,thenwe get a semi-regular
space-�lling structurecalledoctet-truss(SeeFigure9). It is not
dif�cult to �gure out that the simplicial split of the dodecahe-
droncanbeembeddedin thetruss,andthuscanprovide usthe
subdivisionof the3-simplex domain.

5. Westoreonediagonalinsideanoctahedron,asshown in Figure
8(c), to keeptrackof theadjacency of eachvertex. In fact,each
octahedroncanbeconsideredasa family of four tetrahedra.

3.3. Regular Subdivision Rules

Even thoughit is possibleto �gure out the subdivision rulesus-
ing thede�nitions of thebox splines,it is moreconvenientto use
the generatingfunctionsof the box splinesandtheir recursive re-
lations.It is known thatthecoef�cients of thegeneratingfunctions

Figure9: Octet-truss.

1 6 1 4 4 1 1

(b)(a)

1 1

1 1

10

2 2

6

6

Figure 10: Regular subdivisionrules.(a) The1-simplex rules.(b)
The2-simplex rules.

canprovide usthecoef�cients for thesubdivision rules,asproven
in [WW01]. In general,thegeneratingfunctionSD(z) for thebox
splineND(x) canbeexpressedas:

SD(z) =
1

2d� k

d

Õ
i= 1

(1+ zdi ); (9)

whered = jDj. Note that the power of z follows the multi-index
notation.For eachk, thegeneratingfunctionsof thedouble(k+ 1)-
directionalboxsplinesare:

� k = 1:

SD(z) =
1
8

(1+ z)4: (10)

� k = 2:

SD(z1;z2) =
1
16

(1+ z1)2(1+ z2)2(1+ z1z2)2: (11)

� k = 3:

SD(z1;z2;z3) =
1
32

(1+ z1)2(1+ z2)2(1+ z3)2(1+ z1z2z3)2:

(12)

We can �nd the subdivision rules for the regular simplicial
meshesby assigningthecoef�cients of thezdi 's to thevertex with
thecoordinatesdi . Wecansummarizetherulesasfollows:

� Regulark-simplex subdivision rules:

Vertex points (for eachvertex xi):

vnew =
1

2k+ 2

n
(2k+ 1 + 2)xi + å

x j 2 r (xi )
x j

o
: (13)

Edgepoints (for eachedgeei = [xi ;xi+ 1]):

enew =
1

2k+ 1

n
(2k� 1 + 1)(xi + xi+ 1) + å

x j 2 r (ei )
x j

o
: (14)

Cell points (for eachoctahedralcell [xi ; :::;xi+ 3;x j ;x j+ 1], with
thediagonal[x j ;x j+ 1]):

cnew =
1
8

n
(xi + � � � + xi+ 3) + 2(x j + x j+ 1)

o
: (15)
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Figure 11: Regular 3-simplex subdivisionrules. (a) Vertex point,
(b) edgepoint,and(c) cell point rules.

Here, we usemore conventionalnamesfor 0-, 1-, 2-, and 3-
simplices,namely, vertices,edges,andcells,respectively. r (�) de-
notesthe1-ring of neighboringverticesof a vertex or anedge.In
the regular k-simplicial meshes,jr (x)j = 2k+ 1 � 2, and jr (e)j =
2k � 2 for eachvertex x or edgee. Notethateachk-manifoldgen-
eratedby the subdivision rules on the regular meshsatis�es Ck

smoothnessasmentionedabove.

3.4. Extraordinary Subdivision Rules

In practice,acomplex Ccouldcontainavertex or anedge,thatdoes
not have a regularnumberof neighborsjr (�)j (or valencesfor ver-
tices).Wecall themtheextraordinarycases.They requiremodi�ed
rulesto accommodatethelack (or theexcessiveness)of neighbors.
Fortunately, the extraordinarycasesareisolatedover the subdivi-
sionprocesses.Also, someof the regular rulesdo not requireany
extraordinaryrule. For instance,the 1-simplex rules do not have
any extraordinarycase.For the2-simplex rules,therecouldbeonly
extraordinaryvertices.Likewise,noextraordinarycell point rule is
requiredfor the3-simplex rules.

Theextraordinaryvertex rulefor a2-simplex hasbeenwell stud-
ied andthereis a considerableamountof literaturesuggestingthe
coef�cients for the rule that guaranteeat leastC1 smoothnessin
the limit. For instance,the original Loop scheme[Loo87] sug-
geststhe coef�cients for a vertex with valencem that arederived
from the discreteFourier analysisand the eigenvalueanalysisof
thesubdivisionmatrix.Weadoptthevaluesproposedby Warrenet
al.[WW01]:

� Modi�ed 2-simplex subdivision rules:

Vertex points (jr (xi)j = m):

vnew = (1� mc)xi + c å
x j 2 r (xi )

x j ; (16)

wherec = 3
16 for m= 3, c = 3

8m, otherwise.

Similarmodi�cationsarerequiredfor the3-simplex subdivision
rules:

� Modi�ed 3-simplex subdivision rules:

Vertex points (jr (xi)j = m):

vnew =
9
16

xi +
7

16m å
x j 2 r (xi )

x j : (17)

Edgepoints (jr (ei)j = m):

enew =
5
16

(xi + xi+ 1) +
3

8m å
x j 2 r (ei )

x j : (18)
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Figure12: Modi�ed k-simplex subdivisionrules.

(a) (b) (c)

Figure13: Examplesof manifoldswith boundary. (a) A 1-manifold
with boundary. (b) A 2-manifoldwith boundary. (b) A 3-manifold
with boundary.

3.5. Manif old with Boundary and Non-manifold Region

The boundariesof k-manifolds cannotbe representedby the k-
simplex subdivision rules,becausethey are de�ned by the faces
of k -simplices.Instead,we usethe (k � 1)-simplex subdivision
rulesto representtheboundaries.Sinceall of thesubdivision rules
rely only onthe1-ringsof neighbors,thisapproachcausesnoaddi-
tionaltroublebetweentheboundaryandtheinteriorsimplices.It is,
in fact,a standardapproachfor mostsubdivision surfaceschemes.
Figure13demonstratesexamplesof suchboundarycases.

Someregionsof thecomplex requirespecialrulesbecausethey
cannotserve asthedomainof manifolds.We categorizethecases
into threetypes,asexplainedin Section2.3. In eachcase,we rely
on userinput to determinewhich rulesto apply. If theuserhasnot
providedachoice,we try to �nd thebestpossibleway to dealwith
it. Ying et al.[YZ01] proposeddetailedapproachesto overcome
non-manifoldtopologywith subdivision surfaces.They involve a
thespeciallymodi�ed Loop's schemeanda geometric�tting pro-
cess.Sinceour domainis in R3 andwe have the 3-simplex sub-
division rulesthatcanacceptanarbitrarymanifoldwith lower di-
mension,oursolutionscouldbemuchsimpler, asdescribedbelow.

(a) (b) (c)

Figure 14: Examplesof non-manifoldcases.(a) A type1 caseby
the 2- and 3-manifoldintersection.(b) A type2 caseby a single
1-manifold.(c) Thecross-sectionof thetype2 case.
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(a) (b) (c)

Figure 15: Type3 non-manifoldrules.(a) Theinitial complex. (b)
Thesubdivisionby RuleG-1. (c) Thesubdivisionby RuleG-2.The
redvertex preservesits positionin (b), while it is blendedin (c).

Recallthatthedimensionof a non-manifoldsimplex is eitherzero
(avertex), or one(anedge):

� Type1 is aregionwherethemanifoldswith differentdimensions
meet.In this case,we canfollow the subdivision rulesfor one
k-simplex of our choice.The othersignore the region (no rule
applied).

� Type 2 is a region wherea multiple manifold of a single di-
mensionintersects.This region can be consideredas a self-
intersection.Onepossiblesolutionis to chooseonepair of the
simpliceson which we apply the subdivision rule. The others
ignoretheregion (no ruleapplied).

� Type 3 is a region wherethe boundariesof multiple manifolds
of a singledimensioncoincide.Thereis no speci�c solutionfor
this case,exceptthegeneralrulesbelow.

� Regardlessof thetype,we canapplyoneof thegeneralrulesas
follows:

Rule G-1 Treattheintersectionasa0-, or 1-singularity.
Rule G-2 Use the 3-simplex subdivision rules with the relief

topologycondition(only considerconnectivity).

By a subdivision rule with therelief topologycondition,we mean
that the rule only considersthe connectivity betweeneachvertex
whenacquiringthe1-ringof neighbors,regardlessof theexistence
of a simplex in between.Figure14 and15 illustrateexamplesof
non-manifoldcases.In Figure14(a),a2-mainfold(thepurplearea)
intersectswith a 3-manifold(the blue area).Therefore,it forms a
type1 case.For thisparticularcase,auserhasdecidedto follow the
2-manifoldrule. Thus,the intersectedareafollows the2-manifold
boundaryrule, andthe3-manifoldis blendedinto it. Figure14(b)
and(c) show typical type2 cases.In Figure14(b),the1-manifold
intersectsitself at a point (the red vertex). A multiple numberof
surfacesintersectsat an edgein Figure14(c).For both cases,we
useRule G-2 to blendnon-manifoldpartsinto the bodies.Figure
15shows theeffectsof thedifferentrules.In Figure15(b),theuser
selectstheredvertex to beasingularity(RuleG-1).Hence,weonly
applythe0-mask(i.e., the1� 1 identity matrix) on thevertex dur-
ing thesubdivision process.Thus,it preservesthepositionduring
thesubdivision.However, in Figure15(c),we follow RuleG-2.As
a result, the vertex hasbeenmoved accordingto the positionsof
the 1-ring neighborsbecausewe usethe subdivision rules for 3-
simplices.In theend,the�nal shapeis muchsmootherandall the
boundariesarewell blended.Weshouldmentionthatthesuggested
rulesdo not representall the possiblesolutions.Nonetheless,we
canintroduceanew ruledependingon therequirementof apartic-
ularapplication.

3.6. Analysis

Smoothnessanalysisis requiredonly for the extraordinarycases,
sincethe regular rulesarebasedon the recursive propertyof the
box splinesand the generatingfunctions.The convergenceand
smoothnessof theregularcasesarewell-documentedin [dBHR93]
and [WW01]. For the 1-simplex rules, there is no extraordinary
case,andthus,noextraordinaryanalysisis required.The2-simplex
rulesrequireanalysisof theextraordinaryvertex case.This analy-
sis, basedon the spectralanalysistechnique,hasbeenproposed
by many researchers.For instance,Micchelli [MP87], Prautzsch
[Pra85,Pra98],Reif [Rei95b, Rei95a],and more recently, Zorin
[ZSS96,Zor00]investigatedthesuf�cient andnecessaryconditions
of convergenceandtheC1 smoothness.Giventheabundanceof the
relatedliteratureand in the interestof space,we only sketch the
ideain brief.

Sincethesubdivisionprocessis alinearcombination,in essence,
wecanrepresenttheruleslocally by thesubdivisionmatrixS,

p`+ 1 = Sp` ; (19)

wherep` consistsof a vertex x` at the subdivision level ` andits
neighborsx` = [x`

1; :::;x`
m]. Weassumethatl i 'sarethe(left) eigen-

valuesof S in non-increasingorder. If the set of the initial ver-
ticesp0 is expressedby the correspondingeigenvectorsvi in the
eigenspaceof thematrixS,

p0 = a0v0 + a1v1 + � � � + anvn; (20)

thelimit processcanbeexpressedas

p` = S`p0 = l `
0a0v0 + l `

1a1v1 + � � � + l `
nanvn: (21)

Hence,thelimit positionx1 of x0 canbeexpressedby,

x1 =
l 0x0

1 + � � � + l mx0
m

l 0 + � � � + l m
; (22)

underthecondition:

l 0 = 1 > l 1 � l 2 > l 3; � � � ; l n: (23)

As shown in Figure12(a),thematrixShasacyclic structuredue
to its planarsymmetryin the 2-simplex case.Therefore,after re-
orderingp0, it is possibleto applythediscreteFouriertransformon
S to obtaintheclosedform of theeigenvalues.Combinedwith the
condition(23), this leadsus to the coef�cients of the subdivision
rule (16). Accompanying analysison the characteristicmapsug-
gestedby Reif [Rei95b] canguaranteetheC1 smoothnessaround
thevertex.

Thesameprocesscanbeappliedto the3-simplex edgecaseto
prove C1 smoothness,becauseit still carriesthe planarsymme-
try in S. However, thesubdivision matrix for the3-simplex vertex
rule doesnot have any symmetryat all in general.This resultsin
thefailureof theapplicationof thediscreteFouriertransform,and
only a numericalprocesscanbeemployedto acquiretheeigenval-
ues.In fact,Bajaj et al.[BSWX02] suggestedtheconditionfor C1

smoothnessof threedimensionalcaseas:

l 0 = 1 > l 1 � l 2 � l 3 > l 4; � � � ; l n; (24)

throughtheirempiricalanalysis.Oursuggestedvaluesarebasedon
thespatialaveragingandtheassumptionof theevendistributionof
thevalencesof theverticesin the1-ring planargraph.Theeigen-
valuesfor oursubdivisionmatrixhavecon�rmed thatthecondition
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(24) is satis�ed for mostof thecases,exceptvery small jr (�)j (va-
lence4, in particular)whichhardlyoccursin any realapplications.
Nonetheless,ourexperimentsshow thattherearenovisibledegen-
erationsof the3-manifoldevenafter thevery largenumberof the
subdivision processes.More in-depthanalysison the3-D casesis
not yet fully explored,andit will bethesubjectof our futurepub-
lication.

4. Singularity and Adaptivity

Eventhoughthesubdivisionrulesthatwehavepresentedsofarare
idealfor representingsmoothobjects,it is desirableto haveamodel
with sharpfeatures,suchascusps,creases,or corners,especiallyin
real-world applications.Also, wemaywantto havemoredetailsin
somepartof themodelwithout subdividing thewholecomplex. In
thefollowing sections,wediscusstheextensionsof theframework
thatcanincreaseits bene�t in practicalsolidmodeling.

4.1. Singularity Representation

Hoppeetal.[HDD � 94] suggestedamodi�cation of Loop'sscheme
to representsharpfeatureswithin smoothsurfaces.Our basicidea
is similar to theirs.However, we generalizetheapproachto apply
to multi-dimensionalmodels.

A manifold de�ned by the subdivision rulesis C1 smoothover
the complex C except in non-manifoldregions.To representfea-
tureswithin the manifold: (1) We needto specify the areaof the
domainwherethefeaturesoccur;(2) Weneedto specifythesubdi-
visionrulesto representthefeaturesin themanifold.Amongmany
types of features,we only consider“sharp" features,where the
manifold is continuous,but is not differentiable.We call this type
of featuresa singularity for convenience.We de�ne a k-singular
simplex by:

� k-singularsimplex: A k-simplex S2 Cis ak-singularsimplex, if
andonly if: (1) Thereexists no C1 mapto l -manifoldsde�ned
over any simplex T 2 C, whereS� T andk < l . (2) It is pos-
sible to de�ne a differentiablemapon the singularsimplex to
k-manifolds.

Weconsiderasubcomplex S � C, whichis acollectionof all singu-
lar simplicesin C. Sincethey areacomplex by themselves,all def-
initionsandsubdivision rulesthatareappliedto thecomplex Care
alsoapplicableto S. Basically, S generatesembeddedmanifolds
within theoriginalmanifoldsonC. Whenapplyingthesubdivision
rules,if a vertex x or an edgee belongsto a maximalsimplex in
S, we only follow the subdivision rulesthat matchthe dimension
of the simplex, and ignore any other simplicesthat may contain
thesingularsimplex. Figure16 illustratesexamplesof singularities
whichour framework canrepresent.As shown in Figure16(a),if a
vertex (a1-simplex) isassignedtobesingular, thentheschemeonly
appliesthe0-maskonthevertex duringthesubdivision.Therefore,
the vertex doesnot changeits positionat eachsubdivision level.
However, otherverticesaroundit follow thenormalrules.As a re-
sult,wecanobtainanobjectwhichis smoothexceptatonesingular
vertex andin its localarea.Thissingularityis particularlyusefulto
generatea cuspon the part of a manifold. In Figure16(b),a user
hasassignedonevertex andall edgesthatgo throughit assingular.
The0-maskis appliedto thevertex, andeachedgefollows the1-
simplex edgerule.It effectively producesacornerandthreecreases

(a) (b) (c)

Figure 16: Examplesof singularitiesin manifolds.(a) A singular
vertex. (b) A cornerandcreases.(c) A 2-manifoldembeddedin the
3-manifold.

(a) (b) (c) (d) (e)

Figure17: Localre�nementrules.(a) RedRuleand(b) GreenRule
for local triangulation. (c) RedRule, (d) Green-III Rule, and (e)
Green-IRulefor local tetrahedralization.

startingfrom it. Thecaseshown in Figure16(c)is moresubtle.The
userhasintroduceda 2-manifoldsingularregion in the middle of
the 3-manifold.As a result,the 3-manifold is split into two parts
alongwith the singularsurface.Both partsaresmoothinsideand
outside,but the intersectionis only smoothalongwith thetangent
directionof the singularity. Thesetypesof singularitiesareespe-
cially usefulif we wantto designor �t objectswith heterogeneous
material.For instance,wecanmodelageologicalimagecontaining
streamsandmineralveins(1- and2-singularities)with ease.

4.2. Local AdaptiveRe�nement

Duringtheprocessof modelinganobjectrepresentedby ourframe-
work, asituationcanoccur, thatrequires�ner simplicesthanorigi-
nally given.For instance,wemaywantto generatevery �ne details
on a certainregion of the manifold that is de�ned over onesim-
plex originally. Sincethe subdivision rulesgeneratea C1 smooth
box splineon a singlesimplex, it is not possibleto achieve high-
levelof detailwithoutsplittingthesimplex itself.Oneobvioussolu-
tion is aglobalre�nementof theentirecomplex. Thissurelywould
work, but at theexpenseof thesizeof thecomplex andthemem-
ory consumption.If we simply split a singlesimplex, the integrity
of thecomplex will bebroken,sincetheneighboringsimplicesbe-
comenon-simplicialby the introductionof cracks,or T-junctions.
We follow typical Red-Greensplit rulesto avoid thesituation(See
Figure17). For the 1-simplex case,no specialrule is needed.For
the 2-simplex case,only the 1-ring of the adjacentsimplicesare
affectedby Greenrule (Figure17(b)).For 3-simplices,the 1-ring
of theadjacentsimplicesaresplit by Green-IIIrule (Figure17(d)),
while the2-ringof theneighboringsimplicesandtheedge-sharing
simplicesaremodi�ed by Green-Irule (Figure17(e)).For anocta-
hedralcell,wesimplysplit it into four tetrahedra,withouteffecting
theneighbors(SeeFigure18(a)and(b)). Thenwe canapplyRed-
Greenrulesasusual.
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5. Implementation

In this section,we discussdetailedissuesrelatedto theimplemen-
tation of the framework andsomeof resultsthat arefrom our ex-
perimentaldesignsystem.

5.1. Input Data

As an input, the framework takesa combinationof the vertex set
V, thecomplex C, andthesingularsubcomplex S. However, since
subsimplicescanbe inducedfrom maximalsimplices,we do not
needall thesimplicesin C. So,in theimplementation,weonly take
thefollowing dataasaninput.

� Setof vertices:V = f x j x 2 R3g.
� Setof maximalsimplices:

max(C) = f S2 Cj S: maximalg.
� Setof maximalsingularsimplices:

max(S) = f T 2 S j T : maximalg.
� Setof combinedmaximal:

M = max(C) [ max(S).

Theseare the minimum datathat are requiredto reconstructthe
complex and the other information.Additional input can include
user-speci�c preferencesfor eachnon-manifoldcases.Sincewe
heavily rely on set operationson the complex, an ef�cient data
structureis necessary.

5.2. ComplexConstruction

Wereconstructthecomplex C, thedecompositionCk, theboundary
¶C, andthetype2 non-manifoldsimplicesaccordingto thefollow-
ing process:

� Initialize Casempty
� For eachk = 0;1;2;3:

1. For eachk-simplex S2 M :
2. PutSin Ck.
3. For eachl -subsimplex T � Swith l < k.
4. PutT in Ck.
5. Constructr (S) if l = 0; or 1.
6. For eachnew (k� 1)-subsimplex (face)T:
7. If ( T belongsto only onek-simplex),
8. TagT asboundary.
9. Elseif ( T belongsto morethantwo k-simplex),

10. TagT asnon-manifoldtype2.

Oncethecomplex is constructed,we �gure out theothertypesof
non-manifoldsimplices.Thishasto bedoneaftertheconstruction,
becauseweneedtheboundaryandthedecompositioninformation:

� For eachk = 0;1:

1. For eachk-simplex S2 C:
2. If (S2 Ck andS2 Cl andk 6= l),
3. TagT asnon-manifoldtype1.
4. Elseif (type-three-test(S)==true)
5. TagT asnon-manifoldtype3.

Notethat,thetype3 testismorecomplex thantheothers.It requires
the computationof the adjacency graphof r (S) for each0- or 1-
simplex S, andthecomponenttest:

� type-three-test(S) is trueif andonly if:

(a) (b) (c)

Figure 18: (a) and(b) showa 4 split of an octahedron. (c) The1-
ring neighborhoodof thetype3 non-manifoldvertex. It contains2
components.

1. Shasbeentaggedasboundary.
2. Theadjacency graphof r (S) containsmorethanonecompo-

nent.

Figure 18(c) shows how this processworks. Once the stepsare
complete,we arereadyto choosetheappropriatesubdivision rules
for eachvertex andedge.Notethatthesubsimplicesinducedfrom
maximalsimplicesarerequiredonly for theneighborhoodtestand
the boundary/manifoldtest. It can be safely removed from the
memoryonceeverystepis done.

5.3. Subdivision Process

We constructthe subdivision matrix andthe 1-ring neighborsfor
eachvertex andedgeusingtheinformationgatheredin theprevious
steps.Additionaluserinput is consideredto treatthenon-manifold
region.Then,we outputV0 andC0 asthenext level of thevertices
andthecomplex:

� For eachvertex x in C:

1. Filter r (x) to containonly thesametypeof vertices.
2. ChoosethesubdivisionmatrixSx.
3. Computethevertex point vnew by �ltered r (S) andSx
4. Associatevnew with x.

Wefollow theexactlysamestepsfor eachedgeto obtainnew edge
points.Oncethenew vertex andedgepointshave beencomputed,
wesplit eachsimplex:

� For eachk = 0;1;2;3:

1. For eachk-simplex S2 C:
2. If (k == 0 or 1),
3. Putvnew or enew associatedwith Sin V0.
4. Else
5. If Sis anoctahedroncell,
6. Computethecell point cnew.
7. Putcnew in V0.
8. Split Sby vnew, enew andcnewif required.
9. Putthesplit simplicesin C0.

Finally, we obtainthe �ner complex C0 with the new verticesV0.
We maycontinuethestepsfrom Section5.2 to achieve moresub-
division level.

5.4. Results

We have implementeda basicdesignsystembasedon our frame-
work. We presenta few examplesfrom the resultsof our system.
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Figures19(a-c)show asimplescrew modelby lessthan20control
points.Fourbladesconsistof surfaces,wherethecoreis asolidob-
ject.Thecross-sectionshowstheinnerstructureof thecore.In Fig-
ures19(d-f), we usea simplespiralequationto generatethesolid
spring part. The valve part comprisesa solid cap and a cylinder
which is a surfacemodel.All partsarerepresentedwithin a single
complex meshandthe non-manifoldpartsaresmoothlyblended.
In Figures19(g-i), we have designeda partof a ship thatconsists
of thesolidbow, a few decksandapartof thehull. Figures20(a-c)
illustrateamechanicalpartwith non-trivial topology. Thehandleis
a 2-manifoldsurfacemodel,whereasthe otherpartsareall solid.
Weusethesingularityrulesto maketheroundedcorners,thesharp
corners,the�at surfacesandthecircularholes.Theframework has
the potentialto be a greatanimationcharactermodelingtool, as
shown in Figures20(d-f). Oftentimes,animationcharacterscon-
tainmanifoldsof differentdimensions,andourframework canhan-
dle themeasily. Finally, Figures20(g-i) show an experimentwith
materialproperties.We assigntensionvaluesat the initial level,
andthe subdivision rulessmoothlyblendtheminto the structure.
In all �gures, we usethesamecolor schemeto representdifferent
manifolds.Blue color represents2-manifoldsor theboundariesof
3-manifolds,while orangecolor is for the insidesof 3-manifolds.
Eachvertex andedgearecoloredaccordingto thesubdivisionrules
that areappliedto them.Redverticesaresingular, andgreenand
blueverticesaretheverticeswherewe applythe1- and2-simplex
rules,respectively. Thesamecolorschemeis appliedfor theedges.

6. Conclusionand Futur eWork

We have presenteda new framework for multi-dimensionaladap-
tive subdivision objectsbasedon simplicial complexesandsubdi-
visionschemes.A simplicial complex asaparametricdomainpro-
videsusgreat�e xibility for thetopologyof models.It cancontain
simplicesof multipledimensionssimultaneously. Thus,it provides
anexcellentcontrolmeshfor thesubdivision rulesof differentdi-
mensionality. Queryingandprobingon thecomplex in our frame-
work offers us informationof topologicalstructureof the result-
ing manifold. The subdivision rulesbasedon the box splinesare
generalizedandmodi�ed to generatemanifoldsof differentdimen-
sionsin thelimit. Unlikethetensor-productschemes,ourschemeis
well-de�ned over a simplicial domain.Thesubdivision rulesnatu-
rally resultin highlysmoothmanifolds,exceptfor theextraordinary
cases,wherethey converge to satisfyC1 smoothness.Thegeneral
rulesandtheuserspeci�c rulesareselectively appliedto thenon-
manifoldregion to modelspecialshapesin practice.Theboundary
representationfor eachmanifold is basedon thesubdivision rules
of onelesserdimension.Therefore,theresultis consistentthrough-
out the framework. Singularitiesarede�ned asanembeddedsub-
complex of the domain,andthe appropriatesubdivision rulesare
appliedonly on thesubcomplex, sothatsharpfeaturescanbealso
representedasmanifoldswithin manifolds.Furthermore,local re-
�nement rulesarealso illustrated,which affords a usera mecha-
nism for selective detail control on the objects.In the implemen-
tation, the propertiesof the complex domainareextensively em-
ployed to obtainvarioustopologicalinformation.We alsobrie�y
discussthe analysisof the subdivision schemes,which is mostly
basedonwell-establishedmathematicalandnumericaltechniques.

Ournew framework hasgreatpotentialfor themodelingof very
complex, real-world objects.Thesubdivision rulescanbeusedto

approximatenotonly geometricmodels,but alsomaterialattributes
of heterogeneousobjects.In particular, if combinedwith a proper
approximatingalgorithms,theframework canbeappliedto recon-
structandcompresslargeheterogeneousmodels,like bio-medical
images,or geo-scienti�cdata.Wearepursuingthisandotherdirec-
tionssuchasdata�tting, modelingof physicalattributes,andmodel
segmentation.In addition,althoughwehave implementedtoolsfor
thebasicmodelingpurposes,morepracticaloperationswould en-
ableus to pushthe framework towardmany practicalapplications
in computer-aideddesignandmanufacturing.Theseoperationsin-
clude,but arenot limited to, setoperationsbetweenmanifolds,di-
rectsculpting,andmaterialpainting.

Finally, thesubdivisionanalysisthathasbeensuggestedhereare
only aglimpseof thefull analysisin 3-D case.Weintendto pursue
morecompleteandgeneralanalysisof subdivision schemeson 3-
simplicesin thenearfuture.
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