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Abstract

Therecenton-uniformsubdivisiorapproadc extendgra-
ditional uniformsubdivisiorschemeswith variablerules, of-
fering additional shapeparametes (sud as knot spacings)
for feature contol. Despiteits exibility, shapemodi ca-
tion basedon non-uniformsubdivisionusually requires de-
signess to interactively adjusta large numberof degreesof
freedom(DOFs) to achieve the desied shapeswhich can
oftenbelaborious. This paperextendsthe principle of vari-
ational subdivisionand integratesthe non-uniformsubdivi-
sion schemeswith powerful physics-basedhapesculpting
techniques,providing a universal methodfor arbitrary sub-
divisionschemeswith adjustablerules. Thesubdivisioncon-
trol pointsandknotspacingsvolvein responséo the shape
deformationresultingfrom the numericalintegration of La-
grangiandynamicsequationor theoptimizationof shapeen-
ergy functional. Thus,our systemallows uses to manipu-
late the desied shapein a direct and intuitive fashion. In
addition,weproposea novelandefcient discretefunctional
evaluationmethodor polygonalmeshesr pointcloudof ar-
bitrary topolagy basedonimplicit functions,n which no pa-
rameterizatioris needed.Finally, we developa simplepro-
totype sculpting systemdemonstating many advantaes of
our novel physics-basedion-uniformsubdivisionmodeling
system.

Keyword: Computergraphics,CAD, Physics-basethodel-
ing, subdivision.

1 Intr oduction and Moti vation

Recently subdvision has beenwidely studiedand ex-
ploitedin graphicalmodelingsystemsbecausét providesa
simple and uniform methodfor representingree-form sur
faceswith arbitrarytopologyto a certaindegreeof continuity
withoutsuchcumbersomeperationsstrimming andpatch-
ing. A recentextensionto the corventionaluniform subdvi-
sion schemas the non-uniformsubdvision schemewhich
offers usersthe possibility of featurecontrol. Typical fea-

turesincludesharpedgesandsharpcorners.

Despitethe e xibility of subdvision schemesgxisting
subdvision sculptingsystemgwhich areprimarily basecn
manuallymanipulatinghecontrolverticesanddirectly spec-
ifying sharpfeaturesto eachindividual edge)are subjectto
somemodelingdif culties: modelsfor real-world objectsof-
ten have an extremelylarge numberof control points, caus-
ing manualediting andanimationof a hugecontrolmeshto
be clumsyandlaborious;modelsin CAD andanimationare
often subjectto a setof aestheticand engineeringcriteria,
andmeetingthesecriteriaby indirectly moving the underly-
ing controlparametersaynotbeintuitive andeffective; and
designrequirement$rom variousapplicationareasareoften
shape-orientethsteadof controlpoint oriented.

Physics-basednodelingprovidesan effective solutionto
thesedif culties by combininggeometricobjectswith real-
world physical attributessuchas massdistribution, external
forces,internal enegy, etc. In our physics-basedsubdvi-
sionmodelingenvironment theshapecontrolparameterare
governedby physical laws and are determinedthroughthe
numericalintegrationof dynamicequations.Thus,the new
systemincorporatesiot only thegeometrideaturesput also
physics-basegropertiego streamlinghetaskof shapecon-
structionandmodi cation.

Althoughphysics-basednodelingof subdvision surfaces
hasbeenavailablein recentyears existingmethodgprimarily
focusonthecontrolpoints[7]. To fully realizetherepresen-
tation potential of non-uniformsubdvision schemesthere
hasyet to emege a systematicapproachto take the non-
uniform subdvision rulesinto the physics-basednodeling
frameavork. In this paper we further incorporatethe non-
uniform subdvision rules, quanti ed as non-ngative real
valuescalledknot spacingsinto the generalizedoordinates
of a universaldynamicsubdvision system. By employing
subdvision knot spacingsmore accuratecontrol of surface
curvatureandshapdeaturesbecomegpossible.

2 Reseach Contrib utions

In this paper we generalizeDynamic SubdivisionSur
faces[7] to non-uniformsubdvision schemes.The further



incorporatiorof non-uniformsubdvisionrulesto thealready
powerful physics-basedsubdvision sculpting tools makes
possiblemuch ner control of surfacedetailssuchas nor
mal, curvature,and moreimportantly sharpfeatures. This
paperfocusesmainly on non-uniformCatmull-Clarksubdi-
vision surfaces However, thefundamentahlgorithmscanbe
generalizedo mary othernon-uniformsubdvision schemes
without ary additionaldif culty .

In our system,the userspeci ed physical properties(in-
cluding massdensity dampingdistribution, external simu-
lated forces,and enegy functionals,aswell asotherphys-
ical and geometricconstraints)govern the evolution of the
dynamicLagrangianequation. Among them, the potential
enegy functionalsplay a centralrole in the determinatiorof
the nal surfaceshape.The enegy functionalshave the ca-
pability of quantifyingusercenterechestheticriteria, qual-
itative constraints,and functional requirementsservingas
a basicsculptingtoolkit for a large variety of applications,
and providing a direct shapemanipulation“language” to
describecomplicatedmodelsin an intuitive fashion,while
avoiding the bewildering indirectmanipulationof theunder
lying shapevariables. This papersystematicallydiscusses
a numberof commonlyusedfunctionals. Several primitive
functionalsareimplementedn our system.We shawv thata
weightedcombinatiorof this selectsetof primitive function-
alscanmeetalargevarietyof requirementén mary applica-
tions.

Moreover, we proposea discretefunctionalevaluational-
gorithm basedon implicit surfaceapproximation.Our nev
approacteliminatesheneedto nd alocalisometricparam-
eterizationof the surface.

3 Background

Our systemis inspiredby prior work. In this section,we
discussuniform andnon-uniformrecursve subdvision[11],
variationalsubdvision [16, 3], D-NURBS[9], dynamicre-
cursive subdvision [7] andour previouswork.

Subdivision de nes a curve or surface as the limit of a
sequenceof successiely re ned polygons or polyhedral
meshesrespectiely. Subdiision was rst introducedas
a fast curve renderingtool. Doo and Sabinand Catmull
andClark rst initiatedthe useof recursve subdvision asa
smoothsurfacede nition methodwhich overcomegherigid
topologicallimitation of tensofproductsplines.Early subdi-
vision schemeganbe consideredasa generalizatiorto the
well known spline-basednot-insertionalgorithm. Lateron,
otherformsof subdvisionrulesindependenof splineswere
proposedFig. 1 presentsheresultsof applyingthe Catmull-
Clark subdvision schemeo generate bicycle saddle.
Modeling throughthe use of subdiision can overcome
mary dif culties inherentto other modeling techniques.
Herewe summarizesomeof its importantadvantages:

1. Topolagical Genekrlity: The generatedurfaceis smooth
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Figure 1. Uniform Catmull-Clark subdivision.

everywhere andno speci ¢ valencdimitations areimposed
onvertices.

2. Multiresolution Becausef its recursve re nementstruc-
ture,subdvisionintrinsically supportdevel-of-detailrender
ing, multi-resolution editing, and other hierarchicalalgo-
rithms.

3. Uniformity of Repesentation Subdvision bridgesthegap
betweendiscretepolygonal meshesand continuousspline
patches.Many algorithmsfor eitherrepresentatiocan nd
theirapplicabilityin subdvision settings.

4. Propertiesinheritedfrom Splines Also, mary otherfea-
turesof splinesandpolygonalmeshessuchaslocal support,
afne invariance continuity, simplicity, etc,areinheritedby
subdvision.

Non-Uniform Recursive Subdivision Surfaces(NURSSes)
are extensionsof the non-uniformtensorproduct B-spline
surfacesto arbitrarytopologicalsettings[11], analogougo
the way that Doo-Sabinand Catmull-Clarksurfacesarethe
generalizatiorof uniform B-splinesurfaces.Theincorpora-
tion of non-uniformknot spacinggto subdvision rules pro-
vides extra modeling capabilitiesto expressfeatureslike
crease@ndcusps,andthe degreeof sharpnessf thesefea-
tures. The useof variable subdvision rulesto model spe-
cial featurescanbe datedbackto HoppeandDeRose et al
[2]. Othersimilartaggingalgorithmsweresubsequentlpro-
posed. Similar to Doo-Sabinand Catmull-Clarks schemes,
NURSSesarebasedon non-uniformB-splineknotinsertion
algorithms. However, the knot spacingsn the non-uniform
subdvision schemecan be independentlychosen,andthey
neednot to satisfy a tensorproductstructurein which the
knot spacingsn the samerow or columnmusttake the same
value.Fig. 2 shaws the applicationof non-uniformCatmull-
Clark subdvision to the samemeshasin Fig. 1 with various
knotspacingattachedWe canobsenre thatsmallknot spac-
ingstendto attractthelimit surfacetowardthatedge.

Variational Subdivision is basedntheideathatonesubdi-
vision stepcanbeconsideredsatopologicalsplittingopera-
tion wherenew verticesareintroducedo increasehedegree
of freedom,followed by a smoothingoperationwherethe
verticesare shiftedin orderto increasethe overall smooth-
nesg[3]. Many existing subdvision rulesaredesignedsuch
that a particular quadraticenegy functional can be mini-
mized. Variationalsubdvision aimsat nding a systematic
approachowardthedeterminatiorof subdvisionruleswhen



Figure 2. Non-unif orm Catmull-Clark subdivision
(knot spacings: red=1.00, blue=0.01).

giventhe quadratidorm of anenegy functional.
Kobbelt[3] andMallet [5] proposedaninterpolatoryvari-
ationalschemeWarrenandWeimerextendedhevariational
approacho approximatingsubdvision schemesvhich min-
imize arbitraryquadratidunctionalsdetailsof which canbe
foundin [13]. Theideaof usingenepgy functionalsto derive
the subdvision rules canbe extendedto muchmoregener
alizedcasesvhereneitherthe enegy form needso be con-
ned in quadraticform, nor do the subdvision rulesneedto
be stationary This generalizedorm leadsto oneinspiration
of our physics-basednodelingframevork.

Physics-basedModeling incorporatesphysical properties
into the shapegeometry allowing the physical laws to gov-

ernthe deformationof the shapeto meetdesiredglobal and
localmodelingcriteriaandothergeometricconstraintsn or-

derto facilitate the interactve modelingprocessn anintu-

itive fashion. Free-formdeformablemodelswere rst in-

troducedto computergraphicsby Terzopouloset al [12].

Terzopoulos,Fleischey Celniker, Gossard,Bloor, Wilson,

Welch, Witkin andmary othersestablishedhe foundations
of physics-basednodelingthroughenegy functional opti-

mization subjectto hard or soft geometricconstraints.Qin

andTerzopoulog9, 10] developedthedynamicNURBS (D-

NURBS), in which, the NURBS geometry married with

time, mass force,andpotentialenepgy functionals,dynami-
cally evolvesthroughthetime integrationof the Lagrangian
equation.MandalandQin [7] furtherappliedLagragiandy-

namicsto subdvision models,providing the dynamicsub-
division. Physics-basednodeling alleviates the laborious
shapemanipulationprocesshy indirectly positioning and
moving a large numberof shapevariables,and providesan
intuitive framework for real-world geometrydescriptiorand
modi cation.

Automatic NURBS Knot Determination [15] was devel-
opedto facilitatetheautomatiaeterminatiorof non-uniform
knot vectorsaswell asother control variablesfor NURBS
cunes and surfacesthrough the uni ed methodology of
enegy minimization, variational principles, and numerical
techniques.To incorporatenon-uniformknotsinto our op-
timization frameawork, we systematicallytransformgeneral
NURBS geometryinto a setof geometricallyequvalentra-
tional Bézier splines. Thus, we facilitate the mathematical
derivationof NURBSJacobiamatrixthroughbothsymbolic

andnumericalcomputation.Within our enegy optimization
methodologythe systemcanallow userdo interactvely ma-
nipulateNURBS geometryin anintuitive fashionvia alarge
variety of sculptingtools(e.g.,geometricconstraintsenegy
functionals)without worrying abouthow to setup control
points, non-unity weights,and/ornon-uniformknots. This
paperaimsat extendingthe knot-varying D-NURBS frame-
work to more powerful and topology- exible non-uniform
subdvision schemes.

4 De nitions for Non-uniform Recursive Sub-
division

Non-Uniform  Recursie  Subdiision  Surfaces
(NURSSes) are extensions of non-uniform B-spline
surfacesto arbitrary topology and arbitrary knot spacing
settings. Non-uniform B-splines have the capability to
model discontinuityby multiple knots. In non-uniformre-
cursive subdvision schemesthe non-negative knot spacings
attachedo eachedgetake the placeof non-decreasingnot
vectors,andno longerneedto be in a strict tensorproduct
con guration.

In the interestof space we refer readergo [11] for the
de nition of non-uniformCatmull-ClarkandDoo-Sabirsub-
divisions.

5 Physics-based Sculpting Algorithms and
Formulations

Having extendedherepresentinge xibility of traditional
uniform subdvision schemesyy marrying them with non-
uniformknotspacingswe furtheralleviatethelaborof shape
manipulationby incorporatingphysics information suchas
time, mass,force, and strain enegy into the non-uniform
subdvision formulation. In this section, we presentthe
physics-baseddynamic non-uniform subdvision formula-
tion andrelevantnumericalalgorithms.

5.1 Dynamic Non-uniform Subdivision

Allowing the knot spacingdo changemalesit extremely
dif cult to nd ananalyticformulationfor thelimit surface.
Weiteratively subdvide ourinitial controlpolygonto asatis-
factorylevel (normally 3—4 levels sincethe geometriccom-
ponentsproliferate exponentially),and view eachvertex at
the nest-level asapatrticle. Thegeometryof the nest-level
surface alongwith its attachehysicalattributes,comprises
theparticlesystemwith whichwe areconcernedseerig. 3).

A particle systemcan be characterizedy the position
si(t), velocity si(t), mass ; anddamping ; of eachpar
ticle i, alongwith theinnerpotentialenegy E(So;  ;Sn),
simply denotedas E(s). Among thesesymbols,the over-
struckdot denotesa time derivative. We cannow formulate



Figure 3. Subdivision surface as a particle system.

the standarddynamicsof this particlesystemas:

@E(s)
@

wheref? refersto externalappliedforce,and @k (s)=@; can
bedenotecas fP, i.e.,thepotentialinducedforce.

Priorto furtherdiscussionwe rst clarify someterminol-
ogy. We referto the nest-level pointsasparticles,andthe
coarseslevel points(theinitial meshvertices)n our subdvi-
sionhierarcly ascontrol points. The evolution of our subdi-
vision surfaceovertime canbeuniquelycharacterizetyy the
behaior of its controlpointsp; andknot spacingg;, which
in dynamicsare collectively calledgeneralizeccoordinates,
denotedasg,. Now, we treatthesegeneralizeccoordinates
astime variablesj.e., asfunctionsof time g; (t). We canex-
ploit Lagrangiandynamicsto derive the equationgoverning
the dynamicbehaior of this setof generalizectoordinates.
Thematrix form of Lagrangianwork-enegy equationis

&) _
@

i%+ s+ = {2, 8i; 1)

Mg+ Dg+ Bg; (2)
whereM is calledmassmatrix which canbederivedas
X
M = iJ7Ji; 3
i
where ; is the massof particlei, andJ; is the Jacobiarof
s; with respecto its generalizedoordinates;, thatis,

= G & G (G
Ji = @o @n @o @y : (4)
Similarly, thedampingmatrix D is de ned as
X
D= iJ7 i (5)

[
with ; asthe dampingcoefcient. The generalizedorce
vector obtainedthroughthe principle of virtual work [1]
doneby theappliedforcedistribution f; (t) is

fa =

7 fi(b): (6)

Unfortunately the Jacobiaris not constantover time. This

resultsin variableM , D andanadditionalnon-zeromatrix,
X

B(g) = iJ7 3

Thepotentialenegy E (g) canadoptalarge variety of func-
tionalsthatresultin differentbehaiors of our physics-based
non-uniformsubdvision. We will discussthis issuein the
following subsections.

5.2 Numerical Integration of Lagrangian Equation

We candiscretizethe time-continuoud_agrangianequa-
tionin (2) to a nite differenceequation.Notethat,B is M.,

(Dt+Mt 2t 4Mt t+3Mt gt+ t gt t
2t 2t
t+ t ty gt t t
+mt 8 2%2 g +@E§):fa; 7

wherethe superscriptienotesvaluationof g atthetime in-
dicated.

Intheequationg'* !istheunknavnto besolvedin each
iterative step. We donotuse(M' ' M!' H=2 tto
approximateM. becausave employ a forwardmethod.

This equationwill leadto analgebraicequation,

Agtt t+b=0 8)

whereA andb arefunctionsof previousstateg® 2 t, gt !
andg'. The equationgivesthe currentstateg'* '. Thus
the motion evolvesalongthe time axis. Thevalueof tis
assignedn consideratiorof the tradeof betweenaccurayg
andspeed.

We can use Gaussianelimination methodor conjucate
gradientmethodto solve (8). For thelattercase(8) is equi-
alentto minimizingg®> A Ag  2b” Ag.

5.3 Energy Optimization

Onedisadwantages thattheincorporatiorof non-uniform
knotspacingsesultsin anon-stationarylacobiarthroughout
the dynamicevolution. We cannot useary precomputation
of thematricesasin [7]. Thisimpairsthe performanceon-
siderably

Notethatthe equilibriumstateof the our dynamicsystem
in (2) canbesimpli ed as:

@(9) _ @E(9) 9 f%i=1) _
@ @

It turnsout to be a standardoptimizationproblemof mini-
mizingE(g) g f%,.., .

Many matureoptimizationsolvers can be employed for
our systemwith satishictory ef ciency. Unlike variational
subdvision, which is a level-by-level optimization,we only

fajt:l 1

0 (9



take the rst level control pointsandknot spacingsasgen-
eralizeddynamiccoordinates.A more advancedmethodol-
ogy, wherethek™ level controlpointsandknotscanalsobe
incorporatednto our generalizeccoordinatescanbe easily
constructedsee]6]).

6 DiscreteEnergy Functionalsfor Subdivision
Surface

The enegy functionals,along with the external forces,
will determinethe nal shapeof our model, while other
physics-basedparameterssuch as mass distribution, and
dampingcoefcients, only affect the in-betweenanimation
in thedynamicprocesof shapesvolution.

In our system,mary sculptingtools areimplementedoy
specifyingaproperenegy functional. Thisenegy functional
is not necessaryo have a strict physicalmeaning.A typical
enegy functionalcanbein theform of anintegral of surface
normal, curvature, differential area, the variation of curva-
ture, etc. overtheinterestedsurfaceregion:

z

F[s]dS: (20)

For parametricsurfacestheintegralis de ned onarectan-
gular parametricdomain,andcanbe evaluatedby Gaussian
guadratureor otherforms of samplingschemes.The inte-
grandcanbe easily constructedas an analyticcombination
of its partialderivativeswith respecto the parameter§l 5],

Now we shallcalculateenegy functionalson subdvision

surfaceswith variablerules. Traditional uniform Catmull-
Clarksurfacescanbeseerasacollectionof B-splinepatches.
In [8], a systematicapproachwas proposedto transform
Catmull-Clarksurfacesto B-spline surfacepatchesgachof
which is de ned over a parametricdomain[0; 1], with spe-
cial consideratiormadefor patchesearextraordinaryver
tices. This transformationallows the straightforvard use
of the parametricsurface enegy functionalsdevelopedfor
B-splines. Unfortunately non-uniformsubdvision surfaces
andmary non-B-splinesubdvision schemeg¢suchasButter
y subdvision) cannotfollow this approachdueto the dif-
culties involvedin nding an analyticformulationfor the
limit surfaceover rectanguladomainpatches.Mandaland
Qin [6] developeda mutilevel structureusingtherecursvely
subdvided surfaceto approximatethe limit surface,similar
to the particlesystemdevelopedin this paper In this paper
however, we develop a more accurateand generalizedor-
mulationfor normal,cunatureandotherforms of enegies,
aswell asprovide a universalmethodologyfor enegy func-
tional construction.

6.1 Membrane Energy and Thin Plate Energy

Themostfrequentlyusedenegy functionalsin geometric
surfacemodelingarethe rst orderstrainenegy (membrane

enegy) andcurvatureenegy:
z
— 1 2 .
Emem () = §k ds; (11)

zZ
1
Earu(9= 5k + 34, (12)

where is thestrainand ;, » arethetwo principalcuna-
tures.For surfacewith isometricparameterizatiormssuming
exertedsmalldisplacementr bending they canbeexpressed
as: 1 Z
E mem (S) = Ek s2 + s2 dudy; (13)
1 /4
Ecurv(s) = Ek s, + 25, + 82, dS: (14)

Thelatteris alsocalledthin plateenegy. As we have pointed
out, parameterization-independefarms of theseformula-
tions over discretizedmeshesare necessaryor our particle
system,aswe do not wantto constructan explicit local pa-
rameterization.

(@)
(©) (d)

Figure 4. Mass-spring network resisting stretc hing,
shearing and bending.

A practically effective and ef cient methodof approxi-
mating internal enegy is by using mass-springmodel, in
which eachmasspointis connectedy springswith its near
estneighbors. Ordinarily, the springsare directly assigned
to the edgesin the nest subdvided surface, (see4(a)). If
the nest-level con guration is not triangularbased diago-
nal springsmay be neededo resistshearing(seeFig. 4(b)).
Anothermethodfor imposingshearingenegy in rectangular
settingds to introduceangularsprings asshovn in Fig. 4(c).
Angularspringsresistthe changdn anglebetweereachpair
of adjacenedges.

The expressionfor the membrandensionenegy canbe
discretelyde ned as:

X
Emem = = ki (vi V)% (15)



wherethe summationis de ned over all edgese;; = vi\'/j .
Whentherestlengthis notsmallenoughthetypicalformula
of springenegy may be helpful:
1 X . .
Emem = 3 kij (vi Vil
i5j

rj )% (16)

wherethe summationis de ned over all edgese;; = vi\'/j ,
andrj is therestlength. The angularspringenegy is de-
ned as:
1X )
Eang = 2 ij i s (17)
i5j
where summationis de ned over all adjacentedge pairs
(eigy) = (vi\!/k;v,— \!/k), and j isthedisplacemenof the
anglebetweenthesetwo adjacentedges.If the angulardis-
placements in nitesimal, we canderive the following ex-
pressiorfor  j :

COS j  COS jj
T (18)
sin
where j and j arethe anglesbeforeand after deforma-
tion, respectiely. Notethat:

o 1 1 1
jeijiejjcos j = e € = E(Vi + Vi 2Vk)2 éel2 éejz:
(19)

In mary literatures(v; + v; 2vi)? is usedtoimposeshear
ing strain. This approachworks well for thosee; and g;
pairswhich have strongstretchingstiffnessandareisomet-
ric. However, experimentshaow thatit still effectively works
well evenin circumstancesf largerstretchingdeformation.

Thebendingenengy is directly relatedto thechangeof to-
tal curvature, 2 + 3. Oneway to imposecunatureenegy
is by introducinganothersetof angularsprings,asshovn in
Fig. 4(d). This approachonly providesa roughapproxima-
tion of the total cunvature,asit alsoincludessomeshearing
enegy, andonly works whenthe edgelengthsare neariso-
metric.

As we have mentioned,our pseudo-pisical properties
can also accommodategeometricconstraints. A satishc-
tory evaluationof the normal,curvatureandothergeometric
guantitiesis critical in applicationssuchas minimizing the
variationof curvature.Beforewe introducethem,we present
anovel ef cient algorithmfor discreteevaluationof normal
andcunvaturethroughimplicit surfaceapproximation.

6.2 Discrete Normal and Curvature Evaluation
through Implicit Surface Approximation

Normal and cunature evaluations sene as the basic
building blocks for mary geometricand physical enegy
functionals. Traditionally the discretecurvature approx-
imation involves the introduction of an isometric local
parameterization[4l4]. A typical proceduréncludes:

1. De ne aneighborhoodor eachvertex.

2. Choosea parameterizatiofor the neighborhood.
3. Findtheapproximatingoolynomial.

4. Evaluatenormal/curature.

An isometriclocal parameterizatiopntails nding alocal
tangentplane, and mappingthe surface points to this tan-
gentplane.In this paperwe introducea novel implicit func-
tion basedapproacho thediscretecomputatiorof thenormal
andcurvatureat a surfacepoint. Within this nev approach,
the stepof parameterizatiois no longernecessaryinstead,
our approximatingsurfaceis de ned by an isosurficeof a
quadratidmplicit function. We will shav thatour approach
is no moreexpensve thanthatdevelopedin [4].

Figure 5. Approximating implicit surface .

To bestcorvey ouridea,we computethe normalandcur
vatureatapointpg, in Fig. 5, for instance.

First, we choosethe neighborhoodof vertex pg. De-
pendingon our accuray requirementwe canchooseits 1-
neighborsj.e.,thesolid pointspg, p2, P4, Ps, P andpsg, or
2-neighboro; ;pis.

Then, we constructan implicit surfacef (x;y;z) = 0
approximatingpo and its neighbors. The form of f can
be linear or higher order polynomials. The basicpoint is
that, the numberof unknawvn coefcients in f should be
no morethanthatof p's. If we assumd is a spherej.e.,
f(X;y;2) = X2+ y?+ 2?2 2Xox 2ygy 22z c=0,
at least4 verticesarerequired. We constructthe following
equations:

fi(xi;yi;zi) = 0, 8pi: (20)
We have a setof linearequations:

Ad =c¢; d (Xo0;Y0:20:0)7; (21)

whered collectsall theunknavn coefcients. We cansolve
this typically over-constrainedinear systemby leastsquare
tting:

A”Ad = A”c: (22)

Now we areableto calculatethe normaln, Gaussiarcurva-



tureK , andmeancurvatureH by

8

> n(po) = T f(po)
K(po) = 520" M n; (23)
H(po) = z5n” Hn

>

whereD = jr f(po)j, M is the Hessianmatrix of f , M
is the adjointof M, andH = M tracgM)l, detailsof
which canbefoundin AppendixA.

Generallywe canassumd is aquadraticsurface:

ax?+ by? + cz2+ dxy + eyz+ f zx+ gx+ hy + iz +j = O:

Sinced = 0is atrivial solution,a non-triial solutionneeds
to be gured out as the eigervector of matrix A~ A cor
respondingto the leasteigervalue. Sincethe eigervector
problemfor a10 10 matrix is expensve, we prefera lin-
ear equation. At leastone more condition aboutthe coef-
cients is requiredto obtain a non-trivial linear equation.
Basedon the knowledgeof the shapedifferentchoicescan
be made. We canassumea = 1if we know a 6 O, or
a+ b+ c+ d+ e+ f = 1 if weknow it isnotaplane.

The following procedureprovides a robust algorithmto
nding sucha condition.

1. Translategpy  pn suchthatpy = 0.

2. Assumef interpolatepg = 0, thusj = 0.

3. Find atentatve normalr atpg. Sincer f (po =
0) = (g:h;i)”, (g:h;i)> .

4. Assignl:0tooneof g orh ori with themaximum
absolutaentatie value.

5. Solwetheremainingequationof only 8 unknowns.

A simplecross-producbetweentwo adjacentedgescan
provide a goodtentative normal. The costof the above pro-
cedures neggligible, with a goodby-productof reducingthe
numberof unknavnsto 8.

Whenthe implicit functionf is a polynomial, all those
guantitiesin Eqn. 23 arenot expensve to compute.For the
guadraticcase gvaluatingM andM  need<) and12 multi-
plications,respectiely. This methodcanbe easilygeneral-
izedto point cloudandotherstructures.

If we view the discreteenepgy functionalsde ned in the
precedingsubsectionas “qualitative” functionals, the im-
plicit surfaceapproximatingalgorithmprovidesapreciseap-
proachto the discreteevaluationof the surfacenormal,cur
vatureandotherquantities.In comparisowith otherdiscrete
cunatureevaluationapproacheghis methodis clean,com-
pact,andef cient.

6.3 General Functionals

Our systemprovides a generalmodelingervironmentin
the sensethat it can accommodate diverseset of enegy
functionalsfor applicationsof different purposes. We list
someof thecommonlyusedenegy functionalsmplemented

in our system. A linear combinationof thesefunctionals
mayaddressnostpracticalrequirementgmengingin current
modelingliterature. In thefollowing list arediscretizedver

sionsof their correspondingontinuousforms to polygonal
meshesv?, e? andf ? representhe original vertex v;, edge
e; andfacef; beforedeformationyespectiely.

1. MembrneStrain Enegy:.

X
Eheter 0 = kijeijz; (24)
0o 1
X 1 je-j2
o ST rak G

i ej2fi

wheren(f ) denoteshe valenceof facef , S(f 9) is thearea
of facef beforedeformation. S(f 9 canalso be replaced
by S(f). Eneter o iS roughly equivalent to the integral in
Eqn.13with aheterometriparameterizatioproportionatto
theoriginal edgelength;while Ejs, providesa goodapprox-
imationto theintegral with anisometricparameterization.
2. SpringEnegy. X
Esp = (jei
i

wherer; is therestlengthof edgee; .

r)? (26)

3. Integral of Principal Curvatues ; and »:

X
Ecurv = (c1 %"‘ C2 1 2%tC3 %) S(f io): (27)

Somefrequentlyusedformsarethetotal cunvature 2 + 32,

Gaussiarcunature 1 », squaredﬂeancurvature%( 1+
»)2. An averagingprocessover afacecanbe similarly ap-
plied asin Eqn.25.

4. Curvatue Preservingover a Region:

Ecurvprsv = K(vi) K (Vio)jz; (28)
i

whereK (vi) denoteshe total curvatureat point v;. This

functionalcorveystheideaof shapepreserving A hierarchi-

cal implementatiorof this tool would allow for as-rigid-as-

possibletransformation.

5. SurfaceAreaPreservingover a Region:
Earea = jSo S(fi)jz: (29)

i

Sp is the designatedcareaand Sy = O resultsin areamini-

mization.

6. Variation of Local SurfaceArea

Ern = jS(F)  S(EI% (30)
i

whereS(f 9 denoteshe original areaof facef;. This for-

mulaallows the simulationof thebehaior of rubber

7. Normaland Position Contml of a FacePoint;



X
Enorm = Kijn(vi) niojz; (31)
X i
Epos = kijvi vYjZ (32)
[

Thesewo functionalscanbethoughtof asimposingexternal
angularor line springsconnectingsurfacepointsto a desig-

nateddirectionn? or positionv?, respectiely.
8. LeastMotion and Uniform Distribution of Control Points
X
Em= kipi pi% (33)

“
Ew=  kij&j= (34)
[

Insteadof beingde ned onthelimit surface thesetwo func-
tionalsarede ned on theinitial controlmeshto imposead-
ditional constraintsfor underdeterminedsystems(refer to

[15]).
7 Numerical Method

7.1 Numerical Jacobian

Many subdvision schemesre generalizatiorof splines.
For spline-basedchemesanalyticformulation of the limit
surface can be found nearregular points. Generally non-
splinesubdvision andNURSSeslo not have suchproperty
The calculationof their Jacobianmustresortto numerical
methodsandcanbe expensve. Basically the numericalla-
cobianformulation,

@ _ s+ g) s@ g)

@ 2 g
cangive anadequatelgatisactoryapproximatiorwith error
boundO( g?). We emply a level-by-level updatingap-
proachto calculatethe perturbedsurface. Note that, when
perturbinga shapevariable,only a partof thesurfacein each
level needsto be updated. This local control property of
subdvisionsurfacescandrasticallyreducehecomputational
expensefor gradientevaluation.

(Level 2) (Level3) (Level6)

Figure 6. Updating propagation on Catmull-Clark
subdivision surface .

An updatingpropagtion methodis employedin our sys-
tem. All the updatedverticesin eachlevel of meshare

marked. As we have mentioned,mostfunctionalstake the
form of anintegral, the discretefunctionalevaluationproce-
durecanusethesemarksto decidetheregion thatneedsre-
computing.For Catmull-Clarksurfacesthe updatedareaon
thelimit surfaceis about4 timesthe updatedareain Level 2
afterperturbinga controlpoint or knot spacingasillustrated
in Fig. 6.

7.2 Imposing Positive Knot SpacingConstraint

In NURSSesbecausaegative knot spacingsesultin un-
desirableshape(dueto zerodenominatoin weight calcula-
tion), it is necessaryo constrairtheknotspacingso benon-
negative. To simplify the systemimplementationye further
requireall the knot spacinggo be larger thana small posi-
tive number . We designthe following algorithmto enforce
this positive knot spacingconstraintin our dynamicmodel-
ing systemwhich is muchbetterthanthe penaltyfunctional
methodin termsof performance.

1. At eachintegral stepof solving Equation(7)

2 For all knotspacings; 2 g

3 Ifki< andfP+f2<0Setf?P+f2=0
4.  Calculatehenaw gt*

5 For all knotspacings; 2 g'* !

6 If ki < Setk; =

7. Continueto thenext step.

We have also proposedprocedurego ef ciently impose
non-n@ative knot spacingconstraintinto our enegy func-
tional optimizationframework. In the interestof spacewe
referreaderdo [15] for details.

8 Energy-basedModeling Tools

Thissectionoutlinesthetypical physics-basegrocedures
in our geometricmodelingsystem.We alsodocumenia set
of popularenepgy functionalswe developed,which canbe
combinedto addressa large variety of modelinganddesign
applications.

1. Material Painting: In our dynamic modeling system,
the geometricsurfacesaretreatedasphysical thin plates,in

which physical propertiesarenot necessarilyuniformly dis-

tributed. The non-uniformgeometricand physical proper

tiesallow extra modeling e xibility suchascon ning phys-

ical tools to a small surfaceregion, andcharacterizinghon-
uniform deformation.

2. Spring-basedlools In our system,we use springsto
implementexternal forcesappliedto a surfacepoint. The
guadraticnatureof springsreduceghe probability of diver-
gence.

3. Angular Spring Tools for Normal Contmol: Userscan
specifya new normaldirectionat anarbitrarysurfacepoint,
and the systemsubsequentlygures out the corresponding
changedo its underlyingcontrol points and knot spacings.



Sinceknot spacingsarevery sensitve to normalchangewe
emplgy atwo-stagealgorithmin whichthecontrolpointsare
resohedbeforeknotspacinggo handlenumericainstability.
This processanberepeatedeveraltimes.

4. Area-basedlools Our area-basedoolkit providestwo

forms of areafunctionals: a global areapreseration func-

tional anda differentialareapreserationfunctional. Global

areapreserationis not sensitve to area“ o wing” from one
surfacepatchto another Essentiallylocal areapreseration

functional provides an approachto approximatingrubber

like materialswhich respondo the squeezén onedirection
by protrudingin another In addition, our areapreserving
tools supportde ation andin ation operations.Area mini-

mizationis merelya specialcaseof de ating to zero.

5. Curvatue-basedlools Our systemsupportsfunctionals
of Gaussiarcurvatureand meancunature,built on ourim-
plicit surfaceapproximatingalgorithm. The total curvature
functionalcharacterizetheresistancéo bendingforces.By
minimizing curvaturechangeof a surfaceregion over time,
we areableto presere thelocal shapeundercertainbound-
ary conditions. Variationof cunaturewith respecto space
coordinatess alsosupportedy meansof linearapproxima-
tion or quadraticapproximation.

9 Experiments

In the color-plate of this paper we presentereral repre-
sentatve examples,eachof which takesa weightedcombi-
nationof the above techniquesin realapplicationsa single
functionaloftentimesmaynotachiere ourgoalsfor graphical
modeling.By combiningthemtogetherwe cangetfunction-
alsmuchcloserto thereal-world physics. Notethat, system-
aticapproachetowardrobustandef cient functionalsis still
anopenissue.Note that, in all knot spacingmaps,the knot
spacingshave beenlinearly interpolatedonto faces,andred
standsfor knot spacingswhich are bigger than one, while
greenstandsfor knot spacingswhich are smallerthanone.
Theinitial (beforedeformed)shapesreassumedinity-knot
spacingdistribution everywhere.

Fig. 9 presentshemanipulatiorof ahandthroughtheuse
of springs,differentialareapreservingtools and membrane
enegy functionals. Note that, (a) de nes the initial control
mesh.We only allow asubsebdf thecontrolpointsto move at
ary time,whicharemarkedin green.In (b) we exertforceto
the thumbtip in the directiontowardsthe centralred point,
with differential areapreservingfunctional enforcedin the
surfaceregionin greenandthewholehandundermembrane
tension. After the deformationperformedin (b), the thumb
reacheghe centralred point without losingits shape.Simi-
larly applyingthis proceduredo threeof the other ngers as
illustrated(d), we have the desiredmodelin (e). For larger
control meshesthe applicationof a much more expensve
constraintto cunaturepreservingis alsonecessaryinstead
of only area-preservingThe manipulationprocessrom (d)

to (e)takes371second®nalGHzPC.Finally, (f) shavsthe
knotspacingmapof (e).

Thecharacterén Fig. 10 aremadeby force (spring)tools
subjectto differential areapreseration and strain enegy
minimizationconstraints.Eachcharactethas24—-30control
points. Thebottom gure shavstheknotspacingmap.

Fig. 11 shaws that materialpropertiesin uence the evo-
lution of the shapeover time considerably In (a), thegreen
pointsin the top gure are allowed to move. The middle
rod with smallerstiffnesscoefcient in the dark areayields
moredeformationwhile the bottomrod with strongerstiff-
nesstransmitsthe spring force to its neighborarea. In (b),
the whole rod is subjectto differentialareapreservingcon-
straints.Essentiallythis makesagoodapproximatiorof rub-
ber

Fig. 12 shaws the applicationof the total curvaturemin-
imizationtool to subdvision surfacein (a). (b) is theinitial
controlpolygon.We only allow thesidepoints(greenpoints)
to bemovableasillustratedin (c). After becomingcurvature
minimization,themovablecontrolpointsreachtheir new po-
sitions,asshawn in (d). In (e), the new shapelooks much
more at. (f) and(g) presenthe curvaturemapsof (a) and
(e), respectiely. In the cunature maps,red color denotes
highertotal curvature while greenrepresentfower total cur-
vature. (h) shaws the knot spacingmap of the deformed
shapein (e). Note that, the shapein (c), (d) and (h) have
beenrotatedby about45 degreesto give a betterside view.
This exampletakes154secondona1GHzPC.

10 Data Structur e and Implementation

Figure 7. The face splitting property of Catmull-
Clark surface .

Our systemadoptsa nite elementdatastructure based
onthefactthatthelimit surfacecanbedividedinto a collec-
tion of smoothpolygonalpatchesgachof which originates
from recursvely splitting a correspondingacein the orig-
inal control mesh,andis determinedby a nite numberof
controlpointswithin thevicinity of thisface asillustratedin
Fig. 7 (with relevant control pointsencircledfor eachpatch
in theleftmost gure). We treateachof thesesmoothsurface
patchesasan element.Within the nite elementdatastruc-
ture, we have the e xibility to assigndifferentmass,damp-
ing, enegy functionals,appliedforcesand otherproperties



on anelementbase.In addition,we have (takingM for in-

stance) X X X
M j =

j j i2E;

iJ7 i (35)
wherej runsthroughall the elements.In M j, only the en-
triesrelevantto the nite numberof controlverticesandknot
spacingsf patchj arenon-zero,which composea subma-
trix. Thus,we canderive a parallelstructureasillustratedin
Fig. 8. ThematricesM , D, appliedforce vectorf?@ andthe
gradientof the potentialfP canbe evaluatedpatch-by-patch
beforethey are assembledsummed)together Eachpatch
holdspointersto a setof generalizectoordinatesaswell as
its local geometricandphysical properties.

Potential Force
and Applied Force
Element 1
—m N -

Element + =1
Matrix M D[ Element
Matrix M,D
Do Summation over 4\

All Submatrices
Functional Functional Functional
Gradient Gradient Gradient
Generator Generator Generator
A S AN
Element Element Element
Matrix M,D Matrix M,D Matrix M,D
Generator Generator Generator
A A A
Jacobian Functional Jacobian Functional Jacobian Functional

Evaluator Evaluator Evaluator Evaluator Evaluator Evaluator

1 1 1 1 1 1

Geometric and
Physical Information

Geometric and
Physical Information

Geometric and
Physical Information

| Element DOFs | Element DOFs Element DOFs |

M //V<//

| Generalized Coordinates |

Figure 8. FEM-based data structure and data o w.

11 Conclusions

In this paper we have presented new dynamicsurface
sculptingsystembasedon the non-uniformsubdvision sur
face. By incorporatingthe non-uniform subdvision rules
into our dynamicframework, we have greatlyenhancedhe
modeling capability of the prior dynamic subdvision sys-
tem. Within our novel physics-basednodelingframework,
thesubdvision controlpointsaswell astheirassociateton-
uniform subdvision rules (knot spacings)dynamically re-
spondto the userspeci ed massdistribution, dampingco-
ef cients, appliedforces,enegy functionals andotherphys-
ical andgeometricconstraintgdhroughthe integrationof the
Lagrangianequationin anintuitive andpredictablemanner
We have developeda uni ed approachfor efcient evalua-
tion of subdvision surfaceJacobianenepgy functionalgra-

dient, with respecto both control pointsandknot spacings
basedn adiscreteparticlesystem We have alsoproposed
systematigrocedureconstructingenegy functionalswhich
play a centralrole in the determinationof the nal surface
shape. A variety of basicenegy functionalsare discussed
andcomparedWe demonstratethata combinationof these
primitive functionalscanberelevantto alarge variety of ap-
plications. Basedon the implicit surface approximation,a
novel normal and curvature evaluation algorithm hasbeen
proposedwhich avoidsary localisometricparameterization
andthussimpli es theapproachproposedn [4].

We have alsobuilt a prototypeinteractve sculptingsys-
tembasedn our nev dynamicnon-uniformsubdvision for-
mulation and demonstratedhat mary applicationsbene t
from the e xibility of variablerulescontrol. Thisuni ed dy-
namicnon-uniformsubdvision sculptingsystenwill exhibit
its greatpotentialin therealmof geometrianodeling,virtual
ervironment,engineeringlesign etc.
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A Implicit Normal and Curvature

In this section,we derive the formulationof normalandcurva-
ture evaluationfor animplicit surfacef (x;y;z) = 0. Assuming

p = (x;y;z)” isapointontheimplicit surface,we canconstruct
aparameterizatiofor thisimplicit surfaceas:
p(uyv)= x y z T= u v z(u;v)

Thedifferentialsof eachcomponentatisfy

fxdx + fydy + f,dz = 0:

Thus,
8 ! !
=@ 1
% %u‘v = @:@ = 0
' @=@ fx=fz
! ! (36)
E @=@
- = @/:@ = 1
' @=@ fy=fz
and
8 >
3 g = 0 0 @z@°
3 ge. = 00 @dr=@@ = @37
uv
: %’} = 0 0 @z=@> ;
where




(Fxx Xu + fnyu + fazzu)fz + (FaxXu + fszu + frzu)fx

f2
Further we have
8 &Fz _ fax F2 26y fxfotfy,f2
g ar ~ NNE )
fyyf2 26y, fyf +f,,f
5 % — yy yfz3y y (38)
. @Z —_ f><yfz2 fxzfyfz fyzfxfz"'fzzfxfy.
@@ f3 :
We canderive thecoefcients of the rst fundamentaform
E =jpu® =1+ f2=fH
F =pu pv = fxfy=f2; (39)
G =ipj® =1+ fi=fZ
and P P
EG F2= 1+ f2=f2+f2=f2 (40)
DenoteD = = 2+ fZ + f2. Thecoefcients of thesecondun-

damentaform are:

p
e =det(pw;pu;pv)= EG FZ=
(Faf? 26 fyf, + f2,12)=(F2D)

f = det(pw;pu;pv)= EG F2=
(fxyfz2 fyzfy fyzfxfz + fzzfxfy):(fzzD)
9 =det(pw;pu;pv)= EG F2=

(fyyf2 2fyzfyfz+fzzfy2)=(f22D):
(41)
TheHessiammatrix of f is
|
fxx fxy fxz ’
M = fry fyy fyz : (42)

fxz fyz fzz

And its adjointmatrix M

0 fyy  fyz fyz  fyx fyx  fyy 1
fyz fzz fzz  fzx fzx  fzy
fzy fzz fzz  fax fzx  fazy .
fy  fa e o o f G 43
fxy fxz fxz fxx fax  fxy
fyy  fyz fyz  fyx fyx  fyy

wherejX j representshe determinanbf X . We canobsereit is a

symmetricmatrix. Now we canderive
2_ 1 >
eg f°= f7p? fx fy f; M fx fy f; :

The Gaussiarcurvatureat pointp is

K(p)=(eg f)=EG F?)=

1 >
D7 fx fy f; M fx fy f; : (44)
DeneH = M (fxx + fyy + f2;)I. Similarly we cangetthe

meancunatureat pointp as

H(p) = %(ee 2fF + gE)=(EG F?) =

1 .
555 T By fo Ho f fy f2 7 (45)

Thenormalof asurfacepointp is obviously:

1 >
n:5 fx fy f; : (46)

In summary

1 .
K(p) = 2" M n (47)
1 .
H(p) = 5n H n (48)
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Figure 9. This gure demonstrates
preser ving tools, and membrane energy functionals.
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(d) (e) ®

the manipulation of a hand through the use of springs, differential area

(b)

(©)

(9)

Figure 10. These character s are made by using force tools
subject to diff erential area preser vation and strain energy
minimization constraints.

Figure 11. The material properties inuence the shape
evolution over time considerab ly.

Figure 12. This gure shows the ap-
plication of the total curvature min-

(d) imization tool to a subdivision sur-
face. Note that (c), (d), and (h) are
rotated by about 45 degrees to give
a clear side view.

(h)



