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Abstract

Shapesleletonization(i.e., medialaxis extraction) is powerfulin manyvisual computingapplications,sud as patternreca-

nition, object sggmentation registration, and animation. This is becausemedial axis (or skeleton) providesmore compact
representationgor solid modelswhile preservingtheir topolagical propertiesand otherfeatues.Meanwhile PDE techniques
arewidelyutilizedin computegraphics elds to modelsolid objectsandnatural phenomendprmulatephysicallawsto govern

the behaviorof objectsin real world, and provide meansto measue the featue of movementssud asvelocity acceleation,

change of enegy, etc.Certain PDEssud asdiffusionequationsandHamilton-kcobiequationhavebeenusedto detectmedial

axesof 2D imagesand volumetricdatawith ease However, usingsud equationgo extract medialaxesor skeletonsfor solid

objectsboundedby arbitrary polygonalmesheslirectlyis yetto befully explored.In this paper we expandthe useof diffusion
equationgo approximatemedialaxesof arbitrary 3D solidsrepresentedy polygonalmeshedasedon their differential prop-

erties. It offers an alternativebut natural way for medialaxis extractionfor commonlyused3D polygonalmodels By solving
the PDE alongtime axis, our systentan not only quickly extract diffusion-basednedialaxesof input meshesbut also allow

usessto visualizethe extraction processat eat time step.In addition, our modelprovidesusess a setof manipulationtoolkits
to sculptextractedmedial axes,thenusediffusion-basedecniquesto recover correspondingdeformedshapesaccoiding to

the original input datasetsThis skeleton-basedhapemanipulationoffers a fastand easyway for animationand deformation
of complicatedsolid objects.

Categyoriesand SubjectDescriptorgaccordingto ACM CCS) G.1.8[NumericalAnalysis]: Parabolicequationd.3.5 [Computer
Graphics]:Curwe, surface,solid, andobjectrepresentations3.6 [ComputerGraphics]:Interactiontechniqued.3.8 [Computer

Graphics]:Applications

1. Intr oduction and Motivation

Figure 1: 2D illustration for medialaxis.
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Medial axis, also known as skeleton, offers much more sim-
ple and compactrepresentationfor arbitrary complex geometric
and/orsolid objects.Ever sinceit was rst proposedand named
by Blum [Blu67][Blu73], medial axis has startedto gain more
and more popularity in visual computingareasespeciallyin re-
centyears.lt collectively providesuseful shapeinformationsuch
astopology orientation,and local propertiesin an intuitive and
compactfashion.For instance the medial axis of a 2D polygon
canbe directly associatedvith the conceptof grass re transform
By igniting boundarypointsof the polygon,the re propagtesin-
ward from the boundaryat a uniform speed,and wherethe re
front meetsandextinguishesdtself de nesthe medialaxisin anat-
uralandphysically plausibleway. More mathematicallythemedial
axis canbe de ned asthelocusof all centersof circlesinsidethe
2D polygon(or spherednsidethe 3D object)thataretangento the
boundaryin two or moreplaces|[BS0(Q. The pointson the medial
axis (or skeleton)of an objectusuallyhave morethanoneclosest
point on the boundaryof the object. Fig. 1 shaws an illustration
of the medialaxis for a 2D shapeln practicemedialaxisis also
called medial surface and frequentlyreferredas the 3D skeleton
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(especiallyin bio-medicalapplications)for 3D models.Hencethe
extractionof medialaxisis oftentimescalledskeletonization.

There are several unique advantagesof using medial axis or
skeletonto modelgeometricobjects.First, it provideslocalization
of featuressuch as anatomicallandmarks(which are extremely
valuablein bio-medicalapplications).Second,it separateshick-
nessinformation(e.g.,radiusof medialaxis or skeleton)from ori-
entationalandtopologicalinformation,i.e., shapefeaturescanbe
subdvided into radial, orientationaland location information in
orderto facilitate statisticalanalysis.Third, shapedifferencesbe-
tweenobjectscan be quanti ed in a more intuitive and accurate
way. Fourth, it is moreexpeditiousto capturecoarse-scalehanges
from theacquirednodels makingit morestableandrobustto han-
dle noisydatasets.

Becausef its popularity therearevariousdevelopedalgorithms
using different techniqguedor medial axis extractionin both 2D
and3D. However, the stablenumericalcomputatiorof medialaxis
remainsa challengingoroblem.

Ontheotherhand PDEtechniquesisePartial DifferentialEqua-
tions (PDEs)to model a large variety of conceptsin computer
graphicsand visual computing areas,such as nature phenom-
enasimulation [FM97][KM90][EMP 00][Wit99][Y OHOQ, visu-
alization[KWHOO][Tur52] Tur91][WK91], andimageprocessing
[BSCBO(Q[PGBO03], etc. In addition, PDE methodsoffer an alter
native way to modelbothparametri@andimplicit geometricshapes
[BW90][DQOQ[DQOJ]. In a nutshell,they de ne andgovern ge-
ometricobjectsas solutionsof a setof differentialequationawith
boundary/initialconditions.

In comparisorwith othertechniquesPDE methodshave mary
adwantages:

Natural physical processesare frequently characterizedby
PDEs.In principle, PDE modelscan be controlledby physical
laws, sothey arenaturalandmuchcloserto therealworld.
Theformulationof differentialequationss well-conditionedand
technicallysound.Smoothobjectsthat minimize certainenegy
functionalsoftentimesareassociatedavith differentialequations,
sooptimizationtechniquesanbeuni ed with PDEmodels.
Many powerful numericaltechniquego solve PDEsare com-
mercially available. Parallel algorithms can be emplgyed for
large-scalgroblemsin industrialsettings.
Userscaneasilyunderstandhe underlyingphysical processas-
sociatedwith PDEs,therefore,it is possibleto implementin-
tuitive and naturalcontrol throughthe modi cation of physical
parameters.

PDE modelscan potentially unify both geometricand physi-
calaspectsvariousheterogeneougquirementsanbeenforced
andsatis edsimultaneouslyThey areinvaluablethroughouthe
entiremodeling,design,analysisandmanugcturingprocesses.

Becauseof the aforementionedadwantages,PDE techniques
such as level set methods and Hamiltonian system have
been applied for medial axis extraction in recent years
[BSOOJKSKB95][STZ99]. However, the existing work of PDE-
basedmedial axis extraction techniquesnainly focus on 2D im-
agesor volumetricdatade ned on discretizedgrids. They are of-
ten associatedavith Euclideandistancetransformatiorto compute
the distance eld on 3D lattices. Therefore,the spacecomple-
ity will increasedramaticallyfor ner resolution.And the com-

(a) (b)

(© (d)

Figure 2: Medial axis extraction using our PDE technique The
medialaxesare shownin redwith transpaentdatasetsurrounding
them.

putationof distanceelds for complex modelswill be muchmore
time-consumingUsingthe PDE approactto detectmedialaxis or
skeletondirectly from arbitrary 3D meshesand/orB-repsis still
underexploredin generalln addition,becausgolygonalmeshes
areoneof themostdominantrepresentationr geometrionodels
andwidely usedn modelingandanimationthemedialaxisextrac-
tion to facilitate shapeanalysisand manipulationfor suchmodels
will bestronglydesirable.

In this paper we presenta PDE techniqueto extract medial
axes (or skeletons)for arbitrary 3D objectsboundedby polygo-
nalmeshesWe formulateadiffusion-base@quatiorwith differen-
tial propertiesof the boundarysurfaceto approximatea simpli ed
medial axis of the object. The diffusion-basedequationis solved
numericallyalongthe time axis, thereforeuserscanobtainvisual
feedbaclduringthe medial axis extractionprocessNote that, be-
causethe PDE formulationcanalsobe appliedto objectsof other
dataformats,it is straightforvardto furthergeneralizeour method
to handlesolid objectswith otherboundaryrepresentationgJsers
can de ne their own medial axis for an object by selectingde-
sired boundarypoints of the objectto be skeletal points on the
medialaxis. It providesusersmore degreesof freedomfor shape
skeletonizationand further manipulation.Our algorithm also al-
lows usersto de ne local regions for skeletonizationfor part of
the object interactizely during the processwhich will speedup
the medial axis extraction for complex models.After the medial
axisis extracted,shapemanipulationof the original datasetanbe
performedby sculptingthe skeletonandusingour diffusion-based
front propagtion techniquealong with the distanceinformation
betweenthe skeletonandthe boundarysurfaceto reconstructhe
deformedshape Fig. 2 demonstratesomeexamplesof extracted
medialaxesfrom severalobjects.

The remainingof this paperis organizedas follows. Section2
reviews previous work of medialaxis extractionandsomerelated
work of PDE techniquesSection3 presentghe formulation and
numericalapproximatiorof our PDE-basednethodfor medialaxis

¢ TheEurographic#ssociation2004.
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extraction.Section4 detailsthe PDE-basednedialaxis extraction
from objectswith arbitrarypolygonalboundarysurfacesaswell as
shapesculptingandmanipulationbasedon extractedskeletons.In

Section5, we discussour methodwith possiblefuture directions.
Finally, Section6 concludeghe paper

2. RelatedWork
2.1. Medial Axis Extraction

In the pastseveral decadesmedial axis extraction hasbeenwell
studiedandtherearevarioustechniquedor detectingmedialaxes
of 2D and 3D objects.Herewe brie y review several typical ap-
proache®f computingmedialaxesor skeletons:

Thinning

To extract the medial axis of an object, one intuitive way is
to peeloff the object’s boundarylayer by layer Suchthinning
processcan be performediteratively in the discretedomain. It
will retain points on skeletonsand maintain object's topology
[AdB85][LK94][MBPL99]. However, the thinning-basedneth-
odsarefundamentallydiscrete processeandrequirefully seg-
mentedcompactandconnectedbjects.Thesetechniquehave
dif culties to dealwith partialdataandaresensitve to Euclidean
transformation®f thedata.

Distancefunctions

Becausethe skeletal or medial surface points usually coin-
cides with the singularities of a Euclidean distance func-
tion to the boundary distance functions can be emplo/ed
for medial axis extraction. The approachedasedon distance
functions construct distance eld transformationof an ob-
ject and extract the medial axis basedon the distance eld
[AdB92][BKSO1][FLMO3][GF99[LL92]. However, usuallyit's
dif cult to ensurehomotopy with original objectsusing tech-
niguesbasedn distancegunctions.

Voronoi skeletons

Because the vertices of the Voronoi diagram of a set
of boundary points can corverge to the skeleton as the
sampling rate increasesunder appropriate smoothnesscon-
ditions [Sch89], Voronoi diagram and its dual Delau-
nay triangulation have been widely adopted for medial
axis extraction [ACKO01][DZ02][GYKD91][NKK 96][0Ogn93
[SAR96][SPB9% [SPB9§. Thesetypesof methodscan pre-
sene topology and accuratelylocalize skeletal or medial sur
facepointsfor denselysampledbject.However, for algorithms
basedn Voronoidiagramsijt's moretime consumingo build a
3D Voronoidiagramwith increasingnumberof samplepoints,
thus,directcomputingmethodfor Voronoiskeletonss lesssuit-
ablefor large datasets.

Level setmethod

Anotherclassof methodscaststhe surfaceasthe level setof a
4D embeddeabjectand nds theweaksolutionof aPDEwhich
modelsthe wave propa@tion processvhosesingularitiesyield
themedialaxis.Kimmel etal. [KSKB95] introducedalevel-set-
basednethodor skeletonizatiorusingnumericabpproximation
of distancemapsof an object. Ma et al. [MW OO03] proposed
a practical approachfor extracting skeletonsfrom general3D
modelsusingradialbasisfunctions(RBFs).

Dir ectiontesting

Bloomenthaland Lim [BL99] proposedan implicit method
basedon directiontestingthatde nes the skeletonasthe setof
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points at which the directionto the nearesfpoint on the object
undegoesasuddertransition.Thegeometricskeletonis derived

from a staticobjectusinganimplicit directionmethod.The ob-

jectmay bereconstructedrom the modi ed skeletonusingim-

plicit distanceandconvolution techniques.

Hybrid techniques

In addition, mary skeletonizationtechniquescombine several

aforementionedhethodsnto asingleframeavork for medialaxis

extraction.ForinstanceSiddigietal. [BS00] proposecmethod
combining the thinning processand the distancetransforma-
tion andusinga Hamilton-Jacobequationto calculatethe me-

dial axis of volumedata.This methodprovidesaccuratemedial
axisextractionsandpresereshomotopy of objects.However, it

mainlyfocuseonvolumetricdatasetdMedial axisextractionfor

arbitrary polygonalmeshesasnt beenconsideredAnd some-
timesthe real medialaxis for anirregular complex modelmay
have noisy branchesvhich aredif cult to handlein theinterest
of shapemanipulation.

2.2. Diffusion Equation and Applications

PDEsare at the heartof mary computeranalysismodelsor sim-

ulations of continuousphysical systemssuchas uids, electro-
magnetic elds, the humanbody, and so on. Diffusion equation,
wave equation,Laplacianequation,heatequation,aswell asthe
equationof uid dynamics,i.e., Navier-Stokes equationsareall

popularly usedPDEs[Zau88] for modelingand simulation. Be-

causemost of the physics-basednodelingtechniquesand mary

CAD/CAM applicationsare relatedto certain PDEs, PDE tech-
niguesare playing a more and more importantrole in computer
graphicsareas.n this paper we mainly focuson diffusion equa-
tions.

A diffusion equationis de ned asa PDE describingthe varia-
tion in spaceandtime of a physicalquantitywhich is governedby
diffusion. It providesa goodmathematicamodelfor the variation
of temperaturehroughconductionof heatandthe propagtion of
electromagnetigvavesin a highly conductingmedium.The diffu-
sionequationis a parabolicPDE whosecharacteristidorm relates
the rst partial derivative of a eld u with respecto timet to its
secondpartialderivativeswith respecto spatialcoordinates:

Tu _ 2.
T Dr “u; Q)
whereu = u@t);%x= (X;%; %) 2W Rt 0,andD is

calledthe diffusioncoefcient. Theoperator 2= §; .”122 is called

the Laplacian When D is not constant,but dependson spatial
coordinatesandtime: D = D(x;t), this spatial variation leadsto
anisotopic diffusionequation
fu
[ r
Thesolutionof adiffusionequationis subjectto bothinitial and
boundaryconditions.Thenumericakolutionof diffusionequations
usuallymalkesuseof the nite-dif ferencemethod,which emplo/s
Forward Time CenteredSpace(FTCS) nite-dif ferenceapproxi-
mation to the diffusion equation.Becausex in above equations
can be of arbitrary variablesin ary dimensionsdiffusion equa-
tions canbe appliedfor variousapplicationan computergraphics
elds. Using suchequationsyesearcherbave developedvisually

(Dr u): 2)
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corvincing modelsof re, smole, andothergaseougphenomena.
Thediffusionequationsanalsobe usedin scienti ¢ visualization
of medicalimagesTheapplicationsof diffusionequationsnclude
depictinggaseougphenomendSF95], surfacefairing [DMSB99],
texture synthesisusingreaction-difusion systemWK91][Tur91],
visualizingvector eld [PR99][DPRO(, etc.In this paperwe em-
ploy adiffusion-baseeéquatiorto approximateskeletonsof objects
boundedby arbitrary mesheqor otherboundaryrepresentations)
andreconstructheoriginal shape.

3. PDE Formulation of Medial Axis Extraction for Arbitrary
Meshes

In the previous work, PDE techniquessuchaslevel setmethods
andHamilton-Jacobequation,are usedfor medial axis detection
from 2D imagesand volumetric datasetsHowever, direct extrac-
tion methodsbasedon PDEsto detectskeletonsof 3D solid ob-

jectsboundedby arbitrarymeshesarestill underexplored.In this

paper we emplg a diffusion-based®DE to allow ary given 3D

objectsto propagteinwardtheir boundarieandapproximatesim-

pli ed skeletonswith userinteractionswhich canprovide usersn-

stantfeedbaclandinteractie controlduringtheextractionprocess.
Thedistancanformationfrom skeletalpointsto theboundariesre
recordedfor reconstructiorand deformationpurposesWhenma-

nipulatingtheskeleton theoriginalmodelcanbedeformedaccord-
ingly. Otherimmediateapplicationsinclude modelsimpli cation,

skeleton-drven parameterizationand animationcontrol of com-

plex, articulatedcharacters.

3.1. Diffusion-basedEquation

Thegrass re o w ona 3D surfaceSis governedby
s_
it

which allows the re front propagting at unit speedalongthein-

wardsurfacenormalN.

N; (3

The simplestway to simulate(3) for medialaxis extractionof a
polygonalmeshis to let the samplepointson theboundarysurface
travel alongthe surfacenormalinward (i.e., shrinkingthe bound-
ary) at eachtime step,andwherethe pointsmeetwith eachother
formsthe skeleton.However, the time stepfor this simulationpro-
cessneedso be very smallto guarantee closeapproximationof
medialaxis. Therefore,it's dif cult to achieve satishctoryresults
usingdirect simulationof (3). Furthermorethe compleity of the
medialaxis structureof an objectdepend®n its geometricshape.
For a comple objectwith variousdetailedfeatures,its real me-
dial axiswill bevery complicatedwvith noisybranchesSuchstruc-
turesare not suitablefor shapemanipulationoperationsin addi-
tion, becauseur goalis to extractmedialaxesof objectsbounded
by discretearbitrary polygonalmesheswe canonly approximate
the surfacenormalat discretesamplepointson the boundarysur
faceswherethe regular parametrizations not applicable,andthe
meshqualitieswill directly affect the resultsfor directsimulation
of (3).

On the other hand, diffusion equationsare frequently usedfor
denoisingin imageprocessingThey canalsoprovide smoothre-
sults for geometricsurface fairing [DMSB99]. Becauseof their
smoothingpropertieswe considerto apply the diffusion process

for medialaxis extractionfrom polygonalmesheswhich will pro-

vide simpli ed approximation@ndremove noisy branche®n me-
dial axesfor easystorageand manipulation.Sinceour main pur-

poseof medialaxisextractionis to offer usersacompacgeometric
representatiotior shapemanipulationand deformation,suchap-
proximationcanprovide satisactoryresults.

Weformulatethediffusion-base@quatiorfor thesimpli ed me-
dial axisapproximatioras:
- i %s @
Tt
whereS = g(p;t) is the propagiting boundarysurfaceof an ob-
ject,p= (Xy;2) isthecoordinatevectort  0Oisthetime variable,
r 2sis the Laplacianof the surface,and D is the diffusion coef-
cient function relatedto the surfacenormal N and curvaturek.
The normalN provides directionsfor boundarypropagtion dur
ing themedialaxis extractionprocessThe cunvaturek is usedasa
thresholdto detectskeletalpointson the medialaxis. We consider
thecunatureasthethresholdor skeletalpointdetectioris because
theLaplaciarwill smooththeboundarysurfaceandeliminatesharp
featuresduring the propagtion. By usingcurvatureof the bound-
ary surfaceasathresholdthe propa@tionprocessandetectsharp
featuresof anobjectandpresenre suchpropertieonits simpli ed
medialaxis.

(4) is formulatedto guidethe boundarysurfacepropagtion. It
providesthe direction of the propagting boundarysurfacewhile
smoothingoutunnecessanyoisesateachtime step By solving(4),
theobjects surfacewill moving inwardfrom theoriginal boundary
guidedby its normal,andthe Laplacianwill smooththe surfaceto
avoid noisybranchesluringthepropagtingprocessThecurvature
actsasathresholdo presere featurepointsof theobjectontheap-
proximatedmedialaxis. Therefore afterall the pointson the prop-
agating surfacescollide with otherswhich meanshey resideon a
thin set,we canobtaina compactstructurewithout interior points
inside.We consideiit asanapproximatiorfor thereal medialaxis
becausat's a thin setinside the object and presere featuresof
the original datasetSinceour major goalis to usea compactand
simplerepresentatiofior shapemanipulation suchanapproxima-
tion is enoughto provide satishctoryresultsfor this purposeNote
that, the shapereconstructiorfrom skeletonsis a reverseprocess
of medialaxis extractionby applyingthe normaloutwardto orig-
inal boundariesThe diffusion equationis suitablefor continuous
geometricobjectsincluding surfacesand solids. Although in this
paper we mainly usenumericaltechniquego solwe it on discrete
polygonalboundarysurfacesjt canbereadilyappliedto othertype
of solid representationfor medialaxisextraction.

3.2. Numerical Simulations

Diffusion equationscan be easily solved throughnumericaltech-
nigues Oneof themostpopulamumericamethodgo solve adiffu-
sionequatioris the nite-dif ferenceamethodlt discretizesheequa-
tion by applying nite-dif ferenceapproximation®f partialderiva-
tivesin theequationThe nite-dif ferencetechniques straightfor
wardfor regularparametriobjects. However, regularparametriza-
tion for anarbitrarymeshsurfaceis achallengingoroblem because
an arbitrary meshusually hasarbitrary connectvities amongsur
facepoints,thereforet is dif cult to discretizethesurfaceinto reg-
ular, uniform grids. As aresult,previous nite-dif ferenceapproxi-
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mationsof partialderivatives[DQO00] cannotbe appliedin suchsit-
uation.We have to seekfor alternatve techniquego approximate
the partialderivativesto obtaina discretizedequation.

3.2.1. Umbrella Operator

Thereis a type of differenceoperatorscalled umbella opefa-
tor which is commonly usedin surface fairing to approximate
the Laplacianoperatorfor 2D mesheqdTau95][KCVS98].A sim-
ple umbrella operatorassumeghe meshhas underlying regular
parametrizatiorwhere every edgelength equalswith eachother
andevery anglebetweenneighborverticesin the parametrization
domainis thesame Thenthe parametrizatiof (u;;v;) canberep-
resentedy

(u;v) = (cos@ sm@)

n n

where n is the number of direct neighbors(points in the 1-
neighborhooddf the pointat (u;;Vv;).

The Laplacianoperatorcanbe approximatedy the discretized
umbrellaoperator:
1 o )
n a P B
i2Na(i)
whereg; is a surfacepoint, ; is a pointin the 1-neighborhood
(N1(i)) of gi.

However, theassumptiorof regularparametrizatioris only suit-
ablefor ideal situations.In mostoccasiondor arbitrary meshes,
suchtype of parametrizatiortannotgive a satishctoryresult. The
umbrellaoperatorcanbefurtherimprovedby addingweightshased
ontheconnecwity of themeshwhichallows verticesdrifting in the
parametricspaceandleadsto non-uniformmeshparametrization.
Oneway s to allow edgelengthshetweemointsnotto beconstant.
Thediscretized_aplacianoperatorcanbe approximatedy

2Ny

’pi =

whereE = & 5 N,y &;j ande;; is the edgelengthbetweeng; and
Pj. Fig. 3 shaws anillustration of umbrellaoperatorsNote that,
the anglesbetweenedgesn the 1-neighborhoof a point on the
meshcan also be consideredas weightsto improve the umbrella
operator

(@) (b)

Figure 3: Umbrella opemators. (a) Regular umbeella opeator. (b)
Improvedumbeella opefator with edge lengthsasweights.

To simplify the processandprovide a fastalgorithmfor medial
axis extraction,we emplgy the nite-dif ferencediscretizationas-
sociatedwith umbrellaoperatordfor iteratve computationof the

¢ TheEurographic#Association2004.

evolving surfaceand its Laplacianoperator The diffusion-based
equation(4) canbediscretizedasfollows:

n+ 1

BB
Dt

B Q
= DNk & B B (5)
i2Na(i)

3.2.2. Surface Normal Approximation

To calculatesurfacenormalat samplepointsof an arbitrarymesh
object,we alsoresortto numericalapproximatiortechniquesThe
simplestway is rst calculatingthe normalsof surface patches
aroundthe target point, thenaveragingthe surface patchnormals
to approximatehe normalat the point. This only providesarough
approximationof surfacenormalat the samplepoint. Thereis an-
otherwayto approximatehe normalata point proposedn [ZS0(Q
to provide moresatisfyingnormalapproximationsThenormalata
surfacepoint; canbe computedusingapproximatedangentvec-
torst; andt, alongthesurfaceat p; which canbecomputedas:

1= a <:os£1saJ to= a_ sm%p,,

j=0 j=0

wheren is thevalenceof the pointonthe mesh andpj's arein the
1-neighborhoo@f ;.

ThereforethesampledsurfacenormalNN; atg; canbecomputed
as

N =t (6)

3.2.3. GaussianCurvature of Arbitrary Meshes

Sincethe diffusionprocesss alsoin uenced by the surfacecurva-
ture,we needto evaluatecurvaturevaluesat the boundarysurface.
In this paper we considerthe contritution of Gaussiarcunature
for medialaxis extraction. The curvatureis usedasa thresholdto
de ne skeletalpointsonthe medialaxisto presere shapdeatures,
thereforeothertypesof curvatureinsteadf Gaussiarturvaturecan
alsobe employedfor this purposeWe useGaussiarcunaturebe-
causet' sveryeasyto calculateusingtheapproximatiorschemeéor
polygonalmeshesWe usea local approximationschemeto com-
pute Gaussiarcurvatureof samplepointson the boundarysurface
basedon Gauss-Bonneheorem.The Gaussiarcunatureat a sur
facepointis relatedto anglesandfacesconnectedo the pointon
thesurface[VL97]. TheGaussiarturvaturek canbeapproximated
as:

a

k= A

wherea is theangulardefectat the pointwhichis de ned as(2p -
sumof theinterior anglesof facesmeetingatthe point)andA is the
areaassociatedb the pointthatis equalto % of thesumof areaof
trianglesmeetingatthepoint. Thereforethe Gaussiarcurnaturek
atpointp; canbe computedasfollows:

=]

Ki= 1. @)

2p A" Gf
&1-0A

mua
o,_\‘_ S

wheref j is theangleof the jth faceconnectedo g; andA; is the
correspondingriangle's area.(7) is for innerpointson a meshand
suitablefor ary pointsin aclosedsurface.As for opensurfacesthe
approximationfor Gaussiarcurvatureof a boundarypoint canbe
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evaluatedusingthefollowing scheme:

An illustration of Gaussiarcurvatureapproximatiorfor amesh
pointis shawvn in Fig. 4.

(@) (b)

Figure 4: Theevaluationof Gaussiancurvatuie for a meshpoint.
(a) Gaussiarcurvatuee for aninternal vertex. (b) Gaussiarcurva-
ture for a boundaryvertex.

With numericaldiscretizationsand approximationsfor Lapla-
cian operatoy surface normal, and curvature, (5) can be easily
solved by iterative methodalongtime axis. The diffusionequation
will evolve alongtime axis accordingto the surfacecunvatureand
normal,andthe medial axis resideson the locationswherediffer-
ent partsof the propagting surlacemeet.Becauseof the discrete
propertyof thenumericaltechniqueuserscanfreezecertainpoints
on the meshto let them stay at their currentpositionsduring the
processto obtain different skeletons.Furthermorewe also allow
usersto selectaregion to extractthe medialaxisinsidethe region
to obtainary localizedresults.

For shapeaeconstructionbecausave save thedistancanforma-
tion betweenthe skeletonand the original boundarysurface, the
objectcanberecoreredalongthe normaloutwardwithout ary dif-

culty . In addition,aftertheskeletonmanipulationthecorrespond-
ing deformedshapecanbe reconstructedhroughdiffusion propa-
gationto follow change®f theskeleton.

4. PDE-basedSkeletonizationand ShapeManipulation

4.1. Diffusion-basedMedial Axis Extraction: An Algorithmic
Outline

In this paperwe usethe nite-dif ferencetechniqueto approximate
the solution for the time-dependendiffusion-basedequationnu-
merically to provide usersprogressie resultsfor medial axis ap-
proximationand shapereconstructionOur techniquescan be ap-
pliedfor solid objectswith polygonalboundarysurfacesandis also
suitablefor otherboundaryrepresentations.

Startingwith the original mesh,our systemextractsthe medial
axisaccordingto the differentialpropertiesof the boundarymesh,
andallow the meshto shrinkto its medialaxis.Our algorithmcon-
sistsof following operations:

Initialization: attheinitialization stagethe systemapproximates
the surfacenormalfor the boundarysurfaceusing(6) andother
differentialpropertiessuchascurvatureby (7) andLaplacianus-
ing umbrellaoperators.

(a) (b)
© (d)
(e) U]

Figure 5: An exampleof PDE-basednedialaxisextractionfor ar-
bitrary mesheg(a) Original dataset;(b), (c), (d) and(e) are shrink-
ing objectsduring medialaxis extraction at differenttime stepby
performing(5); (f) is the nal skeleton.

Skeletonizationduringthe skeletonizatiorprocessat eachtime

step thesystemrst computesheevolving surfacebasedn (5).

Thencollision detectionis performedon theresultingsurface.|f

a surfacepoint collideswith ary otherpoint, edge,or face,it is

consideredsresidingonthe skeleton.In suchcaseijt is marked
as a skeletal point with its position x ed and the distancein-

formation from original surface point to this skeletal point is

recorded.After all the points are checled for collision detec-
tion, surfaceoptimizationis appliedto deleteredundanipoints
andfaceswith too smallareasThis processs repeatedintil all

pointsonthe propagting surfacearemarkedasskeletalpoints.

Userlnteraction:in addition,duringthe processyuserscaninter-

actively selectary pointsonthepropagtingsurfaceto beskele-
tal points,thusthey cande ne theusercontrolledskeletonbased
on their own criteria. Usersare alsoallowed to de ne local re-

gionsfor local medialaxis extraction.

The medialaxis extractionusingour techniques a progressie
processalongtime, which offers usersvisual feedbackduring the
extraction.Fig. 5 shavsanexampleof progressiely extractingme-
dial axisfor anobject.

After this skeletonizationprocesswe can obtain a simpli ed
skeleton approximatingthe medial axis of the object associated
with distanceinformation betweenthe skeleton and the original
boundarysurface.With suchinformation,we canmanipulatethe
objectby sculptingits skeletonwith ease.

¢ TheEurographic#ssociation2004.



H. Du & H. Qin/ Medial Axis Extractionand ShapeManipulationof Solid ObjectsUsing Parabolic PDEs

4.2. Local Region Skeletonizationand User Interaction

To explorelocal featurespur systemallows usergo extractmedial
axisfrom aselectegartof anobject.Thiscanbedoneby selecting
aregion in the 3D working spaceandthe systemwill only extract
skeletonfor part of the objectresidingin the region. By allowing

medial axis to be extractedlocally, it will reducethe time com-
plexity for shapeskeletonizatiorof complex modelsandenablethe
mechanisnfor thedirectusercontrol. Referto Fig. 6 for anexam-
ple.

@ (b)

© (d)

Figure 6: Anexampleof PDE-basednedialaxisextractionfor se-
lectedpartsfromarbitrary boundarymeshes(a) Original dataset;
(b) and(c) are two examplesof extracting skeletonsfor part of the
objects;and(d) is the skeletonfor the entire dataset.

Becausewe provide a simpli ed approximationof medial axis
for an object, the result may not satisfy usersexpectationsome-
times.For example therearecertainpointson the objectthatusers
wantto be on the medial axis, but the systemdoesnt mark them
asskeletalpointsduringmedialaxisextractionprocessTherefore,
we allow usersto selectdesiredpointson the boundarysurfaceto
be skeletalpointsfor ary userde ned skeletonduring the extrac-
tion processyhich canprovide moredegreesof freedomfor later
skeleton-basedhapemanipulation(Fig. 7). Sincemanipulations
on differentshapeof skeletonscanresultin differentshapedefor
mations,theseuserinteractionsprovide more e xibility/freedom
and control for skeleton-basedhapesculpting. Furthermorepe-
causethe diffusion-baseequationis solved on polygonalmeshes,
the numberof pointson the mesheswill extremelyaffect the per
formanceof themedialaxisextractionprocesslt' stime consuming
to extractmedialaxesfor complex models.ThereforeJocal medial
axisextractionin selectedegionswill beusefulfor suchcaseslt's
alsopossibleto integrate paralleltechniqueswvith our methodfor
shapeskeletonizatiorof large datasets.

4.3. Skeleton-basedShapeSculpting

One of the advantagesof medial axesis that they provide much
more compactand naturalrepresentationfor objects.Therefore,

¢ TheEurographicsAssociation2004.

(a) (b)

(© (d)

Figure 7: Examplesof PDE-basedmedial axis extraction with
userde nedskeletal points.(a), (b), and(c) are differentskeletons
obtainedafter xing differentsurfacepointsas skeletal points.(d)
is a differentskeletonfor Fig. 5 (a) by xing a point at the bottom
of thedataset.

shapedeformation/manipulatioandotherprocessebasedon me-
dial axesalleviate the burdenof tediousandlessinsightful opera-
tionsfor deformingandanimatingcomplex objectsaswell asother
shapequeriesand interrogations. In this paper we provide users
varioussculptingtools to manipulatemedial axes, then propagte
thedeformatiorto original datasetaccordingo thedistanceanfor-

mation.However, thedeformedesultmaynotbesatisactoryif we

justsimplyreconstructheobjectsfrom theirmedialaxesaccording
tothedistance$rom medialaxesto originaldatasetsThereforewe

employ thediffusion-base@quationwith normalpointingoutward

to theoriginal boundariego reconstructhemodi ed datasetsFig.

8 andFig. 9 have two examplesof shapemanipulationbasedon

skeletonsandrecoveredusingdiffusionpropagtion.Fig. 10 shavs

a deformationsequencef an objectthroughskeletonmanipula-
tions. It may be notedthat, from this point of view, our technique
alsosenesasanaid for shapegparameterizatioandcanbe poten-
tially improved for a powerful shapeanalysistool (beyond shape
sculptingandsynthesis).

4.4, Curvature Manipulation

In this paper we emplgy Gaussiancunvature of the polygonal
boundarysurfacein the diffusion equationfor shapeskeletoniza-
tion. It works as the thresholdfor medial axis extractionto de-
cide which surface points will be skeletal points on the medial
axis. Thus, different valuesof the thresholdfor Gaussiancurva-
tureontheboundarypolygonalmeshwill resultin differentshapes
of skeletonsBy allowing usersto de ne thethresholdthemseles,
they canobtainthemedialaxisfor anobjectaccordingo theirown
criteria. Fig. 11 shavs examplesfor several medialaxesextracted
from anobjectwith differentGaussiarturvaturethresholds.
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(@) (b)

(© (d)

Figure 8: An exampleof skeleton-basedhapesculpting (a) Orig-
inal dataset;(b) is the skeleton;(c) is the sculptedskeleton;(d) is
thecorrespondingleformeddatasetrecoreredfrom(c).

(@) (b)

(© (d)

Figure 9: Anotherexampleof skeleton-basedhapesculpting

5. Discussionand Futur e Work

In this paper we proposea diffusion-basednedialaxis extraction
methodwhich combinesthe grass re ow simulationand diffu-
sion propa@tionto approximateskeletonsfor solid objectswhose
boundarysurfacesare polygonalmeshesr othertypesof B-reps.
Thediffusion-basedormulationnaturallyuni es thethinning pro-
cessalong surfacenormalswith surfacesmoothingfor propagt-
ing boundarieslt provides satisactory medial axis extractionre-
sults for shapemanipulationof irregular objectsbasedon skele-
tons. Our techniqueexpandsthe conventional notion of medial
axisasit allows the direct usercontrolin local regionsof objects
for shapeskeletonizationln addition,our prototypesystemallows
usersto obtaina sequencef simpli ed shapesatisfyingdifferent
designrequirementsindoffersshapemanipulationghroughskele-
ton sculpting. The systemis implementedusing Visual C++ and

(a) (b)

(© (d)

Figure 10: A sequencef deformedshapeghroughskeleton-based
shapesculpting

(@) (b)

(© (d)

Figure 11: Exampleof skeletonextraction with differentvalue of
curvatue thresholds.

runson Windows systemsThe examplesshavn in this paperare
providedby 3D CAFE andrenderedisingPOV-RAY.

Table 1 summarizeshe CPUtime onaPentiumM 1.3GHzlap-
top for medialaxis extractionof the examplesin this paperwhere
"Points" standgfor the numberof surfacepointsfor the datasetPt
is thetime stepvalueusedin (5), and"Time (seconds)is the CPU
time for approximatinghemedialaxis.Becauseve usediscretized
diffusion-basecequationto approximatehe medialaxis,the com-
putingtime is dependingn the sizeandcompleity of the dataset
aswell asthetime stepusedto solve (5) iteratively. In addition,the
performanceof the collision detectionalsodepend®n the resolu-
tion of theobject.

Ourmethodofferssmoothapproximationsf medialaxesin avi-
suallyprogressie way. For complex objectsbhoundeddy polygonal
meshestherealmedialaxesmayhave numerousioisybrancheso
presere objects'features Suchstructuresaredif cult to manipu-
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Example Points Dt  Time (seconds)
Fig.2(a) 2782 0.05 61.790
Fig.2(b) 909 0.05 17.267
Fig.2(c) 3749 0.05 136.398
Fig.2(d) 3162 0.05 252.801
Fig.5 867 0.05 96.175
Fig.6 855 0.05 38.098
Fig.7(a) 386 0.05 21.121
Fig.8 1149 0.05 35.198
Fig.9 1545 0.05 31.326
Fig. 10 1672 0.05 121.201
Fig. 11 309 0.05 15.001

Table 1: CPUtimein secondgor medialaxisextraction.

latefor shapesculpting.In contrastpurtechniqueprovidessimpli-
ed approximationgor medialaxes,which aresmooththin setsre-
sidinginsideobjectswithoutnoisybranchesTheapproximatede-
sultsaresmootheecaus®f the Laplacianoperatorwhich elim-
inatesnoisy brancheof the real medialaxis, so thatthe resulting
medialaxisis relatively simpleandeasyto manipulateln addition,
differentwith previous techniquespur methodallows userinter-
action during the medial axis extraction processwhich provides
more degreesof freedomfor shapeskeletonizationand manipula-
tion. Forexample,if usersarenotsatis edwith theresultsthey can
de ne medialaxesaccordingtheir own criteriaby selectingskele-
tal pointsfor medialaxes. The approximatednedialaxes by user
interactionalongwith distanceinformationto original objectsand
thediffusion-basegropa@tiontechniquecanproducesatisfictory
resultsfor sculptingandmanipulatingobjects.Sinceour majorfo-
cusin this paperis approximatingnedialaxesof solid objectswith
polygonalboundarysurfacesfor shapemanipulationthe compar
ison of our methodwith previoustechniquesn termsof accurag
andef ciency is beyondourcurrentscopeput we will addressuch
issuesn our futurework.

Becauseur medialaxis extractionalgorithmis applieddirectly
to objectshoundeddy arbitrarypolygonalmeshestheresolutionof
meshesndthe point distribution on meshewwill affectthe quality
of extractedskeletons For instance whenthe two endpointsof a
long edgeon the propagting surfacestopon the skeleton,all the
pointson the edgewill be assumedo be skeletalpoints,although
theremay be still spaceshetweenthem and real skeletal points.
Therefore a meshoptimizationprocesswill be consideredor the
futurework to extractmoreaccuratagesults.

In addition, the approximatingtechniquego calculatethe dif-
ferentialpropertiesof the boundarysurfacesometimesarenot ac-
curateenoughfor extremelyirregular meshesOn the otherhand,
thereare techniquesavailable to provide regular parametrization
for irregularpolygonalmeshesThedifferentialcalculationwill be
mucheasiemundersuchparametrizationT hus,anotherfuturework

¢ TheEurographicsAssociation2004.

of our researctwill be applyingmeshparametrizatioriechniques
to our modelfor betterresults.

The third possiblefuture directionis to seekfor a betteralgo-
rithm to detectthe skeletal points during the progressie medial
axis extraction. Our currentalgorithm employs a collision detec-
tion methodwhich simply checkscollision for samplingpointsand
faces.Suchalgorithmis slow for large dataseteindsensitve to the
valueof time intenals for the diffusionprocessWe wishto nd a
fasterandmoreaccurateskeletalpoint detectiontechniquesuchas
singularity of distanceelds or curvaturesto speedup the medial
axis extraction processand make our methodmore applicablefor
large models.We will alsoconsiderto improve the accurag and
efciency of our methodin comparisornwith othertechniquesn
our futurework.

6. Conclusion

In this papemwe presena PDE-centeretechniqueusingdiffusion-
basedpropagtion for medialaxis extractionof geometricobjects
boundedby arbitrary polygonal meshesor other B-reps.By nu-
merically solvingthe time-dependendiffusion-base@quationus-
ing nite-dif ferenceapproximationsye simulatethe skeletoniza-
tion procesprogressiely alongthetime axisto offer usersinstant
feedbackof the medial axis extraction. The diffusion-basedqua-
tion is formulatedto unify the grass re o w simulationand dif-
fusion propagtion basedon differential propertiesof the bound-
ary surfacessuchas cunvature.The evolving surfaceis propagt-
ing from the boundarysurfaceinwardsaccordingto the PDE and
approximates simpli ed andsmoothednedialaxis of the object
associatedvith distantinformation betweenthe skeletonand the
original model.With suchinformation,the original modelcanbe
easilyreconstructedln addition, shapesculptingbasedon skele-
ton manipulationscan be conductedwithout ary dif culty . Be-
causethe diffusion equationcan essentiallysmoothout noisesof
anirregulardatasetpur medialaxisextractionprocesss muchless
noise-sensitie andableto provide smootheskeletondor irregular
datasetsOur methodoffersusercontrolof cunvaturethresholdand
selectingdesiredskeletalpointson the propagting surfacefor the
skeletonextractionprocesghatcanallow usersto de ne different
medialaxisextractioncriteriaandthusobtainsatisactoryskeleton
representationgurthermoreour systemalsocanextractlocalized
skeletonsfor selectedpartsof the objects,which is usefulfor me-
dial axis extractionof complex models.To illustrate propertiesof
the extractedmedialaxis,we alsoprovide interactve manipulation
toolkits to deformthe medial axis, and usediffusion propagtion
to recover the correspondingleformedshape Our PDE-basedp-
proachuni es severalmodelingtaskssuchasshapesmoothingde-
noising), simpli cation, editing, and deformationtogetherwithin
a single framavork. We hopethatit can be further improved to
becomea morepowerful andcorvenienttool for shapemodeling,
synthesisandanalysisof complec real-world objects.
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