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An Impossible Counting Problem

Suppose you went to a grocery store to buy some fruits. There are
some constraints though:

A. The store has only two apples left: one red and one green.
So you cannot take more than 2 apples.

B. All but 3 bananas are rotten. You do not like rotten bananas.

F. Figs are sold 6 per pack. You can take as many packs as you want.

M. Mangoes are sold in pairs. But you must not take more than a
pair of pairs.

P. They sell 4 peaches per pack. Take as many packs as you want.

Now the question is: in how many ways can you buy n fruits from the
store?



Generating Functions

Generating functions represent sequences by coding the terms of a
sequence as coefficients of powers of a variable in a formal power

series.

For example, one can represent a sequence Sy, S1, S, ... aS:

S(z) =sg+ 512+ 5,z% + 5323 + -+ 52" + ...

So s, is the coefficient of z™ in S(2).



An Impossible Counting Problem

The store has only two apples left: one red and one green.
So you cannot take more than 2 apples.

A(z) =1+2z+2z% =1+ 2)?
All but 3 bananas are rotten. You do not like rotten bananas.

1—z4
1—2z

Figs are sold 6 per pack. You can take as many packs as you want.
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F(z)=1+2z°4+2z%+2z8%+... =
(2) z°+z Z T 6

B(z)=14+z+2z*+23=

Mangoes are sold in pairs. But you must not take more than a
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They sell 4 peaches per pack. Take as many packs as you want.
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An Impossible Counting Problem

Suppose you can choose n fruits in s,, different ways.
Then the generating function for s,, is:

, 1-2z* 1 1—2z° 1
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Equating the coefficients of z™ from both sides:
Sp, =2n+1



Fibonacci Numbers

Recurrence for Fibonacci numbers:

(0 if n=0,
fa = 1 if n=1,
\fn—1 + f,_» otherwise.

= fan= fan-1+ fa—2 tIn=1]

Generating function:  F(2) = fy + fiz + 2% + f323 + ...

F)= ) fur = ) faoaZ+ ) a2+ ) [n=1]2"
Y 4 Y 4

= zF(2) + z°F(z) + z



Fibonacci Numbers
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Schroder Numbers

For positive integer n:

( 1 if n <2,
Sy = 3

3
(6S;,_1 — Sp—2) — " (3s,,_1 — S,—») otherwise.
\

25, =2 / Forn = 2, 2s,, is the number

o / of lattice paths in the Cartesian

~ plane that startat (1,1), end

253=6 —

at (n,n), contain no points

above the line y = x, and are
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25, = 22

composed only of steps (0,1),
(1,0) and (1,1).
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Schroder Numbers

We have: S1 =5, =1
and forn > 2: ns,—6ns,_4+9s,_1+ns,_»—3s,_,=0
= 3(3s,,_1 — Sp_2) + n(s,,_o — 65,1 +5,) =0

Generating function:  S(2) = 57z + s,z% + 5323 + s,z* + ..
= S'(z) = s + 25,z + 3532% + 45,23 + ...

32zS(z) — z%S(z) + z35'(z) — 62°S'(z) + zS' (2)

= 51742 — (351 — ZSZ)ZZ + (3(352 — Sl) + 3(51 — 652 + 53))Z3

+ (3(3s3 — 53) + 4(s, — 653 + 54))z* + -

+ (3(3511—1 _ Sn—z) + n(Sn—z _ 6Sn—1 T Sn))Zn + -
= 3z5(2) — z%S5(2) + z35'(z) — 62z°S'(2) + zS'(2)

= 5172 — (351 — ZSZ)ZZ

5>0B-2SD)+EZ*—-6z+1)S'2)+(z-1)=0



Schroder Numbers

B-2)S@+Z*—-6z+1DS'"@D)+(=z—-1)=0
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:>j P T dzzj zdz
0 (z2—6z+1)2 0 (z2-6z4+1)2
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= —
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1
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:>S(Z)=%(2+1—\/zz—6z+1)

=0



Schroder Numbers

S(Z)=%(Z+1—\/ZZ—62+1)

=z+2z%2+323 +11z% + 452° + -

Equating the coefficients of z™ from both sides:

. = Z (n—1)p-1(n+2) 41
" i k! (k+1)! ’

where, (a)r; = ala + ) (a+ 20)..(a + (k — 1)1).



