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Markov's Inequality

Theorem 1: Let X be a random variable that assumes only
nonnegative values. Then forall 6 > 0,

E[X]
Pr|X = 6] < —.
o)
Proof: For 6 > 0, let
[ = { 1 if X = 0;
0 otherwise.
SinceX =20, [ < g
We also have, E[I]| = Pr[I = 1] = Pr|X = §]

Then Pr|X = 8| =E[I| <E F] < X



Example: Coin Flipping

Let us bound the probability of obtaining more than %n heads in a

sequence of n fair coin flips.
Let

v, — { 1 if the ith coin flip is heads;
l 0 otherwise.

Then the number of heads in n flips, X = >/, X
We know, E|X;] = Pr|X; = 1] ==

Hence, E[X] = Yo, E[X;] = %

Then applying Markov’s inequality,

n/2 _ E
Pr[X> ]<3n/4 3n/4 3



Chebyshev's Inequality

Theorem 2: Forany 0 > 0,

Var|X]
52

IA

Pr[|X — E[X]| = 6]

Proof: Observe that Pr[|X — E[X]| = 6] = Pr[(X — E[X])? = §?].

Since (X — E[X])? is a nonnegative random variable, we can use
Markov’s inequality,

E|(X-E[X])? Var[X]
Pr[(X — E[X])? = 62] < | = I “;’2 .




Example: n Fair Coin Flips

v, — { 1 if the ith coin flip is heads;
l 0 otherwise.

Then the number of heads in n flips, X = >/, X

We know, E[X;] = Pr[X; = 1] = d E[(X;)?]

Nlr—\

Then Var[X;] = E[(X))?] — (E[X;])? =

N | =
A=

Hence, E[X] = X;-{ E[X;] =§ and Varl|X] =

Then applying Chebyshev’s inequality,

Pr(x =2 <pr[ix - ElX) 27| < 075

Var[X] _

= E[X;]

1

?=1 Var[X;]

n/4
 (n/4)?

4
o

S



Coin Flipping and Randomized Algorithms

Suppose we have an algorithm that is

— correct ( heads ) only with probability p € (0,1), and
— incorrect ( tails ) with probability 1 — p.

Question: How many times should we run the algorithm to be
reasonably confident that it returns at least one correct solution?

— Las Vegas Algorithm: You keep running the algorithm until you get

a correct solution. What is the bound on running time?

— Monte Carlo Algorithm: You stop after a certain number of

iterations no matter whether you found a correct solution or not.
What is the probability that your solution is correct ( or you found

a solution )?



Coin Flipping and Randomized Algorithms

Suppose we have an algorithm that is

— correct ( heads ) only with probability p € (0,1), and
— incorrect ( tails ) with probability 1 — p.
Suppose we run the algorithm k times.

Then probability that no run produces a correct solution is (1 — p)¥.

«. probability of getting at least one correct solutionis 1 — (1 — p)¥.

Setk =1n 1 (n—), where a = 1 and ¢ > 0 is a constant.
T—p \ €
Then the probability that at least one run produces a correct solution
is1—(1-p)=1-——.
n
An event I1 is said to occur\with high probability} if Pr|Il] > 1 — nia .
Y

w.h.p.




Example: A Coloring Problem

Let S be a set of n items.

For1l <[ <k,letS; € S such that for every pairof i,j € [1, k] with
[ #j,S; # S but not necessarily 5; N §; = Q.

Foreachl € [1,k], let |S;| = 7, where k < 2772,

Problem: Color each item of S with one of two colors, red and blue,
such that each §; contains at least one red and one blue item.

Algorithm: Take each item of S and color it either red or blue
independently at random ( with probability % ).

Clearly, the algorithm does not always lead to a valid coloring
(i.e., satisfy the constraints given in our problem statement ).

What is the probability that it produces a valid coloring?



Example: A Coloring Problem
For1l <[ < k, let R; and B; be the events that all items of §; are

colored red and blue, respectively.

r
Then Pr[R;| = Pr[B,;] = G) = 27" foreveryl € [1,k].

= PrlUf, R] = Pr[Uf, B)] = k27" < 272277 ==,

Thus Pr{UfL, (R UB)| < 2 x - =~

Pl‘[ﬂic=1(ﬁl N El)] =1- Pr[U;;l(Rl U Bl)] =1~ % - %

. : : . 1
Hence, the algorithm is correct with probability at least >

To check if the algorithm has produced a correct result we simply
check the items in each §; to verify that neither R; nor B; holds.

Hence, we can use this simple algorithm to design a Las Vegas
algorithm for solving the coloring problem!



Example: The Min-Cut Problem

Let G = (V, E) be a connected, undirected multigraph with |V| = n.

AcutinGisasetC € E,suchthatG' = (V,E \ C) is not connected.

b
A min-cut is a cut of minimum cardinality.

C

The multigraph on the right has a min-cut
of size 2: {(a,e), (b,c)}and {(c,d),(d,e)}.

e d
Most deterministic algorithms for finding min-cuts are based on

network flows and hence are quite complicated.

Instead in this lecture we will look at a very simple probabilistic
algorithm that finds min-cuts with some probability p > 0.



Example: The Min-Cut Problem
We apply the following contraction stepn — 2 timeson G = (V, E):

Select an edge ( say, (u, v) ) from E uniformly at random.
Merge u and v into a single super vertex.
Remove all edges between u and v from E.

If as a result of the contraction there are more than one edges
between some pairs of super vertices retain them all.

contract
edge (c,e)

>

Let the initial graph be G, = (V,, Ey), where Vo =V and Ey = E.
Let G; = (V;, E;) be the multigraph after stepi € [1,n — 2].
Then clearly, |V;| = n — i and thus |V,,_,| = 2.

We return E,,_, as our solution.



Example: The Min-Cut Problem
Let us fix our attention on a particular min-cut C of G.

What is the probability that E,,_, = C?
Suppose |C| = k.

Then each vertex of G; = G must have degree at least k as
otherwise G can be disconnected by removing fewer than k edges.

Hence, |E| = |Ey| = k|Vy|/2 = kn/2.

Let II; be the event of not picking an edge of C for contraction in
stepi € [1,n — 2].

k k 2
Then clearly, Pr|Il;] =1 — B > 1 — P 1=
k k 2

Also Prillo|Tly | =1 —-gn 21— a5 n=1-3

k k 2
>1— : =1—-—
|Ei—1l k(n—i+1)/2 n—i+1

In general, Pr[l’[i| n};} Hj] =1-



Example: The Min-Cut Problem
The probability that no edge of C was ever picked by the algorithm is:

P2 ] = 2 (1 - =) = ——=> .

— n—-i+1/ nm-1) "~ n?2

S0 Pr[Ep_p = C] > =, and Pr[E,_, # C] < 1— =

n2’ n2’
Suppose we run the algorithm n?/2 times, and return the smallest
cut, say C’, obtained from those n? /2 attempts.

n?/2
ThenPr[C’iC]<(1—nz—2) <ZsPrlC'=C]>1--.
1

Hence, the algorithm will return a min-cut with probability > 1 — -

But we do not know how to detect if the cut returned by the
algorithm is, indeed, a min-cut.

Still we can design a Monte-Carlo algorithm based on this simple idea
to produce a min-cut with high probability!



When Only One Success is Not Enough

In both examples we have looked at so far, we were happy with only

one success. The analysis was easy.

But sometimes we need the algorithm to be successful for at least or

at most a certain number of times ( we will see a very familiar such

example shortly ).

The number of successful runs required often depends on the size of

the input.

How do we analyze those algorithms?



Binomial Distribution

018

The binomial distribution is the

Source
Prof. Nick Harvey
(UBC)

discrete probability distribution !
of the #successes in a sequence 012}

of n independent yes/no Hr

0.08 -

experiments (i.e., Bernoulli
0.06 -

trials), each of which succeeds

0.04 -

with probability p. nm}

I:I 1 1
-5 a ] 10 15 20

RED: Binomial distribution withn = 20 and p =
flenp) =Pr(X =k) = (Z)pk(l —p)»k  0<k<n

Probability mass function: )

NP

Cumulative distribution function:

F(knp)—Pr(X<k= p(l p)* L, 0<k<n

.[\4w



Approximating with Normal Distribution
2

Normal distribution with mean u and variance g“ is given by:
Fu,0%) = — () €N
X, U O = e o ) X
2 oV 2T

For fixed p as n increases the binomial distribution with parameters
n and p is well approximated by a normal distribution with u = np
and 6% = np(1 — p).

018

0161 Source
0141 Prof. Nick Harvey

RED: Binomial distribution with ' (UBC)
2 1 012 F
n = Oandp—g N
BLUE: Normal distribution with amsl
u=np=10 0.06 -
ando? =np(l—p) =5 00
0.02r




Approximating with Normal Distribution

2 is given by:

Normal distribution with mean u and variance o

-5 (55%)
. \/_ , X € R

flx;u,0%) =

The probability that a normally distributed random variable lies in
the interval (oo, x] is given by:

F(x;u,0 [1 + erf( \/_)] 018
0.16 - Source
where, erf(z) = \/_ﬁfoz e—tz dt. 1l Prof. ;\lliJc;CH)arvey
But erf(z) cannot be expressed D;T
in closed form in terms of u.ﬁa_
elementary functions, and 006 |
hence difficult to evaluate. 0.04F
0.02F

|
25



Approximating with Poisson Disiribution

Poisson distribution with mean u > 0 is given by:

uke

i k=0,12,..

flw) =

If np is fixed and n increases the binomial distribution with
parameters n and p is well approximated by a Poisson distribution

with u = np.

025

Source

RED: Binomial distribution with 5l Prof. Nick Harvey
' (UBC)

n=50andp=%

015

BLUE: Poisson distribution with
u=np =200

0.1

Observe that the asymmetry in the plot

0.05 -
cannot be well approximated by a

symmetric normal distribution.




Preparing for Chernoff Bounds

Lemma 1: Let X4, ..., X,, be independent Poisson trials, that is, each

X; is a 0-1 random variable with Pr|X; = 1] = p; for some p;. Let
X =YY" ,X;andu = E[X]. Then forany t > 0,

E[etX] < e(e’-1)r,

Proof: E[et*i] = p;et™! + (1 — p;)et™® = p;et + (1 — p;)
=1+ pi(et — 1)
Butforanyy, 1 +y < e”. Hence, E[etXi] < ePile’~1),

Now, E[etX] = E[etz?ﬂxi] = E[[Tx, e™i] = [1L, E[e**]

< 1_[n epi(et_l) — e(et_l) Z?:l Di
=1
But, u = E[X] = E[Xi=1 X;] = Xic, E[Xi] = Xiz1pi -

Hence, E[etX] < e(e ~Dk,



Chernoff Bound 1
Theorem 3: Let X4, ..., X,, be independent Poisson trials, that is,
each X; is a 0-1 random variable with Pr[X; = 1] = p; for some p;.
let X = )/-; X; and u = E[X]. Then forany § > 0,

86 H
PrX = (1+ 8l < (Grgmem)

Proof: Applying Markov’s inequality forany t > 0,

E[etX]

PrIX= 1+ 6)u] = Pr[etx = et(1+6)ﬂ] = et(1+8)u

e(et_l)”
S faeop  Llemmal]

Settingt =In(1+6) > 0,i.e, et =1+ 6, we get,

86 H
PrX = (1+ 8l < (Grgmem)



us?

Chernoff Bound 2
Theorem4: For0 < < 1,PriX =1+ 8u] <e 3.

) H
Proof: From Theorem 3, for 6 > 0, Pr[X = (1 + 6)u] < ((1+;)(1+5)) .
5 §°

e _
<e 3

We will show thatfor0 < 6 < 1, 155)0%

—6-(1+0)h(1+8)<-2

Thatis, f(8) = & — (1+5)ln(1+5)+%§0
We have, f'(6) = —In(1 + 6) + %5, and f"'(6) = ——+—
Observe that f'(6) < 0for0 <6 < %, and f"'(8) > 0 foré > %



Theorem 4: For 0 <

Chernoff Bound 2

Proof: From Theorer

We will show that fo

Thatis, f(8) = & —

A1 Prl¥V > (1 4 8),

0.1 1

=
0 T T T I L A a—
. /
- /

-0.14

-02 4

03/
2034
,.

We have, f'(6) = —In(1 + 6) + %5, and f"(8) =

Observe that f'(6) < 0for0 <6 < %, and f"'(8) > 0 foré > %



us?

Chernoff Bound 2
Theorem4: For0 < < 1,PriX =1+ 8u] <e 3.

) H
Proof: From Theorem 3, for 6 > 0, Pr[X = (1 + 6)u] < ((1+;)(1+5)) .
5 §°

e _
<e 3

We will show thatfor0 < 6 < 1, 155)0%

—6-(1+0)h(1+8)<-2

Thatis, f(8) = & — (1+5)ln(1+5)+%§0
We have, f'(6) = —In(1 + 6) + %5, and f"'(6) = ——+—
Observe that f'(6) < 0for0 <6 < %, and f"'(8) > 0 foré > %

Hence, f' () first decreases and then increases over [0,1].

Since f'(0) =0and f'(1) < 0, we have f'(§) < 0 over [0,1].



Theorem 4: For 0 <

Chernoff Bound 2

5<1 Per>(1+5m]<e 3,

Proof: From Theorer

We will show that fo|

Thatis, f(8) = & —

-001

-0.024 |

-0.04
-0.05
-0.06

-0.07

IIIIIIIIII

ll
-0034
1

We have, f'(6) = —In(1 + 6) + %5, and f"'(6) =

+5)u]S(

us?

ed

(1+65)1+6)

Observe that f'(6) < 0for0 <6 < %, and f"'(8) > 0 foré > %

Hence, f' () first decreases and then increases over [0,1].

Since f'(0) =0and f'(1) < 0, we have f'(§) < 0 over [0,1].

).



us?

Chernoff Bound 2
Theorem4: For0 < < 1,PriX =1+ 8u] <e 3.

) H
Proof: From Theorem 3, for 6 > 0, Pr[X = (1 + 6)u] < ((1+;)(1+5)) .
5 §°

e _
<e 3

We will show thatfor0 < 6 < 1, 155)0%

—6-(1+0)h(1+8)<-2

Thatis, f(8) = & — (1+5)ln(1+5)+%§0
We have, f'(6) = —In(1 + 6) + %5, and f"'(6) = ——+—
Observe that f'(6) < 0for0 <6 < %, and f"'(8) > 0 foré > %

Hence, f' () first decreases and then increases over [0,1].
Since f'(0) =0and f'(1) < 0, we have f'(§) < 0 over [0,1].
Since f(0) = 0, it follows that f(§) < 0 in that interval.



’ \0 0 . 0.6 08 _ﬁ
Theorem4: For0 < | . ° ]<e 3.
’ 5
Proof: From Theorer] + 6] < ( 350D
£(5) - .- | 62
We will show that fo] | e 3
-0.04 4 2
| e

Thatis, f(6) =6 —(1+8)In(1+68) +— <0
We have, f'(6) = —In(1 + 6) + %5, and f"'(6) = ——+—
Observe that f'(6) < 0for0 <6 < %, and f"'(8) > 0 foré > %

Hence, f' () first decreases and then increases over [0,1].
Since f'(0) =0and f'(1) < 0, we have f'(§) < 0 over [0,1].
Since f(0) = 0, it follows that f(§) < 0 in that interval.



us?

Chernoff Bound 2
Theorem4: For0 < < 1,PriX =1+ 8u] <e 3.

) H
Proof: From Theorem 3, for 6 > 0, Pr[X = (1 + 6)u] < ((1+;)(1+5)) .
5 §°

e _
<e 3

We will show thatfor0 < 6 < 1, 155)0%

—6-(1+0)h(1+8)<-2

Thatis, f(8) = & — (1+5)ln(1+5)+%§0
We have, f'(6) = —In(1 + 6) + %5, and f"'(6) = ——+—
Observe that f'(6) < 0for0 <6 < %, and f"'(8) > 0 foré > %

Hence, f' () first decreases and then increases over [0,1].
Since f'(0) =0and f'(1) < 0, we have f'(§) < 0 over [0,1].
Since f(0) = 0, it follows that f(§) < 0 in that interval.



Chernoff Bound 3

]/2

Corollary1: ForO <y < u,Pr[X=>pu+y]<e 3~

us?

Proof: From Theorem 2, for0 < § < 1,PriX = (1 +d)ul <e 3.

]/2

Settingy = ud, weget, PriX>u+y]<e 3¢ for0O<y <.



Example: n Fair Coin Flips

v, — { 1 if the ith coin flip is heads;
l 0 otherwise.

Then the number of heads in n flips, X = Z’lf‘lei.

We know, E|X;] = Pr|X; = 1] = %
Hence, u = E[X] = Y1 E[X;] = %

Now putting 0 = %in Chernoff bound 2, we have,

n
Pr[X23—”] <ez=—
4 024



Chernoff Bounds 4, 5 and é

-5 2
Theorem5: For0 < § < 1,PriX < (1 -46)u] < ((1_2)(1_5)) .

us?

Theorem 6: For0 < < 1,PriX < (1-d6)u]l<e z.

]/2

Corollary2: ForO <y < u,Pr[ X <u—y]<e 2~



Chernoff Bounds

e o g ) H

0<6<1L:PriX<(-6)u] < <(1_5)(1—5)> 6>0:PriX=>(1+d6)u] < <(1+5)(1+5)>
_us? ué?
0<6<1L:PriX<(AQ-%ul<e 2 0<6<1:PriX=(1+d)u]<e s
_y: _r?
O<y<puPriX<pu-—-yl<e 2 O<y<u: PriX=zpu+y]<e 3«

Pr{Y =] / \

o NE)

e

Source
1= E[Y] greedyalgs.info



Randomized Quicksort
( RANDQS )



Randomized Quicksort ( RANDQS )

Input: A set of numbers S. (i.e., all numbers are distinct )
Output: The numbers of S sorted in increasing order.
Steps:

1. Pivot Selection: Select a number x € S uniformly at random.

2. Partition: Compare each number of S with x, and determine sets
S;={yeS|y<x}andS, ={y eS|y > x}.
3. Recursion: Recursively sort S; and S,..

4. Output: Output the sorted version of §;, followed by x, followed by the
sorted version of S,..



Randomized Quicksort ( RANDQS )

Input: A set of numbers S. (i.e., all numbers are distinct )

Output: The numbers of S sorted in increasing order.

Steps:

1. Pivot Selection: Select a number x € S uniformly at random.

2. Partition: Compare each number of § with x, and determine sets
S;={yeS|y<x}andS,={yeS|y>x}
3. Recursion: Recursively sort S; and S,..

4. Output: Output the sorted version of S}, followed by x, followed by the
sorted version of S,..

Assumption: RANDQS is called only on nonempty S.

Observation: If |S| = n, fewer than n recursive calls to RANDQS will be
made during the sorting of S. ( why? )

Observation: If |S| = n, and X is the total number of comparisons
made in step 2 ( Partition ) across all ( original and recursive ) calls to
RANDQS, then RANDQS sorts S in O(n + X) time.



Expected Running Time of RANDQS

Observation: If |S| = n, and X is the total number of comparisons

made in step 2 ( Partition ) across all ( original and recursive ) calls to
RANDQS, then RANDQS sorts S in O(n + X) time.

Then all we need to do is determine E[X].

Let 54, S5, ..., S, be the elements of S in sorted order.

Let §;; = {Si,Si+1, ...,Sj} foralll1 <i<j<n.

Observe that each pair of elements of S is compared at most once

during the entire execution of the algorithm. ( why? )

, _ 1 ifs;is compared to s;;
For1Sl<]Sn,IetXij={O l pth K
otherwise.



Expected Running Time of RANDQS

, _ 1 ifs;is compared to s;;
FOFlSl<]STl,|etXij:{ l pth K
otherwise.

Then X = Zn 1 }ll+1Xl'j
E[X] = XI5 Xioin E[Xi)]
= Yot Xjmiva Pr[Xy; = 1]

Observations:
X;j = 0: Once a pivot x with s; < x < s; is chosen, s; and s; will
never be compared at any subsequent time. ( why? )
X;j = 1:If either s; or s; is chosen as a pivot before any other

item in S;; then s; will be compared with s;. ( why? )



Expected Running Time of RANDQS

Since each element of §;; is equaIIy likely to be chosen as a pivot:

1 2
Pr[XU 1] j—i+1 t j—i+1  j-i+1’

Hence, E[X] = Y1) X741 Pr|X;; = 1]
n— 1 n
= di=1 Zj=i+17 501

_ann 2
k=1j41
2

<y k=17

=Y O(logn)
= O(nlog n)

2

Thus expected running time of RANDQS is O(n logn).



High Probability Bound for RANDQS

Input: A set of numbers S. (i.e., all numbers are distinct )

Output: The numbers of S sorted in increasing order.

Steps:
1. Pivot Selection: Select a number x € S uniformly at random.

2. Partition: Compare each number of § with x, and determine sets
S;={yeS|y<x}andS,={yeS|y>x}
3. Recursion: Recursively sort S; and S,..

4. Output: Output the sorted version of S}, followed by x, followed by the
sorted version of S,..

We will prove that w.h.p. the running time of RANDQS does not
exceed its expected running time by more than a constant factor.

In other words, we show that w.h.p. RANDQS runs in O(nlogn) time.



High Probability Bound for RANDQS

Input: A set of numbers S. (i.e., all numbers are distinct )

Output: The numbers of S sorted in increasing order.

Steps:
1. Pivot Selection: Select a number x € S uniformly at random.

2. Partition: Compare each number of § with x, and determine sets
S;={yeS|y<x}andS,={yeS|y>x}
3. Recursion: Recursively sort S; and S,..

4. Output: Output the sorted version of S}, followed by x, followed by the

sorted version of S,..

Let us fix an element z in the original input set of size n.

We will trace the partition containing z for ¢ Inn levels of recursion,

where c is a constant to be determined later.

Isl
4

3|S]

< |Sl|: |Sr| < T, we call

If a partitioning step divides S such that

that partition a balanced partition.



High Probability Bound for RANDQS

We will prove that among the ¢ In n partitioning steps z undergoes,

w.h.p. at least %lnn results in balanced partitions.
If at any point z is in a partition of size k, after a balanced partitioning

. : - . 3
step it ends up in a partition of size at most (Z) k.

Since the input size is n, after%ln n balanced partitions, z will end up

n

nin(3)

Inn
in a partition of size < G)‘L n= whichis < 1 forc = 14.

That means if ¢ = 14, then z will end up in its final sorted position in

the output after undergoing %lnn balanced partitions.



High Probability Bound for RANDQS

Forl <i<clnn,let

7. — { 1 ifthe partition at recursion level i is balanced;
| 0 otherwise.

But a balanced partition is obtained by choosing a pivot with rank

k 3k . . : i
between " and < where k is the size of the set being partitioned.

Since each element of the set is chosen as a pivot uniformly at
3k k

random, a balancing pivot will be chosen with probability +—2% = %

k

Hence, Pr|Z; = 1] = %

Thus E[Z;] = Pr[Z; = 1] = %



High Probability Bound for RANDQS

Total number of balanced partitions, Z = ¥¢18" 7,

Theny = E[Z] = 3¢ E[z,] = <.

Now applying Chernoff bound 5 ( see Theorem 6 ) with 6 =

us?

PriZ<(1-6)ul<e 2z

_ws e _<
:Pr[ZS%lnn]Se 2 = e 161nn:n 16:L

c -
nieé

For c = 32, we have Pr[Z < 8Inn] <—2.
n

This means that the probability that z fails to reach its final sorted

1
position even after 32 Inn levels of recursion is < — —~



High Probability Bound for RANDQS

The probability that at least one of n input elements fails to reach its

. .. L 1 1
final sorted position after 32 Inn levels of recursionis<n X — = —.

n2 n

= the probability that all n input elements reach their final sorted

- . 1
positions after 32 Inn levels of recursionis > 1 — —.

n

But observe that the total amount of work done in each level of
recursion is O(n).

~. total work done in 32 Inn levels of recursion is O(nlogn).

Hence, w.h.p. RANDQS terminates in O(n logn) time.



Random Skip Lists



Searching in a Sorted Linked List

Traditional Linked List:
head

n items

SEARCH( x ): Takes < n time.

2-level Linked List:

SEARCH( x ): Takes < 2+/n time.



Searching in a Sorted Linked List
3-level Linked List:

SEARCH( x ): Takes < 33/n time.

1
k-level Linked List: SEARCH( x ) takes < k&/n = knk time.

1
For k = log n: SeArcH( x ) takes < (logn) - nleen = 2]logn time!



Searching in a Sorted Linked List

1
(log n)-level Linked List: SEArcH takes < (logn) - nloe™ = 2logn time!

head level
Lﬂ 5
2] 25 4

Observations:

1. Letn; =#itemsinlevel [. Thenn;,; = [%}

2. Letm; =n; —n;,.,=#items in level [ that have not

reached level [ + 1. Then m; = [ﬂ



Searching in a Sorted Linked List

1
(log n)-level Linked List: SEArcH takes < (logn) - nloe™ = 2logn time!

head level
Lﬂ 5
2] 25 4

How do we maintain this regular structure under insertion and
deletion of items?

Deterministic solution does not seem straightforward.

But randomization can make life really easy!



Random Skip Lists

Construction:
1. Start with all items along with a sentinel —co in level 1.
2. Promote each non-sentinel item of levell > O to level [ + 1

with probability %

If level [ + 1 is nonempty promote the sentinel, too.



Random Skip Lists

Let L be a skip list,
L; be the set of all items in level k = 1,
[(x) =max{ k|x € Ly}, and
h(L) = max{l(x)|x € L, }.



Random Skip Lists

Clearly, foreachx € Landk > 1,Pr[l(x) = k| = — .
Then Pr{1(x) > k1= 22441 Pr[100) = 1] = 22441 (51) = 52
PrlA(L) > k] = Yye Prli(x) > k] = .
>Pr[h(L)<k]=1-Pr[h(L)>k]=1——.
. For constantc > 2, Pr[ h(L) < clogn] =1 — »

Hence, w.h.p. height of a skip list is O(logn).



Random Skip Lists

head level
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Let us flip 4c log n fair coins, and let X is the number of heads we get.

Then u = E|X] = (4clogn) X % = 2clogn.

us?

We know for 0 < § < 1, Chernoff bound, Pr[ X < (1 —8)u] <e z.

Putting 6 = %and u = 2clogn,weget, Pr[X < clogn ] < ic

n4
Forc = 16,Pr[X > clogn| > 1 ~1.

n
Hence, w.h.p. we will get more than c logn heads.



