
Incorporating Rigid Structures in Non-rigid
Registration using Triangular B-splines

Kexiang Wang, Ying He, and Hong Qin

Department of Computer Science
State University of New York at Stony Brook

Stony Brook, NY 11790-4400, USA
f kwang|yhe|qin g@cs.sunysb.edu

Abstract. For non-rigid registration, the objects in medical images are usually
treated as a single deformable body with homogeneous stiffness distribution.
However, this assumption is invalid for certain parts of the human body, where
bony structures move rigidly, while the others may deform. In this paper,we in-
troduce a novel registration technique that models local rigidity of pre-identi�ed
rigid structures as well as global non-rigidity in the transformation �eld using
triangularB -splines. In contrast to the conventional registration method based on
tensor-productB -splines, our approach recovers local rigid transformation with
fewer degrees of freedom (DOFs), and accurately simulates sharp features (C0

continuity) along the interface between deformable regions and rigid structures,
because of the unique advantages offered by triangularB -splines, such as �exible
triangular domain, local control and space-varying smoothness modeling. The ac-
curate matching of the source image with the target one is accomplished through
the use of a variational framework, in which a composite energy, measuring the
image dissimilarity and enforcing local rigidity and global smoothness, is mini-
mized subject to pre-de�ned point-based constraints. The algorithm is tested on
both synthetic and real 2D images for its applicability. The experimental results
show that, by accurately modeling sharp features using triangularB -splines, the
deformable regions in the vicinity of rigid structures are less constrained by the
global smoothness regularization and therefore contribute extra �exibilityto the
optimization process. Consequently, the registration quality is improved consid-
erably.

1 Introduction

For the last decade, image registration has become an important technique for various
computer vision and medical applications, fusing the information from images acquired
either at different times or on multiple modalities. A number of reviews have been doc-
umented in [1][2][3]. The earliest attempts made by [4][5] typically restrict the defor-
mation between the corresponding images to be rigid and consider global geometric
differences only. Later, non-rigid registration was introduced in [6][7] to additionally
cope with local differences, resulting from different anatomy, intraoperative deforma-
tion, or distortion induced during imaging process. It is often assumed by the non-rigid
registration that the objects in the matching images behaveas if they were a single
elastic body,i.e., the stiffness is constant everywhere. However, this is rarely the case



when the imaged anatomy contains both rigid and soft structures. A practical clinical
example was described in [8] where the shape of the brain changed after subdural elec-
trodes were implanted in a surgical procedure. Neither a single rigid body motion nor
a nonlinear model with invariant smoothness can accuratelyrepresent the transforma-
tion between preoperative and postoperative scans since the electrodes translate and
rotate only, while the others deform nonlinearly. Therefore, more appropriate methods
are required to combine the modeling of both rigidity and non-rigidity in the recovered
transformation. Especially, theC0 continuity on the borders of rigid structures needs to
be simulated correctly for precise registration.

In principle, we could build patient-speci�c physical model to predict the inter-
action between rigid structures and soft tissues. However,it is impractical to achieve
solution with desired accuracy due to high computational cost and insuf�cient details
on mass, elasticity, and other mechanical properties. The efforts made so far were ei-
ther based on interpolatory spline scheme or through a variational framework. Little
et al.[9] incorporated independent rigid objects in a modi�ed thin-plate spline (TPS)
based nonrigid registration. Anisotropic landmarks were introduced by Rohret al.[10]
to TPS to enforce local rigidity constraints. Duayet al.[11] simulated the rigid motions
by adaptively adjusting TPS radial basis functions according to local stiffness. Tan-
ner et al.[12] represented the deformation usingB -splines and locally couple control
points in order to model local rigidities. Most recently, Loeckx et al.[13] introduce a
penalty term to keep voxel-based rigidities in their variational framework by enforc-
ing the orthogonality of Jacobian matrix. Nevertheless, none of the above approaches,
except that in [9], can precisely describeC0 continuity in the displacement �eld. In
spite of the attempt made in [14], it's not straightforward for thin-plate splines to be
incorporated with variational framework, which is quite a powerful tool for intensity-
based image registration. On the other hand, tensor-product B -splines has been widely
used for optimization-based registration approaches [7][15][16]. Although it is possible
for tensor-productB -splines to describe sharp features when the correspondingknots
collapse, such features can not lie in arbitrary direction due to the regular domain of
B -splines.

In this paper, we propose a novel non-rigid registration algorithm in which the re-
covered deformation �eld is represented by triangularB -splines. We �rst build the do-
main triangulation and adjust corresponding knots to the boundaries of pre-segmented
rigid structures. As a result, theC0 continuity is guaranteed at the desired places in the
displacement �eld. The landmarks, selected at the vicinities of rigid objects, are brought
into correspondence between source and target images as point-based constraints. The
optimal transformation is then estimated by minimizing a composite energy function,
which measures image discrepancy, deformation distortion, and desired local rigidities.
Empowered by the numerous advantages of triangularB -splines, such as �exible do-
main, local control, space-varying smoothness modeling, etc., our registration approach
makes the following contributions: The local linear motionin the global non-rigid trans-
formation, caused by rigid structures, can be accurately recovered using relatively fewer
degrees of freedom (DOFs), as long as the feature lines are properly aligned in the do-
main triangulation. WithC0 continuity modeled at the interface between rigid and non-



rigid objects, the deformable region nearby can move more freely and tend to improve
the registration quality considerably.

2 Theory and Construction of Triangular B -splines

(a) (b) (c) (d)

Fig. 1. Modeling sharp features using triangularB -spline with degenerate knots. (a) The domain
triangulation and regular knot con�gurations (no three knots in a domain triangle are collinear).
(b) Place the sub-knots along the user-speci�ed edges of domain triangulation. (c) A cubic spline
surface reconstructed using the knot con�gurations in (a). The splineis C2 continuous every-
where. (d) A cubic spline surface reconstructed using the knot con�gurations in (b). The spline is
C2 continuous on smooth regions andC0 on sharp features. appropriately, we can model

TriangularB -splines, introduced by Dahmen, Micchelli and Seidel[17],have nu-
merous desirable properties for geometric design, such as their automatic smoothness,
the ability to de�ne a surface over arbitrary triangulation, and modeling sharp features
between any desired adjacent primary knots [18]. Pfei�e andSeidel[19] presented an
ef�cient algorithm to evaluate quadratic triangularB -splines and Franssenet al.[20]
extended it to triangularB -splines of arbitrary degree.

The construction of triangularB -spline is as follows: let pointst i 2 R2, i 2 N, be
given and de�ne a triangulation

T = f � (I ) = [ t i 0 ; t i 1 ; t i 2 ] : I = ( i 0; i 1; i 2) 2 I � N2g

of a bounded regionD � R2. Next, with every vertext i of T we associate a cloud of
knotst i; 0; : : : ; t i;n such thatt i; 0 = t i . The knotst i; 0ji 2 N are called primary knots,
andt i;j ji 2 N; j � 1 are called sub-knots. For every triangleI = [ t i 0 ; t i 1 ; t i 2 ] 2 T,

1. all the triangles[t i 0 ;� 0 ; t i 1 ;� 1 ; t i 2 ;� 2 ] with � = ( � 0; � 1; � 2) andj� j =
P 2

i =0 � i � n
are non-degenerate.

2. the set
interior (\ j � j� n X I

� ) 6= ; ; X I
� = [ t i 0 ;� 0 ; t i 1 ;� 1 ; t i 2 ;� 2 ]: (1)

3. If I has a boundary edge, say,(t i 0 ; t i 1 ), then the entire area
[t i 0 ;0; : : : ; t i 0 ;n ; t i 1 ;0; : : : ; t i 1 ;n ) must lie outside of the domain.

Then the triangularB -spline basis functionN I
� , j� j = n, is de�ned by means of simplex

splinesM (ujV I
� ) (for details about simplex splines, please refer to [21]) as

N (ujV I
� ) = jdI

� jM (ujV I
� );



whereV I
� = f t i 0 ;0; : : : ; t i 0 ;� 0 ; : : : ; t i 2 ;0; : : : ; t i 2 ;� 2 g and

dI
� = det(X I

� ) = det
�

1 1 1
t i 0 ;� 0 t i 1 ;� 1 t i 2 ;� 2

�
:

Assuming (1), theseB -spline basis functions can be shown to be all non-negative
and to form a partition of unity. Then, the triangularB -spline is de�ned as

F(u) =
X

I 2I

X

j � j= n

cI;� N (ujV I
� ); (2)

wherecI;� is the control point. This spline is globallyCn � 1 continuous if all the sets
X I

� , j� j � n are af�nely independent.
One favorable advantage given by triangularB -splines is that by adjusting sub-

knots to the feature lines explicitly, we can model local sharp features (i.e., C0 conti-
nuity) in the approximated space, while keeping theCn � 1 smoothness over the other
regions. This feature is demonstrated in a surface reconstruction example shown in
Fig.1.

3 Method

Given source imageI s, and target image,I t , de�ned on the domain
 � R2, the
problem of registration is to �nd an optimal geometrical transformationT : 
 ! R2

such that the pixels in both images are matched properly.

3.1 Transformation Model

To reduce the global geometric differences betweenI s andI t , an initial alignment is
achieved using conventional rigid registration algorithm. This obtained transformation
will be used as the initial estimation for the following registration.

The concept of free-form deformation (FFD) is to deform an object by manipu-
lation underlying control points. In our work, the FFD is decomposed as an identity
transformation plus a displacement �eld, which is represented by triangularB -splines
as:

T (x) = x + u = x +
X

i =1 ::m

� i B i (x); (3)

where� i is the control point andB i is the associated basis function.
Unlike tensor-productB -spline based FFD[15], whose domain is a rectangular lat-

tice, our triangularB -spline based FFD has its domain built upon a tessellation ofeither
triangles for 2D or tetrahedra for 3D. It is not dif�cult to triangulate the reference im-
age domain
 using established techniques. In order to model the sharp features (see
Fig.3(c)) at the boundaries of pre-identi�ed rigid bodies,we have to keep them in the
triangulated tessellation. Such constraints can be satis�ed using the triangulation algo-
rithm proposed by Shewchuk[22]. According to the de�nitionof triangularB -splines,



the free-form deformation �eld hasCn � 1 continuity everywhere if there is no degener-
acy for any triple of knots in the same triangle. However, we purposely collapse adjacent
sub-knots to pre-identi�ed feature lines in order to model desiredC0 continuity.

Due to the �exibility of the domain triangulation, it is alsopossible for users to
overlay the registration domain exactly upon the region of interest (ROI), rather than
covering the entire reference image. Thus, the computational effort will be saved con-
siderably, especially when the ROI can be successfully extracted.

3.2 Point-based Constraints

Point-based constraints are incorporated in our frameworkfor better registration. The
points on the boundary contours of rigid structure with highcurvature are good candi-
dates for landmarks (see Fig.3(d)). Assuming strict rigidity of bony structures, only two
pairs of landmarks are required to fully recover local linear transformation (i.e.,translation
and rotation), if there is no rotoinversion. In practice, weoften introduce more con-
straints to ensure the stability of the registration.

Let P = f p1; : : : ; pn g be the set of landmarks chosen on the reference domain (I t

in our implementation). Their correspondences inI s areQ = f q1; : : : ; qn g such that:

T (p j ; � ) = q j for j = 1 : : : n; (4)

where� denotes the set of the control points of triangularB -splines. The above equa-
tions are treated as hard constraints and have to be strictlysatis�ed in the following
optimization process. In most cases, the linear system of (4) is under-determined. But
it is possible to become over-constrained when excessive landmarks are selected on a
single spline patch. Two approaches can be used to solve suchproblem. One is to subdi-
vide the triangular mesh, where there are overly-condensedlandmarks, and re-initialize
the domain triangulation. The drawback of it is that the problem dimension is increased
accordingly. The other approach aims to �nd a compromised solution for (4), which
will be discussed later.

3.3 Cost Function

In this paper, we registerI s to I t using a variational approach, in which a metric mea-
suring image similarity and constraints of global smoothness and local rigidity are com-
bined into an overall cost functionE total that is de�ned as:

E total = �E I + �E R + 
E S ; (5)

where� , � , and
 control the relative in�uence among three energy terms. In (5), E I

is the driving force behind the registration process and aims to maximize the image
similarity, whereasER is a constraint term to ensure local rigidity andES tries to
regularize the transformation as smooth as possible.

A number of approaches have been proposed in literature to calculate either sim-
ilarity or dissimilarity between images. Mutual information[23][24] and correlation
ratio[25] are the methods to measure image similarities, while the sum-of-squared-
difference (SSD) measures the dissimilarities. In our current work, we simply use SSD



metric to test the feasibility of our registration algorithm. The differences betweenI s

andI t , represented byE I , is evaluated by:

E I =
1
2

Z



kI s(T (x; � )) � I t (x)k2 dx: (6)

In the theory of continuum physics, the non-rigid transformation is often measured
by Green-St. Venantstrain tensorE. Then a necessary and suf�cient condition to obtain
a local rigid transformation can be re-formulated asE = r u + r uT + r uT r u = 0 ,
which enforces the strain tensorE to be zero over rigid structures. This is identical to
that proposed in [13], where the Jacobian matrices are considered instead. We enforce
the rigidity constraint by de�ning a penalty term as the integral of theFrobeniusnorm of
E. Since different structures in the image exhibit differentdeformation properties, and
do not need to deform similarly, we introduce a characteristic functionw(x) to separate
the rigid objects from deformable regions. The value ofw(x) is 1 on rigid structures
and0 elsewhere. The penalty term for local rigidity is given by:

ER =
1
2

Z



w(x)




 r u + r uT + r uT r u




 2

F dx; (7)

wherek � kF denotes theFrobeniusnorm.
A regularization termES , measuring the bending energy of a thin plate metal sub-

ject to external forces[7][15], is also incorporated to discourage improbable or impossi-
ble transformations. It depends on the 2nd derivatives of the deformation and is written
as:

ES =
1
2

Z



(1 � w(x))
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dx; (8)

where the functionw(x) makes the regularization term valid only over non-rigid re-
gions.

3.4 Optimization

The optimization problem is stated to �nd an ideal� such that the overall energy (5) is
minimized with the constraints in (4) satis�ed. There are various algorithms available
to accomplish such constrained nonlinear programming task. In particular, we convert
the constrained optimization problem to a unconstrained one, rather than applying es-
tablished methods directly. Then a simplex line search approach described in [26] is
performed to update the parameters iteratively along the steepest descent of gradient
until the cost function can not be decreased any further.

Putting (3) and (4) together, we discretize the point-basedconstraints and write them
in a matrix format:

P + C� = Q; (9)



whereP andQ are the vectors collecting the landmark positions inI t andI s respec-
tively, the vector� consists of the control points of triangularB -splines, and the trian-
gular B -spline basis functions constitute the matrixC which is extremely sparse and
rank-de�cient.

By solving the original optimization problem in the Null-Space ofC, we can suc-
cessfully remove the point-based constraints. Then, the new parameter vector	 in
Null-Space is related to the old one� by the equation:

� = N	 + � 0; (10)

in which CN = 0 and C� 0 = Q � P. We use Gaussian-Jordan-Elimination-like
approach proposed in [27] to constructN , and solve for� 0 by either singular value
decomposition (SVD) or QR decomposition, both of which are computationally viable
here, since most columns inC are zero.

Instead of estimating the gradient ofE total using �nite-difference approximation,
we analytically calculate the derivative with respect to	 and obtain:

@Etotal

@	
= N T

�
�

@EI
@�

+ �
@ER
@�

+ 

@ES
@�

�
; (11)

where

E I

@�i
=

Z



(I s(T (x)) � I t (x)) r I s jT (x ) B i (x)dx:

Let � ij denotes the (3i + j )-th component of� andB i;j be the derivative of the basis
function in j direction, wherej = 1 ; 2; 3 for x, y andz coordinates, respectively. The
derivative of the local rigidity penalty term is:

ER

@�ij
=

Z



w(x)

X

s;t =1 ;2;3

M st
@M st

@�ij
dx

M st =
X

k =1 :::m
r =1 ; 2 ; 3

� kt Bk;s + � ks Bk;t + � ks � kt B 2
k;r

@M st

@�ij
=

X

r =1 ;2;3

� jt
�
B i;s + � is B 2

i;r

�
+ � js

�
B i;t + � it B 2

i;r

�

in which � ij is Dirac function which equals to1 if and only if i = j . Likewise, the
derivative of the regularization term is given by:

ES

@�ij
=

Z



(1 � w(x))

0

@
X

s;k =1 ;2;3

� kj Bk;s B i;s +
X

s;t;k =1 ;2;3

� k;j Bk;st B i;st

1

A dx;

whereB i;st stands for the second derivative of basis functions. For details on ef�cient
evaluation of triangularB -spline basis functions and their derivatives, please refer to
[19][20][28].

Note that the integration operation in (5) is performed onlyon the pixels of ROI.
Therefore, we could signi�cantly speedup the registrationprocedure if all the basis
functions and their derivatives over the interested regionare pre-computed.



4 Experimental Results

(a) (b) (c) (d)

Fig. 2. The �rst experiment: (a) Source image. (b) Target image. (c) Registration result when
sharp features are NOT modeled. The minimized energy terms areES = 97 :6, ER = 39 :9. (d)
Registration result when sharp features are modeled, the minimized energy terms areES = 71 :8,
ER = 30 :8.

In order to evaluate the feasibility and applicability of the proposed algorithm, we
test it on both synthetic and real data. Cubic triangularB -splines are chosen in the
experiments to compare with the frequently used cubic tensor-productB -splines.

The �rst example demonstrated in Fig.2 doesn't consider matching image intensi-
ties(i.e., � = 0 in (5)), but tries to align corresponding points instead. A green square is
included in the source image to represent a rigid object, andits counterpart is included
in the target image with a rotation of45� . 8 pairs of landmarks are selected at the corners
of both the image and the rigid square, and applied as the point-based constraints in the
registration. The target image is chosen as the reference domain, which is triangulated
into 32 patches, and the cubic triangularB -splines built on it have361control points.
After applying our algorithm without and with sharp featuremodeling respectively, the
achieved registration results are plotted in Fig.2(c) and Fig.2(d). It is noticeable that the
background and the square are more smoothly connected in Fig.2(c) than in Fig.2(d),
because they are treated as a single elastic object in the former one, but considered as
separate parts in the latter one. It is more physically appropriate to modelC0 continu-
ity between the background and the square, when we simulate the interaction between
them. Therefore, the method with sharp feature modeling canachieve better registra-
tion result (the minimized energy terms areES = 71:8, ER = 30:8) than the other one
(ES = 97:6, ER = 39:9), when the same parameter setting (� = 
 = 1 ) is used.

For the second example, both images (see Fig.3(a)(e)) include three geometric ob-
jects to represent rigid structures, whose positions are quite different in the source and
the target images. The reference domain (shown in Fig.3(b))has130triangles and the
triangularB -splines thus have631control points.13pairs of landmarks are picked up to
ensure correct alignment between rigid structures (see Fig.3(f)). The registration result
and the recovered deformation �eld are shown in Fig.3(g) andFig.3(h). An alternative
approach using tensor-productB -splines is also applied for the comparison purpose.
Its domain is de�ned on a25 � 25 to match the number of triangularB -spline control
points. The comparison between the results from both approaches (shown in Fig.3(c)



(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 3. The second experiment: (a) Source image. (e) Target image. (b) The domain triangula-
tion with feature lines highlighted in red. (f)13 landmarks are highlighted in red. (c) Registra-
tion result obtained from tensor-productB -spline based method. (g) Registration result obtained
from triangularB -spline based method. (d) Deformation recovered using tensor-productB -spline
based method. (h) Deformation recovered using triangularB -spline based method.

and Fig.3(g)) indicates that the tensor-product based method fails to align the images at
a desired resolution, when there exist large deformations near rigid structures. In sharp
contrast, triangularB -spline is built on a �exible domain, so that its modeling power
can be ideally concentrated on the interested region for better registration. Furthermore,
its power of modeling sharp features helps to improve the registration quality far more
better.

Two MRI images of human spines (see Fig.4(a)(b)) are used in the third experiment.
The spinal bones are �rst segmented from the target image, then the characteristic func-
tion w is set accordingly to decide where the rigidity constraintsshould be applied. The
source image is registered to the target image as shown in Fig.4, in which all of the rigid
structures are successfully matched.

Our algorithm is implemented using MS VC++, and all experiments are conducted
on a platform with 2.8GHz Pentium IV CPU and 1G RAM. Both synthetic images have
the size of400� 400, and the size of the MRI images used for the third experiment is
512� 512. The running time for the three experiments are about1 minute,6 minutes,
and12minutes respectively.

5 Discussion and Conclusion

This paper presents a nonrigid registration technique in which the transformation be-
tween corresponding images are represented by triangularB -splines. By preserving
feature lines in the domain triangulation and adjusting knots accordingly, the proposed



(a) (b) (c) (d)

Fig. 4.The third experiment: (a) Source image. (b) Target image. (c) Registration result. (d) Rigid
structures segmented from the target image.

method successfully recovers local rigid motions and accurately simulatesC0 conti-
nuities at desired regions, using relatively fewer degreesof freedom and lower degree
polynomials. The actual registration is done through the use of a variational frame-
work, in which a constrained optimization problem is solvedto reduce the differences
between images and enforce both local rigidity and global smoothness at the same time.
The method has been tested on both synthetic examples and real data for its ef�cacy.

Although tensor-productB -spline based approaches are still dominating in the �eld
of non-rigid registration, their applicability is somehowlimited due to the structure of
their regular domain. On the contrary, our registration method can correctly delineate
the boundaries of rigid bodies in its domain triangulation at a much coarser level, and
thus model the local rigid motions more accurately. Furthermore, with the degenerate
knots on the boundaries of rigid structures,C0 continuity is automatically guaranteed
in the described displacement �eld, and can be naturally coupled with the optimiza-
tion process. This advantage enables us to precisely simulate the behavior of rigid ob-
jects inside elastic tissues. From the registration point of view, the deformable regions
around the rigid structures may become less constrained by the regularization term and
contribute extra �exibility to the minimization of the costfunction (5). As a result, the
registration quality can be considerably improved. An alternative way to modelC0 con-
tinuities could be to separate rigid and non-rigid regions into different domain pieces.
However, extra efforts must be spent to keep the overall transformation consistent across
different pieces in a different hierarchy, and in general, the variational approaches over
irregular domains in a hierarchical fashion have not been fully explored. In this paper,
only rigid structures with simple geometric shapes are considered in our experiments
for the feasibility test. To accommodate more complicated structures, we can subdi-
vide the domain mesh adaptively along their boundaries until the desired accuracy is
achieved. The landmarks applied in our registration are interactively selected by users
based on their knowledge and subjectivity. Naturally, the registration result is affected
by the quality of landmark selection.

There are a few possible extensions to our current work. Although only the registra-
tion of two dimensional images is considered in this paper, it is much more natural to
extend it to the area of volumetric data registration, and trivariant tetrahedralB -splines
shall be exploited. Alternative metrics measuring image similarities, such as mutual
information and normalized correlation, can be incorporated into our variational frame-



work to deal with multi-modality registration. One limitation of our current approach
is the necessity for image segmentation and landmark selection prior to our registration
procedure. It would be ideal to have an automated method to select landmarks, seg-
ment images into different pieces, and accurately match corresponding rigid structures
in order to streamline the task of medical image processing.
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