
Piecewise C1 Continuous Surface Reconstruction of Noisy Point Clouds via
Local Implicit Quadric Regression

Hui Xie JianningWang JingHua HongQin Arie Kaufman�

Centerfor VisualComputing(CVC) andDepartmentof ComputerScience
Stony BrookUniversity, Stony Brook,NY 11794-4400,U.S.A.

(a) (b) (c)

Figure1: Prioritizedincrementalsurface�tting. Redstandsfor thealready�tted surfaceareas,greenfor thegrowing front andwhite for the
untouchedregions.Thealready�tted surfacegrowsalonganeasierway, thatis, alongsurfaceregionswith smallercurvatureandlessnoise.

Abstract

This paper addressesthe problem of surface reconstructionof
highly noisypoint clouds.Thesurfacesto bereconstructedareas-
sumedto be2-manifoldsof piecewiseC1 continuity, with isolated
small irregularregionsof high curvature,sophisticatedlocal topol-
ogy or abruptburstof noise.At eachsamplepoint, a quadric�eld
is locally �tted via a modi�ed moving leastsquaresmethod.These
locally �tted quadric�elds arethenblendedtogetherto producea
pseudo-signeddistance�eld usingShepard'smethod.Weintroduce
a prioritizedfront growing schemein theprocessof local quadrics
�tting. Flattersurfaceareastendto grow faster. Thealready�tted
regionswill subsequentlyguidethe�tting of thoseirregularregions
in their neighborhood.
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1 Intro duction
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The problemof reconstructinga surfacefrom a large setof scat-
teredsamplepointsarisesin a variety of applicationsin the �elds
of reverseengineering,computergraphics,computervision, med-
ical imagesegmentation,etc. Generallyspeaking,surfacerecon-
structionfrom scatteredsamplesis anill-posedproblem,i.e., there
is no uniquesolution. Constraintson boththeoriginal surfaceand
the samplepointsare requiredto guaranteea faithful andunique
solution. In the last decade,a numberof surfacereconstruction
techniqueshave beenproposed.Despiteof theversatilityof these
large amountof algorithmsat present,however, mostexisting al-
gorithmsmake certainstrongassumptionson the original surface
andits samplepoints.For example,many algorithmsnecessitatea
verydensesamplingto beableto capturedrastictopologicalor ge-
ometricchangein asmallregion;someapproachesneedadditional
knowledgesuchassurfacenormalor interior/exterior information;
somealgorithmsarenot tolerantof noiseandcorrupteddata.

Thegoalof this paperis to developa robustsurfacereconstruc-
tion algorithmthat canhandlenoisy datasetsandtoleratecritical
situations,suchasabruptburstsof high noiseandtopologicalam-
biguity wheretwo objectscometooclosetogether. Theseproblems
arisefrequentlyfor 3D dataacquisitiontechniquessuchasthosein
stereophotogrammetry.

2 Problem Statement and Constributions

Beforeproceedingwith our algorithm,an explanationmay be de-
sirableof our major concernsin our algorithmdesign,that is, the
problemswe intendto solve.

A correct reconstructionof a surface is possibleonly if it is
“properly” sampled,i.e., there are enoughsamplepoints in ar-
easof high curvatureor great topologicalcomplexity. One rep-
resentative criteriaof anadequatesamplingratewassuggestedby
Amenta[2001],ther-samplingcriteria.Generally, highersampling
ratesarerequiredwheretwo partsof thesurfacecomecloseor the
localcurvatureis high. Noisecanalsoin�ict troublefor topological
recognition.



(a) Sharpcornerneedshigher
samplingrate even with little
noise.

(b) Noise results in topologi-
cal ambiguity when two faces
cometooclose.

(c) Abruptburstof highnoise. (d) Incorrectorientationalign-
mentaroundanacuteangle.

Figure2: Reconstructiondif�culties dueto sharpedgesandnoise.

In Fig.2(a),weobservethatonbothsidesof theacutesharpcor-
neraresurfacesof low curvature,but a samplingrateof in�nity is
neededfor a correctreconstructionof this sharpfeaturein mostal-
gorithms.In Fig.2(b),thetopologyof theactualsurfaceis obscured
wherethestandarddeviationof noiseis largerthanthelocal feature
size. In Fig. 2(c), thenoiseratein a small region is abruptlyhigh.
In Fig. 2(d),many front propagation-basednormalalignmentalgo-
rithms cannot correctly identify the orientationabnormalitynear
anacutesharpedge.

Mostexistingalgorithmscanonly partiallysolvetheseproblems
undercertainstrongassumptionson either the samplingrate, the
smoothnessof theunderlyingsurface,or thenoisepower. But vi-
sually, our humaneyes are able to capturethe shapeof a noisy
andunder-sampledmodelwith ease. This kind of ability canbe
attributedto several assumptionson the underlyingsurfacein our
brain: (1) Themajorpartof a surfaceis absentof abruptcurvature
changeandburstof noise;(2) Abruptchangesof curvatureor topol-
ogy do not clusterin a small region. (3) Theunderlyingsurfaceis
a2-manifold.

Basedon theseassumptions,wehavedesignedaprioritizedsur-
facegrowing algorithm. In this prioritizedfront propagationalgo-
rithm, thesystem�rst �ts the“good” partsof thesurface,thenuse
thealreadybuilt partsto guidethe�tting of “bad” partsof thesur-
face. We alsouseimplicit quadricsinsteadof parametricsurfaces
asbasicmodelsin the local �tting. Theuseof implicit surfacesis
mainly for bettersharpfeaturerepresentationandeasierblending
of locally �tted surfacepatchesvia Shepard's method. The com-
binationof thesetwo techniqueswould allow for a reliablesurface
reconstructionfrom noisy datapointswith surfacereconstruction
hazardsmentionedabove. In addition, we proposea robust ori-
entationalignmentalgorithm and several techniquesfor ef�cient
evaluationof surfacepropertiessuchasvariationof curvature.

3 Previous Work

Generally, theexisting approachesto constructinga surfacemodel
from a setof scatteredpointsfall into two categories. Oneis the
optimal triangulationof a discretesetof spatialpoints. The other
is function reconstructionfrom a set of samples,or, data�tting.
In essence,theproblemof surfacereconstructionhastwo aspects:
topologyrecovery andgeometryrecovery. Triangulation-basedal-
gorithmsmainly focuson faithful recovery of a �a wlesstopology
from relatively accuratebut possiblyincompletedatasets.On the
contrary, data�tting basedalgorithmsconcentratemuchmoreon
regressionanalysisof inaccuratedatasamples,and try to recon-

structtheunderlyingfunctionevenin existenceof randomnoise.

� Piecewise-linearsurfacereconstruction
Algorithms falling into this category include the a -shape[Edels-
brunnerandMcke1994],PowerCrust[Amentaetal. 2001]andthe
ball pivotingalgorithms [Bernardinietal. 1999].Somealgorithms
from this groupcanprovide provabletopologicalcorrectness,such
asthePower Crust.Althoughsomevariantsareproposed,mostof
thesealgorithmsassumetheavailability of anoise-freedataset.

� Surface reconstruction thr ough the building of a signed-
distance�eld
Theapplicationof implicit modelsin the�eld of surfacereconstruc-
tion areprimarily dueto two reasons:(1) In contrastto piecewise
surfacepatches,an implicit surfaceinvolvesno speci�c topology-
sensitive parametricdomainandthusavoidsany complicatedpro-
ceduressuchas surface trimming and patching; (2) An implicit
functionde�nes a simulatedsigneddistance�eld in the3D space.
A weightedsumof two distance�elds intuitively averagesthetwo
underlyingsurfaces. This intrinsic averagingpropertyallows for
bothmultiple datasetsregistrationandsampledenoising,which in
many algorithmsrely onapreprocessingor postprocessingstage.

Hoppe,DeRose,etal. [1994] �rst introducedthesigneddistance
�eld asa basictool for reconstructingsurfacesfrom a setof range
images. Curlessand Lovoy [1996] soonproposedan algorithm
basedon constructinga distance�eld on volumetricgrid. Bajaj,
BernardiniandXu [1995] combinedthe piecewise algebraicsur-
facewith a -shape. Carr, et al. [2001] explored the useof radial
basisfunctionsfor uncompletedataset. Zhao,Osher, et al. [2000]
proposeda level setmethoddriven by dynamicPDEs. All these
methodshave displayedthe meritsof usingimplicit surfaces,that
is, noisetolerable,topology�e xible, andeasyto convert to other
representations.

� Moving leastsquaresand Shepard'smethod
The moving leastsquaresmethodandShepard's methodcandate
back to McLain and many other's work [McLain 1974; Shepard
1968;Renka1988;LancasterandSalkauskas1981]. In themean-
time,in thecomputationalstatisticscommunity, thelocalregression
method(similar to themoving leastsquares)wasextensively stud-
iedfor noisydatasmoothing.Many issuesonthechoiceof thelocal
�tting functions,theselectionof thebandwidth(thesupportof the
local weight function)arediscussedin depth. We refer readersto
[ClevelandandLoader1995] for details. The early moving least
squaresmethodwas dedicatedto function �tting, wherea para-
metric domainis innate. Levin [1998] proposedthe moving least
squaressurfacesby introducinglocal referenceframes.Basedon
Levin's approach,Lee [2000] implementeda curve reconstruction
methodwhich wascapableof automaticallyselectinglocal band-
width. The recentpoint setsurfaces[Alexa et al. 2001] arealso
basedon moving leastsquares�tting. In this paper, we furtherex-
tendthe local function family to implicit quadrics.This extension
to local quadric�tting allows moreaccuratediscovery of the local
topologyandgeometryunderhighnoise.Ohtake,etal. [2003]also
developeda hierarchicalsurface�tting systembasedon Shepard's
blendingto handleaccuratedatasetwith prescribednormals.

4 Moving Least Squares and Shepard's
Metho d

Both the moving leastsquaresmethodof Levin's type andShep-
ard's methodareemployedin our paper. Strictly speaking,this pa-
peronly borrows from moving leastsquaresthetechniqueof local
quadraticfunction�tting by introducinga local frame. The“mov-
ing” in moving leastsquareshasbeenreplacedby Shepard's meth-
ods.



4.1 Moving Least Squares Metho d
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(a)Local referenceframeand�tting. (b) Sharpedgehazard.

Figure3: Standardmoving leastsquares�tting.

Thestandardmoving leastsquaresmethodis illustratedin Fig.3.
Let points f pi 2 R3; i = 1; � � � ;Ng be sampledfrom a surfaceS
with possiblemeasurementnoise.For anarbitrarytestpoint r 2 R3

(not necessarilyfrom f pig) nearthe surface,we �rst �nd a local
referencedomain(plane)H for r. Thelocal planeH = f xjhn;xi �
D = 0;x 2 R3g;n 2 R3; jjnjj = 1 is de�ned soasto minimize

N

å
i= 1

(hpi ;ni � D)2q(jj pi � qjj ); (1)

whereq is anonnegative,smooth,radial,monotonouslydecreasing
function, usuallywith �nite supportR asshown in Fig. 3(a), q is
theperpendicularfoot of r onplaneH andh; i denotesdotproduct.
Whenr is closeenoughto thesurface,wecanjustuseq = r to lead
the minimizationof (1) to a linear system.The referencedomain
for r is subsequentlyusedto computea local bivariatepolynomial
approximationg(x;y) in a neighborhoodof r. This processis car-
riedout throughminimizingaweightedleastsquareserror

N

å
i= 1

(g(xi ;yi) � zi)2q(jj pi � qjj ); (2)

where(xi ;yi ;zi) arethecoordinatesof pi in thelocalcoordinatesys-
teminducedby H, seeFig.3(a).Levin de�nesSp(r) = q+ g(0;0)n,
i.e., the intersectionof axis z with the local �tting polynomialg.
We refer readersto [Alexa et al. 2001] for details. Levin's mar-
velousresulton this projectionfunctionSp(r) is thatundercertain
conditions,all the �x ed points, that is, f r 2 R3 : Sp(r) = rg, de-
�ne a 2-manifold[Levin 1999]. Practically, theseconditionsmay
not alwaysbe well-satis�ed. An acuteanglemay generatea non-
manifoldsurfaceasshown in Fig. 3(b) (bluecurves).Thereference
planesfor all r 'sneartheapex goacrosstheaxisof thecone.Taking
q = r maymakethissituationbetter, but amuchthinnerpinnacleis
inevitable. Our new solutionsto this problemwill bediscussedin
thefollowing sections.

4.2 Shepard's Metho d
With themoving leastsquaresmethod,every surfacepoint evalua-
tion will invoke two stagesof minimization,onefor thecalculation
of a referenceplane,anotherfor a local polynomial �tting. This
canbeprohibitively expensive for practicalapplications.Oneway
to reducetheamountof computationis by just evaluatinga setof
representative testpointsandthen�guring out the positionof in-
betweenpointsby locally blendingits neighboringrepresentative
points.

We�rst takeasanexamplethecasefor approximatingafunction
R2 ! R. In Fig. 4, theapproximatedfunctionvalues f̂ (ci) at a set
of representative pointsci areknown (eitherweregiven or evalu-
atedat a surfacelocally �tted to a setof neighboringsamples),and

we want to �gure out the functionvalueat p by a linearcombina-
tion of thevaluesf̂ (ci) at all p'sneighboringrepresentativepoints.
We associatewith eachrepresentative point ci a smooth,positive
andmonotonouslydecreasingfunction wi(kp� cik), which is the
weightfunctionassociatedwith ci . Notethatit is not necessaryfor
the weight functionsassociatedto eachrepresentative point to be
thesame.Now wede�ne thevalue f (p) to be(seeFig. 4):

f (p) =
å n

i= 1 f̂ (ci)wi(kp� cik)

å n
i= 1wi(kp� cik)

: (3)

To obtaincomputationalef�ciency, theweightfunctionswi(kp�
cik) aremostlycompactlyde�ned, that is, thereexistsa setof Ri ,
wi(kp� ci j) = 0; if kp� cik > Ri . Interpolationcanbeachievedby
letting wi(kp� cik) ! + ¥ , whenkp� cik ! 0. We observe that
f (ci) in (3) area setof constants.Blending function valuesat a
setof representativepointsci mayresultin anunappealing�at spot
at ci , anda steepinterim in the middle of a pair of representative
points[Shepard1968;Franke andNielsen1980]. Normally, f̂ (ci)
is obtainedby evaluatingat ci a locally �tted function f̂i(p) of a
setof nearbysamplepoints. Insteadof blendingsamplefunction
values,we canblendlocal representative functions. We replacing
the term f̂ (ci) by f̂i(p), which is the local approximationof f (p)
aroundci . This leadsto themodi�ed Shepard'smethod,

f (p) =
å n

i= 1 f̂i (p)wi(kp� cik)

å n
i= 1wi(kp� cik)

: (4)
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Figure4: Shepard's local blendingmethod.In themiddlearea set
of representative functionswith their centersci and local support
Ri marked. To the left are the projectionsof eachweightedrep-
resentative functions. To the right we show two classicalweight
functions.

The result function f (p) would be of C¥ continuity when
wi(kp� pik) areC¥ continuous.Wereferreadersto [Shepard1968;
FrankeandNielsen1980;Renka1988]for abackgroundof theori-
gin of this method,andsomenice propertiesaccompany this ap-
proach.In comparisonto otherblendingmethodssuchassplines,
NURBS(wecanseethey sharesimilar formulations),themodi�ed
Shepard's methodimposesno limitationson thelocal connectivity
andnumberof local blendingkernels,andthuscanbeeasily�tted
to a largevarietyof applications.

All the above addressesthe blendingof a real-valuedfunction.
To blend3D surfacepatches,it would be ratherchallenging.One
possibleapproachis by following the spirit of Levin's local ref-
erenceframe. But this may lead to many subtlequestionssuch
ashow to blendlocal frames,how to dealwith multi-sheetedsur-
facepatchesresultingfrom coordinatestransformation,etc. In this
paper, we utilize the intrinsic surface“averaging”behavior when
summingup severalsigneddistance�elds. In our algorithm,each
surfaceis representedimplicitly as the zero-level setof a trivari-
atereal-valuedfunction f (x;y;z). Thus,surfaceblendingthrough
Shepard's methodis a directapplicationof this methodto thecase
of 3D functions.



5 Incremental Local Fitting and Denoising

In this section,we introduceour prioritized incrementallocal re-
gressionalgorithm.Along with thelocalmodelselectionto bedis-
cussedin thenext section,this algorithmcanprovide anappealing
smoothingeffectwith greatrobustness.

R


Figure5: The already�tted pointsaresubsequentlyusedto guile
the local �tting of its neighboringpointsby beingassignedwith a
heavier weight.

Thebasicideabehindthis algorithmis that themajority of real
world modelsarecomprisedof well-sampledsurfaceregionsof low
curvatureandof low noise(hereinafter, “regularregions”) sparsely
interspersedwith small regionsof sharpedges,peaks,bulges,and
regions subjectto high measurementnoise (hereinafter, “irregu-
lar regions”), anda naturalextensionof theseregular regionscan
presenta very goodpredictionto thesurfacebehavior in irregular
areas.

In ournew incrementalsurfaceconstructionsystem,multipleac-
tive seedsiteratively traverse“regular regions” of the samplesbe-
fore“irregularregions”. In Fig. 5, aseedis propagatingfrom left to
right. Thecurrentactive point is shiftedto a moresmooth-looking
positionvia the local leastsquares�tting just mentioned.The al-
ready�tted pointsaresubsequentlyusedto guidethe local �tting
of theirneighboringpointsby beingassignedwith heavier weights,
seeFig. 5.

Theuntraversedneighboringpointsof thecurrentseedarethen
activated,eachassociatedwith aweightbasedontheirregularityof
the currentseed.This irregularity metric comesasa combination
of thelocalnormal/gradientvariationandthelocal �tting errorI =
a1k + a2e. Thenext currentpointwouldgoto theactivepointwith
thelowestirregularity.

Open List


Active List


Closed List


Priority 0
 Priority 1
 Priority 2
 Priority 3
 Priority 4


Figure6: Thedatastructurefor thefront propagationalgorithm.

As in most region growing methods,our algorithm maintains
threedoublylinkedlists of datapoints,theopenlist, theactive list
andtheclosedlist. We furtherpartitionour active list into several
prioritizedsegments.Thesamplepointscanonly bemoveddown-
wardandrightward(from higherto lowerpriority). Theprioritized
segmentationof theactivelist avoidsarigoroussortingof thepoints
in theactive list basedon their irregularity.

This prioritized front propagation methodasoutlinedin Fig. 7
alwaysfollows the easiestway of proceeding.As a result,the in-
terspersed“irregular” areaswill be �rst besieged beforethey are
attacked.Theaccumulationof more�tted pointsin thelocal region
aroundthe “irregular” pointscanprovide clueson what the local
shapelookslike.

Line 14—16 in Fig. 7 provides a seedjumping mechanism.
Whensomepart of the surfaceis con�ned by a barrierof irregu-
lar regions,this mechanismallows a new seedto be “airdropped”
into thatarea.

1. OPEN( all samplepoints
2. ACTIVE ( Ø; CLOSED( Ø
3. WHILE ACTIVE 6= Ø OROPEN6= Ø
4. IF ACTIVE = Ø, ACTIVE ( =pri: P2OPENof smallerI rr:
5. CUR= �rst point in ACTIVE
6. local �tting aroundCUR
7. new Irr.(CUR)= Curvature(CUR)+ FitError(CUR)
8. calculatenew Priority(CUR)basedonnew Irr.(CUR)
9. IF new Priority(CUR)> old Priority(CUR)
10. ACTIVE ( =pri: CUR;GOTO 19 // backinto active list
11. createsuccessorsof CUR
12. FOReachsuccessorS
13. Priority(S)=Priority(CUR);ACTIVE ( =pri: S
14. IF ACTIVEjpriority� current priority = Ø
15. �nd T 2 OPEN,suchthatPrior.(T) � Prior.(CUR)
16. ACTIVE ( =pri: T, if thereis suchaT
17. END FOR12.
18. CLOSED( = CUR
19. END WHILE 3.

Figure7: Prioritizedfront propagation algorithm. ( =pri: meansin-
sertinginto theendof asegmentof theactive list basedonpriority.

P


Figure 8: “Irregular” areaswill �rst be besieged beforethey are
attacked. Theaccumulationof already-�ttedpointsaroundthe“ir -
regular” regionsprovidescluesonhow thelocal shapelookslike.

6 Local Bandwidth and Mo del Selection

An active researchtopic in the �eld of local regressionis on how
to selectasuitablesmoothingwindow size(bandwidth)andonhow
to choosean optimal degreeof the local polynomial(model)[Fan
et al. 1996]. In Fig. 9(a), a local linear regressionwith different
bandwidthis usedfor �tting a setof datapoints. We canseethat
the�tting curvewith smallerbandwidthis muchcloserto thepoint
set(wesayit is of low bias),but suffersgreatlyfrom theundulation
of noise(we sayit is of high variance),largerwindow sizeis more
likely to produceasmoothcurve,but fails to graspthesharpfeature
(peak).Thesamesituationgoesto local polynomialdegreeselec-
tion. In Fig. 9(b), polynomialswith higherdegreesarecapableof
capturinglocal features,but theshapemay�uctuate undesirably.

Many sophisticatedalgorithmshave beenproposeto tradeoff
biaswith varianceby introducingacertainmetric.Wereferreaders
to [ClevelandandLoader1995]for asurvey. Oneparticularwork in
thecomputergraphicscommunitywasdoneby Lee [2000] to offer
adaptivelocalbandwidthcontrolin theprocessof curvesmoothing.

6.1 Local bandwidth control
In this paper, we adopta simple local bandwidthselectiontech-
niquein which surfaceregionswith largerirregularity tendto have
larger �tting bandwidthsinceit is desirableto accommodatemore
already-�ttedpoints.An initial featuresizeh0 is computedwith an
algorithmsimilar to theoneusedin Lee'scurvesmoothingsystem.
Eachpriority is associatedwith an empiricalreal numberci . The
local �tting bandwidthh is thencomputedascih0. This method



workswell whenthesamplingdensitydoesnot changedrastically.
More sophisticatedbandwidthcontrol algorithmsborrowed from
thestatisticscommunitywill befurtheraccommodated.
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Figure 9: Selectionof local polynomial degreeand local �tting
bandwidth.

6.2 Local model selection
Becausethe implicit quadricsare capableof representingmulti-
sheetedsurfaces,extraneouspartsmayappearwhenusingquadrics
to �t simpleshapes.For example,in Fig.10(a),�tting a setof pla-
narpointwith implicit quadricsresultsin ashapecloseto two inter-
sectingplanes.Similar to highdegreepolynomials,implicit surface
�tting is verysensitive to noise.In thissection,we follow thespirit
of local modelselection,that is, selectinglocal �tting modelsby
meansof someerrormetric,to addresstheseproblems.

(a)

(b) (c)

Figure10: Local implicit quadrics�tting andmodelselection.

We �rst partition all typesof quadricsurfacesinto two groups.
Elliptic paraboloids,hyperbolic paraboloids,paraboliccylinders
andplanes(pairsof planesarenot included)fall into the�rst group,
andall otherquadricsfall into theothergroup. Levin's local least
squares�tting methodonly usesmodelsfrom the �rst group. Our
new local �tting methodwill allow bothgroupsof quadricsbeuti-
lized for local surface�tting.

Fitting with quadricsfrom the�rst groupcanfollow Levin's lo-
cal leastsquares�tting as mentionedin section4.1. A transfor-
mationof the function z� g(x;y) = 0 in its local coordinatesys-
tem backto the real world coordinatesystemis subsequentlycar-
ried out. Now we get an locally �tted implicit quadric surface
f1(x;y;z) = 0 from the�rst group.

Fitting with quadricsfrom thesecondgroupis by directly solv-
ing a linearsystem:

ax2
i + by2

i + cz2i + dxiyi + eyizi + f zixi + gxi + hyi + izi + j = 0:

wherei goesthroughall pointspi = (xi ;yi ;zi)> . A non-trivial solu-
tion canbeobtainedby singularvaluedecomposition(SVD).

Now, we have two locally �tted models f1(x;y;z) = 0 and
f2(x;y;z) = 0 in hand.Ournext stepis to scorethe�delity of these
two modelsto theoriginal datapoints.Basically, threemetricsare
used.
� Thelocal gradientvariation: Sharpfeaturesandmultiple sheets
in a local areawill result in larger local gradientvariation. This
metric can be usedto selectmodelsfor caseslike in Fig. 10(a).
Obviously, asingle-sheetedplanewill befavoredby thismetric.
� The�tting error: Mostly, this is de�ned asthe averagesquared
distanceof the samplepoints to the model. This metric can be
appliedto situationsasin Fig. 10(c).
� The normal orientation consistency:Normal orientationis the
mostreliablemetric for local modelselection.In Fig 10(a),if two
seedspropagate from both sidescarrying normalsas illustrated.
The possibility of a multi-sheeted�tting as shown will certainly
beruledout. In Fig 10(b),with thenormalinformationshown, the
purplehorizontalline will beruledout.

Thesethreemetricshave ascendingimportanceon thedetermi-
nationof local �tting model.A continuousreal-valued�delity met-
ric can be designedbasedon the above analysis. Similar to the
mixeddegreelocalpolynomialregressionin [ClevelandandLoader
1995],a mixtureof thesetwo modelswith properweightsderived
from thismetriccanbeformulated.

7 Orientation Alignment
Traditionally, the normal orientationof eachpoint is alignedby
traversinga minimumspanningtree.But this approachmayin�ict
dif�culties whenseedsgothroughareasof highcurvaturewith high
noise.For thecasein Fig. 11(a),obviously, themostoftenusedcri-
teriaby aligningneighbornormalsinto acuteangleswill leadto the
normalsin black. Even local curve �tting maynot help,sincethe
�tting curve for a point p andits neighbormay vary muchdueto
�tting sensitivity in this kind of critical area(seegreencurve).
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(a)Alignmenthazard
at corner.

(b) Ournew orientationalignment
algorithm.

Figure11: Normalorientationalignment.

In oursystem,ourprioritizedpropagationrulesguaranteeaseed
mustnot penetratean acuteedge. The problembecomeshow to
align orientationof patcheswheremultiple seedsmeet. As mea-
surementprecision,imageregistrationaccuracy andsuchall suffer
from sharpcornersand areasof high curvature,our top concern
in orientationalignmentalgorithmis robustness.Undercertainas-
sumptionsonfeaturesize,weareableto designarobustalgorithm.

Let us explain this algorithm with an example. In Fig. 11(b),
a seedhas reachedthis region from the right handside and hi-
bernatesnear Q� . Another seedcomesnear and reachesP. At
this moment,all pointswith arrows(normals)arein CLOSEDlist.
Line 1–6 in Fig. 12 �nds a nearestpoint Q� 2 CLOSED in its
neighboror radius R and on a different surface patch. We be-
lieve that for “opposite” points on the samesurface, their nor-
mal would annihilateeachother along the line linking them, i.e.
(Normal(P1) + Normal(P2))? (P2 � P1)) . A local “opposite”point
for P is searchedfor throughLine 8–15. In the �gure, N' is the
re�ection of N alongline PR� . This algorithmfavors thosepoints



R whosenormalsagreewith N'(R) or -N'(R). After thebestR� is
found,thetwo patchesaremergedinto onesinglepatch.All point
normalsin oneof the two patcheswill be �ipped if N'(R � ) agree
with -N(R� ).

for thecurrentseedPDO // Phasbeenput in CLOSED
1. NbP ( all neighborpointsin P'svicinity of radiusR
2. Q� = Ø, DistQ� = ¥
3. FOReachQ 2 NbP DO // �nd anearest“alien”
4. IF Q 2 CLOSEDAND Q onadifferentpatchfrom P
5. IF Dist(P,Q) < DistQ� , Q� =Q andDistQ� = Dist(P,Q)
6. END FOR2.
7. IF Q� = Ø GOTO 19.
8. NbQ ( all neighborpointsin Q� 's vicinity of radiusR
9. R� = Ø, AngleR� = 0
10.FOReachR 2 NbQ DO // �nd thebestoppositepoint in NbQ
11. IF R 2 CLOSEDAND R on thesamepatchasQ�

12. N'=Re�ect(Normal of P),NR = Normalor R�

13. IF jhN0;NRij � jAngleR� j
14. AngleR� = hN0;NRi andR� = R
15. END FOR10
16. IF jAngleR� j <

p
3=2 GOTO 19

17. IF AngleR� < 0 �ip all normalsin thepatchcontainingR�

18. mergethetwo patchescontainPandR�

19. endprocedure

Figure12: Normalorientationalignmentalgorithm.

8 Numerical Techniques

In ourwork,many geometricpropertiesonthelocal �tting quadrics
suchaslocal curvature,�tting error, etc. arerequiredto becalcu-
latedaccuratelyandef�ciently . In this section,we introducesome
algorithmswedevelopedfor local surfacepropertyevaluation.

8.1 Curvature at a surface point
Thecurvatureof animplicit surfaceatasurfacepointp canbeeval-
uatedef�ciently without introducinga local parametrization[Xie
andQin 2002].

Let M = f ¶ f
¶xi¶x j

gi; j= 0;1;2 betheHessianmatrix of f . Denote

M � = det(M) M � 1, which is sometimescalledadjoint matrix of
M, H = M � tr(M) I andg = Ñ f (p), wehave,

Guassiancurvature: K(p) = kgk� 4g> � M � � g (5)

Meancurvature: H(p) = 1
2kgk� 3g> � H � g (6)

For a quadraticpolynomial f , entriesof M arejust thecoef�cients
of its seconddegreeterms. The total curvatureat p is de�ned as
T = 4H2 � 2K.

8.2 Variation of normal and gradient
Thenormalvariationnearapointp within aneighborhoodof radius
Ris importantfor sharpfeaturedetectionandlocalmodelselection.
Usingthecurvatureat this point is not alwaysa goodestimationof
the local normal change. In Fig. 13(a), the curvatureat point p
vanishes,but a sharpedgeof in�nite curvatureis nearby. Ideally,
the local normalvariationfor a surfacepoint p shouldbe de�ned
asthemaximumanglespannedby any two normalsin its vicinity
of agivenradiusR, asshown in Fig. 13(a).Thisde�nition canalso
capturethecaseswhentwo surfacescomeclosetogetherasshown
in Fig. 13(b). But becausenormal is not a linear function of the

implicit function f , evaluationof normalchangecanbeexpensive,
let alonethecalculationof themaximumnormalanglespannedin
a region.

P


a


R


(a)

(b) (c)

Figure13: Normal(gradient)variationnearapoint.

An alternative approachis to measurethe local gradientchange
insteadof normalchange.Prior to ourderivation,wede�ne:

Vgx = max(2jaj; jdj; j f j);
Vgy = max(2jbj; jdj; jej);
Vgz = max(2jcj; jej; j f j):

(7)

Var = k(Vgx;Vgy;Vgz)> k (8)

Now consideraquadricsurface

q = ax2 + by2 + cz2 + dxy+ eyz+ f zx+ gx+ hy+ iz+ j;

thegradientatapointp = (x;y;z)> is,

g = (g;h; i)> + (2ax+ dy+ f z;2by+ dx+ ez;2cz+ ey+ f x)> :

The variablepart, that is, the secondterm,canonly vary within a
cuboid

[� RVgx;RVgx] � [� RVgy;RVgy] � [� RVgz;RVgz]; (9)

where,R is theradiusof theneighborhoodaroundp. Notethat(8)
is constantwith respectto p andinvariantundertranslationof f 1.
By translatingtheorigin of coordinatesystemto p, we cande�ne
thegradientvariancein p's vicinity of radiusRas:

V =
RVar

kÑ f (p)k
(10)

9 Experiments

In Fig.1on thefront page,weshow thefeaturedetectingcapability
embeddedin our prioritizedincrementalsurfaceconstructionalgo-
rithm. At the�nal stageof theshapegrowing, theremainingactive
points(in green)outlinethedragonasits featurelines. In Fig. 14,
we show the segmentationpower of our incrementalsurfacecon-
structionalgorithm. In Fig. 15, we show the normalpropagation
algorithm.Wecanalsoseethatwith implicit quadrics,thenormals
take abruptchangesat sharpedgesaswe expected.But quadrics
have a drawbackthat it cannot expresscornerswell wheremore
than two facesmeet. This remainsone of our future work. In
Fig. 16, we show the denoisingprocessof our algorithm. Since
thenoiserateis very high (aboutone�ftieth of thesizeof theob-
ject),surfacedetailsarewipedout. But at thetail, which is a cusp-
like shape,our algorithm presentsbetterresultsthan many other
point-baseddenoisingmethods.Fig. 17 shows our work for accu-
ratemodels.WeseethattheShepard'smethodworkswell evenfor
low samplingratepoint sets.

1A mathematicallyaccurateversion of Var is de�ned as the largest
eigenvalueof theHessianmatrix of f , which is invariantundertranslation
androtation.



Figure14: Ambiguoustopologydetermination.In this�gure, we
show thesegmentationpowerof ourincrementalsurfacegrowing
algorithm. Thesamplepointsof the top two spheresaremixed
togetherdueto noise. The bottomtwo spheresarethinnedand
separatedinto two groups.Dueto high sensitivity of themodel
(two-sheetedquadrics)to local noise,we still seeseveralpoints
betweenthem.Thisneedsa furtherprocessto discardoutliers.

10 Conclusions and Future Work

In this paper, we have presenteda new intelligent incrementalsur-
facereconstructionsystembasedon local �tting andblendingof
implicit quadricsurfaces. The incorporationof implicit quadrics
asbasiclocal �tting modelsallows usto reconstructlocal features
moreaccuratelyandto blendlocal �tted surfacepatchesin a clean
andef�cient manner. To dealwith noisy datasetandtopological
ambiguity, wedesignaprioritizedincrementalalgorithm,in which,
�atter areasare�tted prior to areaswith features.Thealready�t-
tedareascansubsequentlyguidethelocal �tting of its neighboring
points.We alsoimplementa methodfor automaticselectionof lo-
cal bandwidthand local �tting models. Finally, we implementa
robustorientationalignmentmethodaswell asa setof algorithms
on ef�cient evaluationof local geometricinformation. Our sys-
tem hasdisplayedthe capabilityand�e xibility of our novel algo-
rithms. Somepotentialapplicationsincludefeatureline extraction,
segmentationof closeobjects,etc.

Despiteall the merits that our algorithmshave displayed,they
still suffer from somelimitations. The quadricsurfacescan not
reconstructthe shapeswell at sharpcornerswheremorethantwo
facesmeetor at placeswheremorethantwo objectscomeclose.
Extensionof this methodto a more�e xible functionsetwill de�-
nitely enhanceits capability. Our systemstill hassomeempirical
parameters.Deepstudy of the regularity metric is also an open
issue.
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(a) (b) (c) (d)

(e) (f)

Figure15: Normalpropagationandalignment.Yellow pointsarenot
traversedyet. Redsamplespoint outsideandblueonespoint inside.
We seefrom (b) to (c), the two traversedpatchesgetaligned. Note
that thesetwo patcheshave not collided eachotheryet. In (d) we
show theresultingsamplepointswith lowestpriority. Thesepoints
constitutetheso-calledfeaturelines. In (e),we canseethatthenor-
malshave the right directionseven neara very acuteedge. In (f) a
shadedresultis shown with edgesmarked.

(a) (b) (c)

Figure16: Denoisingfunctionalityof our algorithm. In (a) a dinosauris samplednoisily (notethat thedinosaurhasa relatively cuspatetail
with noiseratecloseto its featuresize). In (b) we show the resultingthinnedpoint cloud. In (c), the thinnedpoint cloud is renderedby
PointShop(by Zwicker, Paulyetal.).

(a) (b) (c)

Figure17: Somemodelsfrom accuratepointclouds.Thesamplingratesfor thesemodelsarelower thanthepreviousmodels.TheShepard's
methodworkswell for blendingimplicit �elds generatedat eachsamplepoint together. All theresultingmodelsarerenderedin polygonal
meshesextractedby marching-cubesalgorithm.


