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F.2.2 [Nonnumerical Algorithms and Problems]: Com-
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D.2.4 [Software/Program Verification]: Formal meth-
ods
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1. PREFACE

This is a revised and updated version of [28]. Paris Kanel-
lakis and the second author (Smolka) were among the first
to investigate the computational complexity of bisimula-
tion, and the first author (Moller) has a long-established
track record in the field. The authors therefore believe that
the proceedings of Principles of Computing and Knowledge:
Paris C. Kanellakis Memorial Workshop represent an ideal
opportunity for another look at the subject.

2. INTRODUCTION

In his Turing Award lecture [12], Juris Hartmanis elo-
quently discusses, among other things, the fundamental role
that computational complexity theory plays in computer sci-
ence. He goes on, in the context of describing joint work with
Phil Lewis and Richard Stearns, to highlight some of the re-
sults obtained on the computational complexity of problems
in formal language theory; e.g., all context-free languages
are contained in TIME[n®] and SPACE[log” n].

We argue here that the computational complexity of gen-
erative devices such as grammars or automata takes on a
new and interesting light when such devices are interpreted
as generating (concurrent) processes rather than formal lan-
guages, and the traditional notion of language equivalence is
replaced by bisimulation equivalence. A grammar in Greibach
Normal Form (GNF) describes a process represented as a
state transition system in the following fashion: the states
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of the process correspond to sequences of nonterminals; and
the transitions leading from a state corresponding to a se-
quence starting with a nonterminal X are prescribed, in a
one-to-one fashion, by the rules of the grammar correspond-
ing to the nonterminal X. Formally, X3 % a8 if X — a«
is a rule of the grammar. Thus, each nonterminal itself rep-
resents a (state in a) process, and the leftmost derivation
rule reflects the idea that the concatenation of nonterminals
models the sequential composition of the processes repre-
sented by the nonterminals.

Bisimulation is the cornerstone of a number of theories of
concurrent and distributed computing, most notably Robin
Milner’s Calculus of Communicating Systems (CCS) [24]
and the m-calculus [26]. Given that Milner received the
1991 Turing Award and that bisimulation figured promi-
nently in his Turing Award lecture [25], we believe it is
particularly apropos to re-examine the field of computa-
tional complexity—whose inception is due to Hartmanis and
Stearns—in this setting.

Bisimulation has also drawn the attention of modal logi-
cians, who called it the “zig-zag” relation some 20 years ago.
It is intimately related to the distinguishing powers of gen-
eral branching-time temporal logics, in particular the modal
mu-calculus. Set theorists have been attracted to bisimula-
tion, as it forms the basis of Peter Aczel’s Anti Foundation
Axiom for non-well-founded set theory [2]. The functional
programming community has also shown interest in bisim-
ulation, as evidenced by Samson Abramsky’s notion of ap-
plicative bisimulation for relating terms of the lazy lambda
calculus [1]. Finally, as we shall demonstrate, bisimulation
has an elegant game-theoretic interpretation as promulgated
by Colin Stirling [39].

To motivate this study, consider the regular expressions
ab + ac and a(b + ¢) which are represented by the follow-
ing nondeterministic finite-state automata (NFA) and cor-
responding regular grammars.

X —aY
a U—aV
X —aZ
v b V —b
N
by (¢ V —c¢
Z —c

These expressions, as well as their corresponding automata,
are clearly language equivalent, as they both describe the
language { ab, ac }; as language generators, they are indis-
tinguishable. However, viewed as process generators they
may be distinguished. The first automaton in its initial state
X may perform an a-transition and evolve into either state



Y —from which only a b-transition is possible—or state Z—
from which only a c-transition is possible; on the other hand,
the second automaton in its initial state U performs the a-
transition and evolves into state V' from which both the b-
and c-transitions are possible.

If we interpret these automata as representing the be-
haviours of processes, with the transitions being potential
communications with the environment in which these pro-
cesses reside, then it behooves us to consider them as be-
haviourally inequivalent. For example, after the initial com-
munication involving the a-transition, the second process
would be in state V from which it is willing to participate
in a communication involving a b-transition, whereas the
first process may be in state Z from which it will refuse to
participate in a communication involving a b-transition. In
the terminology of concurrency theory, the first process may
deadlock in an instance in which the second will not.

Milner [23] proposed bisimilarity to formally capture the
notion of behavioural equivalence, and gave it, along with
David Park [32], a simple and elegant mathematical def-
inition in terms of bisimulations. A bisimulation is a bi-
nary relation R on processes such that whenever R(P,Q),
if P can perform some a-transition to become P’ then Q
can perform the same a-transition to become some Q' such
that R(P’,Q’); and conversely if @ can perform some a-
transition to become @’ then P can perform the same a-
transition to become some P’ such that R(P’,Q’). Note
the recursive nature of the definition. Now, two processes
P and @ are bisimilar if there exists a bisimulation R such
that R(P, Q). It is well-known that bisimulations are closed
under union and that the largest bisimulation, under set in-
clusion, exists. In fact, this largest bisimulation, ~, is an
equivalence relation and taken to be bisimulation equiva-
lence.

We now have in place the three main ingredients of a
formal language theory in a new setting: automata and
grammars (processes), and equivalence (bisimilarity). The
computational complexity of bisimulation in this formal-
language framework, however, differs greatly from its clas-
sical counterpart, with a number of surprising twists and
turns worth mentioning. We concentrate here on the inner
layers of the Chomsky hierarchy, viz. regular and contezt-
free processes, and note in passing that a language like CCS
is easily shown to be Turing-powerful.

3. REGULAR PROCESSES

In the case of regular processes, that is, those given by
right-linear GNF grammars such as the two depicted above,
the main complexity result is as follows. Let P and Q be
regular processes whose underlying NFA have a total of n
states and m transitions. Then, as was shown by Kanel-
lakis and Smolka [20], whether or not P and @ are bisimilar
can be decided in polynomial time, O(nm) time to be ex-
act. (This algorithm was subsequently improved upon by
Paige and Tarjan who devised one that runs in O(mlogn)
time [30].) This is in stark contrast to the equivalence prob-
lem for regular expressions, which was shown by Stockmeyer
and Meyer to be PSPACE-complete [43].

Moreover, bisimulation was originally defined by Milner
as the limit of a sequence of successively finer equivalence
relations ~p, where ~j is language equivalence. Kanel-
lakis and Smolka showed that, for each fixed k, deciding
~ is PSPACE-complete, a complexity that disappears in

the limit; i.e., upon reaching ~.

4. CONTEXT-FREE PROCESSES

The situation is even more dramatic in the context-free
case, where the resulting processes are no longer finite-state.
In the concurrency theory community, context-free processes
are referred to as BPA (Basic Process Algebra) processes.
In the classical setting, Bar-Hillel, Perles, and Shamir [5]
showed that the equivalence problem for languages gener-
ated by nondeterministic context-free grammars is unde-
cidable. Taking advantage of the periodic structure exhib-
ited by bisimilar processes, Baeten, Bergstra, and Klop [3]
were able to show that bisimilarity of normed BPA—those
context-free processes in which the underlying GNF gram-
mar contains no redundant nonterminals—is decidable. (Be-
ing normed means that there is a sequence of transitions
leading from every state of the process to the final state
€. The norm of a state is defined to be the length of a
shortest such sequence.) In fact, Hirshfeld, Jerrum and
Moller [14] showed that, in this case, bisimilarity can be
decided in polynomial time. Restricting to simple (i.e., de-
terministic) normed grammars, where language equivalence
and bisimilarity coincide, this gives that language equiv-
alence is polynomially decidable, improving vastly on the
doubly-exponential algorithm of Korenjak and Hopcroft [21].

For arbitrary (unnormed) BPA processes, Christensen,
Hiittel, and Stirling [11] showed that bisimilarity is still de-
cidable. However, the complexity in this general case is now
known to be PSPACE-hard [37], yet no worse than doubly-
exponential [8].

5. COMMUTATIVE CONTEXT-FREE PRO-
CESSES

Of course, in studying concurrent processes one would like
to consider processes composed not merely sequentially as
with context-free processes, but concurrently as well. A sim-
ple form of concurrent composition can be modelled by con-
sidering commutative context-free processes, that is, where
we now interpret concatenation of nonterminals modulo com-
mutativity. In this way, the leftmost derivation rule allows
any nonterminal in a sequence to be used to provide the next
transition from the state associated with that sequence, sim-
ply by commuting the sequence to bring the relevant non-
terminal to the start of the sequence. Concatenation of non-
terminals in this case models the parallel composition of the
processes represented by the nonterminals, rather than the
sequential composition as in the case of the earlier context-
free processes. In the concurrency theory community, the
resulting process is referred to as a BPP (Basic Parallel Pro-
cess) process. For example, the grammar

A — aAB
A—c
B—b

gives rise to the BPA (context-free) process

a@a
b@b




and to the BPP (commutative context-free) process

a

a a
@ L —(AB)_ —(ABB)
b D
lc lc C

BPP processes correspond to communication-free Petri nets,
those (place/transition) Petri nets in which each transition
has a unique input place. For example, the above BPP
process corresponds to the following Petri net:
c a b
G e Gy

The results regarding deciding bisimulation in this case
are similar to those for BPA processes. Hirshfeld [13] showed
that, once again, language equivalence is undecidable, while
Christensen, Hirshfeld and Moller [9] showed that bisim-
ilarity is decidable in general, and Hirshfeld, Jerrum and
Moller [15] showed that it is decidable in polynomial time.
Jancar [16] has recently demonstrated that the general prob-
lem is PSPACE-complete.

One noteworthy corollary from the latter paper is the res-
olution of an intriguing long-standing conjecture. In the
case of BPA processes, if X is an unnormed variable it is
easily confirmed that X ~ Xa for any sequence «; being
unnormed, the nonterminal X represents a process which
can never terminate, so the behaviour of X« will be the
same as that of X. Also, if XX ~ XXX then the variable
X must be unnormed; this follows from the fact that the
norm is additive (norm(af) = norm(a) + norm(3)), and
that bisimilar processes must have the same norm. Thus
it is clear that the identity X ~ XX follows immediately
from XX ~ XX X. However, this is by no means obvious in
the case of BPP processes. This conjecture was put forward
ten years ago (a stronger version appears in [10]), and since
then many clever researchers have failed at every attempt to
prove this cancellation law; none of the standard bisimula-
tion proof techniques seem to be applicable to this question.
Jancar [16] finally provided a proof which is unexpectedly
complicated for such a simple-looking conjecture.

6. STATE-EXTENDED PROCESSES

A common extension to context-free and commutative
context-free processes is provided by including a finite-state
control. With such an extension, the grammar rules are
no longer based solely on the leading nonterminal of the
sequence representing the state, but are dictated as well
by the finite-state control. State-extended BPA naturally
correspond to pushdown automata (with the sequence of
nonterminals representing the contents of the stack), while
state-extended BPP correspond to multiset automata, and
represent a subclass of Petri nets.

Sénizergues [34] and Stirling [41] both showed the de-
cidability of bisimulation equivalence over state-extended
BPA. A more noteworthy related result by Stirling [42] is
that bisimilarity is decidable over strict deterministic gram-
mars. This result reinforces (and gives a shorter proof for)
Sénizergues’ solution [35] to the long-standing problem of
language equivalence between deterministic pushdown au-
tomata.

For the case of state-extended BPP, the result differs from
the sequential case; in this case, bisimilarity is undecid-
able [27].

7. BISIMULATION AND OTHER GAMES

It is instructive to view bisimulation equivalence in terms
of particular two-player games. A game is provided by a pair
of processes (P,Q), with the players alternating moves as
follows: Player 1 chooses a transition of one of the processes,
and in response, Player 2 must choose an identical transition
of the other process. The game then continues starting from
the resulting pair of processes. If Player 2 ever finds that she
cannot respond to a move made by Player 1, she loses the
game. A moment’s reflection then leads to the realization
that Player 2 has a defending strategy exactly when the two
processes are bisimilar: if there is a bisimulation relating the
processes, then a defending strategy for Player 2 consists of
merely matching transitions made by Player 1 which lead to
a resulting pair which is also contained in the bisimulation
relation. Conversely Player 1 has a winning strategy exactly
when the two processes are not bisimilar.

As an example, processes X and U pictured above are not
bisimilar. (Try constructing a bisimulation relating X and
U; there isn’t any!) This nonbisimilarity is evidenced by
the existence of an obvious winning strategy for Player 1 in
the game defined by the pair (X,U). After one exchange of
moves consisting of a single a-transition, the game must be
in either the configuration (Y, V) or (Z,V). In the first in-
stance, Player 1 may win by choosing the single c-transition
from process V, while in the second instance she may win
by choosing the single b-transition from process V. Thus,
bisimilarity is a strictly more discriminating equivalence re-
lation than language equivalence, and is intrinsically sensi-
tive (unlike language equivalence) to the nondeterministic
branching structure of processes.

The simple game described above for characterising bisim-
ulation can be adapted to other equivalences, such as those
reflecting a noninterleaving semantic interpretation' [29].
More interestingly, they can be modified to reflect model-
checking algorithms for established modal and temporal log-
ics [38, 40]. For example, rules may be introduced allow-
ing players to mark selected subsets of states, and to per-
mit them to jump to arbitrary marked states. Such rules
are typical when characterising fixed points or second-order
quantification in logics. In this way we get intuitive expla-
nations of when a process satisfies a specification presented
as a logical property: the question (and its complexity) is
reduced to the question (and the complexity) of determining
the holder of the winning strategy in a game.

Many classes of games, and their decision complexity, have
been extensively studied over the last years. Yet many fun-
damental and practically important problems remain open.
In particular, we mention the following two classes of games

In a setting of multiple, concurrently executing processes,
bisimulation equivalence is reflective of an interleaving se-
mantic interpretation of concurrency. Under this interpreta-
tion, the concurrent execution of actions a and b is captured
by the regular expression ab+ ba, reflecting the two possible
interleavings of these actions. In a noninterleaved interpre-
tation, a and b are thought to occur in a truly concurrent
manner. Mathematically, this amounts to introducing some
sort of concurrency relation indicating when two actions oc-
cur concurrently.



which are especially relevant for computer-aided verification.

Biichi Games. Given a finite directed bipartite graph
G = (V4,V2,FE) and some F C Vi, can Player 1 (start-
ing in v € Vi and selecting outgoing edges from V;) force
Player 2 (selecting outgoing edges from V2) to visit vertices
in F infinitely often?

Different standard fairness properties of real-life reactive
systems are naturally formulated in terms of Biichi games,
and the precise computational complexity of deciding the
winner in such games is of primary practical concern. The
original algorithm due to Rabin discovered three decades
ago has quadratic time complexity [44] and has yet to be
improved. For practical applicability it is crucial to find an
algorithm with a subquadratic upper bound.

Parity Games. Parity games differ from Biichi games only
in the winning condition. Given a sequence F' = (Fp, ..., F})
of disjoint subsets of Vi, can Player 1 assure that no mat-
ter how cleverly Player 2 moves, in the resulting sequence
some vertex from some Fb; occurs infinitely often, while all
vertices from F;4; (7 > 0) only finitely often?

Parity games are known to be polynomial-time equiva-
lent to the fundamental p-calculus model checking problem:
whether a given Kripke model satisfies a propositional pu-
calculus formula involving boolean connectives, the modal
“next”, and least and greatest fixed-point operators. The
p-calculus is a powerful logic subsuming all other temporal
logics of programs. Therefore, it is important to know pre-
cisely the complexity of its model checking. Currently, it is
only known that the problem belongs to the class NP N co-
NP; the best decision procedures are exponential. Any
progress towards polynomial-time decidability of the prob-
lem will constitute a major theoretical contribution with
important practical applications.

Finally, we would like to comment on more general games
and Nash Equilibria. A game, in general, consists of n
players, with Player ¢ choosing a strategy o; € S;, along
with functions w; : S1 X -+ xS, - R (1 < ¢ < n) as-
signing a payoff to each person. Rational behaviour is de-
fined as a Nash equilibrium: a combination (o1,... ,0,) €
S1 X ---x 8, of strategies for which for all i and all o € S;:
wi(o1,. ..y Tiye ey 0n) > wi(o1,. .., 0%, ... ,00); that is, no
player has an incentive to deviate.

A Nash equilibrium need not exist, nor be unique. How-
ever, a corollary of the ingenious results by Nash himself
is that a mized (randomized) Nash equilibrium is always
guaranteed to exist. In a game between two players each
offered a finite set of strategies, the problem of comput-
ing a mixed Nash equilibrium is in NP but unlikely to be
NP-hard. The importance of using Nash equilibria to un-
derstand the behaviour of distributed systems, particularly
the Internet, is being exposed by various researchers, such
as Koutsoupias and Papadimitriou [22]. Indeed, according
to Papadimitriou [31]:

“Together with factoring, the complezity of find-
ing a Nash equilibrium is in my opinion the most
important concrete open question on the bound-
ary of P today.”

8. PARALLEL COMPLEXITY

An intriguing question to ask about bisimulation is does
it have an efficient parallel solution? The class NC contains
those problems that can be solved in polylogarithmic time

using a polynomial number of processors (in the size of the
input). NC is generally regarded as the class of problems
that have fast parallel solutions.

It is generally believed that P-complete problems cannot
be in NC. A problem is in P if it can be solved by a de-
terministic Turing machine in polynomial time. A problem
is P-complete it is in the class P, and it is P-hard in the
sense that any other problem in P is log-space reducible to
it. A reduction is log-space if it uses at most a logarithmic
amount of intermediate storage space.

Balcazar et al. [4] established the P-completeness of the
bisimulation checking problem for regular processes via a
log-space reduction from the Monotone Alternating Circuit
Value Problem. Despite this negative result, several par-
allel and distributed algorithms for deciding bisimulation
equivalence of finite-state processes have been proposed that
achieve non-trivial speedups in practice [45, 19, 33, 6].

9. CONCLUSIONS

We have offered a brief history of the computational com-
plexity of bisimulation. Several comprehensive surveys about
the subject, focusing on infinite-state processes, have been
written (eg, [27, 18, 17]), including a major Handbook chap-
ter [7]. There is even now a project devoted to maintaining
an up-to-date overview of the state-of-the-art in this dy-
namic research topic [36].

The reader may have noticed the following trend about
bisimulation: bisimulation equivalence is computationally
easier to decide than language equivalence, regardless of the
nature of the underlying process model, be it finite-state or
infinite-state. It is interesting to search for an explanation to
this computational dichotomy. Some insight can be gained
by again noting that bisimulation is a much more discrimi-
nating equivalence than language equivalence, to the point
where it is easier to decide. In particular, bisimilar states, for
any symbol a, must lead to bisimilar states. The absence of
this restriction on language-equivalent states in some sense
forces one to determinize the automata in question to decide
equivalence, a costly proposition indeed.

Finally, we ask what are the practical ramifications of the
computational dichotomy? Happily, the answer is a positive
one for computer scientists interested in bisimilarity, such
as concurrency theorists and verification tool builders. In
this case, one is confronted with a computationally tractable
problem even for processes of a highly expressive nature.
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