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M otivation

Enginees and theoreticias have differentideason how to
solve combinatoridoptimizationproblems.

Thetwo groupsspeakcompletelydifferentlanguags:
Engineer “Genetic algorithms, simulatedannealing,local
optimization,enegy landscpes...”

Theordician: “Approximation algorithms, PTAS, NP-
completenss...”



Dialog

Engineer “Our heuristic work well in practice. Your
heuristicsare very problem-spedic and can be difficult to
Implement.

Theordician: “We getguarantesaboutour heuristics.Why
do you think yoursarearny good?”



Dialog Breaks Down

Engineer “Your Momma’

Theordician: “No, your Momma’

Our proposal: Combinatorial dominance analysis as a
possibleway to help bridgethis divide.



Outline of Talk

e CombinatoriaDominanceAnalysis...
e ...Appliedto Problem-Speific Heuristics
e ...Appliedto Black-Box Seart Heuristics

e Building a Geneal CombinatorialSeart Engine



L etters of Reference

“Sheis half asgoodas| am, but | amthe bestin the
world...”

“Shefinishedfirst in my classof 75 students..”

The former is akin to an approximationratio, the latterto a
combinatorial dominance guarantee.
Whichis a strongerendorsemet? Not obvious.



Combinatorial Dominance Guar antees

The solution space Sp(n) is the setof all possiblesolutionsz
to P, where|z| = n.

A heuristic Hp(I) offersan f(n) combinatorial dominance
guaranteeif for all instance I thesolutionHp(7) is provably
atleastasgoodas f(n) elementf Sp(n).

A specificinstancel’ yields a blackball bound of b(n) if the
solutionHp(I') is provally worsethanatleastb(n) elements
of Sp(n)



Good Things about Dominance Analysis

e Opensthe possibility of analyzing practial heuristics
suchas k-opting, which do not offer interestingworst-
caseapproximaion ratios.

e Openghepossibilityof analyzng heuristicdor inapprox-
Imableproblemdik e independat setor graphcoloring.

e Yieldscute,simpleanalysisfor mary popularheuristics.



Bad Things about Dominance Analysis

e It givesno absolutequality guarantee.
e David Johnsorfhatesthis sortof thing”.

e Unnatura typesof heuristicswith messyanalysisoften
resultsin highdominancebounds



Previous Wor k

Combinatoriadominancénasbeenindependatly discovered
severd times(includingby us).

e First TSPheuristicswith exponential dominationnumber
— Saran@ andDoroshlo (1981)

e First polynomialalgorithmto dominatef((n — 1)!) TSP
tours— Gutin, Yeo,andZverovich (2001)

e Optimizing TSPsover natura exponentidly-large neigh-
borhoods- Deinieko andWoegingea (2000)

We seekto analyz popularheuristicsfor mary problems.



Nearest Neighbor Heuristic for TSP

The nearst neighborrule seleds anarbitrarystartpoint, and
thenproceedto the nearest unseleted point. Repeauntil all
pointshave beenselectel.
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repededly alterndestaking pointsfrom theleft andright.
Since every verticd cut separéing [ points cuts exactly
2min(l,n — [) tour edgesthisis the worst possible tour!



Doubling the Minimum Spanning Tree

The edgeweights of a metric graph G satisfy the triangle
iInequality

Doubling the minimum spanningtree of G, perfoming an
Euleriantour, andreplacing redundantsubtourswith direct
edgegivesa2-approximéon for TSPtouronmetricgraphs.
But it canconstructthe worst possible tour!



A Bad Examplefor MST

( containsa singlevertex distancel from all othervertices,
a Hamiltonianpathbetweenall leaveswith edgesof weight
2, andall otheredgesof weight1 + ¢ (notshawvn).



Theoptimal TSPtour of G hasweight(n — 2)(1 +¢€) +2- 1.
However, a possibleEulerian tour of this startraces all the
weight-2edgesyielding a TSPtour of weight2(n — 2) + 2.



Two-Opting for TSP

A TSP solutionis k-optimal if thereis no way to deletea
subsebf £ edgesandremnnectthe resultingcomponentso
obtaina bettersolution.

Claim:  Any 2-optimal TSP tour P dominatesat least
(n/2 — 1)! othertours.

BecauseP is a 2-optimaltour, theredoesnot exist an edge
swapin P thatleavesthetour bothshorterandconneted.
Thus ary sequene of independat edge-swapoperations
mustyield atour whosecostis dominatedoy P.



(b)

Partition P into two chainsL and R, eachwith n/2 edges.
Map eachedgeof L to adistinctedgeof R suchthatall pairs
areanindependat edgeinterchang operations.
Suchamappingis definedby any permutatiorof theedgef
R which avoidshaving both: — 57 and: +1 — 5 + 1, since
thesetwo operdionsshareanedgeto beinterchangd.
Thereareatleast(n/2 — 1)! permutaions which avoid this,

giving theresult.



Simple Polygonization

The optimal Euclidean TSP tour in the planeis a simple
polygon,i.e. non-ciossing.

A zig-zagtour betweentwo clusterscanbevery bad,but how
good canit be?

Whatis the combinatoral dominanceguarateefor any non-
crossingT SPtouronn points?



Subset Problems

The hardnes of subsetproblems results from imposing
constraintavhich rendercertainelementf the searchspace
to beinfeasiblesolutions.

A solutionx positively dominates solutiony for a maximiza-
tion (minimization) problem f if x andy are both feasible
solutionsandC,(I,x) > C,(1,y) (Cp(I,z) < Cy(1,y)).

Any feasible solution dominatesevery infeasible solution
with respet to combinatorih dominane guarantees,so the
dominancenumberz is the positvely dominatedsolutions
plustheinfeasiblesolutions.



| ncremental | nsertion

The incremental insertionheuristicsuccessiely insertsele-
mentsinto the solutionprovidedit remaindeasible.

A maximization(minimization)problemP is monotonically-
constrained if for ary infeasiblesolution X of P, then X’ is
aninfeasiblesolutionfor all X ¢ X' (X' C X).

Claim: Let P be a monotonically-onstrainedoptimization
problem. Thenincremental insertionyields a 2/? combina-
torial dominanceguaranteefor ary instanceof P.
Monotonically-@nstrainedproblemsinclude clique, inde-
pendenset,knapsackandvertex cover.



Pr oof

Let .S betheincrementalinsertionheuristicsolution.

Any propersubsetof S mustbe a feasible (and dominated)
solutionto P, sinceP is monotonically-onstrained.

For every non-emptysubsebf X = U—.5, SUX isinfeasible,
or elsethe element of X would have alsobeenselectée by
iIncremantal insertion.

Oneway or theother S mustdominate> 2"/2 subsets.



L ocal Improvement for Knapsack

In the knapsak problem, we are given a set of integers
S = {s1,...,s,} andacapadty 7. We seekS’" C S that
maximizes:,. s s Subjectto theconstrainthats,.g s < T
Consideraninsert/excchangdocal improvementheuristic:
Insert operationsadd a newv elementz to the solution S’ ,
providedthecapadty 7' of theknapsak is not exceeded.
Exchange operationsreplace x € S with y € S — &,
providedthe capadty is notexceededandy > x.
Theheuristicterminatesvhen.S’ is locally optimal.



Analysis

Considerthe elementsof S’ = {si,...,s:} and U’ =
S — S, ={u,...,u,_} whereS" islocally optimal.
Assumethatboth S’ andU’ aresortedin increasingorder
We compae the medianof S’ with the medianof U’



Case sy /o > U(p—f) /2

Then S’ dominates(1) all 2% — 1 infeasiblesolutionsby

adding a proper subsetof U’ to S’, and (2) all feasible
but inferior solutions formed by taking a proper subset
of {s1...s;2-1} andreplacing a subsetof {s;,...,s;}

j < k/2 elementsof with ¢ < j elemets of

{ug, ... ,U(n—k)/z}-

min(n—k,k)/2 k/2
fn) =282 () X ()

1=1 7=1



Themaximumof (1) and(2) is minimizedfor £ = n /2, which
simplifiesto

f(n) 2n/4 Y (nj/4) 2 2?1/4 . (%3) ] 2n/4_1

1=1

n/2—1:M e 5n/8 10 ~_ n
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5k/2 < Uin—k)/2

ThenS’ dominateg1) all 2% — 1 feasiblebut inferior solutions
by removing a proper subsetof S’ from S’ and (2) all
iInfeasible solutions formed by taking a prope subsetof

{sk/2,---,sx} andreplacinga subsebf i < k/2 elementsof
{s1...5/2-1} With i < j elementsof {ug,_ry/2,. .., Un—t}-
min(n—k,k)/2 (n—k)/2
fmyz 22T 2 ()
1= 7=

Themaximumof (1) and(2) is minimizedfor £ = n /2, which
simplifiesasabove.



Bad Examplefor Local | mprovement

A bad example for this heuristicconsistsof T = 4, S’ =

{1,1,1/(n — 3),...,1/(n — 3)} suchthats,.ss = 3, and
U’ ={3}.

This solutionis locally optimal, but thereare 2"~ superior
feasible solutions of the form 3 unionedwith ary proper
subsebf then — 3 elementof weightl/(n — 3).

Claim: The local exchange heuristic combinatorially
dominate2°™/8/2 ~ 1.542"/2, andhasa blackballboundof

on=3,



Our Resaults

Combinateial DominanceBounds | Approx

Problem Heuristic f(n) “good” b(n) “bad’ Ratio
Geneal TSP dynagarch on/2 (n—1)!—(n/2)! | nore
Generl TSP locally optvertex insettion (n/3)! (n —5)! nore
Genenl TSP edge2-opting (n/2 —1)! (n—T)! nore
Metric TSP min spanting tree 1 (n—1)! — (n/2)? 2
2D EuclideanTSP | nearesneighborrule 1 (n—1!—(n/2)?| Ign
2D EuclideanTSP | min spaning tree 1 (n —4)! 2
2D EuclideanTSP | non-aossirg tour ? (n/2-1)(n—2)! | nore
Clique/Ind. Set incremenal insertion /2 2n—2 Q(n®)
Vertex Cover vertex inserfon /2 2n—1 none
Vertex Cover edgeinsetion /3 3n/2 2
Knapsack incremenal insertion on/2 gn—3 nore
Knapsack local exchangeheurigic opn/8-1 on—3 none
Knapsack scalirg PTAS on/(e+1) on/2-1 PTAS
Chromaic Number| incremertal insertion {3:/4} B(n —2) Q(n°)




Black-Box Optimization

Black-box heuristics are problem-ind@endent algorithms
which assumeonly (1) the existence of local neighborhood
operatos which take an arbitray elements of the solution
spaceS andgeneatesnearbyelemeits of .S, and(2) a cost
functionwhich evaluateghe quality of a givenelements.
Examplesinclude simulatedanneding, talu search,genetic
algorithms;eachwith their vocaladhe&ents.

But whichis best?



Comparing Black-Box Heuristics

Variantsof seach proceduesaredifficult to compare even
experimentally.

Wolpert and Macreadys (1997) no free lunch theorem even
claims that any heuristic that (1) extrads no information
aboutthe cost function, and (2) evaluatesnew solutionsat
thesamerateperformsno betterthanrandomsampling.



A Dominance M odel for Search

We modelthe enegy landscapdor a given problemasa k-
regular randomdirectedgraphG = (V, E), whereeachvertex
IS assigneduniquerank f(v;) = 1.

TheedgesetF is constructed by draving k£ edgedrom v; €
V' to randomlychosenverticesin range|v; ¢, v;i¢|.

o ©
N-1 N-2

We seeka vertex of minimum rank while restriding the
seard to (1) generéing an vertex uniformly at random,or
(2) traversinganedgefrom a previously visited vertex.



Details

We pay unit costto evaluatethe objective function on ary

vertex.

All seartesbegin atvertex vy_;.

We are interested in the expected performance of seart
heuristicson suchgraphs.

Although the model is simple, it is rich enoughto study
the impact of neighborlmod size and structureon sear®

perfomance.



Rationale

Why a regular graphof outdegree £? — mostoperatos like

vertex/edgeswapareregular.
Why are edgesof lengthboundedoy ¢? — eachlocal move

change only partof the solution.
Why are edgelengthsuniformly distributed? — why not,

especidy sinceit simplifiesanalysis.



Under standing Heuristic Perfor mance

Our graphnaturally partitionsinto two regions by rank: the
transient region (v., vy _1], andthegoal region |vy, v

e Therangeparameer c goverrs how fastwe candescad
from the startinto the goal region. At leastN/c local
movesarenecessarto enterthegoalregion.

e Greed heuristicsrequirek evaluationsper node,where
randomseart will use2 in thetransientregion.

e In thetransientregion, the probabilityv is asinkis 1/2*.

Thus if k£ is suficiently small relatve to N and c,
ary gradient-descenseach is likely to terminatein the
transientregion andnotread the goalregion.



e Theprobabilitythata vertex is asinkincreaesrapidly as
we move throughthe goalregion.

Thusit becomegrogressively harde to make additional
progresstowardsthe optimumwhen we sear® through
thegoalregion.

e Note that proximate vertices (v; and v;,;) represent
similar scoringsolutions.However, no shortor evenlong
pathbetwesnthemneedexist for sufficiently small k.



L ocal Search Heuristics

e Random hill climbing (RHC)

e Greedy hill climbing (GHC)

e Reverse greedy hill climbing (RGHC)
e Combined hill climbing (CHC)

We alsoconsiderrandom sampling, which choosa solutions
atrandomfrom S.



Results; Local Search

k<lgN/c k>1gkN/c
Algorithm | Operatias Expecta Rank Operatons Expecta Rank
GHC K2k N —c2k(k +2)/k — c/k k(N —c)/c+ ek c/(ek + €1)
RHC 2k+1 N — 2kt 2(N —c¢)/c+ ek c/(ek + €3)
RGHC K2k N —c(2¥ —1)/k E*(N +c)/2c +ek?/2  2c/(k +€3)
CHC 2k+1 N — c2k-1 2(N —c)/c+ek c/(ek + 1)




Backtracking Procedures

e Greedy hill climbing with backtracking (GBT)

e Random hill climbing with backtracking (RBT)

e Reverse-greedy hill climbing with backtracking (RGBT)
e Combined hill climbing with backtracking (CBT)



Results. Backtracking Procedures

k<lg(N/c)/z k>1gN/e,m=2(N —c)/c
Algorithm | Operatios Expeded Rank Operaions Expeded Rank
GBT 28+ 4 kx2k N — 281 —zc(2F(1 —2/k) —1/2) | m+ek(z +1) + kx  c/(ek(z + 1))
RGBT | 2k+! 4 ka2k N — 2kt — (zc/2) (2! —1) m + z(ek? + 1) 2¢/(k(z + 1))
RBT 2kt (2 + 1) N —c(2¥ Yz +1) —z/2) m+ek(z+1)+2z c/(ek(z+1))
CBT 2k (4 1) N —c(2F"Yz +1) — 2/2) m+ek(z+1)+kz c/(ek(z+1))
RHC z'2k+1 N —2k(c+1) z'(m + ek) c/(ekz")




Results. Making Best Use of Time

Hill climbing heuristicsmake rapid initial progress toward
Improved solutions but terminatequickly andthusdonotuse
large amountf seart time effectively.

Allotted Time k<lg(N/c)Jz | 1g(N/c)/z <k <lgN/c lgN/c <k
t<4(N —c¢)/c randan sampling randomsamplirg rancdbm sampling
4(N —c¢)/c <t <4(N —¢)/c+ z | randan samplng ranrdomsamplirg backracking
4N —c)Je+z <t randan sampling backtiacking backracking




Experimental Results

Randomsamplingdoesbetter than hill-climbing for suffi-
ciently shortcomputations.

Our expetiments grossly confirm this and several other
predictionsof this model.

Our theory bre&ks down on grealy backtiacking, mostly
becasewe assumaindirectedheighborhoods.



Building a General Heuristic Search Engine

Thebasicsimulatedannealingseard algorithmcanbeimple-
mentedin roughly 30-50lines of any modernprogramming
language so it is often rewritten from scratchfor eat new

applicationratherthanbeingreused.

Doesit payto developa moresophisticatedgener&purpose
local-seach-optimizdion engine?

Thecasdor well-enginesredoptimizationenginesasclealy

been made for linear programming, where commeraal

LP packagse (such as CPLEX) significantly outperbrm
homeyrown implementation®f the simplex algorithm.



Rationale for a General Search Engine

Many benefitsof a genenl searchsystem can result by
amortizingthe costof building an infrastuctureover mary
problems.

e Awareness of Time

e Inclusion of Multiple Heuristics

e Parameter Tuning

e Testing and Evaluation Environment
¢ \isualization Environment

e Support for Parallelism



Per for mance | mprovements

Problem Heuristic 1 5 10 15 20 25 30 45 60 90 120

VertCover  EarlyVersion 2299 2260 2315 642 654 644 650 641 643 598 586
Combinaion 648 1100 571 554 541 546 528 531 521 521 523

Bandwidh EarlyVersion 1970 604 616 611 603 595 622 620 609 595 602
Combindion 693 633 620 614 615 613 609 607 608 603 602

MaxCut EarlyVersion 3972 3972 3972 3972 3972 3969 3972 3972 3885 1373 1349
Combindion 3972 1401 1385 1346 1462 1452 1441 1971 1689 1276 1240

SCS EarlyVersion 3630 3688 1152 1158 1225 1120 1035 1013 994 902 982
Combinaion 1538 614 596 570 562 544 541 515 505 502 505

TSP EarlyVersion 5101 1043 846 730 642 687 568 551 508 577 504
Combindion 1133 933 633 472 411 406 397 378 381 375 374

MaxSat Early Version 27725 572 705 735 533 403 518 344 518 352 318
Combindion 912 636 359 465 503 398 374 262 206 255 236

A comparisonbetwea eaty (6 monthsold) and recent
versionsof thesystem.



Future Work

Use combinatorialdominanceto analyz more heuristics,
with tigherbounds.
Considercompleity-theoreticnotionslike randomizddom-
Inanceguaranteesandpolynomialprogress.
Analyzesymmetricrandomgraphswith variousedgelength
distributions.

Make our seart enginebetterandmoreportable.



For Further Reading
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