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Abstract

PDE tedniques,which use Partial Differential Equa-
tions (PDEs)to modelthe shapeof variousreal-world ob-
jects, can unify their geometricattributesand functional
constaintsin geometriccomputingand graphics. This pa-
per presents uni ed dynamicapproad thatallowsmodel-
ersto de ne the solid geometryof sculptuedobjectsusing
the second-ader or fourth-order elliptic PDESs subjectto
exible boundaryconditions. Foundeduponthe previous
workon PDE solidsby Bloor andWilson,aswell asour re-
centreseach on the interactive sculptingof physics-based
PDE surfacespur new formulationand its associatedly-
namic principle permit designersto directly deform PDE
solidswhosebehaviorsare natural and intuitive subjectto
imposedconstaints. Userscan easilymodeland interact
with solidsof complicatedyeometryand/orarbitrary topol-
ogy fromlocally-de ned PDE primitivesthroughtrimming
opefmtions. We employthe nite-dif ferencediscretization
and the multi-grid subdivisionto solvethe PDEs numeri-
cally. Our PDE-basednodelingsoftwae offersusersvari-
oussculptingtoolkitsfor solid design,allowing themto in-
teractivelymodifythe physicaland geometrigpropertiesof
arbitrary points, curve spans regions of interest(eitherin
theisopafametricor nonisopaametricform) on boundary
surfacesaswell asanyinterior partsof modeledbjects.

Keywords: PDE Solids, GeometricModeling, Physics-
BasedModeling,GeometricConstiaints.

1. Intr oduction and Motivation

At present,solid modeling[8, 11] hasquickly gained
popularity as a corvenientand natural paradigmfor rep-
resentingmanipulatingandinteractingwith 3D objectsin
graphics,animation,andgeometricdesign. Thisis primar
ily becausea solid model offers engineersan unambigu-
ous shaperepresentatiof a physicalentity. In essence,
the CAD-basedsolid representatiomf a real-world phys-

ical objectis both geometricallyunambiguousand topo-

logically consistent. Thereis a wide array of solid mod-

eling techniquesncluding: Constructve Solid Geometry
(CSG), Boundaryrepresentatior{B-rep), cell decomposi-
tion, trivariate parametricsuperpatbes and subdvision

solids.

The CSG approachexploits semi-algebraicsets and
Booleanoperationsn the simpleprimitivessuchascubes,
spheresgylinders, cones,andtori to constructmore com-
plex solid models. The B-rep techniquetypically de nes a
solid objectvia asetof its boundarysurfaceslongwith ex-
tratopologicalinformation. Thecell decompositiomethod
usuallyuses?D cross-sectionadlicesor cubicalunits(e.g.,
voxels) to approximatecomplicatedsolids with hierarchi-
cally structuredoctreeschemes.Nonethelessprior solid
modeling representatioschemesncounterdif culties in
interactive sculptingof solid objects,solid geometrydefor
mation,topologymaodi cation, andkinematicanddynamic
analysisof physicalsolids.

Theparametricsolidscanbe constructedhrougha func-
tion mapping from the trivariate parametricdomain of
to the physicaldomainof . Onetypical ex-
ampleis free-formsolid modelingwhichcombinegheben-
e ts of free-formboundarysurfacesandinterior geometry
within a uni ed framevork and providesusersmore e xi-
ble designinterfacefor modelinga muchlarger variety of
objectsthan aforementionedpproachesit alsofacilitates
cost-efective algorithmsfor evaluation and manipulation
of solid geometry Typical examplesof sculpturedsolids
include trivariate B-splines, Hermite solids and NURBS
solids.However, free-formsolid techniquesrelessnatural
and counterintuitive, primarily becausdree-form splines
are associatedwith indirect shapemanipulationthrough
time-consumingoperationson a large numberof control
vertices,non-unity weights,and/ornon-uniformknots. In
generaltherearemoredeyreesof freedomthanwhatusers
can handle. Furthermore free-form solids are restrained
to modelregular shapes.lt is dif cult to extendtheir ge-
ometric coverageto the shapeof arbitrary topology with-
out resortingto variousnon-intuitive geometricconstraints.



Subdvision solids generalizethe trivariate B-spline solids
to free-form solid modelsof arbitrary topology by apply-
ing subdiision ruleson 3D control lattice. However, the
shapesculptingof subdvisionsolidsis relatedwith indirect
manipulationof control lattice and subdvision rules will

becomecomplicatedor a subdivision modelwith complec
features.

In contrast,PDE solids can effectively model objects
throughthe useof certainelliptic partial differentialequa-
tions of subjectto boundaryconditions. In com-
parisonwith corventional modelingtechniquesdiscussed
above, PDE approactoffersmary adwantages:

The behaior of PDE modelsis governedby differ-
ential equations. Solving the PDEsresultsin both
boundaryandtheinterior informationsimultaneously
In principle, PDE solids can be reconstructedrom a
smallsetof heterogeneousoundary/inital conditions,
theinteriorinformationwill beautomaticallyobtained
by solving the given PDEs, therefore fewer parame-
tersarerequiredthanthatof the free-formor subdui-
sionsolids.

Natural physical processesre frequently character

izedby PDEs. Hence,PDE modelscanbe controlled

by physicallaws, sothey arenaturalandmuchcloser

totherealworld. PDEsarepotentiallyidealcandidates
for bothdesignandanalysigasks.

The formulation of differential equationsis well-
conditionedand technically sound. Smoothobjects
with high-ordercontinuity requirementsan be read-
ily de ned throughawide spectrunmof PDEs.

Smoothobjectsthatminimize certainenegy function-
als oftentimesare associatedvith differential equa-
tions, so optimizationtechniquescan be uni ed with
PDEmodels.

PDE solidsoffer the combinedadwantage®f conven-
tionalmodelingtechniquessuchasboundarysurfaces
andunderlyingparameterizatiofor (generalizedgell
decompositiorn theinterior. ThePDEsolidshave po-
tentialto integrateCSG,B-repandcell decomposition
into a singleframeavork.

PDE solids can unify both geometricand physical
aspectsfor real-world models. They are invaluable
throughoutthe entire modeling,design,analysis,and
manufacturingprocesses.Various heterogeneouse-
guirementscan be enforcedand satis ed simultane-
ously.

Althoughalot of novel interactive techniquesredevel-
opedfor PDEsurfacesn orderto realizetheirfull potential,

thereis a lack of naturalinterfacesandtoolkits for the di-
rectsculptingof PDE solids. Typical modelingdif culties
associateavith PDE solidsinclude:

The prior work on PDE techniquegprimarily concen-
trateson elliptic PDE surfaces.Interactive techniques
for solid modelingareunderexplored.

Besidessimple geometric conditions enforced over
PDE solid boundariesthereis no formal mechanism
for the direct editing of PDE solids arywhere across
theirdomain.

Traditionalelliptic PDE solidsareonly computedrom
a setof regular boundarysurfaces.More e xible and
generaboundaryconstraintareyetto beaddressed.

CorventionalPDEtechniquesreunableto supporto-
calizedgeometricoperationdor solid models.Global
controlis lessintuitiveto manipulate.

Despitethe greatpotentialto integratedifferenttech-
niguessuchas CSG, B-rep, cell decompositionand
free-form solids, current PDE techniquesonly make
useof boundaryinformationandmary interior prop-
ertiesandfeatureshave notyetbeenconsidered.

Recently we [5, 6] proposedan interactive methodol-
ogy anddevelopednovel modelingtechniqueghat canfa-
cilitate the directandinteractive sculptingof physics-based
PDE surfaces.Thesetechniquesllow PDE surfaceof di-
versetypesof topologyto be de ned throughgeneral, e x-
ible boundaryconstraintsandoperationsuchastrimming,
meiging, manipulatingof isoparametriccurves and/or ar
bitrary curve networks,editing userspeci ed sub-surface,
etc.

Tofurtherbroadertheaccessibilityof PDEtechniquesn
geometricmodelingandvisual computing,we shall forge
aheadtowardsthe realizationof the full modelingpoten-
tial associatedvith dynamic PDE models. In particular
this paperextendsPDE techniquedor interactive manip-
ulation of physics-based®DE solids, so that both bound-
ary and interior information of PDE solids can be easily
edited. The systemwe develop offers usersa powerful
solid modelingmethodwith more freedomand e xibility .
In our framevork, the PDE solidscanbede ned by bound-
ary surfacesor a setof boundarycurve network. We in-
troducethe boundarysurfacemanipulation,local control
andtrimming operationsaisingsimple CSGtools anduser
speci ed dataseton PDE solidsto obtain arbitrary topo-
logical shapesTheintegrationof PDE solidswith physics-
basedmodeling techniquesoffers usersintuitive editing
toolkits for directsculptingandmanipulationof solid mod-
els.



2. Prior Work

Bloor andWilson[1] pioneerech modelingtechnique—
PDEmethod—thatle nesasmoothsurfaceasasolutionof
elliptic PDEs.Sinceits initial applicationon surfaceblend-
ing, PDE approacthasbroadenedts usesn free-formsur
facedesign,solid modeling,andinteracte surfacesculpt-
ing in recentyears.In principle,the PDE-basednethodhas
the advantagethat mostof the informationde ning an ob-
ject comesfrom its boundaries.This permitsan objectto
be generatecand controlledby very few parametersuch
asboundary-alueconditionsandglobal coefcients asso-
ciatedwith anelliptic PDE.This PDEtechniquecanbeused
to generatepiecavise free-formsurfaceq2]. Lowe, Bloor
andWilson [9] presentec methodwith which certainen-
gineeringdesigncriteria suchasfunctional constraintcan
beincorporatednto the geometriadesignof PDE surfaces.

In 1993, Bloor and Wilson formulated PDE solids in
termsof parametrichoundarysurfaced3], which allow to
modeltheinterior of solid objectswith boundarysurfaces,
andfurtherexpandthegeometriccoverageof PDEmethod-
ology. Nonethelesssuchmethodis lack of directmanipu-
lation andintuitive sculptingtechniquedor solid models.

In contrast,Free-form Deformation(FFD) offersanal-
ternative method for sculpting solid models[13]. The
schemef FFDfor solidsinvolvesamappingrom  to
throughcertaintrivariateBernsteinpolynomialsandcanbe
easilyintegratedwith CSGandB-rep solid modelingsys-
tems. However, this techniquehasdif culties to support
directmanipulationon arbitrary partsof a solid objectand
is lack of physicallymeaningfuloperationsn general.

Physics-basednodeling, in contrast, offers users a
meango overcomethe dravbackof indirectdesignmech-
anismassociatedavith traditionalgeometricnodelingtech-
nigues. Terzopoulosand Fleischel{15] demonstratedim-
pleinteractie sculptingusingviscoelasti@andplasticmod-
els. CelnikerandGossard4] developeda prototypesystem
for interactive free-formdesignbasedn the nite-element
optimizationof enegy functionsproposecdy Terzopoulos
andFleischef15]. MetaxasandTerzopoulog10] proposed
anapproactfor creatingdynamicsolid modelsby deform-
ing commonsolid primitives such as spheres,cylinders,
cones,or superquadricglobally andlocally. Terzopoulos
andQin [12, 16] formulateda novel modelfor interactve
sculptingof DynamicNURBS (D-NURBS).

Becausethe dynamic behaior of physics-basedanod-
elsis alsocontrolledby certaindifferentialequationge.g.,
Lagrangianequationsof motion), it is possibleto unify
physics-basedhodelingmethodologywith PDE approach.
Therefore,physics-basednodelingaugmentqratherthan
replaces}he existing PDE methodologyoffering extra ad-
vantagedor shapemodeling.Furthermoresincethemajor
ity of physicalphenomenaanbecharacterizethy PDEs,it

is necessaro bridgethegapbetweergeometridc® DEmod-
elsandphysics-basethodelingapproachetowardsthere-
alizationof thefull potentialof PDEtechniques.

Our previous work [5, 6] proposedan integratedmodel
which combinesthe PDE surfacesand the physics-based
modelingtechniquedo offer userddirectsculptingcapabil-
ity for the PDE surfaceswith generalizedooundarycon-
straintsand userspeci ed features.However, simple PDE
surfacedall shortin modelingmostof the real-world ob-
jectswhereinterior geometryand materialdistribution are
requiredfor bothsynthesisandanalysigprocessesThis pa-
per developsmanipulationtools for the effective editing of
PDE solids, extendingthe potentialof PDE techniquesn
geometricdesignandengineeringanalysisof solids.

3. PDE Formulation

This sectionformulatesPDE solids, and outlinesprop-
ertiesof the uni ed principlesof PDE solidsand physics-
basednodeling.

Parametric space

3D PDE

Physical space

Figure 1. PDE solid from the parametric space
to the physical space.

Bloor and Wilson [3] initially employedthe second-
orderelliptic PDEto constructsolids:

— (1)

where and are parametric coordinates,
and are smoothing coefcients controlling contritu-
tions of partial derivatives along , , and  direc-
tions to the resulting PDE solids, and

de nes the PDE
solid coordinatesn 3-space.Fig. 1 illustratesa PDE solid
throughthemappingof theparametricspaceo thephysical
space.

Our goal is to directly manipulatePDE solids de ned
by boundarysurfaces. Therefore, direct control of the
boundarysurfaceds moredesirable.To makepreviously-
developedfourth-orderelliptic PDE surfacesculptingtech-
niguesavailablefor solid modeling,it alsomakessenseo



considetthefourth-orderelliptic PDEfor solids:

— = — )
where , , and stand for , and
, the coefcient functionsof , , and thatof-

fer local controlfor the behaior of PDE solids.We replace
the constantsmoothingcoefcients , , and in previous
work using arbitrary functionsover , , and , to offer
usersmore e xibility of interactive manipulation.Usually
they are setto be constantvalue over the parametricdo-
main exceptthoseregions of interestduring the manipula-
tion process.Although our systemis focusedon this type
of elliptic PDEs,our mathematicatlerivation andits asso-
ciatednumericaltechniquescan be readily generalizedo
otherPDEs.
To solve (1) and(2), atleastsix boundaryconditionsare
requiredin orderto derive a uniquesolution. We restrain
, , tovarybetween and , becauseeparametrization
doesnotchangePDEsolidgeometnyif , ,or belonggo
. The six boundaryPDE surfacedle ne threesurface
pairsonthesolidboundariest , , ,
,and . They areof thefollowing forms:

3)

wherethesesix surfacesnay sharecorrespondindound-
ary curveswith eachother andthey areall opensurfaces
alongtheir boundaries.Furthermore becausea PDE sur
face can be derived from a set of Coons-likeor Gordon-
like boundarycurnes, boundaryconditionsin the form of
arbitrarycurve networkarealsopossibleto uniquelyde ne
PDE solids. This type of generaland arbitrary boundary
conditionsprovide usersmore e xible toolsto modelsolid
objectswith fewer parametersandarecapableof modeling
solidsthat mustpassthrougha setof curvesthatsene as
generakonstraints.

We resortto the numericaltechniquessuch as nite-
differenceapproximationand iterative methodfor linear
equationgo solve the PDE solids for guaranteedolution
especiallywhen additional constraintsare enforced. Nu-
mericalalgorithmsalsofacilitate the materialmodeling of
anisotropicdistribution and its realistic physical simula-
tion. Among mary maturetechniqueswe employ nite-
differenceapproachn our framevork with multi-grid like
subdvision methodto improve the systemperformance.

The nite-dif ference method divides the continuous
parametricdomainof a PDEinto discretegridsandapprox-
imatesall partial derivativesof the samplingpointson the

gridsby the differenceamongtheir neighborgo transform
acontinuoud’DEto analgebraicequatiorsystem.Thesys-
tem of algebraicequationscanthenbe solved numerically
eitherthrougha direct procedureor aniterative procesgo

obtainanapproximatesolutionof the continuousPDE.
AY
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Figure 2. (a) The point discretization of part of
a PDE solid; (b) mass-spring network in the
vicinity of the sample point

We usecentral-diferenceapproximatiorto approximate
thepartialderivativesontrivariatesolid geometryby divid-
ing the domaininto , , and discretizedpoints
(Fig. 2 (a)), respectiely. Now, (1) and(2) canbe rewritten
in theform as:

(4)
where s a discretizeddifferentialoperatorin
matrix form.  is alsocontrolledby the coefcient
functions , ,and ,and
Our PDE solid is openalongall of , , and di-

rections,so the computationof partial derivatives nearto
the six boundarysurfacesrequiresforward/backwardif-
ferencesapproximation. Boundaryconstraintsdetermine
all the point coordinatedying on the pre-de nedboundary
surfacegqe.g., and , Where

). Arbitrary boundaryconditionscanbe easily en-
forced using nite-dif ferencemethod. Note that, in spite
of certaincombinationsof constraintimposition shavn in
our experiments,in generalthis type of elliptic PDEsal-
lows the boundarysurfacesto be explicitly formulatedin
arbitraryform. This permitsdesignergdo choose(various)
constraintdasedn diversedesigntasks.

As a generalizatiorof elasticdeformablesurfacemod-
els, a deformable solid is characterizedby its posi-
tions , velocities (which stands

for ———), and accelerations (i.e.,

) alongwith materialpropertiessuchasmass,
damping,and stiffnessdistributions. Thesequantitiesare



de ned asfunctions , , and ,
respectrely, which often canbe consideredo be constant
at certaintime. However, thesematerialdistributionsare
allowed to be modi ed by usersinteractively and directly
over the solid domain. In general,a continuousdynamic
solid can be discretizedinto a collection of mass-points
connectedy anetworkof springsacrossearesheighbors
(and/oralongboth diagonals).Otherspringscanbe incor
poratednto thediscretizedsolidif certaintypesof dynamic
behaior are moredesirable.We usea mass-springnodel
becaus®f its simplicity andef ciency.

Applying Lagrangianmechanics,we obtain a set of
second-ordedifferentialequationghatgovernthe physical
behaior of theunderlyingphysics-basethodel:

()

where , ,and arethemassdamping,andstiffness
matrix, respectiely. The force at every mass-pointin the
meshis thesumof all possiblesxternalforces:

The internal forces are generatedy springs,whereeach
springhasforce accordingto Hook's law.

The restlengthof eachspringis assignediuring the PDE
initializationandcanbe modi ed interactiely.

We associatethe Lagrangianmechanicswith the dis-
cretizedPDE (referto (4)) for the uni ed framework by at-
tachingmasspointsto geometricgrid and addingsprings
betweenimmediateneighborson the PDE discretization
along , , and , asshownin Fig. 2 (b), thenwe obtain
adynamicversionof PDE solids:

(6)

whereboth the velocity andthe acceleratiorof  canbe

discretizedalongtime axisanalogously:

The behaior of the dynamicPDE solidsare controlled
by bothof the Lagrangiarequatiorof motionandthegiven
PDE with boundaryand additionalgeometricconstraints.
The movementof the samplepointsof the integratedmass-
spring PDE solid modelundersculptingis decidedby the
PDE with constraintsthe mass,dampingdistributions of
the points, aswell asthe stiffnessof the springsconnect-
ing thosepoints. During the sculptingsessiorof boundary
surfaceswe useour physics-base®DE surfacemodelto
achieve interactve surfacemanipulation.Any deformation
of theboundarysurfacewill propagateo theinterior of the
PDEsolidsaccordingly At theequilibrium,if stiffnessdis-
tributionsaswell astheexternalforce arezero,(6)reduces
to (4) with additional physical properties. By allowing a
PDE solid to dynamicallydeform, userswill have a natu-
ral feeling wheninteractvely manipulatingthe PDE solid,

which is lacking without Lagrangianequationsof motion.

Furthermorematerialpropertiescanbe introducedto gov-

ernthe behaior of the underlyingPDE solid. This hybrid

formulationpermitsusergo obtainasolidthatsatis esboth

geometriccriteriaandfunctionalrequirementsat the same
time.

We useiteration-basedechniquedo solve (4) and (6).
Certainvariantsof iterative technique®xist for solvingthe
above linear equationg14]. We solve themusing Gauss-
Seideliteration.To furtherspeedup thecorvergencerateof
Gauss-Seiddteration,we takeinto accountthe error fac-
tor thatis characterizedvy the differencebetweenthe ap-
proximationandtherealvalue.This leadsto the methodof
Successke Over-Relaxationteration,or SORiteration.

However, the discretizationof PDE solids resultsin a
muchlarger numberof linear equationghanin the surface
case. This causeghe slow corvergencerate of iterative
methods. To achieve a fastersolution, we take advantage
of the multi-grid like subdiision methodto speedup the
numericalintegration. It rst solvesthe PDE solid at the
coarsestesolution,andre nes the solutionfor ner grids.
The corvergencerateof iterationcanbe greatlyincreased.
It alsoallows usergo controltheerrorboundof theapprox-
imatedsolution.

4. PDE Sculpting Toolkits

This sectiondetails various interactive techniquesfor
PDE solid sculpting.

Our systemsupportstwo typesof initialization for the
PDE solid: initial boundarysurfacesandinitial boundary
cunes. At thestartof theinitialization phasethe usermust
specifytheboundarytype,i.e.,whethettheboundarycondi-
tionsaregivenaspre-de nedsurfacesor connectedound-
ary cunve networkfor the PDE solid.

For initialization with pre-de ned boundarysurfaces,
the systemcanobtainthe alreadyde ned surfaceghatare
piecedtogetherandform the outline of PDE solid from le
or usethe previous techniquego generatePDE surfaces.
Thenusingthe surfacesasboundaryconditionswe canob-
tain a PDE solid boundedby thesesurfacesasthe solution
of (4). Fig. 4 shavs anexample.

If usersgdecideto employthe curve networkasboundary
conditionstherewill beatleastl2 curvesrequiredio de ne
theCoons-patclike boundaryconditionsfor thesix bound-
ary surfacesTherearetwo stepsin this case:(1) derive the



boundarysurfacesrom the boundarycurves usersspeci-
ed; (2) solve (4) to obtainthe corresponding®DE solid.
We usethe Coons-likeboundaryconditionsfor the bound-
ary curve networkbecausevery two neighboringsurfaces
shareone boundarycurve. To makesurethe solved PDE
surfacesatisfysuchconditionsthesharedoundarycurves
needto be de ned. We caneven de ne the boundarysur
facesmore preciselyby addingmore curves as boundary
conditions,which leadsto the Gordon-likeboundarycon-
ditions of theboundarysurfacesFig. 5 shavs examplesof
cune networkasboundaryconditions.
The coefcient functions , , and
canalsoin uence the solutionof the PDE solid.
Thesethreefunctionscontrol the relative blendingandthe
level of variable dependenceamong , , and direc-
tions. Consequentlyuserscancontrol how boundarycon-
ditions in uence the interior of a solid by modifying the
length scale at arbitrary location (i.e. , , and
). In generaluserscande ne the coefcient functions
, , and interactively over

The large number of sample points of a PDE sur
face/solidresultsin the slow corvergenceof iterative tech-
nigues. We develop a multi-grid like approximatiorbased
on simplesubdvision schemeso improve the computation
performanceSincetherearetwo typesof boundarycondi-
tions,i.e., curve networkandsurfacesye proposdifferent
subdvision schemedo handletwo typesof boundarycon-
straints respectiely.

4.2.1 Curve Subdivision

If boundaryconditionscome from curves, we shall rst
computeboundarysurfaces.We startwith a smallnumber
of samplepointsat the coarsesscaleof the PDEboundary
surfaces then the approximatedsolution of the PDE sur
face can be easily derived after several iterations. Then,
the PDE solid atthe coarseskcaleis solved. Userscanre-
ne the coarsemeshthroughsubdvision andusethe new
subdvidedmeshasaninitial guesdor subsequeriteration
steps.The ner grid is thencomputedteratively to achieve
amoreaccuratandsmoothesolutionof theboundaryPDE
surfacesaswell asthe PDE solid. For further re nement
over the nest grid, the multi-grid subdvision startswith
the up-samplingof all boundarycurvesthroughthe useof
four-point interpolatorysubdiision schemd7] in orderto
guarante¢hesmoothnesgquiremendf there ned curwes.

4.2.2 Surface Subdivision

If boundary conditions come from connectedsurfaces,
the subdvision schemeshouldbe slightly modi ed. We

startwith the coarsestesolutionof the boundarysurfaces
throughdown-samplingto obtain a coarsesolutionof the
solid. Thenduring the re ning processwe samplemore
pointsover boundarysurfaceauntil it reacheghe nest res-
olution. After that,the subdvision processnay continueto
reacheven ner resolution.In thisscenarioye consideithe
given boundarysurfacesas constrained®DE surfacesye-
quiring four curvesastheboundaryconditionsandtheorig-
inally de ned surfacesamplepointsashardconstraints\We
thenusethefour-pointinterpolatorysubdiision schemeo
subdvide the boundarycurvesand computeunknonn sur
facepointsby solving the surfacePDE subjectto the sub-
dividedboundarycurvesandoriginal surfacepointsashard
constraints.

Users can modify the global shapeof a PDE solid
throughboundarymanipulation.Our systempermitsusers
to directly modify the boundaryPDE surfaceghat de ne
the PDE solid. To modify a PDE solid through bound-
ary conditions,usersmustselecta boundarysurfacefor the
editing purposethenusethe sculptingtoolkits provided by
our systento modify the selectedsurface.

Typical interactive toolkits for the direct sculpting of
PDE surfacesnclude:

Point Editing: PDE surfacescan be interactvely
sculptedby enforcingadditional constraintson a set
of selectedpointsaswell astheir normaland cuna-
ture. Userscanmodify a PDE surfaceby selectinga
setof pointson the surfacegrid, thendraggingthem
to the desiredpositionwherethe surfacemustinterpo-
late. Userscanalsomanipulateghesurfacenormaland
the curvaturealong parametriadirectionsat ary point
to achieve a local editing capabilityin the vicinity of
thedatapoint.

Curve Constraints: We further provide editing tools
that afford the intuitive speci cation of curve-based
constraintsUserscanselectanarbitrarysourcecurve
on the PDE surface,then specify a cubic B-spline
cune asthe destinationcurve which thenis mapped
to the selectedsurfacecurve, andthe PDE surfacewill
bemodi ed accordingly

AreaManipulation: Analogougo thecurwetool, our

systemcan mapa userspeci ed B-spline destination
patchonto a region of interestover the PDE surface.
By selectinganareaonthe PDE surfaceandde ning a
B-splinepatchsampledwith the samenumberof grid

pointsasthosein the sourceregion, our systemmaps
the B-spline patchto the speci ed areaas additional
constraintsandthe modi ed PDE surfacewill satisfy
themappingconstraint.



Accordingto theinteractve modi cation of theselected
boundarysurface the PDE solid will be deformedaccord-
ingly. Fig. 6 shavs two examplesof boundarymanipulation
with curve constraintsTheoperation®f theboundaryPDE
surfacegprovide a meandor the direct manipulationof the
PDEsolid.

Solid sculptingby way of boundarymanipulationis far
from adequate. One attractive advantageof PDE-based
solid modelingis thatthe solid interior is alsocontrolledby
PDEswithout the needof time-consumingspeci cationon
interior materialandits distribution. PDE solidsprovide an
integratedschemethat not only expandsthe B-rep method
to cover theinterior informationbut alsosupportsBoolean
operationassociatedvith CSGmodels.More importantly,
userscandeformthe interior of a PDE solid by enforcing
additionalhard constraintdnside the solid without chang-
ing the boundaryconditions. Additional constraintdnside
the solid introducea setof new equationgnto the system
to replacethe correspondingoriginal equations. Conse-
guently (4) becomes

(7)

where and areobtainedby replacing equationsn
the original systemwith newv onesresultedfrom the con-
straintswith . The modi ed equationsystemcan
be solved usingthe aforementionedechniques.The inter-
active operationsinside a PDE solid include local region
sculptingandsolid trimming.

4.4.1 RegionManipulation

TraditionalPDE solidsonly supportboundarymanipulation
which leadsto global deformationof the entiresolids. It is
moredesirableto offer usersediting functionalitieson the
interior propertieswith interactize interface.We develop a
setof toolkits that allow designerdo specify ary interior
region of a solid, andonly enforcelocal deformationin the
selectedregion. Alternatively, we canfreezethe selected
region anddisallon ary changesn the speci edregion. In
our systemthis canbedonethrough:(1) interactively spec-
ifying aregionin domain,(2) employingsomeba-
sic CSG-basedools suchasspheresandcubesto navigate
the entire parametricdomainto de ne the region of inter-
est,or (3) embeddinglatasetsvithin the PDE solid in order
to de ne the particularregion. Subsequentlyary changes
within the region will have no effect on pointsoutsidethe
region. The localizeddeformationcanbe achieved easily
becaus®nly thoseequationgorrespondingo the pointsof
the speci edregionsin (4) will be solved. In principle, all
hardconstraintsanbeviewedassomesortsof local defor
mation.Fig. 7 shonvs examplesof local deformation.

4.4.2 Solid Trimming

One of the disadwantagesf parametricsolidsis thatit is
dif cult to modelobjectsof arbitrarytopology Trimming
operationoffers an alternatve way to model objectswith
irregular shape. Our systemoffers userstrimming func-
tionalitieson a PDE solid for the sculptingpurpose.After
the region of interestis selecteduserscanremaoe mate-
rial from the PDE solid eitherinside or outsidethe spec-
i ed region. Multiple selectedregions are also supported
in our system permittingthe trimming on multiple regions
simultaneously Furthermorewe canusethe ideaof CSG
modelsto placetrimming tools of the simpleshapeprimi-
tivessuchasspherecube,or cylinder, at ary positionin-
sidethe parametriadomain,thenmove the shapealongthe

, ,or directionsall theregionscoveredby its navigat-
ing pathwill bechosen/discardeaiccordingo the speci ed
BooleanoperationsThistype of toolsallowsthe CSGcon-
structionof complex objectsbasedn PDE solids. Another
trimming operationcomesfrom the region- xing method
introducedin above section,i.e., we allow usersto embed
datasetsnto PDE parametricdomainandmapthemto the
physicalspaceto obtainedthe desiredshapes. The map-
ping of the datasetdo different PDE solidswill resultin
differentshapesin essencethis is analogoudo the princi-
ple of free-formdeformation. The trimming operationson
PDE solids cangreatly expandthe coverageof PDE solid
applicationsmakingit possibleto obtaina PDE solid with
comple boundariesndarbitrarytopologicaltypes. Fig. 8
shaws severaltrimming examples.

Becausehe run time of standarchumericalsolversde-
pendson the numberof samplingpoints on a PDE solid,
which is muchlargerthanthe numberof samplepoints of
PDE surfacesit generallytakesminutesto obtainthe nal
stableshapeof PDE solidsdueto thelarge numberof equa-
tions to be solved. Whenthe numberof samplepointsis
extremelylarge, the computationis time-consuming.This
is lessattractive from the standpoinbf interactive sculpting
as continuousvisual feedbackbetweenconsecutie states
is stronglydesirable.To ameliorateit, we considerthe in-
tegratedmass-springnodelof PDE solidswhosedynamic
behaior is governedby (6). The externalforce canbe
computedmplicitly basedn variousconstraintplacedon
theboundaryandtheinterior of thesolidwhichmaychange
thepositionsof selectedsamplepointsor regionsandcause
deformationof the solid accordingto the governing PDE
formulation. By dividing the time domaininto smalltime
stepsand approximatingboth velocitiesand accelerations
of datapointsthroughsuccessi time intervalswith nite-
differencemethod we candynamicallymanipulatehe PDE



solid with forcesin real-timeby solving

(8)

The material propertiessuch as mass/dampingjuantities
and stiffnessdistributions can be modi ed as additional
constraintgo control the behaior of the PDE solid. Be-
causen our mass-springnodel,the solid pointsgradually
evolve along consecutie time stepswhen enforcingaddi-
tional constraintsthe numberof iterationsto solve (8) is
very small, which greatlyimproves the time performance
of thedirectsculptingof PDE solids.

5. Implementation and Results

This sectionoutlinesthe functionalcomponentf our
systemandpresent®ur experimentakesults.

We have expandedour prototypesoftwareenvironment
thatpermitsusersto interactvely manipulatedP?DE surfaces
with variouslocal/globalconstraintdo PDE solids, which
allowstheinteractive sculptingof PDE solidsvia boundary
conditionsandinterior operations.Our systemcanmodel
both PDE surfacesand solids with various manipulation
toolkits. The systemis written in Visual C++ andrunson
Windows95/98/NT/200. Fig. 3 illustratesthe architecture
of ourmodelingenvironmentfor PDEobjects.In particular
our systenprovidesthefollowing functionalities:

Boundary Conditions. Userscan interactively input
andedit boundarysurfacesor boundarycurves,andobtain
PDE solidssatisfyingtheseconditions. Moreover, the sys-
tem offersa multi-grid like subdvision schemeo improve
time performancef theiterative solver.

Dynamic Models. Our systemsupportsnovel physics-
based®DEsolidsincluding: (1) nite-dif ferencediscretiza-
tion usingmass-springnodels;(2) multi-grid like subdii-
sionfor modelre nementandperformancespeedup.Ma-
terial propertiesanddynamicbehaior greatlyenhancehe
interactive manipulationof corventionalPDE solids.

Manipulating Boundary Curves and Surfaces. Users
canusevariousmanipulatiorroutinesto deformthe bound-
ary surfacesncluding: (1) editing pointsandtheir normal
and curvatureat arbitrarylocations;(2) enforcinga set of
cune constraintsy3) deforminga setof userspeci ed re-
gions; and (4) applying local operationsonly on a user
selectedhrea.

Interior Operations. In addition, userscanalsowork
directly oninterior of the PDE solidsthrough: (1) interior
deformatiorwith additionalconstraintsnsidethe solid; (2)
trimming thespeci edregion for complex geometryandar
bitrary topology;and(3) modifying coefcient functionsas

well asmaterialpropertiesuchasmassdamping andstiff-
nesgdistributionslocally.

Figure 3. System architecture and functional-
ities.

We usetwo iterativetechniqguegGauss-SeidedndSOR)
togethemwith multi-grid like subdvisiontechniqueso solve
the PDE solid subjectto variousconstraintsTable1 details
our experimentof PDE solid examplesobtainedby bound-
ary curves(Cube)andboundarysurfacegSphereandtheir

performance.
Model G-S SOR
Cube-4 | 387.848| 367.349
Cube-2 | 37.333 | 32.142
Cube-s | 141.396| 120.536
Sphere-4| 304.029| 457.790
Sphere-2| 19.989 | 16.404
Sphere-s| 31.436 | 28.626

Table 1. CPU time (in seconds) for different
solvers. G-S is Gauss-Seidel iteration, SOR
is SOR iteration, =1.25. The "-4", "-2" and
"-s" stand for the 4th, 2nd order PDE, and the
4th order PDE with subdivision, respectivel y.

Besidestraditional boundaryconditionsof PDE tech-
nigues,our systemallows usersto specify and enforcea



large variety of additional constraintson a set of points,

cross-sectionaturves, and surfaceareason the boundary
surfaces. Theseconstraintsprovide more freedomto de-

signers, making the designprocessof PDE solids more
cost-efective. The curve-basedoundaryconditionsmake
it even easierfor designergo achieve the desiredshapeof

the PDE solid. We canalsoenforceadditionalconstraints
directly inside the PDE solid and apply the trimming op-

erationswhich facilitate the constructionof PDE solids of

arbitrarytopology. We develop our prototypesystemusing

nite-dif ferencetechniqueshecausehey are simple, easy
to implement,andsuitablefor theincorporationof compli-

cated, e xible constraints.In generalthe time and space
complity is increasedwith higher resolutionas well as

increasedccurag. Our multi-grid like subdiision method
for variouslevels of re nementachieesanticipatedesults
in our experiments.The examplesshown in this paperare

renderedisingPOV-Rayandthetrimming datasetarepro-

videdby 3DCAFE.com.

6. Conclusion

We have developeda setof interactive algorithmsthat
supportboth global and local deformationof PDE solids
subjectto various constraints. We proposeda uni ed
methodologythat marriesPDE solids with PDE surfaces
and physics-basetechniques.The PDE solidscanbe de-
ned by eitherboundarysurfacesr a setof curvesasgen-
eralizedboundaryconditions. This techniqueoffers users
more freedomand a more naturalinterfaceto manipulate
PDE solids satisfying a set of design criteria and func-
tional requirements. The interactve editing of PDE sur
facesasboundaryconditionsof PDE solids providespow-
erful sculptingtoolkits for solid modeling. Physics-based
modelingpermitsthedynamicbehaior of PDEsolidsto be
governedby physicallaws, making PDE solidsmorereal-
istic andmore interactive thanthe traditional solid model-
ing techniquesOur softwareenvironmentprovidesusersa
widerangeof powerful manipulatiortoolkits for thebound-
ary surfaces,including point-basedmanipulation, cross-
sectionadesignandthe manipulationof non-isoparametric
cunes,aswell asregion deformation.Theseenhancements
permit usersto model and edit PDE surfacesand corre-
spondingsolidsintuitively with ease.The deformationand
trimming operationsnsidethesolid provideaway to model
objectsof arbitrary topology using PDE techniques.Our
uni ed approactandnovel PDEtechniquegreatlyexpand
the geometriccoverageand the topological e xibility of
conventionalPDE solids,improve the utility of PDE solids
for modelingand designapplications,aswell as help the
realizationof thefull potentialof PDEtechnologyin visual
computing elds.
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(@) (b)
Figure 4. A PDE solid generated from given
boundary surfaces: (a) boundary conditions,
(b) the solid (displa yed using transparent ma-
terial) subject to (a) with a trimming dataset
inside the solid.

(al) (a2)
(b1) (b2)
(c1) (c2)

Figure 5. Examples of PDE solids subject to
boundary curve network: (al) and (bl) are
two sets of Coons-like boundary curves; (a2)
and (b2) are corresponding PDE solids; (cl)
are Gordon-like boundary conditions, and
(c2) is the PDE solid subject to (cl). The PDE
solids are displa yed using transparent mate-
rial with trimming datasets.

(@) (b)
Figure 6. Modifying PDE solids via curve con-
straints of boundary surfaces.

(@) (b)

Figure 7. Direct modication of the trimmed
PDE solid: (a) Directly moving a selected
point on the trimmed data, on the left is the
original dataset, and on the right is the mod-
ied trimmed PDE solid; (b) the deforming
sequence of an trimmed object by rotating
selected interior regions.

(a1) (a2)

(b1) (b2)

Figure 8. Trimming examples. (al) and (a2)
are using CSG trimming operations in a PDE
solid, and the trimmed parts are shown in
red covered by transparent original solids.
(b1) and (b2) are trimming examples using
datasets for different PDE solids. In each of
(b1) and (b2), the object on the left is trimmed
from a PDE cube, and the object on the right
is trimmed from a PDE sphere .



