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Iterative Matrix Multiplication
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Iter-MM ( Z, X, Y') { X, Y, Zare n x n matrices,

where n is a positive integer }
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4. for k < 1 to n do
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Recursive ( Divide & Conquer ) Mairix Multiplication
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Recursive ( Divide & Conquer ) Mairix Multiplication

— n/2 )
T 5 Rec-MM (X, Y) {XandY are nxn matrices,
n/2| Zy4 Zys where n = 2k for integer k >0 }
1 n .
1. Let Z be a new n x n matrix
Zy; 2y 2. ifn=1then
Y 3. ZeX-Y
[ n g
4, else
——  nl2 5. Zyy <~ Rec-MM (' Xyy, Yy1) + Rec-MM (1 Xip, Yy )
T * 6.  Z — Rec-MM ( Xy, Yy )+ Rec-MM ( Xy Yoy )
nf2 | XY+ XY Xi1Y+ X Y
! e 7. Zy < Rec-MM ( Xy, Yiq )+ Rec-MM ( Xy, Yoy )
p— n
8. Zzz — RGC-MM ( X21’ Y12 ) + ReC'MM ( XZZ’ Yzz )
X201 Y11+ X2 Yo | X34 Y12+ X2 Y2 .
9. endif
\ 4
< n g 10. return Z
# recursive matrix products: 8 o), ifn=1,
. . T(n) = n )
# matrix sums: 4 (n) a7 (E) +On?), otherwise.

= O(n3)



Strassen’s Algorithms for Matrix Multiplication ( MM )

In 1968 Volker Strassen came up with a recursive MM algorithm that
runs asymptotically faster than the classical O(n3) algorithm.
In each level of recursion the algorithm uses:

7 recursive matrix multiplications ( instead to 8 ), and

18 matrix additions ( instead of 4 ).



Strassen’s MM: 10 Matrix Additions/Subiractions
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Strassen’s MM: 7 Matrix Products
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Strassen’s MM: 8 More Matrix Additions/Subiractions

Z11 Z12 X11 X12 Y11 Y12

X

221 222 X21 X22 Y21 Y22

Xig Y+ X2 Y | X4 Y2+ X2 Yo

X1 Y+ X2 Yoy | X3q Yi2 v X2 Y2

P, -P
( d1 r1) P,.1+P11
- (Py-Py)
P, -P
Prz'Pzz ( d1 I'Z)

+ (Pyy-P)




Strassen’s Matrix Multiplication
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Strassen’s Matrix Multiplication

Z11 Z12 X11 X12 Y11 Y12 X11 Y11 + X12 Y21 X11 Y12 + X12 Y22
— ) 4 —
Zy, Zy X34 X2 Y24 Y2 Xp1 Y1u+ X2 Y9 | X31 Y2+ X2 Ya
Sums: (Par=Pr1) P,y + Pyy
- ( P22_ PCZ)
Xp1 = X171 + X192 Yy =Y+ 1o —
XT‘Z =X21 +X22 YT‘Z = Y21 +Y22 Prz'P22 +:zd1:zr2;
X1 =X11— Xy You=Y11 — 1y T
Xep = X120 — Xpp Yoo =Y =71y
Xg1 =X+ X Y1 =Y14+Y . .
d1 11 22 d1 11 22 Runnlng Time:
Products:
O(1), if n=1,
Prp = X190 Yo Per = Xe1 " Y (n) 7T (—) + ®(n?), otherwise.
Pyy = Xp5 Y Py =Xep Yo 2
Py = X1 Yo Py = Xg1 " Yaa

— @(nlogz 7) — O(n2.81)




Deriving Strassen’s Algorithm
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We will try to minimize the number of multiplications needed to
evaluate Z using special matrix products that are easy to compute.

Type Product #Mults
a bire1 _ [ae + bg
(+) c dilgl |ce+dg 4
a ajrey_ [a(e+g)
(A) a allgl  la(e+ g) '
a aijrer [ale+g)
(B) —a —allgl  |-a(e+g) '
a 011e1 _ 1 ae _
(C) a—b pllgl ~ lae+b(g —e)] ?
a b—alrel _ [ale —g) + bf]
(D) o p llgl | bf - ;
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Deriving Strassen’s Algorithm

0] [p b 0 0] [a-—0b 0 0 O]
Of_|b b 0 O n c—b d—b 0 O
b 0O 0 0 O 0 0 a b
dil [0 0 0 0] | O 0 c dJ
}ype A (1Mult) h Al
0 0 0 0] [a—0»b 0 0 0
0 0 0 O c—b d-b>b 0 0
f=10 0 ¢ |t 0 0 a—c b—c
0 0 ¢c c¢c] [ O 0 0 d—c|
}ype A(1 Mult)l h Az ~
0 0 O 0 ] [a-0b 0 0 0
A, = c—b 0 0 «c—b o O d—b 0 b—c
27 |=(c=b) 0 0 —(c—-b) c—b 0 a—c 0
L O 0 0 0 1 L O 0 0 d—c|
Type B (1 Mult) A3
a—>b 0 0 0] 0 0 0 0
A, = 0 0 0 0 4|0 d—b 0 (d—c)—(d—-D>b)
37 l(a=b)—(a—=¢c) 0 a—-c O 0O 0 0 0
! 0 0 0 0] 0 0 0 d—c

Type C (2 Mult) Type D ( 2 Mult)



Algorithms for Multiplying Two nxn Matrices
A recursive algorithm based on multiplying two m X m matrices

using k multiplications will yield an O(n!°8m %) algorithm.
To beat Strassen’s algorithm: log,, k < log, 7=k < m!°827,

So, fora 3 X 3 matrix, we must have: k < 319827 < 22.
But the best known algorithm uses 23 multiplications!

Classical — O(n3)

Volker Strassen 1968 O (n?*897)

Victor Pan

( multiply two 70 x 70 matrices using 1978 O(n?79%)
143,640 multiplications )

Dor.m Coppgrsmith & S..hmuel Winograd 1990 On23737)

( arithmetic progressions )

Andrew Stothers 2010 ®(n?3739)

Virginia Williams 2011 O (n?3727)

Lower bound: Q(n?) (why?)



