
Financial Time Series as
Random W alks

J. P. Mo rgan's famous sto ck ma rk et prediction was
that \Prices will 
uctuate."

Bachelier's Theo ry of Speculation in 1900 postulated
that prices 
uctuate randomly .

Indeed, simple random pro cesses can generate time se-
ries which closely resemble real �nancial time series.

Such a mo del mak es sense in a world where (1) most
price changes result from temp orary imbalances be-
t ween buy ers and sellers, (2) stronger price sho cks are
inherently unp redictable, and (3) under the e�cient
ma rk et hyp othesis, where the current price of a sto ck
re
ects all info rmation about it.



Caveats
Such a mo del do es not mak e sense if you believe in
technical analysis, where it assume the price trajecto ry
to this point o�ers insight into the future.

One downside of conventional random walk mo dels
is that they predict returns as being normally or log-
normally distributed.

As we have seen, such distributions tend to underesti-
mate the frequency of extreme events.

Still, random walks can be very useful in mo deling �-
nancial risks and returns.



Applications of Random W alks
Estimating the probabilit y distribution fo r the price of
a sto ck at a given future time t is critical to pricing
certain options.

This probabilit y distribution can be mo deled as the dis-
tribution of positions after f ( t ) steps of a random walk.

For this question, there is a closed fo rm which can
calculate the probabilit y distribution directly , using a
normal or binomial distribution (dep ending up on the
random walk mo del).

However, simulations of random walks enable one to
compute the probabilities of mo re complicated events. . .

Supp ose you want to kno w the probabilit y that a sto ck
will hit a given price at some point between now and
time t, or what is the exp ected high price reached over
this interval.

Supp ose you want to kno w the probabilit y a company
will go bankrupt at some point between now and time
t. W e can de�ne a company as bankrupt, say, when
its capitalization falls to less than its debt minus its
assets.



Biased Coin Flipping
A simple discrete random walk mo del holds that in each
step, we move a distance of 1 either up or down, with
the probabilit y p of an upward move and 1 � p of a
downw ard move.

The path we tak e as a function of such moves de�ned
a random walk, and is akin to 
ipping a biased coin.

What is the probabilit y P r ( h; n; p) that we get exactly
h heads and n � h tails with a coin that comes up heads
with probabilit y p?

P r ( h; n; p) =

�
n
h

�
ph(1 � p) n� h

For an unbiased coin ( p = 0:5), the exp ected di�erence
between heads and tails is 0, but the exp ected absolute
di�erence between heads and tails is O(

p
n).



Bro wnian Motion
Continuous random walk mo dels, called W einer pro-
cesses or Bro wnian motion , can also be considered.

A time series f ptg is a random walk if

pt = pt � 1 + at

where f atg is a white noise time series.

Recall that the white noise series is de�ned by its vari-
ance, � 2

Under such a mo del, pt is not predictable or mean-
reverting, but has exp ected value p0 .

Price series that tend to increase with time can be
mo deled as a random walk with drift :

pt = � + pt � 1 + at

Such a time series only mak es sense if f ptg re
ects
the log price, since otherwise the impact of f atg will
diminish with time.

Over short time scales, it is not to o wrong to compute
percentage changes by adding percentages



Random W alks with Memo ry
Successive movements in the random walks mo dels to
discussed to date are indep endent , which contradicts
our natural perception about how ma rk ets move.

Hurst random walks are discrete random walks which
reverse direction with probabilit y h.

A value of h = 0:5 generates a coin 
ipping random
walk, while a value of h = 1:0 generates a walk which
moves in only one direction.

Intermediate values of h should generate walks with
mo re \driven" than simple coin-
ipping, although the
eye often mistak enly identi�es trends in such walks.

Hurst walks arise in the analysis of fractal phenomenon.



Generating Random Numb ers
Simulating random walks require a source of random
numb ers.

T ruly random numb ers cannot be pro duced by a deter-
ministic computer.

Linea r congruential generato rs are a reliable source of
random numb ers, where

r n = ( ar n� 1 + c) mo d m

fo r app rop riate constants a, c, and m.

Note that the accuracy of a simulation dep ends on gen-
erating truly pseudo-random numb ers. W ould a ran-
dom walk alternating up and down lo ok lik e a price
series?

Statistical tests are available fo r measuring the validit y
of a random numb er generato r, but lib rary function
should be go od until you exceed the perio d where they
sta rt to rep eat.

E�cient algo rithms exist fo r constructing numb ers from
a given, non-unifo rm distribution using a unifo rm gen-
erato r.



Volatilit y Prediction
Sto ck volatilit y (measured by the absolute value of re-
turns) tends to show much stronger short term corre-
lation than returns itself.

Lag Volatilit y Corr. Return Corr.
1 0.441 0.021
2 0.371 -0.016
3 0.337 -0.024
4 0.311 -0.016
5 0.319 0.004

10 0.287 0.005
20 0.249 -0.012
30 0.264 -0.001
40 0.233 0.005
50 0.209 -0.002

W e used an exp onentially weighted moving average
mo del to predict volatilit y.

T o inco rp orate the volatilit y prediction into our random
walk mo del, we must map volatilit y to parameters fo r
(1) the simulated numb er of steps per day, and (2) the
step size.

W e mo deled each trading day by a walk of 1000 steps,
and adjusted the step size so as to pro duce the step
size to achieve the desired volatilit y.

W e used a Hurst random walk mo del with h = :57,
which gave us the best results.

W e did not mo del any drift, because we where inter-
ested in predictions over very short time intervals.



Night Moves
Usually there is a substantial di�erence between one
days closing price and the next day's op ening price ,
re
ecting the news that occurred in the interim.

The NYSE is op en 9:30AM-3:30PM each day. Do es
mo re or less activit y happ en in the 18 hours until the
next session?

This can be established by plotting the average daily
ratio of night-to-da y changes fo r Do w sto cks:

The average night-move over this perio d was 0.567
that of the day-move, with a mean of 0.527.

The impact of these moves can be simulated by running
the random walk the equivalent of this many steps each
night and sta rting the next day from there.



Results: Predicting the
Exp ected High

W e used our random walk to predict the range of the
exp ected high achieved over the next 1 day and 10
days:

The leftmost point reco rds the frequency the actually
high never exceeded the close of the sta rt perio d, with
the rightmost point reco rding the frequency the actu-
ally high exceeded our prediction of what is possible in
the time perio d.



The random walks do a go od, but not perfect job, of
predicting the actual distribution.

W e also do a go od, but not perfect, job of predicting
closing prices:


