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Abstract
Shapeskeletonization(i.e., medialaxisextraction) is powerfulin manyvisualcomputingapplications,such aspatternrecog-
nition, object segmentation,registration, and animation.This is becausemedial axis (or skeleton)providesmore compact
representationsfor solid modelswhile preservingtheir topological propertiesandotherfeatures.Meanwhile, PDE techniques
arewidelyutilizedin computergraphics�elds to modelsolidobjectsandnatural phenomena,formulatephysicallawsto govern
thebehaviorof objectsin real world, andprovidemeansto measure thefeature of movements,such asvelocity, acceleration,
changeof energy, etc.CertainPDEssuch asdiffusionequationsandHamilton-Jacobiequationhavebeenusedto detectmedial
axesof 2D imagesandvolumetricdatawith ease. However, usingsuch equationsto extract medialaxesor skeletonsfor solid
objectsboundedby arbitrary polygonalmeshesdirectlyis yetto befully explored.In this paper, weexpandtheuseof diffusion
equationsto approximatemedialaxesof arbitrary 3D solidsrepresentedbypolygonalmeshesbasedon their differential prop-
erties.It offers an alternativebut natural wayfor medialaxisextractionfor commonlyused3D polygonalmodels.By solving
thePDE alongtimeaxis,our systemcannot only quickly extract diffusion-basedmedialaxesof input meshes,but alsoallow
users to visualizetheextractionprocessat each timestep.In addition,our modelprovidesusers a setof manipulationtoolkits
to sculptextractedmedialaxes,thenusediffusion-basedtechniquesto recover correspondingdeformedshapesaccording to
theoriginal input datasets.Thisskeleton-basedshapemanipulationoffers a fastandeasywayfor animationanddeformation
of complicatedsolidobjects.

CategoriesandSubjectDescriptors(accordingto ACM CCS): G.1.8[NumericalAnalysis]:ParabolicequationsI.3.5 [Computer
Graphics]:Curve,surface,solid,andobjectrepresentationsI.3.6 [ComputerGraphics]:InteractiontechniquesI.3.8 [Computer
Graphics]:Applications

1. Intr oduction and Moti vation

Figure1: 2D illustration for medialaxis.

y {dhaixia,qin}@cs.sunysb.edu

Medial axis, also known as skeleton,offers much more sim-
ple andcompactrepresentationsfor arbitrarycomplex geometric
and/orsolid objects.Ever sinceit was �rst proposedand named
by Blum [Blu67][Blu73], medial axis has startedto gain more
and more popularity in visual computingareasespeciallyin re-
centyears.It collectively providesusefulshapeinformationsuch
as topology, orientation,and local propertiesin an intuitive and
compactfashion.For instance,the medial axis of a 2D polygon
canbedirectly associatedwith theconceptof grass�re transform:
By igniting boundarypointsof thepolygon,the�re propagatesin-
ward from the boundaryat a uniform speed,and wherethe �re
front meetsandextinguishesitself de�nesthemedialaxisin a nat-
uralandphysicallyplausibleway. Moremathematically, themedial
axiscanbede�ned asthe locusof all centersof circlesinsidethe
2D polygon(or spheresinsidethe3D object)thataretangentto the
boundaryin two or moreplaces[BS00]. Thepointson themedial
axis (or skeleton)of anobjectusuallyhave morethanoneclosest
point on the boundaryof the object.Fig. 1 shows an illustration
of the medialaxis for a 2D shape.In practicemedialaxis is also
called medial surfaceand frequentlyreferredas the 3D skeleton
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(especiallyin bio-medicalapplications)for 3D models.Hencethe
extractionof medialaxisis oftentimescalledskeletonization.

There are several unique advantagesof using medial axis or
skeletonto modelgeometricobjects.First, it provideslocalization
of featuressuch as anatomicallandmarks(which are extremely
valuablein bio-medicalapplications).Second,it separatesthick-
nessinformation(e.g.,radiusof medialaxisor skeleton)from ori-
entationalandtopologicalinformation,i.e., shapefeaturescanbe
subdivided into radial, orientationaland location information in
orderto facilitatestatisticalanalysis.Third, shapedifferencesbe-
tweenobjectscan be quanti�ed in a more intuitive and accurate
way. Fourth,it is moreexpeditiousto capturecoarse-scalechanges
from theacquiredmodels,makingit morestableandrobustto han-
dlenoisydatasets.

Becauseof its popularity, therearevariousdevelopedalgorithms
using different techniquesfor medial axis extraction in both 2D
and3D. However, thestablenumericalcomputationof medialaxis
remainsachallengingproblem.

Ontheotherhand,PDEtechniquesusePartialDifferentialEqua-
tions (PDEs) to model a large variety of conceptsin computer
graphicsand visual computing areas,such as nature phenom-
enasimulation [FM97][KM90][EMP� 00][Wit99][YOH00], visu-
alization[KWH00][Tur52][Tur91][WK91], andimageprocessing
[BSCB00][PGB03],etc. In addition,PDE methodsoffer an alter-
nativewayto modelbothparametricandimplicit geometricshapes
[BW90][DQ00][DQ03]. In a nutshell,they de�ne andgovern ge-
ometricobjectsassolutionsof a setof differentialequationswith
boundary/initialconditions.

In comparisonwith othertechniques,PDEmethodshave many
advantages:

� Natural physical processesare frequently characterizedby
PDEs.In principle,PDE modelscanbe controlledby physical
laws,sothey arenaturalandmuchcloserto therealworld.

� Theformulationof differentialequationsis well-conditionedand
technicallysound.Smoothobjectsthatminimizecertainenergy
functionalsoftentimesareassociatedwith differentialequations,
sooptimizationtechniquescanbeuni�ed with PDEmodels.

� Many powerful numericaltechniquesto solve PDEsare com-
mercially available. Parallel algorithmscan be employed for
large-scaleproblemsin industrialsettings.

� Userscaneasilyunderstandtheunderlyingphysicalprocessas-
sociatedwith PDEs,therefore,it is possibleto implementin-
tuitive andnaturalcontrol throughthe modi�cation of physical
parameters.

� PDE modelscan potentially unify both geometricand physi-
calaspects.Variousheterogeneousrequirementscanbeenforced
andsatis�edsimultaneously. They areinvaluablethroughoutthe
entiremodeling,design,analysis,andmanufacturingprocesses.

Becauseof the aforementionedadvantages,PDE techniques
such as level set methods and Hamiltonian system have
been applied for medial axis extraction in recent years
[BS00][KSKB95][STZ99]. However, the existing work of PDE-
basedmedialaxis extraction techniquesmainly focuson 2D im-
agesor volumetricdatade�ned on discretizedgrids.They areof-
ten associatedwith Euclideandistancetransformationto compute
the distance�eld on 3D lattices.Therefore,the spacecomplex-
ity will increasedramaticallyfor �ner resolution.And the com-

(a) (b)

(c) (d)

Figure 2: Medial axis extraction using our PDE technique. The
medialaxesareshownin redwith transparentdatasetssurrounding
them.

putationof distance�elds for complex modelswill bemuchmore
time-consuming.UsingthePDEapproachto detectmedialaxisor
skeletondirectly from arbitrary 3D meshesand/orB-repsis still
under-exploredin general.In addition,becausepolygonalmeshes
areoneof themostdominantrepresentationsfor geometricmodels
andwidely usedin modelingandanimation,themedialaxisextrac-
tion to facilitateshapeanalysisandmanipulationfor suchmodels
will bestronglydesirable.

In this paper, we presenta PDE techniqueto extract medial
axes (or skeletons)for arbitrary 3D objectsboundedby polygo-
nalmeshes.Weformulateadiffusion-basedequationwith differen-
tial propertiesof theboundarysurfaceto approximatea simpli�ed
medialaxis of the object.The diffusion-basedequationis solved
numericallyalongthe time axis, thereforeuserscanobtainvisual
feedbackduring themedialaxisextractionprocess.Note that,be-
causethePDEformulationcanalsobeappliedto objectsof other
dataformats,it is straightforwardto furthergeneralizeour method
to handlesolid objectswith otherboundaryrepresentations.Users
can de�ne their own medial axis for an object by selectingde-
sired boundarypoints of the object to be skeletal points on the
medialaxis. It providesusersmoredegreesof freedomfor shape
skeletonizationand further manipulation.Our algorithm also al-
lows usersto de�ne local regions for skeletonizationfor part of
the object interactively during the process,which will speedup
the medial axis extraction for complex models.After the medial
axisis extracted,shapemanipulationof theoriginal datasetcanbe
performedby sculptingtheskeletonandusingour diffusion-based
front propagation techniquealong with the distanceinformation
betweenthe skeletonandthe boundarysurfaceto reconstructthe
deformedshape.Fig. 2 demonstratessomeexamplesof extracted
medialaxesfrom severalobjects.

The remainingof this paperis organizedasfollows. Section2
reviews previouswork of medialaxisextractionandsomerelated
work of PDE techniques.Section3 presentsthe formulationand
numericalapproximationof ourPDE-basedmethodfor medialaxis
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extraction.Section4 detailsthePDE-basedmedialaxisextraction
from objectswith arbitrarypolygonalboundarysurfacesaswell as
shapesculptingandmanipulationbasedon extractedskeletons.In
Section5, we discussour methodwith possiblefuture directions.
Finally, Section6 concludesthepaper.

2. RelatedWork

2.1. Medial Axis Extraction

In the pastseveral decades,medialaxis extractionhasbeenwell
studiedandtherearevarioustechniquesfor detectingmedialaxes
of 2D and3D objects.Herewe brie�y review several typical ap-
proachesof computingmedialaxesor skeletons:

� Thinning
To extract the medial axis of an object, one intuitive way is
to peeloff the object's boundarylayer by layer. Suchthinning
processcanbe performediteratively in the discretedomain.It
will retain points on skeletonsand maintainobject's topology
[AdB85][LK94][MBPL99]. However, thethinning-basedmeth-
odsarefundamentallydiscreteprocessesandrequirefully seg-
mented,compact,andconnectedobjects.Thesetechniqueshave
dif�culties to dealwith partialdataandaresensitiveto Euclidean
transformationsof thedata.

� Distancefunctions
Becausethe skeletal or medial surface points usually coin-
cides with the singularities of a Euclidean distance func-
tion to the boundary, distance functions can be employed
for medial axis extraction. The approachesbasedon distance
functions construct distance �eld transformationof an ob-
ject and extract the medial axis basedon the distance�eld
[AdB92][BKS01][FLM03][GF99][LL92]. However, usuallyit' s
dif�cult to ensurehomotopy with original objectsusing tech-
niquesbasedondistancefunctions.

� Voronoi skeletons
Because the vertices of the Voronoi diagram of a set
of boundary points can converge to the skeleton as the
sampling rate increasesunder appropriatesmoothnesscon-
ditions [Sch89], Voronoi diagram and its dual Delau-
nay triangulation have been widely adopted for medial
axis extraction [ACK01][DZ02][GYKD91][NKK � 96][Ogn93]
[SAR96][SPB95] [SPB96]. Thesetypes of methodscan pre-
serve topology and accuratelylocalize skeletal or medial sur-
facepointsfor denselysampledobject.However, for algorithms
basedon Voronoidiagrams,it' s moretime consumingto build a
3D Voronoi diagramwith increasingnumberof samplepoints,
thus,directcomputingmethodfor Voronoiskeletonsis lesssuit-
ablefor largedatasets.

� Level setmethod
Anotherclassof methodscaststhe surfaceasthe level setof a
4D embeddedobjectand�nds theweaksolutionof aPDEwhich
modelsthe wave propagation processwhosesingularitiesyield
themedialaxis.Kimmel etal. [KSKB95] introduceda level-set-
basedmethodfor skeletonizationusingnumericalapproximation
of distancemapsof an object. Ma et al. [MWO03] proposed
a practicalapproachfor extracting skeletonsfrom general3D
modelsusingradialbasisfunctions(RBFs).

� Dir ection testing
Bloomenthaland Lim [BL99] proposedan implicit method
basedon directiontestingthatde�nes theskeletonasthesetof

pointsat which the directionto the nearestpoint on the object
undergoesasuddentransition.Thegeometricskeletonis derived
from a staticobjectusinganimplicit directionmethod.Theob-
ject maybereconstructedfrom themodi�ed skeletonusingim-
plicit distanceandconvolution techniques.

� Hybrid techniques
In addition, many skeletonizationtechniquescombineseveral
aforementionedmethodsinto asingleframework for medialaxis
extraction.For instance,Siddiqietal. [BS00]proposedamethod
combining the thinning processand the distancetransforma-
tion andusinga Hamilton-Jacobiequationto calculatethe me-
dial axisof volumedata.This methodprovidesaccuratemedial
axisextractionsandpreserveshomotopy of objects.However, it
mainlyfocusesonvolumetricdatasets.Medialaxisextractionfor
arbitrarypolygonalmesheshasn't beenconsidered.And some-
timesthe real medialaxis for an irregular complex modelmay
have noisybrancheswhich aredif�cult to handlein the interest
of shapemanipulation.

2.2. Diffusion Equation and Applications

PDEsareat the heartof many computeranalysismodelsor sim-
ulationsof continuousphysical systems,suchas �uids, electro-
magnetic�elds, the humanbody, and so on. Diffusion equation,
wave equation,Laplacianequation,heatequation,as well as the
equationsof �uid dynamics,i.e., Navier-Stokesequations,areall
popularly usedPDEs[Zau88] for modelingand simulation.Be-
causemost of the physics-basedmodelingtechniquesand many
CAD/CAM applicationsare relatedto certainPDEs,PDE tech-
niquesare playing a more and more importantrole in computer
graphicsareas.In this paper, we mainly focuson diffusion equa-
tions.

A diffusion equationis de�ned asa PDE describingthe varia-
tion in spaceandtime of a physicalquantitywhich is governedby
diffusion.It providesa goodmathematicalmodelfor thevariation
of temperaturethroughconductionof heatandthepropagationof
electromagneticwavesin a highly conductingmedium.Thediffu-
sionequationis a parabolicPDEwhosecharacteristicform relates
the �rst partial derivative of a �eld u with respectto time t to its
secondpartialderivativeswith respectto spatialcoordinates~x:

¶u
¶t

= Dr 2u; (1)

whereu = u(~x;t);~x = (x1;x2; � � � ;xn) 2 W� ~Rn; t � 0, and D is

calledthediffusioncoef�cient. Theoperatorr 2 = å i
¶2

¶x2
i

is called

the Laplacian. When D is not constant,but dependson spatial
coordinatesand time: D = D(~x;t), this spatialvariation leadsto
anisotropicdiffusionequation:

¶u
¶t

= r � (Dr u): (2)

Thesolutionof adiffusionequationis subjectto bothinitial and
boundaryconditions.Thenumericalsolutionof diffusionequations
usuallymakesuseof the �nite-dif ferencemethod,which employs
Forward Time CenteredSpace(FTCS) �nite-dif ferenceapproxi-
mation to the diffusion equation.Because~x in above equations
can be of arbitrary variablesin any dimensions,diffusion equa-
tionscanbeappliedfor variousapplicationsin computergraphics
�elds. Using suchequations,researchershave developedvisually
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convincing modelsof �re, smoke, andothergaseousphenomena.
Thediffusionequationscanalsobeusedin scienti�c visualization
of medicalimages.Theapplicationsof diffusionequationsinclude
depictinggaseousphenomena[SF95],surfacefairing [DMSB99],
texturesynthesisusingreaction-diffusionsystem[WK91][Tur91],
visualizingvector�eld [PR99][DPR00], etc.In this paper, we em-
ploy adiffusion-basedequationto approximateskeletonsof objects
boundedby arbitrarymeshes(or otherboundaryrepresentations)
andreconstructtheoriginal shape.

3. PDE Formulation of Medial Axis Extraction for Arbitrary
Meshes

In the previous work, PDE techniques,suchas level setmethods
andHamilton-Jacobiequation,areusedfor medialaxis detection
from 2D imagesandvolumetricdatasets.However, direct extrac-
tion methodsbasedon PDEsto detectskeletonsof 3D solid ob-
jectsboundedby arbitrarymeshesarestill under-explored.In this
paper, we employ a diffusion-basedPDE to allow any given 3D
objectsto propagateinwardtheirboundariesandapproximatesim-
pli�ed skeletonswith userinteractions,whichcanprovideusersin-
stantfeedbackandinteractivecontrolduringtheextractionprocess.
Thedistanceinformationfrom skeletalpointsto theboundariesare
recordedfor reconstructionanddeformationpurposes.Whenma-
nipulatingtheskeleton,theoriginalmodelcanbedeformedaccord-
ingly. Otherimmediateapplicationsincludemodelsimpli�cation,
skeleton-driven parameterization,and animationcontrol of com-
plex, articulatedcharacters.

3.1. Diffusion-basedEquation

Thegrass�re�o w ona3D surface~Sis governedby

¶~S
¶t

= ~N; (3)

which allows the �re front propagatingat unit speedalongthe in-
wardsurfacenormal~N.

Thesimplestway to simulate(3) for medialaxisextractionof a
polygonalmeshis to let thesamplepointson theboundarysurface
travel alongthe surfacenormalinward (i.e., shrinkingthe bound-
ary) at eachtime step,andwherethe pointsmeetwith eachother
formstheskeleton.However, thetime stepfor this simulationpro-
cessneedsto bevery small to guaranteea closeapproximationof
medialaxis.Therefore,it' s dif�cult to achieve satisfactoryresults
usingdirect simulationof (3). Furthermore,thecomplexity of the
medialaxisstructureof anobjectdependson its geometricshape.
For a complex object with variousdetailedfeatures,its real me-
dial axiswill beverycomplicatedwith noisybranches.Suchstruc-
turesarenot suitablefor shapemanipulationoperations.In addi-
tion, becauseour goal is to extractmedialaxesof objectsbounded
by discretearbitrarypolygonalmeshes,we canonly approximate
the surfacenormalat discretesamplepointson the boundarysur-
faceswherethe regular parametrizationis not applicable,andthe
meshqualitieswill directly affect the resultsfor direct simulation
of (3).

On the otherhand,diffusion equationsare frequentlyusedfor
denoisingin imageprocessing.They canalsoprovide smoothre-
sults for geometricsurface fairing [DMSB99]. Becauseof their
smoothingproperties,we considerto apply the diffusion process

for medialaxisextractionfrom polygonalmeshes,which will pro-
vide simpli�ed approximationsandremove noisybrancheson me-
dial axesfor easystorageandmanipulation.Sinceour main pur-
poseof medialaxisextractionis to offer usersacompactgeometric
representationfor shapemanipulationand deformation,suchap-
proximationcanprovidesatisfactoryresults.

Weformulatethediffusion-basedequationfor thesimpli�ed me-
dial axisapproximationas:

¶~S
¶t

= ~D(~N;k)r 2~S; (4)

where~S= ~S(~p;t) is the propagating boundarysurfaceof an ob-
ject,~p = (x;y;z) is thecoordinatevector, t � 0 is thetimevariable,
r 2~S is the Laplacianof the surface,and~D is the diffusion coef-
�cient function relatedto the surfacenormal~N and curvaturek.
The normal~N providesdirectionsfor boundarypropagation dur-
ing themedialaxisextractionprocess.Thecurvaturek is usedasa
thresholdto detectskeletalpointson themedialaxis.We consider
thecurvatureasthethresholdfor skeletalpointdetectionis because
theLaplacianwill smooththeboundarysurfaceandeliminatesharp
featuresduring thepropagation.By usingcurvatureof thebound-
arysurfaceasathreshold,thepropagationprocesscandetectsharp
featuresof anobjectandpreserve suchpropertieson its simpli�ed
medialaxis.

(4) is formulatedto guidethe boundarysurfacepropagation. It
provides the directionof the propagating boundarysurfacewhile
smoothingoutunnecessarynoisesateachtimestep.By solving(4),
theobject'ssurfacewill moving inwardfrom theoriginalboundary
guidedby its normal,andtheLaplacianwill smooththesurfaceto
avoid noisybranchesduringthepropagatingprocess.Thecurvature
actsasathresholdto preservefeaturepointsof theobjectontheap-
proximatedmedialaxis.Therefore,afterall thepointson theprop-
agatingsurfacescollide with otherswhich meansthey resideon a
thin set,we canobtaina compactstructurewithout interior points
inside.We considerit asanapproximationfor thereal medialaxis
becauseit' s a thin set inside the object and preserve featuresof
theoriginal dataset.Sinceour majorgoal is to usea compactand
simplerepresentationfor shapemanipulation,suchanapproxima-
tion is enoughto providesatisfactoryresultsfor thispurpose.Note
that, the shapereconstructionfrom skeletonsis a reverseprocess
of medialaxisextractionby applyingthenormaloutward to orig-
inal boundaries.The diffusion equationis suitablefor continuous
geometricobjectsincluding surfacesandsolids.Although in this
paper, we mainly usenumericaltechniquesto solve it on discrete
polygonalboundarysurfaces,it canbereadilyappliedto othertype
of solid representationsfor medialaxisextraction.

3.2. Numerical Simulations

Diffusion equationscanbe easilysolved throughnumericaltech-
niques.Oneof themostpopularnumericalmethodstosolveadiffu-
sionequationis the�nite-dif ferencemethod.It discretizestheequa-
tion by applying�nite-dif ferenceapproximationsof partialderiva-
tivesin theequation.The�nite-dif ferencetechniqueis straightfor-
wardfor regularparametricobjects.However, regularparametriza-
tion for anarbitrarymeshsurfaceis achallengingproblem,because
an arbitrarymeshusuallyhasarbitraryconnectivities amongsur-
facepoints,thereforeit is dif�cult to discretizethesurfaceinto reg-
ular, uniform grids.As a result,previous�nite-dif ferenceapproxi-
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mationsof partialderivatives[DQ00] cannotbeappliedin suchsit-
uation.We have to seekfor alternative techniquesto approximate
thepartialderivativesto obtainadiscretizedequation.

3.2.1. Umbrella Operator

There is a type of differenceoperatorscalled umbrella opera-
tor which is commonly used in surface fairing to approximate
the Laplacianoperatorfor 2D meshes[Tau95][KCVS98].A sim-
ple umbrella operatorassumesthe meshhas underlying regular
parametrizationwhereevery edgelength equalswith eachother
andevery anglebetweenneighborverticesin the parametrization
domainis thesame.Thentheparametrizationof (ui ;vi) canberep-
resentedby

(ui ;vi) = (cos
2pi
n

;sin
2pi
n

);

where n is the number of direct neighbors(points in the 1-
neighborhood)of thepointat (ui ;vi).

TheLaplacianoperatorcanbeapproximatedby thediscretized
umbrellaoperator:

r 2~pi =
1
n å

j2 N1(i)
~p j � ~pi ;

where~pi is a surfacepoint, ~p j is a point in the 1-neighborhood
(N1(i)) of ~pi .

However, theassumptionof regularparametrizationis only suit-
able for ideal situations.In most occasionsfor arbitrary meshes,
suchtypeof parametrizationcannotgive a satisfactoryresult.The
umbrellaoperatorcanbefurtherimprovedby addingweightsbased
ontheconnectivity of themeshwhichallowsverticesdrifting in the
parametricspaceandleadsto non-uniformmeshparametrization.
Onewayis to allow edgelengthsbetweenpointsnotto beconstant.
ThediscretizedLaplacianoperatorcanbeapproximatedby

r 2~pi =
2
E å

j2 N1(i)

~p j � ~pi

ei; j
;

whereE = å j2 N1(i) ei; j andei; j is theedgelengthbetween~pi and
~p j . Fig. 3 shows an illustration of umbrellaoperators.Note that,
theanglesbetweenedgesin the1-neighborhoodof a point on the
meshcanalsobe consideredasweightsto improve the umbrella
operator.

(a) (b)

Figure 3: Umbrella operators. (a) Regular umbrella operator. (b)
Improvedumbrella operator with edge lengthsasweights.

To simplify theprocessandprovide a fastalgorithmfor medial
axis extraction,we employ the �nite-dif ferencediscretizationas-
sociatedwith umbrellaoperatorsfor iterative computationsof the

evolving surfaceand its Laplacianoperator. The diffusion-based
equation(4) canbediscretizedasfollows:

~pn+ 1
i � ~pn

i

Dt
= ~D(~Ni ;ki)(

1
n å

j2 N1(i)
~pn

j � ~pn
i ): (5)

3.2.2. SurfaceNormal Approximation

To calculatesurfacenormalat samplepointsof anarbitrarymesh
object,we alsoresortto numericalapproximationtechniques.The
simplestway is �rst calculatingthe normalsof surface patches
aroundthe target point, thenaveragingthe surfacepatchnormals
to approximatethenormalat thepoint.This only providesa rough
approximationof surfacenormalat thesamplepoint. Thereis an-
otherway to approximatethenormalatapointproposedin [ZS00]
to providemoresatisfyingnormalapproximations.Thenormalata
surfacepoint~pi canbecomputedusingapproximatedtangentvec-
tors~t1 and~t2 alongthesurfaceat~pi whichcanbecomputedas:

~t1 =
n� 1

å
j= 0

cos
2p j
n

~p j ;~t2 =
n� 1

å
j= 0

sin
2p j
n

~p j ;

wheren is thevalenceof thepointon themesh,and~p j 's arein the
1-neighborhoodof ~pi .

Therefore,thesampledsurfacenormal~Ni at~pi canbecomputed
as

~Ni = ~t1 � ~t2: (6)

3.2.3. GaussianCurvatureof Arbitrary Meshes

Sincethediffusionprocessis alsoin�uencedby thesurfacecurva-
ture,we needto evaluatecurvaturevaluesat theboundarysurface.
In this paper, we considerthe contribution of Gaussiancurvature
for medialaxisextraction.Thecurvatureis usedasa thresholdto
de�ne skeletalpointsonthemedialaxisto preserveshapefeatures,
thereforeothertypesof curvatureinsteadof Gaussiancurvaturecan
alsobeemployedfor this purpose.We useGaussiancurvaturebe-
causeit' sveryeasyto calculateusingtheapproximationschemefor
polygonalmeshes.We usea local approximationschemeto com-
puteGaussiancurvatureof samplepointson theboundarysurface
basedon Gauss-Bonnettheorem.TheGaussiancurvatureat a sur-
facepoint is relatedto anglesandfacesconnectedto thepoint on
thesurface[VL97]. TheGaussiancurvaturek canbeapproximated
as:

k =
a
A

;

wherea is theangulardefectat thepoint which is de�ned as(2p -
sumof theinterioranglesof facesmeetingat thepoint)andA is the
areaassociatedto thepoint thatis equalto 1

3 of thesumof areasof
trianglesmeetingat thepoint.Therefore,theGaussiancurvaturek i
atpoint~pi canbecomputedasfollows:

ki =
2p � å n� 1

j= 0 f j

1
3 å n� 1

j= 0 A j
; (7)

wheref j is theangleof the jth faceconnectedto ~pi andA j is the
correspondingtriangle's area.(7) is for innerpointson a meshand
suitablefor any pointsin aclosedsurface.As for opensurfaces,the
approximationfor Gaussiancurvatureof a boundarypoint canbe
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evaluatedusingthefollowing scheme:

ki =
p � å n� 1

j= 0 f j

1
3 å n� 1

j= 0 A j
; (8)

An illustrationof Gaussiancurvatureapproximationfor a mesh
point is shown in Fig. 4.

(a) (b)

Figure 4: Theevaluationof Gaussiancurvature for a meshpoint.
(a) Gaussiancurvature for an internal vertex. (b) Gaussiancurva-
ture for a boundaryvertex.

With numericaldiscretizationsand approximationsfor Lapla-
cian operator, surface normal, and curvature, (5) can be easily
solvedby iterative methodalongtime axis.Thediffusionequation
will evolve alongtime axisaccordingto thesurfacecurvatureand
normal,andthemedialaxis resideson the locationswherediffer-
ent partsof the propagating surfacemeet.Becauseof the discrete
propertyof thenumericaltechnique,userscanfreezecertainpoints
on the meshto let themstayat their currentpositionsduring the
processto obtaindifferentskeletons.Furthermore,we alsoallow
usersto selecta region to extract themedialaxis insidetheregion
to obtainany localizedresults.

For shapereconstruction,becausewesave thedistanceinforma-
tion betweenthe skeletonand the original boundarysurface,the
objectcanberecoveredalongthenormaloutwardwithoutany dif-
�culty . In addition,aftertheskeletonmanipulation,thecorrespond-
ing deformedshapecanbereconstructedthroughdiffusionpropa-
gationto follow changesof theskeleton.

4. PDE-basedSkeletonizationand ShapeManipulation

4.1. Diffusion-basedMedial Axis Extraction: An Algorithmic
Outline

In thispaper, weusethe�nite-dif ferencetechniqueto approximate
the solution for the time-dependentdiffusion-basedequationnu-
merically to provide usersprogressive resultsfor medialaxis ap-
proximationandshapereconstruction.Our techniquescanbe ap-
pliedfor solidobjectswith polygonalboundarysurfacesandis also
suitablefor otherboundaryrepresentations.

Startingwith the original mesh,our systemextractsthe medial
axisaccordingto thedifferentialpropertiesof theboundarymesh,
andallow themeshto shrinkto its medialaxis.Ouralgorithmcon-
sistsof following operations:

� Initialization:at theinitializationstage,thesystemapproximates
thesurfacenormalfor theboundarysurfaceusing(6) andother
differentialpropertiessuchascurvatureby (7) andLaplacianus-
ing umbrellaoperators.

(a) (b)

(c) (d)

(e) (f)

Figure5: Anexampleof PDE-basedmedialaxisextractionfor ar-
bitrary meshes.(a) Original dataset;(b), (c), (d) and(e)areshrink-
ing objectsduring medialaxis extraction at different time stepby
performing(5); (f) is the�nal skeleton.

� Skeletonization:duringtheskeletonizationprocess,ateachtime
step,thesystem�rst computestheevolving surfacebasedon(5).
Thencollisiondetectionis performedontheresultingsurface.If
a surfacepoint collideswith any otherpoint, edge,or face,it is
consideredasresidingon theskeleton.In suchcase,it is marked
as a skeletal point with its position �x ed and the distancein-
formation from original surfacepoint to this skeletal point is
recorded.After all the points are checked for collision detec-
tion, surfaceoptimizationis appliedto deleteredundantpoints
andfaceswith too smallareas.This processis repeateduntil all
pointson thepropagatingsurfacearemarkedasskeletalpoints.

� UserInteraction:in addition,duringtheprocess,userscaninter-
actively selectany pointson thepropagatingsurfaceto beskele-
tal points,thusthey cande�ne theuser-controlledskeletonbased
on their own criteria.Usersarealsoallowed to de�ne local re-
gionsfor localmedialaxisextraction.

Themedialaxisextractionusingour techniqueis a progressive
processalongtime, which offers usersvisual feedbackduring the
extraction.Fig.5 showsanexampleof progressively extractingme-
dial axisfor anobject.

After this skeletonizationprocess,we can obtain a simpli�ed
skeletonapproximatingthe medial axis of the object associated
with distanceinformation betweenthe skeletonand the original
boundarysurface.With suchinformation,we canmanipulatethe
objectby sculptingits skeletonwith ease.
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4.2. Local RegionSkeletonizationand User Interaction

To explorelocal features,oursystemallowsusersto extractmedial
axisfrom aselectedpartof anobject.Thiscanbedoneby selecting
a region in the3D working spaceandthesystemwill only extract
skeletonfor part of the objectresidingin the region. By allowing
medial axis to be extractedlocally, it will reducethe time com-
plexity for shapeskeletonizationof complex modelsandenablethe
mechanismfor thedirectusercontrol.Referto Fig. 6 for anexam-
ple.

(a) (b)

(c) (d)

Figure 6: Anexampleof PDE-basedmedialaxisextractionfor se-
lectedpartsfromarbitrary boundarymeshes.(a) Original dataset;
(b) and(c) are two examplesof extractingskeletonsfor part of the
objects;and(d) is theskeletonfor theentiredataset.

Becausewe provide a simpli�ed approximationof medialaxis
for an object, the result may not satisfy usersexpectationsome-
times.For example,therearecertainpointson theobjectthatusers
want to be on the medialaxis,but the systemdoesn't mark them
asskeletalpointsduringmedialaxisextractionprocess.Therefore,
we allow usersto selectdesiredpointson theboundarysurfaceto
be skeletalpointsfor any userde�ned skeletonduring the extrac-
tion process,which canprovide moredegreesof freedomfor later
skeleton-basedshapemanipulation(Fig. 7). Sincemanipulations
on differentshapeof skeletonscanresultin differentshapedefor-
mations,theseuser interactionsprovide more �e xibility/freedom
and control for skeleton-basedshapesculpting.Furthermore,be-
causethediffusion-basedequationis solvedon polygonalmeshes,
thenumberof pointson themesheswill extremelyaffect theper-
formanceof themedialaxisextractionprocess.It' stimeconsuming
to extractmedialaxesfor complex models.Therefore,localmedial
axisextractionin selectedregionswill beusefulfor suchcases.It' s
alsopossibleto integrateparallel techniqueswith our methodfor
shapeskeletonizationof largedatasets.

4.3. Skeleton-basedShapeSculpting

One of the advantagesof medial axes is that they provide much
morecompactandnaturalrepresentationsfor objects.Therefore,

(a) (b)

(c) (d)

Figure 7: Examplesof PDE-basedmedial axis extraction with
user-de�nedskeletalpoints.(a), (b), and(c) are differentskeletons
obtainedafter �xing differentsurfacepointsasskeletalpoints.(d)
is a differentskeletonfor Fig. 5 (a) by �xing a point at thebottom
of thedataset.

shapedeformation/manipulationandotherprocessesbasedon me-
dial axesalleviate theburdenof tediousandlessinsightful opera-
tionsfor deformingandanimatingcomplex objects,aswell asother
shapequeriesand interrogations.In this paper, we provide users
varioussculptingtools to manipulatemedialaxes,thenpropagate
thedeformationto originaldatasetsaccordingto thedistanceinfor-
mation.However, thedeformedresultmaynotbesatisfactoryif we
justsimplyreconstructtheobjectsfrom theirmedialaxesaccording
to thedistancesfrommedialaxestooriginaldatasets.Therefore,we
employ thediffusion-basedequationwith normalpointingoutward
to theoriginalboundariesto reconstructthemodi�ed datasets.Fig.
8 andFig. 9 have two examplesof shapemanipulationbasedon
skeletonsandrecoveredusingdiffusionpropagation.Fig.10shows
a deformationsequenceof an object throughskeletonmanipula-
tions. It maybenotedthat, from this point of view, our technique
alsoservesasanaid for shapeparameterizationandcanbepoten-
tially improved for a powerful shapeanalysistool (beyond shape
sculptingandsynthesis).

4.4. CurvatureManipulation

In this paper, we employ Gaussiancurvature of the polygonal
boundarysurfacein the diffusion equationfor shapeskeletoniza-
tion. It works as the thresholdfor medial axis extraction to de-
cide which surface points will be skeletal points on the medial
axis. Thus,different valuesof the thresholdfor Gaussiancurva-
tureontheboundarypolygonalmeshwill resultin differentshapes
of skeletons.By allowing usersto de�ne thethresholdthemselves,
they canobtainthemedialaxisfor anobjectaccordingto theirown
criteria.Fig. 11 shows examplesfor severalmedialaxesextracted
from anobjectwith differentGaussiancurvaturethresholds.
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(a) (b)

(c) (d)

Figure8: Anexampleof skeleton-basedshapesculpting. (a) Orig-
inal dataset;(b) is theskeleton;(c) is thesculptedskeleton;(d) is
thecorrespondingdeformeddatasetrecoveredfrom(c).

(a) (b)

(c) (d)

Figure9: Anotherexampleof skeleton-basedshapesculpting.

5. Discussionand Futur eWork

In this paper, we proposea diffusion-basedmedialaxisextraction
methodwhich combinesthe grass�re �o w simulationand diffu-
sionpropagationto approximateskeletonsfor solid objectswhose
boundarysurfacesarepolygonalmeshesor othertypesof B-reps.
Thediffusion-basedformulationnaturallyuni�es thethinningpro-
cessalongsurfacenormalswith surfacesmoothingfor propagat-
ing boundaries.It providessatisfactorymedialaxis extractionre-
sults for shapemanipulationof irregular objectsbasedon skele-
tons. Our techniqueexpandsthe conventional notion of medial
axis asit allows the direct usercontrol in local regionsof objects
for shapeskeletonization.In addition,our prototypesystemallows
usersto obtaina sequenceof simpli�ed shapessatisfyingdifferent
designrequirementsandoffersshapemanipulationsthroughskele-
ton sculpting.The systemis implementedusing Visual C++ and

(a) (b)

(c) (d)

Figure10: A sequenceof deformedshapesthroughskeleton-based
shapesculpting.

(a) (b)

(c) (d)

Figure 11: Examplesof skeletonextractionwith differentvalueof
curvature thresholds.

runson Windows systems.The examplesshown in this paperare
providedby 3D CAFEandrenderedusingPOV-RAY.

Table 1 summarizestheCPUtimeonaPentiumM 1.3GHzlap-
top for medialaxisextractionof theexamplesin this paper, where
"Points"standsfor thenumberof surfacepointsfor thedataset,Dt
is thetimestepvalueusedin (5), and"Time(seconds)"is theCPU
timefor approximatingthemedialaxis.Becauseweusediscretized
diffusion-basedequationto approximatethemedialaxis,thecom-
putingtime is dependingon thesizeandcomplexity of thedataset
aswell asthetimestepusedto solve(5) iteratively. In addition,the
performanceof thecollision detectionalsodependson theresolu-
tion of theobject.

Ourmethodofferssmoothapproximationsof medialaxesin avi-
suallyprogressiveway. For complex objectsboundedby polygonal
meshes,therealmedialaxesmayhavenumerousnoisybranchesto
preserve objects' features.Suchstructuresaredif�cult to manipu-
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Example Points Dt Time (seconds)

Fig. 2 (a) 2782 0.05 61.790

Fig. 2 (b) 909 0.05 17.267

Fig. 2 (c) 3749 0.05 136.398

Fig. 2 (d) 3162 0.05 252.801

Fig. 5 867 0.05 96.175

Fig. 6 855 0.05 38.098

Fig. 7 (a) 386 0.05 21.121

Fig. 8 1149 0.05 35.198

Fig. 9 1545 0.05 31.326

Fig. 10 1672 0.05 121.201

Fig. 11 309 0.05 15.001

Table1: CPUtimein secondsfor medialaxisextraction.

latefor shapesculpting.In contrast,our techniqueprovidessimpli-
�ed approximationsfor medialaxes,whicharesmooththin setsre-
sidinginsideobjectswithoutnoisybranches.Theapproximatedre-
sultsaresmoothedbecauseof theLaplacianoperator, which elim-
inatesnoisybranchesof the realmedialaxis,so that the resulting
medialaxisis relatively simpleandeasyto manipulate.In addition,
differentwith previous techniques,our methodallows userinter-
action during the medial axis extraction process,which provides
moredegreesof freedomfor shapeskeletonizationandmanipula-
tion.For example,if usersarenotsatis�edwith theresults,they can
de�ne medialaxesaccordingtheir own criteriaby selectingskele-
tal pointsfor medialaxes.The approximatedmedialaxesby user
interactionalongwith distanceinformationto original objectsand
thediffusion-basedpropagationtechniquecanproducesatisfactory
resultsfor sculptingandmanipulatingobjects.Sinceour majorfo-
cusin thispaperis approximatingmedialaxesof solidobjectswith
polygonalboundarysurfacesfor shapemanipulation,thecompar-
isonof our methodwith previous techniquesin termsof accuracy
andef�ciency is beyondourcurrentscope,but wewill addresssuch
issuesin our futurework.

Becauseour medialaxisextractionalgorithmis applieddirectly
to objectsboundedby arbitrarypolygonalmeshes,theresolutionof
meshesandthepoint distribution on mesheswill affect thequality
of extractedskeletons.For instance,whenthe two endpointsof a
long edgeon the propagating surfacestopon the skeleton,all the
pointson theedgewill beassumedto beskeletalpoints,although
theremay be still spacesbetweenthem and real skeletal points.
Therefore,a meshoptimizationprocesswill beconsideredfor the
futurework to extractmoreaccurateresults.

In addition, the approximatingtechniquesto calculatethe dif-
ferentialpropertiesof theboundarysurfacesometimesarenot ac-
curateenoughfor extremelyirregular meshes.On the otherhand,
thereare techniquesavailable to provide regular parametrization
for irregularpolygonalmeshes.Thedifferentialcalculationwill be
mucheasierundersuchparametrization.Thus,anotherfuturework

of our researchwill be applyingmeshparametrizationtechniques
to ourmodelfor betterresults.

The third possiblefuture direction is to seekfor a betteralgo-
rithm to detectthe skeletal points during the progressive medial
axis extraction.Our currentalgorithmemploys a collision detec-
tion methodwhichsimplycheckscollisionfor samplingpointsand
faces.Suchalgorithmis slow for largedatasetsandsensitive to the
valueof time intervals for thediffusionprocess.We wish to �nd a
fasterandmoreaccurateskeletalpoint detectiontechniquesuchas
singularityof distance�elds or curvaturesto speedup the medial
axis extractionprocessandmake our methodmoreapplicablefor
large models.We will alsoconsiderto improve the accuracy and
ef�ciency of our methodin comparisonwith other techniquesin
our futurework.

6. Conclusion

In thispaperwepresentaPDE-centeredtechniqueusingdiffusion-
basedpropagation for medialaxis extractionof geometricobjects
boundedby arbitrary polygonalmeshesor other B-reps.By nu-
mericallysolvingthetime-dependentdiffusion-basedequationus-
ing �nite-dif ferenceapproximations,we simulatethe skeletoniza-
tion processprogressively alongthetimeaxisto offer usersinstant
feedbackof themedialaxis extraction.Thediffusion-basedequa-
tion is formulatedto unify the grass�re �o w simulationand dif-
fusion propagation basedon differentialpropertiesof the bound-
ary surfacessuchascurvature.The evolving surfaceis propagat-
ing from the boundarysurfaceinwardsaccordingto the PDE and
approximatesa simpli�ed andsmoothedmedialaxisof theobject
associatedwith distantinformationbetweenthe skeletonand the
original model.With suchinformation,the original modelcanbe
easily reconstructed.In addition,shapesculptingbasedon skele-
ton manipulationscan be conductedwithout any dif�culty . Be-
causethe diffusion equationcanessentiallysmoothout noisesof
anirregulardataset,ourmedialaxisextractionprocessis muchless
noise-sensitiveandableto providesmootherskeletonsfor irregular
datasets.Ourmethodoffersusercontrolof curvaturethresholdand
selectingdesiredskeletalpointson thepropagatingsurfacefor the
skeletonextractionprocessthatcanallow usersto de�ne different
medialaxisextractioncriteriaandthusobtainsatisfactoryskeleton
representations.Furthermore,oursystemalsocanextractlocalized
skeletonsfor selectedpartsof theobjects,which is usefulfor me-
dial axis extractionof complex models.To illustratepropertiesof
theextractedmedialaxis,wealsoprovide interactivemanipulation
toolkits to deformthe medialaxis, andusediffusion propagation
to recover thecorrespondingdeformedshape.Our PDE-basedap-
proachuni�es severalmodelingtaskssuchasshapesmoothing(de-
noising),simpli�cation, editing, and deformationtogetherwithin
a single framework. We hopethat it can be further improved to
becomea morepowerful andconvenienttool for shapemodeling,
synthesis,andanalysisof complex real-world objects.
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