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Abstract

Therecentnon-uniformsubdivisionapproach extendstra-
ditional uniformsubdivisionschemeswith variablerules,of-
fering additional shapeparameters (such as knot spacings)
for feature control. Despiteits �exibility, shapemodi�ca-
tion basedon non-uniformsubdivisionusuallyrequiresde-
signers to interactivelyadjusta large numberof degreesof
freedom(DOFs) to achieve the desired shapes,which can
oftenbelaborious.Thispaperextendstheprinciple of vari-
ational subdivisionand integratesthe non-uniformsubdivi-
sion schemeswith powerful physics-basedshapesculpting
techniques,providing a universal methodfor arbitrary sub-
divisionschemeswith adjustablerules.Thesubdivisioncon-
trol pointsandknotspacingsevolvein responseto theshape
deformationresultingfromthenumericalintegration of La-
grangiandynamicsequationor theoptimizationof shapeen-
ergy functional. Thus,our systemallows users to manipu-
late the desired shapein a direct and intuitive fashion. In
addition,weproposea novelandef�cient discretefunctional
evaluationmethodfor polygonalmeshesor pointcloudof ar-
bitrary topologybasedon implicit functions,in which nopa-
rameterizationis needed.Finally, wedevelopa simplepro-
totypesculptingsystemdemonstrating manyadvantages of
our novel physics-based,non-uniformsubdivisionmodeling
system.

Keyword: Computergraphics,CAD,Physics-basedmodel-
ing, subdivision.

1 Intr oduction and Moti vation

Recently, subdivision has beenwidely studiedand ex-
ploited in graphicalmodelingsystemsbecauseit providesa
simpleanduniform methodfor representingfree-formsur-
faceswith arbitrarytopologyto acertaindegreeof continuity
withoutsuchcumbersomeoperationsastrimmingandpatch-
ing. A recentextensionto theconventionaluniform subdivi-
sion schemeis the non-uniformsubdivision scheme,which
offers usersthe possibility of featurecontrol. Typical fea-

turesincludesharpedgesandsharpcorners.
Despitethe �e xibility of subdivision schemes,existing

subdivision sculptingsystems(which areprimarily basedon
manuallymanipulatingthecontrolverticesanddirectlyspec-
ifying sharpfeaturesto eachindividual edge)aresubjectto
somemodelingdif�culties: modelsfor real-world objectsof-
tenhave anextremelylargenumberof controlpoints,caus-
ing manualeditingandanimationof a hugecontrolmeshto
beclumsyandlaborious;modelsin CAD andanimationare
often subjectto a set of aestheticand engineeringcriteria,
andmeetingthesecriteriaby indirectly moving theunderly-
ing controlparametersmaynotbeintuitiveandeffective;and
designrequirementsfrom variousapplicationareasareoften
shape-orientedinsteadof controlpointoriented.

Physics-basedmodelingprovidesaneffective solutionto
thesedif�culties by combininggeometricobjectswith real-
world physicalattributessuchasmassdistribution, external
forces, internal energy, etc. In our physics-basedsubdivi-
sionmodelingenvironment,theshapecontrolparametersare
governedby physical laws andaredeterminedthroughthe
numericalintegrationof dynamicequations.Thus,the new
systemincorporatesnotonly thegeometricfeatures,but also
physics-basedpropertiesto streamlinethetaskof shapecon-
structionandmodi�cation.

Althoughphysics-basedmodelingof subdivisionsurfaces
hasbeenavailablein recentyears,existingmethodsprimarily
focuson thecontrolpoints[7]. To fully realizetherepresen-
tation potentialof non-uniformsubdivision schemes,there
hasyet to emerge a systematicapproachto take the non-
uniform subdivision rules into the physics-basedmodeling
framework. In this paper, we further incorporatethe non-
uniform subdivision rules, quanti�ed as non-negative real
valuescalledknot spacings,into thegeneralizedcoordinates
of a universaldynamicsubdivision system. By employing
subdivision knot spacings,moreaccuratecontrol of surface
curvatureandshapefeaturesbecomespossible.

2 Research Contrib utions

In this paper, we generalizeDynamic SubdivisionSur-
faces[7] to non-uniformsubdivision schemes.The further



incorporationof non-uniformsubdivisionrulesto thealready
powerful physics-basedsubdivision sculpting tools makes
possiblemuch �ner control of surfacedetailssuchas nor-
mal, curvature,andmore importantly, sharpfeatures.This
paperfocusesmainly on non-uniformCatmull-Clarksubdi-
visionsurfaces.However, thefundamentalalgorithmscanbe
generalizedto many othernon-uniformsubdivision schemes
withoutany additionaldif�culty .

In our system,the user-speci�ed physical properties(in-
cluding massdensity, dampingdistribution, external simu-
latedforces,andenergy functionals,aswell asotherphys-
ical andgeometricconstraints)govern the evolution of the
dynamicLagrangianequation. Among them, the potential
energy functionalsplayacentralrole in thedeterminationof
the �nal surfaceshape.Theenergy functionalshave theca-
pability of quantifyinguser-centeredaestheticcriteria,qual-
itative constraints,and functional requirements,servingas
a basicsculptingtoolkit for a large variety of applications,
and providing a direct shapemanipulation“language” to
describecomplicatedmodelsin an intuitive fashion,while
avoiding thebewildering indirectmanipulationof theunder-
lying shapevariables. This papersystematicallydiscusses
a numberof commonlyusedfunctionals. Several primitive
functionalsareimplementedin our system.We show thata
weightedcombinationof thisselectsetof primitivefunction-
alscanmeeta largevarietyof requirementsin many applica-
tions.

Moreover, we proposea discretefunctionalevaluational-
gorithm basedon implicit surfaceapproximation.Our new
approacheliminatestheneedto �nd a local isometricparam-
eterizationof thesurface.

3 Background

Our systemis inspiredby prior work. In this section,we
discussuniformandnon-uniformrecursivesubdivision [11],
variationalsubdivision [16, 3], D-NURBS [9], dynamicre-
cursivesubdivision [7] andourpreviouswork.

Subdivision de�nes a curve or surface as the limit of a
sequenceof successively re�ned polygons or polyhedral
meshes,respectively. Subdivision was �rst introducedas
a fast curve renderingtool. Doo and Sabin and Catmull
andClark �rst initiatedtheuseof recursive subdivision asa
smoothsurfacede�nition methodwhichovercomestherigid
topologicallimitation of tensor-productsplines.Earlysubdi-
vision schemescanbeconsideredasa generalizationto the
well known spline-basedknot-insertionalgorithm.Lateron,
otherformsof subdivision rulesindependentof splineswere
proposed.Fig.1 presentstheresultsof applyingtheCatmull-
Clarksubdivisionschemeto generateabicyclesaddle.

Modeling throughthe useof subdivision can overcome
many dif�culties inherent to other modeling techniques.
Herewesummarizesomeof its importantadvantages:

1. Topological Generality: Thegeneratedsurfaceis smooth

Figure 1. Unif orm Catmull­Clark subdivision.

everywhere,andno speci�c valencelimitationsareimposed
onvertices.

2. Multiresolution: Becauseof its recursivere�nementstruc-
ture,subdivision intrinsicallysupportslevel-of-detailrender-
ing, multi-resolutionediting, and other hierarchicalalgo-
rithms.

3. Uniformityof Representation: Subdivisionbridgesthegap
betweendiscretepolygonal meshesand continuousspline
patches.Many algorithmsfor eitherrepresentationcan�nd
their applicabilityin subdivisionsettings.

4. PropertiesInheritedfromSplines: Also, many otherfea-
turesof splinesandpolygonalmeshes,suchaslocalsupport,
af�ne invariance,continuity, simplicity, etc,areinheritedby
subdivision.

Non-Uniform RecursiveSubdivision Surfaces(NURSSes)
are extensionsof the non-uniformtensorproductB-spline
surfacesto arbitrary topologicalsettings[11], analogousto
the way that Doo-SabinandCatmull-Clarksurfacesarethe
generalizationof uniform B-splinesurfaces.The incorpora-
tion of non-uniformknot spacingsto subdivision rulespro-
vides extra modeling capabilitiesto expressfeatureslike
creasesandcusps,andthedegreeof sharpnessof thesefea-
tures. The useof variablesubdivision rules to model spe-
cial featurescanbe datedbackto HoppeandDeRose,et al
[2]. Othersimilar taggingalgorithmsweresubsequentlypro-
posed.Similar to Doo-SabinandCatmull-Clark's schemes,
NURSSesarebasedon non-uniformB-splineknot insertion
algorithms.However, the knot spacingsin the non-uniform
subdivision schemecanbe independentlychosen,andthey
neednot to satisfy a tensorproductstructurein which the
knotspacingsin thesamerow or columnmusttake thesame
value.Fig. 2 shows theapplicationof non-uniformCatmull-
Clark subdivision to thesamemeshasin Fig. 1 with various
knotspacingsattached.Wecanobservethatsmallknotspac-
ingstendto attractthelimit surfacetowardthatedge.

Variational Subdivision is basedon theideathatonesubdi-
visionstepcanbeconsideredasatopologicalsplittingopera-
tion wherenew verticesareintroducedto increasethedegree
of freedom,followed by a smoothingoperationwherethe
verticesareshiftedin orderto increasethe overall smooth-
ness[3]. Many existing subdivision rulesaredesignedsuch
that a particular quadraticenergy functional can be mini-
mized. Variationalsubdivision aimsat �nding a systematic
approachtowardthedeterminationof subdivisionruleswhen



Figure 2. Non­unif orm Catmull­Clark subdivision
(knot spacings: red=1.00, blue=0.01).

giventhequadraticform of anenergy functional.
Kobbelt[3] andMallet [5] proposedaninterpolatoryvari-

ationalscheme.WarrenandWeimerextendedthevariational
approachto approximatingsubdivision schemeswhich min-
imizearbitraryquadraticfunctionals,detailsof whichcanbe
foundin [13]. Theideaof usingenergy functionalsto derive
the subdivision rulescanbe extendedto muchmoregener-
alizedcaseswhereneithertheenergy form needsto becon-
�ned in quadraticform, nor do thesubdivision rulesneedto
bestationary. This generalizedform leadsto oneinspiration
of ourphysics-basedmodelingframework.

Physics-basedModeling incorporatesphysical properties
into theshapegeometry, allowing thephysical laws to gov-
ern thedeformationof theshapeto meetdesiredglobaland
localmodelingcriteriaandothergeometricconstraintsin or-
der to facilitatethe interactive modelingprocessin an intu-
itive fashion. Free-formdeformablemodelswere �rst in-
troducedto computergraphicsby Terzopouloset al [12].
Terzopoulos,Fleischer, Celniker, Gossard,Bloor, Wilson,
Welch,Witkin andmany othersestablishedthe foundations
of physics-basedmodelingthroughenergy functional opti-
mizationsubjectto hardor soft geometricconstraints.Qin
andTerzopoulos[9, 10] developedthedynamicNURBS(D-
NURBS), in which, the NURBS geometry, married with
time, mass,force,andpotentialenergy functionals,dynami-
cally evolvesthroughthetime integrationof theLagrangian
equation.MandalandQin [7] furtherappliedLagragiandy-
namicsto subdivision models,providing the dynamicsub-
division. Physics-basedmodeling alleviates the laborious
shapemanipulationprocessby indirectly positioning and
moving a large numberof shapevariables,andprovidesan
intuitive framework for real-world geometrydescriptionand
modi�cation.

Automatic NURBS Knot Determination [15] was devel-
opedto facilitatetheautomaticdeterminationof non-uniform
knot vectorsaswell asothercontrol variablesfor NURBS
curves and surfaces through the uni�ed methodologyof
energy minimization, variationalprinciples,and numerical
techniques.To incorporatenon-uniformknots into our op-
timization framework, we systematicallytransformgeneral
NURBSgeometryinto a setof geometricallyequivalentra-
tional Béziersplines. Thus,we facilitate the mathematical
derivationof NURBSJacobianmatrixthroughbothsymbolic

andnumericalcomputation.Within our energy optimization
methodology, thesystemcanallow usersto interactively ma-
nipulateNURBSgeometryin anintuitive fashionvia a large
varietyof sculptingtools(e.g.,geometricconstraints,energy
functionals)without worrying abouthow to set up control
points,non-unityweights,and/ornon-uniformknots. This
paperaimsat extendingtheknot-varyingD-NURBSframe-
work to more powerful and topology-�exible non-uniform
subdivisionschemes.

4 De�nitions for Non-uniform Recursive Sub-
division

Non-Uniform Recursive Subdivision Surfaces
(NURSSes) are extensions of non-uniform B-spline
surfacesto arbitrary topology and arbitrary knot spacing
settings. Non-uniform B-splines have the capability to
modeldiscontinuityby multiple knots. In non-uniformre-
cursive subdivision schemes,thenon-negative knot spacings
attachedto eachedgetake theplaceof non-decreasingknot
vectors,andno longerneedto be in a strict tensorproduct
con�guration.

In the interestof space,we refer readersto [11] for the
de�nition of non-uniformCatmull-ClarkandDoo-Sabinsub-
divisions.

5 Physics-based Sculpting Algorithms and
Formulations

Having extendedtherepresenting�e xibility of traditional
uniform subdivision schemesby marrying them with non-
uniformknotspacings,wefurtheralleviatethelaborof shape
manipulationby incorporatingphysics informationsuchas
time, mass,force, and strain energy into the non-uniform
subdivision formulation. In this section, we presentthe
physics-based,dynamic non-uniform subdivision formula-
tion andrelevantnumericalalgorithms.

5.1 Dynamic Non­uniform Subdivision

Allowing theknot spacingsto changemakesit extremely
dif�cult to �nd ananalyticformulationfor thelimit surface.
Weiteratively subdivideour initial controlpolygonto asatis-
factorylevel (normally3–4 levelssincethegeometriccom-
ponentsproliferateexponentially),andview eachvertex at
the�nest-level asaparticle.Thegeometryof the�nest-level
surface,alongwith its attachedphysicalattributes,comprises
theparticlesystemwith whichweareconcerned(seeFig.3).

A particle systemcan be characterizedby the position
si (t), velocity _si (t), mass� i anddamping
 i of eachpar-
ticle i , alongwith the innerpotentialenergy E(s0; � � � ; sn ),
simply denotedas E(s). Among thesesymbols,the over-
struckdot denotesa time derivative. We cannow formulate



Figure 3. Subdivision surface as a par tic le system.

thestandarddynamicsof thisparticlesystemas:

� i •si + 
 i _si +
@E(s)

@si
= f a

i ; 8i; (1)

wheref a
i refersto externalappliedforce,and@E(s)=@si can

bedenotedas� f p
i , i.e., thepotentialinducedforce.

Prior to furtherdiscussion,we �rst clarify someterminol-
ogy. We refer to the �nest-level pointsasparticles,andthe
coarsestlevel points(theinitial meshvertices)in oursubdivi-
sionhierarchy ascontrolpoints.Theevolution of our subdi-
visionsurfaceover timecanbeuniquelycharacterizedby the
behavior of its controlpointsp i andknot spacingst i , which
in dynamicsarecollectively calledgeneralizedcoordinates,
denotedasgi . Now, we treatthesegeneralizedcoordinates
astime variables,i.e.,asfunctionsof time gi (t). We canex-
ploit Lagrangiandynamicsto derive theequationgoverning
thedynamicbehavior of this setof generalizedcoordinates.
Thematrix form of Lagrangianwork-energy equationis

M •g + D _g +
@E(g)

@g
= f a � B _g; (2)

whereM is calledmassmatrixwhichcanbederivedas

M =
X

i

� i J>
i J i ; (3)

where� i is themassof particlei , andJ i is theJacobianof
si with respectto its generalizedcoordinatesgi , thatis,

J i =
�

@si
@p 0

� � � @si
@p n

@si
@t 0

� � � @si
@t k

�
: (4)

Similarly, thedampingmatrixD is de�ned as

D =
X

i


 i J>
i J i ; (5)

with 
 i as the dampingcoef�cient. The generalizedforce
vector, obtainedthrough the principle of virtual work [1]
doneby theappliedforcedistribution f i (t) is

f a =
X

i

J>
i f i (t): (6)

Unfortunately, the Jacobianis not constantover time. This
resultsin variableM , D andanadditionalnon-zeromatrix,

B (g) =
X

i

� i J>
i

_J i :

Thepotentialenergy E(g) canadopta largevarietyof func-
tionalsthatresultin differentbehaviorsof ourphysics-based
non-uniformsubdivision. We will discussthis issuein the
following subsections.

5.2 Numerical Integration of Lagrangian Equation

We candiscretizethe time-continuousLagrangianequa-
tion in (2) to a �nite differenceequation.Notethat,B is _M ,

(D t +
M t � 2� t � 4M t � � t + 3M t

2� t
)
gt +� t � gt � � t

2� t

+ M t �
gt +� t � 2gt + gt � � t

� t2 +
@E(gt )

@g
= f a ; (7)

wherethesuperscriptdenotesevaluationof g at thetime in-
dicated.

In theequation,gt +� t is theunknown to besolvedin each
iterative step. We do not use(M t +� t � M t � � t )=2� t to
approximate _M becauseweemploy a forwardmethod.

Thisequationwill leadto analgebraicequation,

Ag t +� t + b = 0; (8)

whereA andb arefunctionsof previousstategt � 2� t , gt � � t

andgt . The equationgives the currentstategt +� t . Thus
the motion evolvesalongthe time axis. The valueof � t is
assignedin considerationof the tradeoff betweenaccuracy
andspeed.

We can use Gaussianelimination methodor conjugate
gradientmethodto solve(8). For thelattercase,(8) is equiv-
alentto minimizingg> A > Ag � 2b> Ag .

5.3 Energy Optimization

Onedisadvantageis thattheincorporationof non-uniform
knotspacingsresultsin anon-stationaryJacobianthroughout
thedynamicevolution. We cannot useany precomputation
of thematricesasin [7]. This impairstheperformancecon-
siderably.

Notethattheequilibriumstateof theourdynamicsystem
in (2) canbesimpli�ed as:

@E(g)
@g

= f a jt = 1 ,
@(E(g) � g � f a jt = 1 )

@g
= 0: (9)

It turnsout to be a standardoptimizationproblemof mini-
mizingE(g) � g � f a jt = 1 .

Many matureoptimizationsolvers can be employed for
our systemwith satisfactory ef�ciency. Unlike variational
subdivision, which is a level-by-level optimization,we only



take the �rst level control pointsandknot spacingsasgen-
eralizeddynamiccoordinates.A moreadvancedmethodol-
ogy, wherethekth level controlpointsandknotscanalsobe
incorporatedinto our generalizedcoordinates,canbeeasily
constructed(see[6]).

6 DiscreteEnergy Functionalsfor Subdivision
Surface

The energy functionals,along with the external forces,
will determinethe �nal shapeof our model, while other
physics-basedparameterssuch as mass distribution, and
dampingcoef�cients, only affect the in-betweenanimation
in thedynamicprocessof shapeevolution.

In our system,many sculptingtools areimplementedby
specifyingaproperenergy functional.Thisenergy functional
is not necessaryto have a strict physicalmeaning.A typical
energy functionalcanbein theform of anintegralof surface
normal, curvature,differential area,the variation of curva-
ture,etc.over theinterestedsurfaceregion:

ZZ



F [s]dS: (10)

Forparametricsurfaces,theintegralisde�nedonarectan-
gularparametricdomain,andcanbeevaluatedby Gaussian
quadratureor other forms of samplingschemes.The inte-
grandcanbe easilyconstructedasan analyticcombination
of its partialderivativeswith respectto theparameters[15],

Now weshallcalculateenergy functionalsonsubdivision
surfaceswith variablerules. Traditional uniform Catmull-
Clarksurfacescanbeseenasacollectionof B-splinepatches.
In [8], a systematicapproachwas proposedto transform
Catmull-Clarksurfacesto B-splinesurfacepatches,eachof
which is de�ned over a parametricdomain[0; 1]2, with spe-
cial considerationmadefor patchesnearextraordinaryver-
tices. This transformationallows the straightforward use
of the parametricsurfaceenergy functionalsdevelopedfor
B-splines. Unfortunately, non-uniformsubdivision surfaces
andmany non-B-splinesubdivisionschemes(suchasButter-
�y subdivision) cannot follow this approach,dueto thedif-
�culties involved in �nding an analytic formulation for the
limit surfaceover rectangulardomainpatches.Mandaland
Qin [6] developedamutilevel structureusingtherecursively
subdividedsurfaceto approximatethe limit surface,similar
to theparticlesystemdevelopedin this paper. In this paper,
however, we develop a more accurateand generalizedfor-
mulationfor normal,curvatureandotherformsof energies,
aswell asprovide a universalmethodologyfor energy func-
tional construction.

6.1 Membrane Energy and Thin PlateEnergy

Themostfrequentlyusedenergy functionalsin geometric
surfacemodelingarethe�rst orderstrainenergy (membrane

energy) andcurvatureenergy:

Emem (s) =
1
2

k
ZZ



� 2 dS; (11)

Ecur v (s) =
1
2

k
ZZ



� 2

1 + � 2
2 dS; (12)

where� is thestrainand� 1, � 2 arethe two principalcurva-
tures.For surfacewith isometricparameterization,assuming
exertedsmalldisplacementor bending,they canbeexpressed
as:

Emem (s) =
1
2

k
ZZ



s2

u + s2
v dudv; (13)

Ecur v (s) =
1
2

k
ZZ



s2

uu + 2suv + s2
vv dS: (14)

Thelatteris alsocalledthin plateenergy. As wehavepointed
out, parameterization-independentforms of theseformula-
tions over discretizedmeshesarenecessaryfor our particle
system,aswe do not want to constructanexplicit local pa-
rameterization.

(a) (b)

(c) (d)

Figure 4. Mass­spring netw ork resisting stretc hing,
shearing and bending.

A practically effective and ef�cient methodof approxi-
mating internal energy is by using mass-springmodel, in
whicheachmasspoint is connectedby springswith its near-
estneighbors.Ordinarily, the springsaredirectly assigned
to the edgesin the �nest subdivided surface,(see4(a)). If
the �nest-level con�guration is not triangularbased,diago-
nal springsmaybeneededto resistshearing,(seeFig. 4(b)).
Anothermethodfor imposingshearingenergy in rectangular
settingsis to introduceangularsprings,asshown in Fig.4(c).
Angularspringsresistthechangein anglebetweeneachpair
of adjacentedges.

The expressionfor the membranetensionenergy canbe
discretelyde�ned as:

Emem =
1
2

X

i;j

kij (v i � v j )2; (15)



wherethesummationis de�ned over all edgeseij = � � !v i v j .
Whentherestlengthis notsmallenough,thetypical formula
of springenergy maybehelpful:

Emem =
1
2

X

i;j

kij (jv i � v j j � r ij )2; (16)

wherethesummationis de�ned over all edgeseij = � � !v i v j ,
andr ij is the rest length. The angularspringenergy is de-
�ned as:

Eang =
1
2

X

i;j

� ij � � 2
ij ; (17)

where summationis de�ned over all adjacentedgepairs
(ei ej ) = (� � !v i v k ; �� �!v j v k ), and� � ij is thedisplacementof the
anglebetweenthesetwo adjacentedges.If theangulardis-
placementis in�nitesimal, we canderive the following ex-
pressionfor � � ij :

� � ij =
cos� ij � cos� ij

sin � ij
; (18)

where� ij and� ij arethe anglesbeforeandafter deforma-
tion, respectively. Notethat:

jei jjej j cos� ij = ei � ej =
1
2

(v i + v j � 2v k )2 �
1
2

e2
i �

1
2

e2
j :

(19)
In many literatures,(v i + v j � 2v k )2 is usedto imposeshear-
ing strain. This approachworks well for thoseei and ej

pairswhich have strongstretchingstiffnessandareisomet-
ric. However, experimentsshow thatit still effectively works
well evenin circumstancesof largerstretchingdeformation.

Thebendingenergy is directly relatedto thechangeof to-
tal curvature,� 2

1 + � 2
2. Oneway to imposecurvatureenergy

is by introducinganothersetof angularsprings,asshown in
Fig. 4(d). This approachonly providesa roughapproxima-
tion of the total curvature,asit alsoincludessomeshearing
energy, andonly workswhentheedgelengthsareneariso-
metric.

As we have mentioned,our pseudo-physical properties
can also accommodategeometricconstraints. A satisfac-
tory evaluationof thenormal,curvatureandothergeometric
quantitiesis critical in applicationssuchasminimizing the
variationof curvature.Beforeweintroducethem,wepresent
a novel ef�cient algorithmfor discreteevaluationof normal
andcurvaturethroughimplicit surfaceapproximation.

6.2 Discrete Normal and Curvature Evaluation
thr ough Implicit SurfaceApproximation

Normal and curvature evaluations serve as the basic
building blocks for many geometricand physical energy
functionals. Traditionally, the discretecurvature approx-
imation involves the introduction of an isometric local
parameterization[4, 14]. A typicalprocedureincludes:

1. De�ne aneighborhoodfor eachvertex.
2. Chooseaparameterizationfor theneighborhood.
3. Find theapproximatingpolynomial.
4. Evaluatenormal/curvature.

An isometriclocalparameterizationentails�nding alocal
tangentplane,and mappingthe surfacepoints to this tan-
gentplane.In thispaper, we introduceanovel implicit func-
tionbasedapproachto thediscretecomputationof thenormal
andcurvatureat a surfacepoint. Within this new approach,
thestepof parameterizationis no longernecessary. Instead,
our approximatingsurfaceis de�ned by an isosurfaceof a
quadraticimplicit function. We will show thatour approach
is nomoreexpensive thanthatdevelopedin [4].
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Figure 5. Appr oximating implicit surface .

To bestconvey our idea,we computethenormalandcur-
vatureatapointp0, in Fig. 5, for instance.

First, we choosethe neighborhoodof vertex p0. De-
pendingon our accuracy requirement,we canchooseits 1-
neighbors,i.e., thesolidpointsp0, p2, p4, p5, p6 andp8, or
2-neighborsp0; � � � ; p15.

Then, we constructan implicit surface f (x; y; z) = 0
approximatingp0 and its neighbors. The form of f can
be linear or higher order polynomials. The basicpoint is
that, the numberof unknown coef�cients in f should be
no morethanthat of p's. If we assumef is a sphere,i.e.,
f (x; y; z) = x2 + y2 + z2 � 2x0x � 2y0y � 2z0z � c = 0,
at least4 verticesarerequired. We constructthe following
equations:

f i (x i ; yi ; zi ) = 0; 8p i : (20)

Wehave asetof linearequations:

Ad = c; d � (x0; y0; z0; c)> ; (21)

whered collectsall theunknown coef�cients. We cansolve
this typically over-constrainedlinearsystemby leastsquare
�tting:

A > Ad = A > c: (22)

Now we areableto calculatethenormaln, Gaussiancurva-



tureK , andmeancurvatureH by

8
><

>:

n(p0) = 1
D r f (p0)

K (p0) = 1
D 2 n> M � n;

H (p0) = 1
2D n> Hn

(23)

whereD = jr f (p0)j, M is the Hessianmatrix of f , M �

is the adjoint of M , andH = M � tr ace(M )I , detailsof
whichcanbefoundin AppendixA.

Generally, wecanassumef is aquadraticsurface:

ax2 + by2 + cz2 + dxy + eyz + f zx + gx + hy + iz + j = 0:

Sinced = 0 is a trivial solution,a non-trivial solutionneeds
to be �gured out as the eigenvector of matrix A > A cor-
respondingto the least eigenvalue. Since the eigenvector
problemfor a 10 � 10 matrix is expensive, we prefera lin-
ear equation. At leastone more condition aboutthe coef-
�cients is requiredto obtain a non-trivial linear equation.
Basedon the knowledgeof the shape,differentchoicescan
be made. We can assumea = 1 if we know a 6= 0, or
a + b+ c + d + e+ f = 1, if weknow it is notaplane.

The following procedureprovides a robust algorithm to
�nding suchacondition.

1. Translatep0 � � � pn suchthatp0 = 0.
2. Assumef interpolatep0 = 0, thusj = 0.
3. Find a tentative normal ~n at p0. Sincer f (p0 =

0) = (g; h; i )> , (g; h; i )> � ~n.
4. Assign1:0 to oneof g or h or i with themaximum

absolutetentative value.
5. Solve theremainingequationof only 8 unknowns.

A simplecross-productbetweentwo adjacentedgescan
provide a goodtentative normal. Thecostof theabove pro-
cedureis negligible, with a goodby-productof reducingthe
numberof unknownsto 8.

When the implicit function f is a polynomial, all those
quantitiesin Eqn.23 arenot expensive to compute.For the
quadraticcase,evaluatingM andM � needs0 and12 multi-
plications,respectively. This methodcanbe easilygeneral-
izedto point cloudandotherstructures.

If we view the discreteenergy functionalsde�ned in the
precedingsubsectionas “qualitative” functionals, the im-
plicit surfaceapproximatingalgorithmprovidesapreciseap-
proachto thediscreteevaluationof thesurfacenormal,cur-
vatureandotherquantities.In comparisonwith otherdiscrete
curvatureevaluationapproaches,this methodis clean,com-
pact,andef�cient.

6.3 GeneralFunctionals

Our systemprovidesa generalmodelingenvironmentin
the sensethat it can accommodatea diverseset of energy
functionalsfor applicationsof different purposes. We list
someof thecommonlyusedenergy functionalsimplemented

in our system. A linear combinationof thesefunctionals
mayaddressmostpracticalrequirementsemergingin current
modelingliterature.In thefollowing list arediscretizedver-
sionsof their correspondingcontinuousforms to polygonal
meshes.v 0

i , e0
i andf 0

i representtheoriginal vertex v i , edge
ei andfacef i beforedeformation,respectively.

1. MembraneStrain Energy:

Eheter o =
X

i

ki jei j2; (24)

E iso =
X

i

0

@ 1
n(f i )

X

ej 2 f i

jej j2

je0
j j2

1

A S(f 0
i ); (25)

wheren(f ) denotesthevalenceof facef , S(f 0) is thearea
of facef beforedeformation. S(f 0) can also be replaced
by S(f ). Eheter o is roughly equivalent to the integral in
Eqn.13with aheterometricparameterizationproportionalto
theoriginaledgelength;while E iso providesagoodapprox-
imationto theintegralwith anisometricparameterization.

2. SpringEnergy:

Esp =
X

i

(jei j � r i )2; (26)

wherer i is therestlengthof edgeei .

3. Integral of Principal Curvatures� 1 and� 2:

Ecur v =
X

i

(c1 � 2
1 + c2 � 1� 2 + c3 � 2

2) S(f 0
i ): (27)

Somefrequentlyusedformsarethetotal curvature� 2
1 + � 2

2,
Gaussiancurvature� 1� 2, squaredmeancurvature 1

4 (� 1 +
� 2)2. An averagingprocessover a facecanbesimilarly ap-
pliedasin Eqn.25.

4. Curvature Preservingovera Region:

Ecur vpr sv =
X

i

jK (v i ) � K (v 0
i )j

2; (28)

whereK (v i ) denotesthe total curvatureat point v i . This
functionalconveystheideaof shapepreserving.A hierarchi-
cal implementationof this tool would allow for as-rigid-as-
possibletransformation.

5. SurfaceAreaPreservingovera Region:

Ear ea = jS0 �
X

i

S(f i )j2: (29)

S0 is the designatedareaandS0 = 0 resultsin areamini-
mization.

6. Variation of LocalSurfaceArea:

E r ub =
X

i

jS(f i ) � S(f 0
i )j

2; (30)

whereS(f 0
i ) denotesthe original areaof facef i . This for-

mulaallows thesimulationof thebehavior of rubber.

7. NormalandPositionControl of a FacePoint:



Enor m =
X

i

ki jn(v i ) � n0
i j2; (31)

Epos =
X

i

ki jv i � v 0
i j2: (32)

Thesetwo functionalscanbethoughtof asimposingexternal
angularor line springsconnectingsurfacepointsto a desig-
nateddirectionn0

i or positionv 0
i , respectively.

8. LeastMotionandUniformDistributionof Control Points:

E l m =
X

i

ki jp i � p0
i j

2; (33)

Eud =
X

i

ki jei j2: (34)

Insteadof beingde�ned on thelimit surface,thesetwo func-
tionalsarede�ned on the initial controlmeshto imposead-
ditional constraintsfor under-determinedsystems(refer to
[15]).

7 Numerical Method

7.1 Numerical Jacobian

Many subdivision schemesaregeneralizationof splines.
For spline-basedschemes,analytic formulationof the limit
surfacecan be found nearregular points. Generally, non-
splinesubdivision andNURSSesdo not have suchproperty.
The calculationof their Jacobianmust resort to numerical
methods,andcanbeexpensive. Basically, thenumericalJa-
cobianformulation,

@sj

@gi
=

sj (g + � gi ) � sj (g � � gi )
2� gi

cangiveanadequatelysatisfactoryapproximationwith error
boundO(� g2

i ). We employ a level-by-level updatingap-
proachto calculatethe perturbedsurface. Note that, when
perturbingashapevariable,only apartof thesurfacein each
level needsto be updated. This local control propertyof
subdivisionsurfacescandrasticallyreducethecomputational
expensefor gradientevaluation.

(Level 2) (Level 3) (Level 6)

Figure 6. Updating propagation on Catmull­Clark
subdivision surface .

An updatingpropagationmethodis employedin our sys-
tem. All the updatedvertices in each level of meshare

marked. As we have mentioned,most functionalstake the
form of anintegral, thediscretefunctionalevaluationproce-
durecanusethesemarksto decidetheregion thatneedsre-
computing.For Catmull-Clarksurfaces,theupdatedareaon
thelimit surfaceis about4 timestheupdatedareain Level 2
afterperturbingacontrolpointor knotspacing,asillustrated
in Fig. 6.

7.2 Imposing PositiveKnot SpacingConstraint

In NURSSes,becausenegativeknotspacingsresultin un-
desirableshape(dueto zerodenominatorin weightcalcula-
tion), it is necessaryto constraintheknotspacingsto benon-
negative. To simplify thesystemimplementation,we further
requireall the knot spacingsto be larger thana small posi-
tive number� . We designthefollowing algorithmto enforce
this positive knot spacingconstraintin our dynamicmodel-
ing system,which is muchbetterthanthepenaltyfunctional
methodin termsof performance.

1. At eachintegral stepof solvingEquation(7)
2. For all knot spacingski 2 gt

3. If ki < � andf p
i + f a

i < 0 Setf p
i + f a

i = 0
4. Calculatethenew gt +� t

5. For all knot spacingski 2 gt +� t

6. If ki < � Setki = �
7. Continueto thenext step.

We have alsoproposedproceduresto ef�ciently impose
non-negative knot spacingconstraintinto our energy func-
tional optimizationframework. In the interestof space,we
referreadersto [15] for details.

8 Energy-basedModeling Tools

Thissectionoutlinesthetypicalphysics-basedprocedures
in our geometricmodelingsystem.We alsodocumenta set
of popularenergy functionalswe developed,which canbe
combinedto addressa largevarietyof modelinganddesign
applications.

1. Material Painting: In our dynamic modeling system,
thegeometricsurfacesaretreatedasphysical thin plates,in
which physicalpropertiesarenot necessarilyuniformly dis-
tributed. The non-uniformgeometricand physical proper-
tiesallow extra modeling�e xibility suchascon�ning phys-
ical tools to a small surfaceregion, andcharacterizingnon-
uniformdeformation.

2. Spring-basedTools: In our system,we usespringsto
implementexternal forcesappliedto a surfacepoint. The
quadraticnatureof springsreducestheprobabilityof diver-
gence.

3. Angular Spring Tools for Normal Control: Userscan
specifya new normaldirectionat anarbitrarysurfacepoint,
and the systemsubsequently�gures out the corresponding
changesto its underlyingcontrol pointsandknot spacings.



Sinceknot spacingsarevery sensitive to normalchange,we
employ atwo-stagealgorithmin whichthecontrolpointsare
resolvedbeforeknotspacingsto handlenumericalinstability.
Thisprocesscanberepeatedseveraltimes.

4. Area-basedTools: Our area-basedtoolkit provides two
forms of areafunctionals: a global areapreservation func-
tional anda differentialareapreservationfunctional.Global
areapreservationis not sensitive to area“�o wing” from one
surfacepatchto another. Essentially, local areapreservation
functional provides an approachto approximatingrubber-
likematerials,which respondto thesqueezein onedirection
by protrudingin another. In addition, our areapreserving
tools supportde�ation andin�ation operations.Area mini-
mizationis merelyaspecialcaseof de�ating to zero.

5. Curvature-basedTools: Our systemsupportsfunctionals
of Gaussiancurvatureandmeancurvature,built on our im-
plicit surfaceapproximatingalgorithm. The total curvature
functionalcharacterizestheresistanceto bendingforces.By
minimizing curvaturechangeof a surfaceregion over time,
we areableto preserve thelocal shapeundercertainbound-
ary conditions.Variationof curvaturewith respectto space
coordinatesis alsosupportedby meansof linearapproxima-
tion or quadraticapproximation.

9 Experiments

In thecolor-plateof this paper, we presentseveral repre-
sentative examples,eachof which takesa weightedcombi-
nationof theabove techniques.In realapplications,a single
functionaloftentimesmaynotachieveourgoalsfor graphical
modeling.By combiningthemtogether, wecangetfunction-
alsmuchcloserto thereal-world physics.Notethat,system-
aticapproachestowardrobustandef�cient functionalsis still
anopenissue.Note that, in all knot spacingmaps,theknot
spacingshave beenlinearly interpolatedonto faces,andred
standsfor knot spacingswhich are bigger than one, while
greenstandsfor knot spacingswhich aresmallerthanone.
Theinitial (beforedeformed)shapesareassumedunity-knot
spacingdistributioneverywhere.

Fig. 9 presentsthemanipulationof ahandthroughtheuse
of springs,differentialareapreservingtools andmembrane
energy functionals. Note that, (a) de�nes the initial control
mesh.Weonly allow asubsetof thecontrolpointsto moveat
any time,whicharemarkedin green.In (b) weexert forceto
the thumbtip in the directiontowardsthe centralred point,
with differential areapreservingfunctionalenforcedin the
surfaceregionin green,andthewholehandundermembrane
tension.After the deformationperformedin (b), the thumb
reachesthecentralredpoint without losing its shape.Simi-
larly applyingthis procedureto threeof theother�ngers as
illustrated(d), we have the desiredmodelin (e). For larger
control meshes,the applicationof a much more expensive
constraintto curvaturepreservingis alsonecessary, instead
of only area-preserving.Themanipulationprocessfrom (d)

to (e)takes371secondsona1GHzPC.Finally, (f) showsthe
knotspacingmapof (e).

Thecharactersin Fig. 10aremadeby force(spring)tools
subject to differential areapreservation and strain energy
minimizationconstraints.Eachcharacterhas24–30control
points.Thebottom�gure shows theknotspacingmap.

Fig. 11 shows that materialpropertiesin�uence the evo-
lution of theshapeover time considerably. In (a), thegreen
points in the top �gure are allowed to move. The middle
rod with smallerstiffnesscoef�cient in the dark areayields
moredeformation,while thebottomrod with strongerstiff-
nesstransmitsthe springforce to its neighborarea. In (b),
the whole rod is subjectto differentialareapreservingcon-
straints.Essentially, thismakesagoodapproximationof rub-
ber.

Fig. 12 shows the applicationof the total curvaturemin-
imization tool to subdivision surfacein (a). (b) is the initial
controlpolygon.Weonly allow thesidepoints(greenpoints)
to bemovableasillustratedin (c). After becomingcurvature
minimization,themovablecontrolpointsreachtheirnew po-
sitions,asshown in (d). In (e), the new shapelooks much
more�at. (f) and(g) presentthe curvaturemapsof (a) and
(e), respectively. In the curvaturemaps,red color denotes
highertotalcurvature,while greenrepresentslowertotalcur-
vature. (h) shows the knot spacingmap of the deformed
shapein (e). Note that, the shapein (c), (d) and (h) have
beenrotatedby about45 degreesto give a bettersideview.
Thisexampletakes154secondsona1GHzPC.

10 Data Structur eand Implementation

Figure 7. The face splitting proper ty of Catmull­
Clark surface .

Our systemadoptsa �nite elementdatastructure,based
on thefactthatthelimit surfacecanbedividedinto acollec-
tion of smoothpolygonalpatches,eachof which originates
from recursively splitting a correspondingfacein the orig-
inal control mesh,and is determinedby a �nite numberof
controlpointswithin thevicinity of this face,asillustratedin
Fig. 7 (with relevant controlpointsencircledfor eachpatch
in theleftmost�gure). Wetreateachof thesesmoothsurface
patchesasanelement.Within the �nite elementdatastruc-
ture,we have the �e xibility to assigndifferentmass,damp-
ing, energy functionals,appliedforcesandotherproperties



on anelementbase.In addition,we have (takingM for in-
stance)

M =
X

j

M j =
X

j

X

i 2 E j

� i J>
i J i ; (35)

wherej runsthroughall theelements.In M j , only theen-
triesrelevantto the�nite numberof controlverticesandknot
spacingsof patchj arenon-zero,which composea subma-
trix. Thus,we canderive a parallelstructureasillustratedin
Fig. 8. ThematricesM , D , appliedforcevectorf a andthe
gradientof thepotentialf p canbeevaluatedpatch-by-patch
beforethey are assembled(summed)together. Eachpatch
holdspointersto a setof generalizedcoordinates,aswell as
its localgeometricandphysicalproperties.
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Figure 8. FEM­based data structure and data �o w.

11 Conclusions

In this paper, we have presenteda new dynamicsurface
sculptingsystembasedon thenon-uniformsubdivision sur-
face. By incorporatingthe non-uniformsubdivision rules
into our dynamicframework, we have greatlyenhancedthe
modelingcapability of the prior dynamicsubdivision sys-
tem. Within our novel physics-basedmodelingframework,
thesubdivisioncontrolpointsaswell astheirassociatednon-
uniform subdivision rules (knot spacings)dynamically re-
spondto the user-speci�ed massdistribution, dampingco-
ef�cients, appliedforces,energy functionals,andotherphys-
ical andgeometricconstraintsthroughthe integrationof the
Lagrangianequationin an intuitive andpredictablemanner.
We have developeda uni�ed approachfor ef�cient evalua-
tion of subdivision surfaceJacobian,energy functionalgra-

dient,with respectto both control pointsandknot spacings
basedonadiscreteparticlesystem.Wehavealsoproposeda
systematicprocedureconstructingenergy functionals,which
play a centralrole in the determinationof the �nal surface
shape. A variety of basicenergy functionalsarediscussed
andcompared.Wedemonstratedthatacombinationof these
primitive functionalscanberelevantto a largevarietyof ap-
plications. Basedon the implicit surfaceapproximation,a
novel normal and curvatureevaluationalgorithm hasbeen
proposed,whichavoidsany local isometricparameterization
andthussimpli�es theapproachproposedin [4].

We have alsobuilt a prototypeinteractive sculptingsys-
tembasedonournew dynamicnon-uniformsubdivision for-
mulation and demonstratedthat many applicationsbene�t
from the�e xibility of variablerulescontrol.Thisuni�ed dy-
namicnon-uniformsubdivisionsculptingsystemwill exhibit
its greatpotentialin therealmof geometricmodeling,virtual
environment,engineeringdesign,etc.
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A Implicit Normal and Curvature

In this section,we derive the formulationof normalandcurva-
ture evaluationfor an implicit surfacef (x; y; z) = 0. Assuming
p = (x; y; z)> is a point on the implicit surface,we canconstruct
aparameterizationfor this implicit surfaceas:

p(u; v) =
�

x y z
� >

=
�

u v z(u; v)
� >

:

Thedifferentialsof eachcomponentsatisfy,

f x dx + f y dy + f z dz = 0:

Thus,
8
>>>>><

>>>>>:

@p
@u

�
�
u;v

=

 
@x=@u
@y=@u
@z=@u

!

=

 
1
0

� f x =f z

!

@p v
@v

�
�
u;v

=

 
@x=@v
@y=@v
@z=@v

!

=

 
0
1

� f y =f z

!

;

(36)

and
8
>>><

>>>:

@2 p
@u 2

�
�
�
u;v

=
�

0 0 @2z=@u2
� >

@2 p
@u@v

�
�
�
u;v

=
�

0 0 @2z=@u@v
� >

@2 p
@v 2

�
�
�
u;v

=
�

0 0 @2z=@v2
� >

;

(37)

where
@2z
@u2

= �
@(f x =f z )

@u
= �

@f x
@u f z � @f z

@u f x

f 2
z

=



� (f xx xu + f xy yu + f xz zu )f z + (f zx xu + f zy yu + f zz zu )f x

f 2
z

:

Further, wehave
8
>><

>>:

@2 z
@u 2 = � f xx f 2

z � 2f xz f x f z + f z z f 2
x

f 3
z

@2 z
@v2 = �

f y y f 2
z � 2f y z f y f z + f z z f 2

y

f 3
z

@2 z
@u@v = � f xy f 2

z � f xz f y f z � f y z f x f z + f z z f x f y

f 3
z

:

(38)

Wecanderive thecoef�cients of the�rst fundamentalform

E = jpu j2 = 1 + f 2
x =f 2

z ;
F = pu � p v = f x f y =f 2

z ;
G = jp v j2 = 1 + f 2

y =f 2
z ;

(39)

and p
E G � F 2 =

p
1 + f 2

x =f 2
z + f 2

y =f 2
z : (40)

DenoteD =
p

f 2
x + f 2

y + f 2
z . Thecoef�cients of thesecondfun-

damentalform are:

e = det(puu ; pu ; p v )=
p

E G � F 2 =
� (f xx f 2

z � 2f xz f x f z + f zz f 2
x )=(f 2

z D )
f = det(puv ; pu ; p v )=

p
E G � F 2 =

� (f xy f 2
z � f xz f y f z � f y z f x f z + f zz f x f y )=(f 2

z D )
g = det(p v v ; pu ; p v )=

p
E G � F 2 =

� (f y y f 2
z � 2f y z f y f z + f zz f 2

y )=(f 2
z D ):

(41)
TheHessianmatrixof f is

M =

 
f xx f xy f xz

f xy f y y f y z

f xz f y z f zz

!

: (42)

And its adjointmatrixM � =
0
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B
B
B
B
B
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�
�
�
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�
�
�
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�
�

f y z f y x
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�
�
�

�
�
�

f y x f y y
f zx f zy

�
�
�

�
�
�

f zy f zz
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�
�
�

�
�
�

f zz f zx
f xz f xx

�
�
�

�
�
�

f zx f zy
f xx f xy

�
�
�

�
�
�

f xy f xz
f y y f y z

�
�
�

�
�
�

f xz f xx
f y z f y x

�
�
�

�
�
�

f xx f xy
f y x f y y

�
�
�

1

C
C
C
C
C
C
A

; (43)

wherejX j representsthedeterminantof X . We canobserve it is a
symmetricmatrix. Now wecanderive

eg � f 2 =
1

f 2
z D 2

�
f x f y f z

�
� M � �

�
f x f y f z

� >
:

TheGaussiancurvatureatpointp is

K (p) = (eg � f 2)=(E G � F 2) =
1

D 4

�
f x f y f z

�
� M � �

�
f x f y f z

� >
: (44)

De�ne H = M � (f xx + f y y + f zz )I . Similarly we canget the
meancurvatureatpointp as

H (p) =
1
2

(eG � 2f F + gE )=(E G � F 2) =

1
2D 3

�
f x f y f z

�
� H �

�
f x f y f z

� >
: (45)

Thenormalof asurfacepointp is obviously:

n =
1
D

�
f x f y f z

� >
: (46)

In summary,
K (p) =

1
D 2

n> � M � � n (47)

H (p) =
1

2D
n> � H � n: (48)
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(a) (b) (c) (d) (e) (f)

Figure 9. This �gure demonstrates the manipulation of a hand thr ough the use of springs, diff erential area
preser ving tools, and membrane energy functionals.

(a) (b)

Figure 10. These character s are made by using force tools
subject to diff erential area preser vation and strain energy
minimization constraints.

Figure 11. The material proper ties in�uence the shape
evolution over time considerab ly.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 12. This �gure sho ws the ap­
plication of the total cur vature min­
imization tool to a subdivision sur ­
face . Note that (c), (d), and (h) are
rotated by about 45 degrees to give
a clear side view.


