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Abstract

PDE techniques,which usePartial Differential Equa-
tions(PDEs)to modeltheshapesof variousreal-worldob-
jects, can unify their geometricattributesand functional
constraints in geometriccomputingandgraphics.Thispa-
perpresentsa uni�ed dynamicapproach thatallowsmodel-
ersto de�ne thesolid geometryof sculpturedobjectsusing
the second-order or fourth-order elliptic PDEs subjectto
�exible boundaryconditions. Foundedupon the previous
workonPDEsolidsbyBloor andWilson,aswell asour re-
centresearch on the interactivesculptingof physics-based
PDE surfaces,our new formulationand its associateddy-
namic principle permit designersto directly deformPDE
solidswhosebehaviorsare natural andintuitive subjectto
imposedconstraints. Userscan easilymodeland interact
with solidsof complicatedgeometryand/orarbitrary topol-
ogy fromlocally-de�nedPDE primitivesthroughtrimming
operations. We employthe �nite-dif ferencediscretization
and the multi-grid subdivisionto solvethe PDEs numeri-
cally. Our PDE-basedmodelingsoftwareoffersusersvari-
oussculptingtoolkitsfor soliddesign,allowing themto in-
teractivelymodifythephysicalandgeometricpropertiesof
arbitrary points,curvespans,regionsof interest(either in
the isoparametricor nonisoparametricform) on boundary
surfaces,aswell asanyinterior partsof modeledobjects.

Keywords: PDE Solids, GeometricModeling, Physics-
BasedModeling,GeometricConstraints.

1. Intr oduction and Motivation

At present,solid modeling[8, 11] hasquickly gained
popularity as a convenientand naturalparadigmfor rep-
resenting,manipulatingandinteractingwith 3D objectsin
graphics,animation,andgeometricdesign.This is primar-
ily becausea solid model offers engineersan unambigu-
ousshaperepresentationof a physicalentity. In essence,
the CAD-basedsolid representationof a real-worldphys-

ical object is both geometricallyunambiguousand topo-
logically consistent.Thereis a wide array of solid mod-
eling techniquesincluding: Constructive Solid Geometry
(CSG),Boundaryrepresentation(B-rep), cell decomposi-
tion, trivariate parametricsuperpatches, and subdivision
solids.

The CSG approachexploits semi-algebraicsets and
Booleanoperationson thesimpleprimitivessuchascubes,
spheres,cylinders,cones,andtori to constructmorecom-
plex solid models.TheB-rep techniquetypically de�nes a
solidobjectvia asetof its boundarysurfacesalongwith ex-
tratopologicalinformation.Thecell decompositionmethod
usuallyuses2D cross-sectionalslicesor cubicalunits(e.g.,
voxels) to approximatecomplicatedsolidswith hierarchi-
cally structuredoctreeschemes.Nonetheless,prior solid
modelingrepresentationschemesencounterdif�culties in
interactivesculptingof solid objects,solid geometrydefor-
mation,topologymodi�cation, andkinematicanddynamic
analysisof physicalsolids.

Theparametricsolidscanbeconstructedthroughafunc-
tion mapping from the trivariate parametricdomain of

��������� to the physicaldomainof 	

��
���
 . Onetypical ex-
ampleis free-formsolidmodelingwhichcombinestheben-
e�ts of free-formboundarysurfacesandinterior geometry
within a uni�ed framework andprovidesusersmore�e xi-
ble designinterfacefor modelinga muchlarger variety of
objectsthanaforementionedapproaches.It alsofacilitates
cost-effective algorithmsfor evaluationand manipulation
of solid geometry. Typical examplesof sculpturedsolids
include trivariate B-splines,Hermite solids and NURBS
solids.However, free-formsolid techniquesarelessnatural
and counter-intuitive, primarily becausefree-form splines
are associatedwith indirect shapemanipulationthrough
time-consumingoperationson a large numberof control
vertices,non-unityweights,and/ornon-uniformknots. In
general,therearemoredegreesof freedomthanwhatusers
can handle. Furthermore,free-form solids are restrained
to model regular shapes.It is dif�cult to extend their ge-
ometric coverageto the shapeof arbitrary topology with-
out resortingto variousnon-intuitivegeometricconstraints.



Subdivision solidsgeneralizethe trivariateB-splinesolids
to free-formsolid modelsof arbitrary topology by apply-
ing subdivision ruleson 3D control lattice. However, the
shapesculptingof subdivisionsolidsis relatedwith indirect
manipulationof control lattice and subdivision rules will
becomecomplicatedfor a subdivisionmodelwith complex
features.

In contrast,PDE solids can effectively model objects
throughthe useof certainelliptic partial differentialequa-
tions of � ������� subjectto boundaryconditions. In com-
parisonwith conventionalmodelingtechniquesdiscussed
above,PDEapproachoffersmany advantages:

� The behavior of PDE modelsis governedby differ-
ential equations. Solving the PDEs results in both
boundaryandtheinterior informationsimultaneously.
In principle, PDE solidscanbe reconstructedfrom a
smallsetof heterogeneousboundary/initialconditions,
theinterior informationwill beautomaticallyobtained
by solving the given PDEs,therefore,fewer parame-
tersarerequiredthanthatof thefree-formor subdivi-
sionsolids.

� Natural physical processesare frequently character-
izedby PDEs. Hence,PDEmodelscanbe controlled
by physicallaws, so they arenaturalandmuchcloser
to therealworld. PDEsarepotentiallyidealcandidates
for bothdesignandanalysistasks.

� The formulation of differential equationsis well-
conditionedand technically sound. Smoothobjects
with high-ordercontinuity requirementscanbe read-
ily de�ned througha widespectrumof PDEs.

� Smoothobjectsthatminimizecertainenergy function-
als oftentimesare associatedwith differential equa-
tions, so optimizationtechniquescanbe uni�ed with
PDEmodels.

� PDEsolidsoffer thecombinedadvantagesof conven-
tionalmodelingtechniques,suchasboundarysurfaces
andunderlyingparameterizationfor (generalized)cell
decompositionin theinterior. ThePDEsolidshavepo-
tentialto integrateCSG,B-repandcell decomposition
into a singleframework.

� PDE solids can unify both geometricand physical
aspectsfor real-world models. They are invaluable
throughoutthe entiremodeling,design,analysis,and
manufacturingprocesses.Variousheterogeneousre-
quirementscan be enforcedand satis�ed simultane-
ously.

Althougha lot of novel interactive techniquesaredevel-
opedfor PDEsurfacesin orderto realizetheir full potential,

thereis a lack of naturalinterfacesandtoolkits for the di-
rectsculptingof PDEsolids. Typical modelingdif�culties
associatedwith PDEsolidsinclude:

� Theprior work on PDEtechniquesprimarily concen-
trateson elliptic PDEsurfaces.Interactive techniques
for solidmodelingareunder-explored.

� Besidessimple geometricconditions enforcedover
PDE solid boundaries,thereis no formal mechanism
for the direct editing of PDE solids anywhereacross
theirdomain.

� Traditionalelliptic PDEsolidsareonlycomputedfrom
a setof regular boundarysurfaces.More �e xible and
generalboundaryconstraintsareyet to beaddressed.

� ConventionalPDEtechniquesareunableto supportlo-
calizedgeometricoperationsfor solid models.Global
controlis lessintuitiveto manipulate.

� Despitethe greatpotentialto integratedifferenttech-
niquessuchas CSG,B-rep, cell decomposition,and
free-form solids, currentPDE techniquesonly make
useof boundaryinformationandmany interior prop-
ertiesandfeatureshave notyetbeenconsidered.

Recently, we [5, 6] proposedan interactive methodol-
ogy anddevelopednovel modelingtechniquesthat canfa-
cilitate thedirectandinteractivesculptingof physics-based
PDEsurfaces.Thesetechniquesallow PDEsurfacesof di-
versetypesof topologyto bede�ned throughgeneral,�e x-
ible boundaryconstraintsandoperationssuchastrimming,
merging, manipulatingof isoparametriccurves and/orar-
bitrary curve networks,editing user-speci�ed sub-surface,
etc.

To furtherbroadentheaccessibilityof PDEtechniquesin
geometricmodelingandvisual computing,we shall forge
aheadtowardsthe realizationof the full modelingpoten-
tial associatedwith dynamicPDE models. In particular,
this paperextendsPDE techniquesfor interactive manip-
ulation of physics-basedPDE solids, so that both bound-
ary and interior information of PDE solids can be easily
edited. The systemwe develop offers usersa powerful
solid modelingmethodwith morefreedomand�e xibility .
In our framework, thePDEsolidscanbede�ned by bound-
ary surfacesor a set of boundarycurve network. We in-
troducethe boundarysurfacemanipulation,local control
andtrimming operationsusingsimpleCSGtoolsanduser-
speci�ed datasetson PDE solids to obtain arbitrary topo-
logicalshapes.Theintegrationof PDEsolidswith physics-
basedmodeling techniquesoffers users intuitive editing
toolkits for directsculptingandmanipulationof solidmod-
els.



2. Prior Work

Bloor andWilson [1] pioneeredamodelingtechnique—
PDEmethod—thatde�nesasmoothsurfaceasasolutionof
elliptic PDEs.Sinceits initial applicationonsurfaceblend-
ing, PDEapproachhasbroadenedits usesin free-formsur-
facedesign,solid modeling,andinteractive surfacesculpt-
ing in recentyears.In principle,thePDE-basedmethodhas
theadvantagethatmostof the informationde�ning an ob-
ject comesfrom its boundaries.This permitsan object to
be generatedandcontrolledby very few parameterssuch
asboundary-valueconditionsandglobal coef�cients asso-
ciatedwith anelliptic PDE.ThisPDEtechniquecanbeused
to generatepiecewise free-formsurfaces[2]. Lowe, Bloor
andWilson [9] presenteda methodwith which certainen-
gineeringdesigncriteriasuchasfunctionalconstraintscan
beincorporatedinto thegeometricdesignof PDEsurfaces.

In 1993, Bloor and Wilson formulatedPDE solids in
termsof parametricboundarysurfaces[3], which allow to
modelthe interior of solid objectswith boundarysurfaces,
andfurtherexpandthegeometriccoverageof PDEmethod-
ology. Nonetheless,suchmethodis lack of directmanipu-
lationandintuitivesculptingtechniquesfor solid models.

In contrast,Free-Form Deformation(FFD) offersanal-
ternative method for sculpting solid models [13]. The
schemeof FFDfor solidsinvolvesamappingfrom

���

to
���

throughcertaintrivariateBernsteinpolynomialsandcanbe
easilyintegratedwith CSGandB-rep solid modelingsys-
tems. However, this techniquehasdif�culties to support
directmanipulationon arbitrarypartsof a solid objectand
is lackof physicallymeaningfuloperationsin general.

Physics-basedmodeling, in contrast, offers users a
meansto overcomethedrawbackof indirectdesignmech-
anismassociatedwith traditionalgeometricmodelingtech-
niques.TerzopoulosandFleischer[15] demonstratedsim-
ple interactivesculptingusingviscoelasticandplasticmod-
els.CelnikerandGossard[4] developedaprototypesystem
for interactive free-formdesignbasedon the�nite-element
optimizationof energy functionsproposedby Terzopoulos
andFleischer[15]. MetaxasandTerzopoulos[10] proposed
anapproachfor creatingdynamicsolid modelsby deform-
ing commonsolid primitives such as spheres,cylinders,
cones,or superquadricsglobally andlocally. Terzopoulos
andQin [12, 16] formulateda novel modelfor interactive
sculptingof DynamicNURBS(D-NURBS).

Becausethe dynamicbehavior of physics-basedmod-
els is alsocontrolledby certaindifferentialequations(e.g.,
Lagrangianequationsof motion), it is possibleto unify
physics-basedmodelingmethodologywith PDEapproach.
Therefore,physics-basedmodelingaugments(rather than
replaces)theexisting PDEmethodology, offering extra ad-
vantagesfor shapemodeling.Furthermore,sincethemajor-
ity of physicalphenomenacanbecharacterizedby PDEs,it

is necessaryto bridgethegapbetweengeometricPDEmod-
elsandphysics-basedmodelingapproachestowardsthere-
alizationof thefull potentialof PDEtechniques.

Our previous work [5, 6] proposedan integratedmodel
which combinesthe PDE surfacesand the physics-based
modelingtechniquesto offer usersdirectsculptingcapabil-
ity for the PDE surfaceswith generalizedboundarycon-
straintsanduser-speci�ed features.However, simplePDE
surfacesfall short in modelingmostof the real-worldob-
jectswhereinterior geometryandmaterialdistribution are
requiredfor bothsynthesisandanalysisprocesses.Thispa-
perdevelopsmanipulationtools for theeffective editingof
PDE solids,extendingthe potentialof PDE techniquesin
geometricdesignandengineeringanalysisof solids.

3. PDE Formulation

This sectionformulatesPDE solids,andoutlinesprop-
ertiesof the uni�ed principlesof PDE solidsandphysics-
basedmodeling.

�����	��
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Figure 1. PDE solid from the parametric space
to the physical space .

Bloor and Wilson [3] initially employedthe second-
orderelliptic PDEto constructsolids:
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where � , � and � are parametric coordinates,
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are smoothing coef�cients controlling contribu-
tions of partial derivatives along � , � , and � direc-
tions to the resulting PDE solids, and
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de�nes the PDE
solid coordinatesin 3-space.Fig. 1 illustratesa PDEsolid
throughthemappingof theparametricspaceto thephysical
space.

Our goal is to directly manipulatePDE solids de�ned
by boundarysurfaces. Therefore,direct control of the
boundarysurfacesis moredesirable.To makepreviously-
developedfourth-orderelliptic PDEsurfacesculptingtech-
niquesavailablefor solid modeling,it alsomakessenseto



considerthefourth-orderelliptic PDEfor solids:
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, thecoef�cient functionsof � , � , and � thatof-
fer localcontrolfor thebehavior of PDEsolids.Wereplace
theconstantsmoothingcoef�cients
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in previous
work using arbitrary functionsover � , � , and � , to offer
usersmore�e xibility of interactive manipulation.Usually
they are set to be constantvalue over the parametricdo-
mainexcept thoseregionsof interestduring themanipula-
tion process.Although our systemis focusedon this type
of elliptic PDEs,our mathematicalderivationandits asso-
ciatednumericaltechniquescan be readily generalizedto
otherPDEs.

To solve(1) and(2), at leastsix boundaryconditionsare
requiredin orderto derive a uniquesolution. We restrain

� , � , � to vary between
�

and � , becausereparametrization
doesnotchangePDEsolidgeometryif � , � , or � belongsto

�  

�

'��

. Thesix boundaryPDEsurfacesde�ne threesurface
pairsonthesolidboundariesat �
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wherethesesix surfacesmay sharecorrespondingbound-
ary curveswith eachother, andthey areall opensurfaces
along their boundaries.Furthermore,becausea PDE sur-
facecan be derived from a set of Coons-likeor Gordon-
like boundarycurves,boundaryconditionsin the form of
arbitrarycurve networkarealsopossibleto uniquelyde�ne
PDE solids. This type of generaland arbitraryboundary
conditionsprovide usersmore�e xible toolsto modelsolid
objectswith fewerparameters,andarecapableof modeling
solids that mustpassthrougha setof curves that serve as
generalconstraints.

�����������������#����� ��� � �!���"� �����$#

We resort to the numerical techniquessuch as �nite-
differenceapproximationand iterative methodfor linear
equationsto solve the PDE solids for guaranteedsolution
especiallywhen additionalconstraintsare enforced. Nu-
mericalalgorithmsalsofacilitate the materialmodelingof
anisotropicdistribution and its realistic physical simula-
tion. Among many maturetechniques,we employ �nite-
differenceapproachin our framework with multi-grid like
subdivisionmethodto improve thesystemperformance.

The �nite-dif ference method divides the continuous
parametricdomainof aPDEinto discretegridsandapprox-
imatesall partial derivativesof the samplingpointson the

gridsby thedifferencesamongtheirneighborsto transform
acontinuousPDEto analgebraicequationsystem.Thesys-
temof algebraicequationscanthenbesolved numerically
eitherthrougha directprocedureor an iterative processto
obtainanapproximatesolutionof thecontinuousPDE.

(a) (b)
Figure 2. (a) The point discretization of par t of
a PDE solid; (b) mass­spring network in the
vicinity of the sample point
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Weusecentral-differenceapproximationto approximate
thepartialderivativesontrivariatesolidgeometry, by divid-
ing the

�
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domaininto , , - , and . discretizedpoints
(Fig. 2 (a)), respectively. Now, (1) and(2) canberewritten
in theform as: /

/ 1�0
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Our PDE solid is open along all of � , � , and � di-
rections,so the computationof partial derivativesnearto
the six boundarysurfacesrequiresforward/backwarddif-
ferencesapproximation. Boundaryconstraintsdetermine
all thepoint coordinateslying on thepre-de�nedboundary
surfaces(e.g.,

/
�

' %�' )

and
/	78' %(' )

, where �CBED�BE-

�

�CB

F

BE. ). Arbitrary boundaryconditionscanbe easilyen-
forced using �nite-dif ferencemethod. Note that, in spite
of certaincombinationsof constraintimpositionshown in
our experiments,in generalthis type of elliptic PDEsal-
lows the boundarysurfacesto be explicitly formulatedin
arbitraryform. This permitsdesignersto choose(various)
constraintsbasedondiversedesigntasks.
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As a generalizationof elasticdeformablesurfacemod-
els, a deformable solid is characterizedby its posi-
tions

/

�

��������� ��T

-

, velocities U

/

�

� ������� ��T

-

(which stands
for VXW:Y[Z

' \]' ^$' _�`

V

_

), and accelerations a

/

�

� ������� �bT

-

(i.e.,

Vdc WeYfZ

' \]' ^$' _�`

V

_

c

) alongwith materialpropertiessuchasmass,
damping,andstiffnessdistributions. Thesequantitiesare



de�ned asfunctions �

�

� �������

-

, �

�

� �������

-

, and �

�

���������

-

,
respectively, which often canbe consideredto be constant
at certaintime. However, thesematerialdistributionsare
allowed to be modi�ed by usersinteractively anddirectly
over the solid domain. In general,a continuousdynamic
solid can be discretizedinto a collection of mass-points
connectedby anetworkof springsacrossnearestneighbors
(and/oralongbothdiagonals).Otherspringscanbe incor-
poratedinto thediscretizedsolid if certaintypesof dynamic
behavior aremoredesirable.We usea mass-springmodel
becauseof its simplicity andef�ciency.

Applying Lagrangianmechanics,we obtain a set of
second-orderdifferentialequationsthatgovernthephysical
behavior of theunderlyingphysics-basedmodel:
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where
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,
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, and
�

arethe mass,damping,andstiffness
matrix, respectively. The force at every mass-pointin the
meshis thesumof all possibleexternalforces:
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The internal forcesare generatedby springs,whereeach
springhasforce
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-

accordingto Hook's law.
The restlengthof eachspring is assignedduring the PDE
initializationandcanbemodi�ed interactively.

We associatethe Lagrangianmechanicswith the dis-
cretizedPDE(referto (4)) for theuni�ed framework by at-
tachingmasspoints to geometricgrid andaddingsprings
betweenimmediateneighborson the PDE discretization
along � , � , and � , asshown in Fig. 2 (b), thenwe obtain
a dynamicversionof PDEsolids:
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whereboth the velocity andthe accelerationof
/

canbe
discretizedalongtimeaxisanalogously:
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Thebehavior of thedynamicPDE solidsarecontrolled
by bothof theLagrangianequationof motionandthegiven
PDE with boundaryand additionalgeometricconstraints.
Themovementof thesamplepointsof theintegratedmass-
springPDE solid modelundersculptingis decidedby the
PDE with constraints,the mass,dampingdistributionsof
the points,aswell as the stiffnessof the springsconnect-
ing thosepoints. During thesculptingsessionof boundary
surfaces,we useour physics-basedPDE surfacemodel to
achieve interactive surfacemanipulation.Any deformation
of theboundarysurfaceswill propagateto theinteriorof the
PDEsolidsaccordingly. At theequilibrium,if stiffnessdis-
tributionsaswell astheexternalforce

�

arezero,(6) reduces
to (4) with additionalphysicalproperties. By allowing a
PDE solid to dynamicallydeform,userswill have a natu-
ral feeling wheninteractively manipulatingthe PDEsolid,

which is lacking without Lagrangianequationsof motion.
Furthermore,materialpropertiescanbeintroducedto gov-
ern the behavior of theunderlyingPDEsolid. This hybrid
formulationpermitsusersto obtainasolidthatsatis�esboth
geometriccriteriaandfunctionalrequirementsat the same
time.
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We useiteration-basedtechniquesto solve (4) and (6).
Certainvariantsof iterative techniquesexist for solvingthe
above linear equations[14]. We solve themusingGauss-
Seideliteration.To furtherspeeduptheconvergencerateof
Gauss-Seideliteration,we takeinto accountthe error fac-
tor that is characterizedby the differencebetweenthe ap-
proximationandtherealvalue.This leadsto themethodof
Successive Over-Relaxationiteration,or SORiteration.

However, the discretizationof PDE solids resultsin a
muchlargernumberof linearequationsthanin thesurface
case. This causesthe slow convergencerate of iterative
methods.To achieve a fastersolution,we takeadvantage
of the multi-grid like subdivision methodto speedup the
numericalintegration. It �rst solves the PDE solid at the
coarsestresolution,andre�nes thesolutionfor �ner grids.
Theconvergencerateof iterationcanbe greatlyincreased.
It alsoallowsusersto controltheerrorboundof theapprox-
imatedsolution.

4. PDE Sculpting Toolkits

This sectiondetails various interactive techniquesfor
PDEsolidsculpting.

$ ���	� ���������)&d# �����"� ����* � �����$#

Our systemsupportstwo typesof initialization for the
PDE solid: initial boundarysurfacesand initial boundary
curves.At thestartof theinitializationphase,theusermust
specifytheboundarytype,i.e.,whethertheboundarycondi-
tionsaregivenaspre-de�nedsurfaces,or connectedbound-
arycurve networkfor thePDEsolid.

For initialization with pre-de�ned boundarysurfaces,
thesystemcanobtainthealreadyde�ned surfacesthatare
piecedtogetherandform theoutlineof PDEsolid from �le
or use the previous techniquesto generatePDE surfaces.
Thenusingthesurfacesasboundaryconditions,wecanob-
tain a PDEsolid boundedby thesesurfacesasthesolution
of (4). Fig. 4 showsanexample.

If usersdecideto employthecurvenetworkasboundary
conditions,therewill beat least12curvesrequiredto de�ne
theCoons-patchlike boundaryconditionsfor thesix bound-
arysurfaces.Therearetwo stepsin thiscase:(1) derive the



boundarysurfacesfrom the boundarycurves usersspeci-
�ed; (2) solve (4) to obtain the correspondingPDE solid.
We usetheCoons-likeboundaryconditionsfor thebound-
ary curve networkbecauseevery two neighboringsurfaces
shareoneboundarycurve. To makesurethe solved PDE
surfacessatisfysuchconditions,thesharedboundarycurves
needto be de�ned. We caneven de�ne the boundarysur-
facesmore preciselyby addingmore curves as boundary
conditions,which leadsto the Gordon-likeboundarycon-
ditionsof theboundarysurfaces.Fig. 5 showsexamplesof
curve networkasboundaryconditions.

The coef�cient functions
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Thesethreefunctionscontrol the relative blendingandthe
level of variable dependenceamong � , � , and � direc-
tions. Consequently, userscancontrolhow boundarycon-
ditions in�uence the interior of a solid by modifying the
length scaleat arbitrary location (i.e.
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The large number of sample points of a PDE sur-
face/solidresultsin theslow convergenceof iterative tech-
niques.We develop a multi-grid like approximationbased
onsimplesubdivisionschemesto improvethecomputation
performance.Sincetherearetwo typesof boundarycondi-
tions,i.e.,curvenetworkandsurfaces,weproposedifferent
subdivisionschemesto handletwo typesof boundarycon-
straints,respectively.

4.2.1 Curve Subdivision

If boundaryconditionscome from curves, we shall �rst
computeboundarysurfaces.We startwith a smallnumber
of samplepointsat thecoarsestscaleof thePDEboundary
surfaces,then the approximatedsolution of the PDE sur-
face can be easily derived after several iterations. Then,
thePDEsolid at thecoarsestscaleis solved. Userscanre-
�ne the coarsemeshthroughsubdivision andusethe new
subdividedmeshasaninitial guessfor subsequentiteration
steps.The�ner grid is thencomputediteratively to achieve
amoreaccurateandsmoothersolutionof theboundaryPDE
surfacesaswell as the PDE solid. For further re�nement
over the �nest grid, the multi-grid subdivision startswith
theup-samplingof all boundarycurvesthroughtheuseof
four-point interpolatorysubdivisionscheme[7] in orderto
guaranteethesmoothnessrequirementof there�ned curves.

4.2.2 SurfaceSubdivision

If boundary conditions come from connectedsurfaces,
the subdivision schemeshouldbe slightly modi�ed. We

startwith the coarsestresolutionof the boundarysurfaces
throughdown-samplingto obtain a coarsesolutionof the
solid. Thenduring the re�ning process,we samplemore
pointsoverboundarysurfacesuntil it reachesthe�nest res-
olution. After that,thesubdivisionprocessmaycontinueto
reacheven�ner resolution.In thisscenario,weconsiderthe
given boundarysurfacesas constrainedPDE surfaces,re-
quiringfour curvesastheboundaryconditionsandtheorig-
inally de�nedsurfacesamplepointsashardconstraints.We
thenusethefour-point interpolatorysubdivisionschemeto
subdivide theboundarycurvesandcomputeunknown sur-
facepointsby solving thesurfacePDEsubjectto the sub-
dividedboundarycurvesandoriginalsurfacepointsashard
constraints.
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Users can modify the global shapeof a PDE solid
throughboundarymanipulation.Our systempermitsusers
to directly modify the boundaryPDE surfacesthat de�ne
the PDE solid. To modify a PDE solid through bound-
aryconditions,usersmustselecta boundarysurfacefor the
editingpurpose,thenusethesculptingtoolkitsprovidedby
our systemto modify theselectedsurface.

Typical interactive toolkits for the direct sculpting of
PDEsurfacesinclude:

� Point Editing: PDE surfacescan be interactively
sculptedby enforcingadditionalconstraintson a set
of selectedpointsaswell as their normal andcurva-
ture. Userscanmodify a PDE surfaceby selectinga
setof pointson the surfacegrid, thendraggingthem
to thedesiredpositionwherethesurfacemustinterpo-
late.Userscanalsomanipulatethesurfacenormaland
thecurvaturealongparametricdirectionsat any point
to achieve a local editing capabilityin the vicinity of
thedatapoint.

� Curve Constraints: We further provide editing tools
that afford the intuitive speci�cation of curve-based
constraints.Userscanselectanarbitrarysourcecurve
on the PDE surface,then specify a cubic B-spline
curve as the destinationcurve which then is mapped
to theselectedsurfacecurve,andthePDEsurfacewill
bemodi�ed accordingly.

� AreaManipulation: Analogousto thecurve tool, our
systemcanmapa user-speci�ed B-splinedestination
patchonto a region of interestover the PDE surface.
By selectinganareaonthePDEsurfaceandde�ning a
B-splinepatchsampledwith thesamenumberof grid
pointsasthosein thesourceregion, our systemmaps
the B-splinepatchto the speci�ed areaasadditional
constraints,andthemodi�ed PDEsurfacewill satisfy
themappingconstraint.



Accordingto theinteractivemodi�cation of theselected
boundarysurface,thePDEsolid will be deformedaccord-
ingly. Fig.6 showstwoexamplesof boundarymanipulation
with curveconstraints.Theoperationsof theboundaryPDE
surfacesprovide a meansfor thedirectmanipulationof the
PDEsolid.
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Solid sculptingby way of boundarymanipulationis far
from adequate. One attractive advantageof PDE-based
solidmodelingis thatthesolid interior is alsocontrolledby
PDEswithout theneedof time-consumingspeci�cationon
interiormaterialandits distribution. PDEsolidsprovidean
integratedschemethatnot only expandsthe B-repmethod
to cover theinterior informationbut alsosupportsBoolean
operationsassociatedwith CSGmodels.More importantly,
userscandeformthe interior of a PDE solid by enforcing
additionalhardconstraintsinsidethe solid without chang-
ing theboundaryconditions.Additional constraintsinside
the solid introducea setof new equationsinto the system
to replacethe correspondingoriginal equations. Conse-
quently, (4) becomes

/

�

/ 1
0

�

� (7)

where
/

� and
0

� areobtainedby replacing
�

equationsin
the original systemwith new onesresultedfrom the con-
straintswith

�

�

�

. The modi�ed equationsystemcan
be solvedusingthe aforementionedtechniques.The inter-
active operationsinside a PDE solid include local region
sculptingandsolid trimming.

4.4.1 RegionManipulation

TraditionalPDEsolidsonlysupportboundarymanipulation
which leadsto globaldeformationof theentiresolids. It is
moredesirableto offer usersediting functionalitieson the
interior propertieswith interactive interface.We developa
setof toolkits that allow designersto specifyany interior
region of a solid,andonly enforcelocaldeformationin the
selectedregion. Alternatively, we canfreezethe selected
region anddisallow any changesin thespeci�edregion. In
oursystem,thiscanbedonethrough:(1) interactively spec-
ifying a region in

�

� �������

�

domain,(2) employingsomeba-
sic CSG-basedtoolssuchasspheresandcubesto navigate
the entireparametricdomainto de�ne the region of inter-
est,or (3) embeddingdatasetswithin thePDEsolid in order
to de�ne the particularregion. Subsequently, any changes
within the region will have no effect on pointsoutsidethe
region. The localizeddeformationcanbe achieved easily
becauseonly thoseequationscorrespondingto thepointsof
thespeci�ed regionsin (4) will besolved. In principle,all
hardconstraintscanbeviewedassomesortsof localdefor-
mation.Fig. 7 showsexamplesof localdeformation.

4.4.2 Solid Trimming

Oneof the disadvantagesof parametricsolids is that it is
dif�cult to modelobjectsof arbitrarytopology. Trimming
operationoffers an alternative way to model objectswith
irregular shape. Our systemoffers userstrimming func-
tionalitieson a PDEsolid for thesculptingpurpose.After
the region of interestis selected,userscan remove mate-
rial from the PDE solid either insideor outsidethe spec-
i�ed region. Multiple selectedregionsare also supported
in our system,permittingthetrimming on multiple regions
simultaneously. Furthermore,we canusethe ideaof CSG
modelsto placetrimming tools of the simpleshapeprimi-
tivessuchassphere,cube,or cylinder, at any position in-
sidetheparametricdomain,thenmove theshapealongthe

� , � , or � directions,all theregionscoveredby its navigat-
ing pathwill bechosen/discardedaccordingto thespeci�ed
Booleanoperations.This typeof toolsallowstheCSGcon-
structionof complex objectsbasedonPDEsolids.Another
trimming operationcomesfrom the region-�xing method
introducedin above section,i.e., we allow usersto embed
datasetsinto PDEparametricdomainandmapthemto the
physicalspaceto obtainedthe desiredshapes.The map-
ping of the datasetsto differentPDE solids will result in
differentshapes.In essence,this is analogousto theprinci-
ple of free-formdeformation.The trimming operationson
PDE solidscangreatlyexpandthe coverageof PDE solid
applications,makingit possibleto obtaina PDEsolid with
complex boundariesandarbitrarytopologicaltypes.Fig. 8
showsseveraltrimmingexamples.
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Becausethe run time of standardnumericalsolversde-
pendson the numberof samplingpoints on a PDE solid,
which is muchlarger thanthenumberof samplepointsof
PDEsurfaces,it generallytakesminutesto obtainthe�nal
stableshapeof PDEsolidsdueto thelargenumberof equa-
tions to be solved. When the numberof samplepoints is
extremelylarge, thecomputationis time-consuming.This
is lessattractive from thestandpointof interactivesculpting
as continuousvisual feedbackbetweenconsecutive states
is stronglydesirable.To ameliorateit, we considerthe in-
tegratedmass-springmodelof PDEsolidswhosedynamic
behavior is governedby (6). The external force

�

canbe
computedimplicitly basedonvariousconstraintsplacedon
theboundaryandtheinteriorof thesolidwhichmaychange
thepositionsof selectedsamplepointsor regionsandcause
deformationof the solid accordingto the governing PDE
formulation. By dividing the time domaininto small time
stepsandapproximatingboth velocitiesandaccelerations
of datapointsthroughsuccessive time intervalswith �nite-
differencemethod,wecandynamicallymanipulatethePDE



solidwith forcesin real-timeby solving
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The material propertiessuch as mass/dampingquantities
and stiffnessdistributions can be modi�ed as additional
constraintsto control the behavior of the PDE solid. Be-
causein our mass-springmodel,thesolid pointsgradually
evolve alongconsecutive time stepswhenenforcingaddi-
tional constraints,the numberof iterationsto solve (8) is
very small, which greatly improves the time performance
of thedirectsculptingof PDEsolids.

5. Implementation and Results

This sectionoutlinesthe functionalcomponentsof our
systemandpresentsour experimentalresults.
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We have expandedour prototypesoftwareenvironment
thatpermitsusersto interactively manipulatePDEsurfaces
with variouslocal/globalconstraintsto PDEsolids,which
allows theinteractivesculptingof PDEsolidsvia boundary
conditionsandinterior operations.Our systemcanmodel
both PDE surfacesand solids with various manipulation
toolkits. Thesystemis written in VisualC++ andrunson
Windows95/98/NT/2000. Fig. 3 illustratesthearchitecture
of ourmodelingenvironmentfor PDEobjects.In particular,
our systemprovidesthefollowing functionalities:

Boundary Conditions. Userscan interactively input
andedit boundarysurfacesor boundarycurves,andobtain
PDEsolidssatisfyingtheseconditions.Moreover, thesys-
temoffersa multi-grid like subdivisionschemeto improve
timeperformanceof theiterativesolver.

Dynamic Models. Our systemsupportsnovel physics-
basedPDEsolidsincluding: (1) �nite-dif ferencediscretiza-
tion usingmass-springmodels;(2) multi-grid like subdivi-
sion for modelre�nementandperformancespeedup.Ma-
terial propertiesanddynamicbehavior greatlyenhancethe
interactivemanipulationof conventionalPDEsolids.

Manipulating Boundary Curves and Surfaces.Users
canusevariousmanipulationroutinesto deformthebound-
ary surfacesincluding: (1) editingpointsandtheir normal
andcurvatureat arbitrary locations;(2) enforcinga setof
curve constraints;(3) deforminga setof user-speci�ed re-
gions; and (4) applying local operationsonly on a user-
selectedarea.

Interior Operations. In addition,userscanalsowork
directly on interior of the PDEsolidsthrough: (1) interior
deformationwith additionalconstraintsinsidethesolid; (2)
trimmingthespeci�edregion for complex geometryandar-
bitrary topology;and(3) modifyingcoef�cient functionsas

well asmaterialpropertiessuchasmass,damping,andstiff-
nessdistributionslocally.

Figure 3. System architecture and functional­
ities.
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Weusetwo iterativetechniques(Gauss-SeidelandSOR)
togetherwith multi-grid like subdivisiontechniquestosolve
thePDEsolidsubjectto variousconstraints.Table1 details
ourexperimentsof PDEsolidexamplesobtainedby bound-
arycurves(Cube)andboundarysurfaces(Sphere)andtheir
performance.

Model G-S SOR
Cube-4 387.848 367.349
Cube-2 37.333 32.142
Cube-s 141.396 120.536
Sphere-4 304.029 457.790
Sphere-2 19.989 16.404
Sphere-s 31.436 28.626

Table 1. CPU time (in seconds) for different
solver s. G­S is Gauss­Seidel iteration, SOR
is SOR iteration, � =1.25. The "­4", "­2" and
"­s" stand for the 4th, 2nd order PDE, and the
4th order PDE with subdivision, respectivel y.

Besidestraditional boundaryconditionsof PDE tech-
niques,our systemallows usersto specify and enforcea



large variety of additional constraintson a set of points,
cross-sectionalcurves, andsurfaceareason the boundary
surfaces. Theseconstraintsprovide more freedomto de-
signers,making the designprocessof PDE solids more
cost-effective. Thecurve-basedboundaryconditionsmake
it even easierfor designersto achieve thedesiredshapeof
the PDE solid. We canalsoenforceadditionalconstraints
directly inside the PDE solid andapply the trimming op-
erations,which facilitate theconstructionof PDEsolidsof
arbitrarytopology. We developour prototypesystemusing
�nite-dif ferencetechniquesbecausethey are simple,easy
to implement,andsuitablefor theincorporationof compli-
cated,�e xible constraints.In general,the time andspace
complexity is increasedwith higher resolutionas well as
increasedaccuracy. Ourmulti-grid like subdivisionmethod
for variouslevelsof re�nementachievesanticipatedresults
in our experiments.Theexamplesshown in this paperare
renderedusingPOV-Rayandthetrimmingdatasetsarepro-
videdby 3DCAFE.com.

6. Conclusion

We have developeda setof interactive algorithmsthat
supportboth global and local deformationof PDE solids
subject to various constraints. We proposeda uni�ed
methodologythat marriesPDE solids with PDE surfaces
andphysics-basedtechniques.The PDE solidscanbe de-
�ned by eitherboundarysurfacesor a setof curvesasgen-
eralizedboundaryconditions. This techniqueoffers users
more freedomanda morenatural interfaceto manipulate
PDE solids satisfying a set of designcriteria and func-
tional requirements.The interactive editing of PDE sur-
facesasboundaryconditionsof PDEsolidsprovidespow-
erful sculptingtoolkits for solid modeling. Physics-based
modelingpermitsthedynamicbehavior of PDEsolidsto be
governedby physicallaws, makingPDEsolidsmorereal-
istic andmoreinteractive thanthe traditionalsolid model-
ing techniques.Our softwareenvironmentprovidesusersa
widerangeof powerfulmanipulationtoolkits for thebound-
ary surfaces,including point-basedmanipulation,cross-
sectionaldesignandthemanipulationof non-isoparametric
curves,aswell asregion deformation.Theseenhancements
permit usersto model and edit PDE surfacesand corre-
spondingsolidsintuitively with ease.Thedeformationand
trimmingoperationsinsidethesolidprovideawaytomodel
objectsof arbitrary topology using PDE techniques.Our
uni�ed approachandnovel PDEtechniquesgreatlyexpand
the geometriccoverageand the topological �e xibility of
conventionalPDEsolids,improve theutility of PDEsolids
for modelinganddesignapplications,as well as help the
realizationof thefull potentialof PDEtechnologyin visual
computing�elds.
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(a) (b)
Figure 4. A PDE solid generated from given
boundary surfaces: (a) boundary conditions,
(b) the solid (displa yed using transparent ma­
terial) subject to (a) with a trimming dataset
inside the solid.

(a1) (a2)

(b1) (b2)

(c1) (c2)
Figure 5. Examples of PDE solids subject to
boundary curve network: (a1) and (b1) are
two sets of Coons­like boundary curves; (a2)
and (b2) are corresponding PDE solids; (c1)
are Gordon­like boundary conditions, and
(c2) is the PDE solid subject to (c1). The PDE
solids are displa yed using transparent mate­
rial with trimming datasets.

(a) (b)
Figure 6. Modifying PDE solids via curve con­
straints of boundary surfaces.

(a) (b)
Figure 7. Direct modi�cation of the trimmed
PDE solid: (a) Directl y moving a selected
point on the trimmed data, on the left is the
original dataset, and on the right is the mod­
i�ed trimmed PDE solid; (b) the deforming
sequence of an trimmed object by rotating
selected interior regions.

(a1) (a2)

(b1) (b2)
Figure 8. Trimming examples. (a1) and (a2)
are using CSG trimming operations in a PDE
solid, and the trimmed par ts are shown in
red covered by transparent original solids.
(b1) and (b2) are trimming examples using
datasets for different PDE solids. In each of
(b1) and (b2), the object on the left is trimmed
from a PDE cube, and the object on the right
is trimmed from a PDE sphere .


