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Abstract

This paper describesa powerful method for dead code analysis and elimination in
the presenceof recursive data constructions. We describe partially dead recursive
data using livenesspatterns basedon generalregular tree grammars extendedwith
the notion of live and dead, and we formulate the analysis as computing liveness
patterns at all program points basedon constraints constructed from the program
and programming languagesemairiics. The analysisyields the most preciseprogram-
basedgrammarsthat satisfy the constraints. The analysisalgorithm takescubic time
in terms of the sizeof the program in the worst casebut is very excient in practice,
asshawn by our prototype implementation. The analysisresults are usedto identify
and eliminate dead code. The framework for represeting and analyzing properties
of recursive data structures using general regular tree grammars applies to other
analysesas well.

Key words: Dead-cale elimination, Recursive data structures, Regular-tree
grammars, Constraints, Program analysis, Slicing

1 Intro duction

Dead computations produce valuesthat newer get used[1]. While program-
mers are not likely to write code that performs dead computations, sut
code appearsoften as the result of program optimization, modi cation, and
reuse [45,1]. There are also other programming activities that do not ex-
plicitly involve live or dead code but rely on similar notions. Examples are
program slicing [64,50], specialization [50], incremenalization [39,38], and
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compile-time garbage collection [28,24,47,61].Analysis for identifying dead
code, or code having similar properties, has been studied and used widely
[8,7,29,46,1,28,24,10,30,39,58,50,38,61,8R]is essetially badkward depen-
denceanalysisthat aimsto computethe minimum suzcient information needed
for producing certain results. We call this dead code analysis bearingin mind
that it may be usedfor many other purposes.

In recen years, dead code analysis has been made more preciseso asto be

e®ectie in more complicated settings [24,10,30,50,5,38]Sincerecursive data

constructionsare usedincreasinglywidely in high-level languageq56,14,42,3],
an important problem is to identify partially dead recursive datajthat s,

recursive data whosedead parts form recursive substructuresjand eliminate

code that computesthem.! It is dixcult becauserecursive data structures
can be de ned by the user, and dead substructuresmay interleave with live

substructures. Seeral methods have beenstudied [28,24,50,38]put all have

limitations.

This paper describes a powerful method for analyzing and eliminating dead
codein the presencef recursive data constructions.We descrike partially dead
recursive data using livenesspatterns basedon generalregular tree grammars
extendedwith the notion of live and dead, and we formulate the analysisas
computing livenesspatterns at all program points basedon constraints con-
structed from the programand programminglanguagesemarics. The analysis
yields the most preciseprogram-basedgrammarsthat satisfy the constrairts.

The analysisalgorithm takes cubic time in terms of the size of the program

in the worst casebut is very excient in practice, as shovn by our prototype

implemertation. The analysisresults are usedto identify and eliminate dead
code. The framework for represeting and analyzing properties of recursive

data structures using generalregular tree grammarsappliesto other analyses
aswell.

The rest of the paper is organizedas follows. Section2 descrikesa program-
ming languagewith recursive data constructions. Section3 de nes grammar-
basedlivenesgatterns for describingpartially deadrecursive data. Section4
formulates the analysisas solving sets of constrairts on livenesspatterns at
all program points. Section5 presetts excient algorithms for computing the
most preciseprogram-basedgrammarsthat satisfy the constraints. Section6
describesdeadcode elimination, our implemertation, and extensions Section7
comparesthis work with related work and concludes.

1 This is di®eren from partial dead code, which is code that is dead on somebut
not all computation paths [30,5].



2 Language

We usea simple rst-order functional programminglanguage.The expressions
of the languageare:

erl=v variable
] cler; i en) constructor application
j  c(ey) selectorapplication
] c?(e) tester application
o p(es; i en) primitiv e function application
j if e then e, else es conditional expression
] letv=ein e binding expression
o f(enen) function application

Eadh constructor ¢, primitiv e function p, and user-de nedfunction f hasa
xed arity. If a constructor ¢ hasarity 0, then we write ¢ instead of c(). New
constructorscanbe declared,togetherwith their arities. When neededwe use
c" to denotethat c hasarity n. For eat constructor c", there is a tester c? that
tests whether the argumert is an application of ¢, and if n > 0, then for each
i = 1::n, thereis a selectorc- that selectsthe ith componert in an application
of ¢, e.9.,65(c3(x;y; 2)) = y. A programis a set of mutually recursive function
de nitions of the form:

f(vi;unve) £ e (1)

together with a set of constructor declarations.Figure 1 gives someexample
de nitions, assumingthat min and max are primitiv e functions, and that
constructorsnil °, cong, and triple® are declaredin the programswherethey
are used.For easeof reading, we usenull instead of nil ?, car instead of cons;,
cdr instead of cons;, and 1st, 2nd, and 3rd instead of tripleg, triple;, and
triple;, respectively.

This languagehas call-by-value semarics. Well-de ned expressions\aluate
to constructeddata, sud ascondq3; nil ). We use? to denotethe value of un-
de ned (including non-terminating) expressionsan expressionmust evaluate
to ? if any of its subexpressiongwaluatesto ? . Sincea program can usedata
constructions c(ey; :::;€,) in recursive function de nitions, it can build data
structures of unboundedsizes,i.e., sizesnot boundedin any way by the size
of the program but determinedby particular inputs to the program.

There can be values, which can be subparts of constructed data, computed
by a program that are not neededin obtaining valuesof interest to the user,
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. compute length of x
len(x) £ if null(x) then 0

minmax (x) : compute min and max for all sutxes of x
. ¢ . .
minmax (x) = if null(x) then nil

else if null(cdr(x)) then else 1+ len(cdr(x))

cons(tr ipl e(car (x); car (x); car(x)); nil )
else let v = minmax (cdr(x)) in

cons(tr ipl e(car (x); odd(x) : get elements of x at

min (car (x); 2nd(car (v))) ; odd positions

max(car (x); 3rd(car (v)))) ; even(x) : get elements of x at

v) even positions
odd(x) L if nul I(x) then nil

else cons(car(x);

getsecond(x) : get the second component of each triple in x

getsecond(x) £ if nul I(x) then nil

else cons(2nd(car (x)); getsecond(cdr(x))) even(cdr(x)))
getmin (x)  : compute the min elemerts for all su+xes of X —eyen(x) £ if null(x) then nil
getmin (x) 2 getsecond(minmax (x)) else odd(cdr (x))

Fig. 1. Example function de nitions.

e.g.,in obtaining the return value of a function or certain part of the return
value. To improve program exciency, readability of relevant code, etc., we can
eliminate code that producessud deaddata and usea special symbol _ asa
placeholderfor the deaddata. A constructor application doesnot evaluateto _
evenif someargumeris evaluateto _. A selector,tester, or primitiv e function
application (or a conditional expression)must evaluate to _, if not ?, if any
of its argumerts (or the condition, respectively) evaluatesto _. Whether a
function application (or a binding expression)evaluatesto _ dependson the
valuesof the argumernts (or the bound variable, respectively) and the function
de nition (or the body, respectively).

Valuesof interest to the user can be either speci ed by a user using liveness
patterns described below or determinedby how theseresults are usedin com-
puting other values,e.g., by how the value of minmax is usedin computing
getmin, in which caseall the max operations are dead.

3 Liv eness patterns

We descrile partially dead recursive data using livenesspatterns. A liveness
pattern indicates which parts of data must be dead and which parts may be
live. D indicatesthat a part must be dead,and L indicatesthat a part may be
live. Partial livenesss described using constructors. For example,congD; L)
indicates a cons structure with a de nitely dead head and a possibly live
tail. Also, the livenesspattern nil () indicates a nil structure, so there is no
confusionbetweena livenesyattern and a data value. A livenesgattern is a
function; when applied to a data value, it returns the data with the live parts



unchangedand the dead parts replacedby _. For example,

congD;congL; D)) (conq0; cong1; cong2; nil )))) = conqd _;cong1; _)):

Formally, livenesspatterns are domain projections [52,19], which provide a
cleantool for describingsubstructuresof constructed data by projecting out
the parts that are of interest [60,31,44,50,38].et X be the domain of all pos-
sible valuescomputedby our programs,including ? and valuescorntaining _.
We de ne a partial orderv on X, whereweread x; v X, as\x, is morelive
than x4": for all x in X, ? v X, and for two valuesx; and x, other than ?,

X1V Xo I® X1= _; OF Xy = Xp, O
(2)

X1 = C(X11; 555 X1n); X2 = C(X21; 15 Xon); @nd Xqi V- Xy fori = 1::n.

A livenesspattern over X is a function ¥1: X | X sud that ¥{x) v x and
Y{Y4x)) = Y{x) for all x 2 X. L is the idertity function: L(x) = x. D is the

absencédunction: D(x) = _ forallx 6 ?,andD(?) = ?.c"(Y4;:::; %) isthe
function:
8
2 (Y (X1): 0 Ya (X if Xx=c"(Xq;:5X
O (W ) (X) = (Ya(x1) % (Xn)) . (X1 n) 3)
-7 otherwise

For corvenienceof presering the analysislater, we de ne C to bethe function
that projects out all constructorsbut not their argumerts:
8
2N (_rnn ) if X = e(Xq) i Xn)
Cx) = (4)

otherwise

We de ne a partial order - on livenesspatterns, wherewe read ¥4 - % as
\ Y, projects out more live data than %3 does™:

Yo - Yo 1® 8X; Ya(X) Vv Y(X) (5)

For corveniencewede ne Yy . % if andonly if ¥ - V4.

Grammar-based liv eness patterns.  Sincea program can produce recur-
sive data of unbounded size, we represen livenesspatterns as grammars.
For example, the grammar S! nil jcongD;S) projects out a list whose
elemerts are dead but whosespineis live. It generatesthe set of seriences



fnil (); congdD; nil ()); condD;congD;nil ())); :::g. Applying eat elemen to
a given value, say, cong2;cong4;nil)), yields f? ; ?; conq_;congq _;nil)),
?; :::g, of which conq_;cong _;nil)) is the leastupper bound.

Formally, the grammarswe useto represen livenesgpatterns are regular tree
grammars [18], which allow bounded, and often precise, represemations of
unboundedstructures [27,43,44,2,55,9,50A regular-tree-gmammar-kasea live-
ness pattern, called livenessgrammar in short, denoted G, is a quadruple
hT;N;P;Si, whereT is a set of terminal symbols including L, D, and all
possibleconstructorsc, N is a set of nonterminal symbols N, P is a set of
productions of the form:

N! D; N! L, or N! c"(Ng:iNp); (6)

and nonterminal S is the start symbol. So, our livenesggrammarsusegeneral
regular tree grammars[27,18,9]extendedwith the special constarts D and L.
A sertencegeneratedby a livenesgrammaris a livenesgattern. Let language
L be the set of sertencesgeneratedby G. The projection function that G
represets, denoted[G], is:

[GI(x) = tf ¥x)j¥s2 Lcg (7)

wheret is the leastupper bound operation for v . It is easyto seethat [G](x)
is well-de ned for all x 2 X: ead x in X is nite, sof%{x)|%2 Lggis nite,
and thus the least upper bound exists. Note that a grammar that generates
sertencel represets the projection function L, and agrammarthat generates
only sertenceD represets the projection function D . For easeof presenation,
when no confusionarises,we write grammarsin compactforms. For example,
fS! niljcongN;S), N ! triple(D;L; D)g, where| denotesalternation,
projects out a list whoseelemerns aretriples whose rst and third componerts
are dead.

We extend livenessggrammarsto allow productions of the form:
N! N N! ¢(NY9; or N! [NIRO (8)

for R of the form L, ¢"(Ny;:::;;Ny), or N° and we de ne the correspnding
functions:

8
% L if Ya= L 8
RDifY%=D
G(A = Yif Ya= O (Ya; %) [A4= (9)
§ ~ 14 otherwise

~ D otherwise



Theseextendedformsareintro ducedfor corvenienceof presering the analysis
later; the selectorform in the middle of (8) is the sameasthat rst usedby
Jonesand Muchnick [27], and the conditional form on the right of (8) is for
similar purposesasthoseusedin seeral other analyses,e.g., the operator B
used by Wadler and Hughesfor strictness analysis [60]. Given an extended
livenessgrammar G that contains productions of the forms in (6) and (8),
we can construct a livenesggrammar G°that cortains only productions of the
formsin (6) sudh that [G] = [GY], i.e., G°and G represenh the sameprojection
function; an algorithm is givenin Section5.

When usinga grammar G, what matters is the projection function that G rep-

reserts. In fact, di®eret grammarscanrepresem the sameprojection function.

A basicidea of this work is to capture the information of interest|liv eness
patternsjusing grammarsthat are given by a userto specify values of in-

terest or are constructed basedon the program and programming language
semarics, and then simplify the grammarsto equivalert grammarsin simpler
forms where, in particular, the only grammar that represets the projection

function D isfS! Dg.

4 Analysis of liveness patterns using constrain ts

Valuesof interest to the usercan be speci ed as livenesspatterns assaiated

with program points, sud asfunction de nitions, parameters,and subexpres-
sions.For example,for the functionsin Figure 1, a usermay specify a liveness
grammar fS! Lg assaiated with the body of function len, indicating that

the return value of len is of interest, or, a usermay specify a livenesggrammar
fS! nil()jcongD;D)g assaiated with the body of function odd indicating

that whetherthe return value of oddis an empty list is of interest. We assume
that the given livenesggrammarsdo not contain extendedforms.

Given livenessatterns assaiated with program points of interest, dead code
analysis computeslivenesspatterns at all program points, so that the live-
nessspeci ed by the given livenesspatterns is guararteed. It is a badkward
dependenceanalysisand is aimed at nding minimum livenesspatterns. The
analysisis basedon the ideathat a livenesattern assaiated with a program
point is constrainedby livenesspatterns asseiated with other points based
on the semarics of the program segmets involved.

Suzciency conditions. The resulting livenesspatterns must satisfy two
kinds of suzciency conditions.

First, (Condition 1) the resulting livenesspattern at a program point must



project out valuesthat are more live than required by the given livenessat-
tern, if any, assaiated with that point. Precisely at ead subexpressione
wherea livenesgpattern Y is given, if the resulting livenesspattern at e is ¥4
then Y(e) v Y{e) for all valuesof the free variablesin e.

Second,(Condition 2) the resulting livenesspatterns must satisfy the con-
straints determined by the programming language semairtics. Precisely as-
sumea resulting livenesspattern is assaiated with ead parameterand eat
subexpressionof all function de nitions. Let *e denotethat livenesspattern
Yais asseiated with e. Then (Condition 2a) the livenesspatterns at function
parametersmust be suxcient to guarartee the livenesspattern at the func-

¢

tion return, i.e., for ead de nition of the form f ("2vy; 5% 'v,) = Y, the

following suzciency condition must be satis ed for all valuesvy;:::; v,:

YAF (Ve ) Vv F (Ma(va); i Ya(vn)) (10)

and (Condition 2b) the livenesspattern at ead subexpressionmust be suf-
“cient to guarartee the livenesspattern at the enclosingexpression,i.e., for
eat subexpressionthat is of a form in the left column of Figure 2, the cor-
responding suxciency condition in the right column must be satis ed for all
valuesof the free variablesin the subexpression.

Yig(aey; 1 ) V{c(er; 5 en)) v o(Ya(er); i ¥a(en))

icr (Y1) Y{ci(e1)) v ci(Ya(er))

Yic?("1'er) Y{c?(e1)) v c?(Ya(e1))

Yip(aer;nYien) v{p(er; i en)) v p(¥a(er);: Va(en))

Yiif Ya'e; then Y2'ep else 8'eg  Y(if epthen e else e3) v if Ya(e1) then Yp(er) else Yz(e3)
Yiet u="1'e; in Y2'ep Ylet u=e; in e) v let u=Y(e1) in Ya(e2)

Vif (Yaiep; Y ten) YAf (er;:ren)) v T (Ya(er); s Ya(en))

Fig. 2. Suzciency conditions for expressions.

Note that no approximation is made in these conditions. For example, the
condition of a conditional expressiondoes not have to be ewaluated, so it
does not have to be asseiated with L. In particular, the livenesspatterns
assaiated with a function application are not related to livenesspatterns
assaiated with the de nition of the function, and thus, di®eren applications
of the samefunction may require di®eren parts of the function de nition to
be live. For example,considerfunctions f and g below:

f(x;y) = if x> Othen x elsey
g(z) L Yy f(L:l;D:Z) + f(L:O;L:Z)



Given % = L at the de nition of g, the livenesspatterns assaiated with all
program points, where the livenesspatterns not explicitly written are all L,
satisfy the suxciency conditions. Note that the two callsto f needdi®eren
parts of f to belive.

Constrain ts. Givenlivenesatterns assaiated with program points of in-
terest, we construct a set of constrairnts on the resulting livenesspatterns at
all program points that guarartee the suzxciency conditions.

First, at ead subexpressione where a livenesspattern is given, if the given
livenesgattern is ¥, and the resulting livenesgattern is ¥4 then we construct

Second,for a function de nition of the form f (“+vy;::"v,) £ e, we con-
struct, for i = 1::n and for eac occurrenceV‘PVi in e, the constrain

A (11)

and, for ead subexpressiorof e that is of a form in the left column of Figure 3,
we construct the correspnding constrairts in the right column. These con-
straints make approximations while guararteeing the suzciency conditions,
as explainedbelow.

(R1) Yig(Ya'ey; ¥ ien) Y4, ¢ (¥ for i = 1un
(R2) Yicr("2'er) Ya, [MAc(D;:;D;%D;us D)
with ij 1D's beforeVaand nj i D's after ¥4
(R3) "ic2("r'er) Ya, [AAC
(R4) Yip(Ya'er; ;" en) Y% , [YQL fori= 1:n

(R5) *if Ya'e; then "2'e; else "3'e3 Ya, [AL; Yo, Y% Ya, Y
(R6) "let u="1'e; in Y2'g, Yy ., Y4 for each free occurrence of WUin e Yo, Y
(R7) %f (Yiey; 1% en) where f (“vy; %8 vy ) = e

Y, MY fori= 1n; Y2, Y

Fig. 3. Constraints for expressions.

Formula (11) for function de nitions requires that the livenesspattern at
formal parameterv; be greater than or equalto the livenesspatterns at all
usesof v;. Rule (R7) for function calls requiresthat, for all non-deadcalls of
the samefunction, the livenesspatterns at the argumeris be greaterthan or
equal to the livenesspatterns at the correspnding formal parameters,and
that the livenesspattern for the return value of the function be greaterthan
or equalto the livenesgatterns at all calls. In e®ect,f a function call is dead,
then all its argumerts are alsodead, but the formal parametersof the function
might not be deaddue to other callsto the samefunction.



Other constrairts are basedon the semartics of ead construct locally. Rules
(R1)-(R3) handle data constructions. Rule (R1) says that livenesspattern
at a componert of a construction must be no lessthan the correspnding
componert in the livenesspattern at the result of the construction. As a
special caseof (R1), for any constructor of arity 0, no constrairt is added.
Rule (R2) requiresthat, if the result of a selectionby ¢; is not dead, then
the argumen be as live as a construction using ¢ whoseith componert is
as live as the result of the selection.Rule (R3) says that, if the result of an
application of a tester is not dead,then the livenessattern at the argumert
needsto project out the outermost constructor but none of the componerts.
Rule (R4) says that, if the result of a primitiv e operation is not dead, then
ead argumert must be live. If we assumethat primitiv e functions are de ned
only on primitiv e typessud as Booleanand integer, then we could useC in
place of L in the constrains. Rule (R5) requiresthat the condition be live
if the result of the ertire conditional expressionis not dead, and that both
branches be as live as the result. Again, we could use C in placeof L asa
suzcient context for e;; furthermore, if e, equalses, in fact aslong as {e,)
equals¥{es3), then we could use D in place of L as a suzcient context for
e; and thus no constrairt for ¥ would be needed.Rule (R6) is similar to a
function call, sinceit equalsan application of ,u:e, to e;. It requiresthat the
de ning expressione; be aslive asall its usesin the body, and that the body
be aslive asthe result.

A standard inductive argumert can be usedto show that solutionsto these
constrairts satisfy the suzxciency conditions. We are interested in solutions
expressibleusinga nite setof livenesgatterns determinedby the given pro-
gram, asdetailedin Section5. The setis nite, therefore,with the ordering(5),
we have a complete partial order. The constructed system of constrains is
equivalent to a system of equations: a constrairt ¥4 , Y% is rewritten as
Y4 = Y4 Y, where_ is the leastupper bound operator for - . The right sides
of theseequationsare monotonic, soa unique leastsolution exists[19]. Taking
the least solution allows the most dead code to be eliminated.

5 Construction and simpli cation of liveness grammars

We descrite a straightforward method for building the most preciseprogram-
basedlivenessgrammarsthat satisfy the above constrains; these grammars
may contain productions of the extendedformsin (8). Then, we simplify the
grammars by eliminating extended forms; this makes explicit whether the
grammar assaiated with a program point equalsdead.

10



Constructing the grammars. Let T, be the set of all possibleconstruc-
tors in the program. Let Ny be the set of nonterminals usedin the given
livenessgrammars assaiated with selectedsubexpressions.We assiate a
unique nonterminal, not in No, with ead parameterand ead subexpression
of all function de nitions. Then we add productions using theseterminals and
nonterminals. Finally, the resulting grammar at a program point is formed
by using these terminals, nonterminals, and productions, and by using the
nonterminal assaiated with that point asthe start symbol.

Let N'edenotethat nonterminal N is assaiatedwith e. We construct two kinds
of productions. First, for eath subexpressione wherea grammar G is given,
let Ny be the start symbol of Gy, and let N be the nonterminal assaiated
with e. We construct N !  Ng aswell as all productions in Go. Second,for
ead function de nition f (N1vy;:::Nn'v,) = e, we construct, for ead i = 1::n
and for ead occurrenceNioivi in e, the production

Ni! NP (12)

and, for ead subexpressiorof e that is of a form in the left column of Figure 4,
the correspnding productions in the right column.

Nig(Nigp;:Nney) Ni! ¢ (N) fori= 1:n
Nig-(Nigp) Ni! [N]c"(D;::;D;N;D;::; D)

with ij 1 D's beforeN and nij i D's after N
N:c?2(N1gp) Ni! [N]c"(D;::; D)

with n D's for each possible constructor c"
Nip(Nigy;Nnien) N;! [N]L fori= 1:n
Nif Nig) then N2'e; else N3'es N1! [N]L; N2! N; N3! N
Niet u= Niggin N2'gy N1! N2 for each free occurrence of Ni'u in ez; Na! N

B . . 0. 0. 0.
Nif (Nitgy;uNnien) where f (N1ivy;iNnivy) =N"e

Ni! [NIN%fori= 1:n; NOI N

Fig. 4. Productions constructed for expressions.

It is easyto show that the projection functions represeted by the resulting

grammarssatisfy the constrains in Section4 and thus give suzcient informa-

tion at every program point. To show this, simply notice that the constructed
productions can be obtained from the constraints in Section4 by replacing
Yawith N, , with! , and C with ¢(D;::;;D) for all c. For grammarsG and

GP with start symbol N and N ¢ respectively, a production N ! N°ensures
that L § Lgo, which implies [G] , [GY. Thus, eat production constructed
here guarartees exactly a correspnding constraint in Section 4 simply by

de nitions.

The projection functionsrepreseted by the resulting grammarsare the unique

11



least solution to the constrairts in Section4 amongsolutions expressiblewith
livenessgrammarsthat usethe program-based nite set of nonterminals de-
scribed above. The set of such livenessgrammarsis nite, so a unique least
solution exists, by the argumens at the end of Section4. To seethat the re-
sulting grammarsare the leastsolution, notice that a smallergrammar at any
point would make the nonterminal at that point correspndto a smallergram-
mar than the grammar generatedby the right hand side(s)of the nonterminal,
violating the correspnding constrairts.

Let n denote the size of the program. Assumethat the number of possible
constructorsat the argumert of eat tester application is boundedby a con-
stant. For example,for Scheme programs, this number is 2, one for nil and
onefor cons for a typed languagelike ML, this is the number of alternatives
in a data type declaration. Sincea constart number of productions are added
at ead program point, the above construction takesO(n) time.

Example 5.1 For functionslen, odd and even in Figure 1, the nonterminals
labeling the program points and the addedproductions are shown in Figure 5.
For example,we have N2 ! [Niz]lcongNi3; Ng), whereNg! D is the last
production on the last line. It meansthat N1, is conditionedon Ni3: if N;3 de-
rivesonly D, sodoesN,, otherwiseN, derivescongN3; Ny), i.e., it projects
out a cons structure, the rst component of which is projected out by Nis.

len(N2o'x) £ Nasif Noviny[(Nasx) then N250

else N24N23:1 + N2z |en(Naiedr(N2o %))
odd(N19ox) & Nasif N1zinul[(N1sx) then N1snil

else N1 cons(N 13 car(N12x);N11 even(N 10 cdr(Ne'x)))
even(Ns'x) = Nrzif NenylI(Nsx) then Nanil

else Nz‘odd(Nz'cdr(N1'x))

N2o! No2g; N2g! Nzo; Nzg! [Nzz]cons(No;No);N2g! [Naz]nil; Naz! [N2gll; N2s! Nos;
No2z! [N2s]L; N2g! [N21]cons(No;N21); N21! [N22]N2g; N2g! No22; Nao! [N2a]L; N2g! Nog;
Nig! Nie; N1g! Niz; Nag! Ng; Nig! [Na7]cons(No;No); Nig! [Naz]nil; Naz! [Nis]L;
Ni1s! Nig; Ni2! [Niz]Jcons(N13;Ng); Ni3! car(Nis); No! [Nig]Jcons(No;N1o); Nio! [N11]Nsg;
N7! Ni1; N1z! cdr(Nig);N1a! Nus;

Ng! Ns; Ng! Ni; Ns! [Ng]cons(No;Np); Ns! [Ng]nil; Ng! [N7]L; Na! Nz;

N1! [N2]cons(Ng;N2); N2! [N3]Ni1g;Nig! N3; N3! N7; No! D

Fig. 5. Productions constructed for the example functions.

Supposewe needthe result of len; we add N,g! L, sinceN,g correspndsto
the return value of len. Supposewe needthe result of odd we add N.g! L.
Supposewe needto know whether the result of odd is nil or cons we add
Nig! nil andN;g! congD;D).
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Simplifying the grammars. The grammarsobtained above may cortain
productions of the extendedforms in (8) and thus be ditcult to understand
and use. We simplify the grammars by removing extended forms using the
iterativ e algorithm in Figure 6. After the simpli cation, nonterminals that

input: a grammar hT;N ;P;Si
/¥ assumeR is of the form L or ¢(N1;::; Np), and RO is of the form L, ¢(N1;:::;Np), or N 0%
rep eat
if P contains N! N%and N R, then add N! R to P;
if P contains N! ¢(N% and N® L, then add N! L to P;
if P contains N! ¢(N9 and NO c"(Ny;::;Np), then add N! Nj to P;
if P contains N! [N9RCand N R, then add N! RCto P;
until no more productions can be added;
remove all productions of the extended forms from P;
return simplied grammar hT;N;P;Si

Fig. 6. Algorithm for simplifying the grammars.

do not appear on the left side of a production with L or ¢(Ny;:::;N,) on the
right side are implied to derive only D. We can then read o® the grammar
at any function parameter or subexpressionby starting with the assaiated
nonterminal and collecting all productions whoseleft sidesare reacdhable from
this start symbol.

The correctnessof the algorithm can be proved in a similar way to when
only the selectorform is used [27]. The idea is to shav, baseddirectly on
the de nitions of the extendedforms, that the original and simpli ed gram-
mars represem the sameprojection function. In particular, every nonterminal
generatesa non-emply language,sinceit derivesat least D, if nothing else;
therefore,in the third rule for adding productions, it is not necessaryto test
whether nonterminals other than N; generatenon-empty languages.

Nonterminals are assaiated with program points, sothere are O(n) of them.
Ead step adds a production of the form N ! L, N ! ¢(Ng;::;;Ny), or
N ! N9 Sinceead right sideof the form ¢(Ny; :::;Ny) is amongthe right sides
of the originally constructedgrammar, there are at most O(n) of them. Thus,
for ead nonterminal, at most O(n) productions are added.Sototally at most
O(n?) productions are added. Adding a production has O(n) cost to ched
what other productions to add. Thus, the overall simpli cation takes O(n?®)
time. Although this appearsexpensiw, the analysisis very fast in practice, as
shown by our prototype implemertation and supported by our recert work on
the formal designand analysisof the simpli cation algorithm [35].

Example 5.2 Supposewe needthe result of len and thereforeadded N g!

L; we obtain the productions in Figure 7(a). Supposewe needthe result of
odd and thereforeaddedNg! L ; we obtain the productions in Figure 7(b).

13



Supposewe addedNg! nil; Nig! congD;D); we obtain the productions
in Figure 7(c). In ead case,other nonterminals derive only D.

N29! niI; Nzg! COﬂS(No;No); N29! COﬂS(No;sz_); Ngg! L; N27! L; N26! niI;
N2s! cons(No;Nop); Nos! L; Nag! L; Naz! L; Ngo! L;Nai! nil; N21! cons(Ng;No);
N21! cons(Nog;N21); N2o! cons(Ng;N21)

(a)

Nig! cons(Ng;Np); N1g! nil; N1g! cons(N13;Nop); N1g! cons(No;N1p); Nig! L;
Ni7! L; Nig! nil; Nig! cons(No;Nop); N1s! L; Naa! L; Nig! L; Ni2! cons(Ni3z;No);
Ni1! L; Nio! nil; Nig! cons(No;Nop); N1o! cons(No;N2); Ng! cons(No;N1o);
Ng! cons(Ng;Ng); Ng! nil; Ng! cons(Ng;N2); N7! L; Ng! L; Ns! nil;
Ns! cons(Ng;No); Na! L; N3! L; N2! cons(Ng;N1p); N2! cons(Ni13;Ng); N2! nil;
N2! cons(Ng;Np); N1! cons(Ng;N2)

(0

Nig! cons(Ng;Np); Nig! nil; Nig! nil; Nig! cons(No;No); Ni7! L; Nig! nil;
N16! COnS(No;No); N15! COnS(No;No); N15! niI;N14! COI’]S(NQ;N()); N14! nil

(©)

Fig. 7. Simpli ed grammars for the example functions.

The resulting grammars can be further simpli ed by minimization [18], but
minimization is not neededfor idertifying deadcode, sinceminimization does
not a®ectwhether a nonterminal derivesonly D.

6 Dead code elimination, implemen tation, and extensions

Considerall function parametersand subexpressionswhoseasseiated non-
terminals derive only D, i.e., whoseassaiated livenesgpatterns are D. These
parts of the program are dead,sowe eliminate them by replacingthem with _.
If the ertire body of a function is dead,then we eliminate the function de ni-
tion.

Example 6.1 Supposewe needto know whether the result of oddis nil or
consandthereforeaddedN;g! nil; Nig! congD;D); eliminating deadcode
basedon the simpli ed grammarin Example5.2,whereN; to N3 all have only
D onthe right hand sides,yields the function in Figure 8(a). Supposewe need
the result of function getmin, given in Figure 1; analyzing and eliminating
dead code yields the function in Figure 8(b) along with functions getsecond
and getmin. As another example, called getlen, if the result of minmax is
usedas argumert to len instead of getsecond then our algorithm nds that
the ertire triple constructionsin minmax are dead. Howeer, if the result
of minmax is usedas argumern to odd then none of the subexpressionsn
minmax is dead, sincethe triple is usedin every odd recursiwe call.
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odd(x) Lo nul [(x) then nil else cons(—;_)

(a)

e

minmax (x) if null(x) then nil
else if null(cdr(x)) then cons(triple(—;car(x); -);nil)
else let v = minmax (cdr(x)) in cons(triple(_;min(car(x);2nd(car(v)));-);V)

()

Fig. 8. Resulting example functions after dead code elimination.

Our deadcode elimination presenessemartics in the sensehat, if the original
program terminates with a value, then the resulting program terminates a
projection of the value that is more live than the required projection of the
value, as stated below. In particular, if the required projection is the ertire
return value, then the new program terminates with the samevalue.

Theorem 6.1 Let Gg be a livenessgrammar ass@iated by the user with the
body (and thus the return value) of somefunction f in a given program. Let f ©
ke the correspnding function in the resulting program (if it exists, otherwise

terminates with a value v suchthat [Go](v) v vOv v.

Pro of sketch: Evaluation of an expressionin an ervironment can be repre-
serted as a derivation tree built from instancesof rules of a straightforward
structural operational semarics [65] of our language.Assciated with ead
node is a con guration he;%, wheree is the expressionbeing evaluated, and
4is the ervironmernt in which e is being evaluated. Let 4e) denotethe result
of evaluating e in %2

Using the suzciency conditions in Section 4, one can shav by structure in-

by eliminating subtreescorrespnding to evaluation of subexpressionsvhose
assaiated livenessgrammar derivesonly D, and (2) the con guration he® %4

asseiated with a node in TCis related to the con guration he;% assaiated
with the correspnding node in T by [G](#€)) v A% v %e), where G is
the grammar assaiated with e by the analysis. QED

Two further optimizations are possiblebut needfurther study. First, minmax
in Figure 8(b) can be further optimized by removing the tr ipl e constructions
and selectors.Second,when the result of minmax is used as argumert to
odd there is no dead code in minmax, but the triple in every ewven call is
indeed dead. One needsto unfold the de nition of minmax to remove suc
dead computations
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Eliminating deadcode may improve exciency in many ways. First, the result-
ing programs can run faster and uselessspace.Additionally, compilation of
the optimized programstakeslesstime and alsolessspace which is especially
desirable when using libraries. Furthermore, smaller programs are easierto
understand and maintain, yielding higher software productivit y.

Implemen tation. Wehaveimplemerted the analysisin a prototype system.
The implemertation usesthe Synthesizer Generator [49]. The algorithm for
simplifying the grammarsis written in the Synthesizer Generator Scripting
Language,STk, a dialect of Sheme,and consistsof about 300 lines of code.
Other parts of the systemsupport editing of programs,display of nonterminals
at program points, construction of grammars, highlighting of dead code, etc.,
and consistof about 3000lines of SSL,the SyrthesizerGeneratorSpeci cation
Language.All the grammars for the examplesin this paper are generated
automatically usingthe system.

We have usedthe systemto analyzedozensof examples.The lengths of those
programsrange from dozensof lines to over a thousand lines. The analysis,
although written in STk, is very excient. Our original motivation for studying
this general problem was for identifying appropriate intermediate results to
cade and usefor incremeral computation [38]. There, we proposea method,
called cache-and-prune,that rst transformsa programto cade all interme-
diate results, then reusesthem in a computation on incremerted input, and
“nally prunesout cadedvaluesthat arenot used.Reusingcaded valuesoften
producesasymptotic speedup,but leaving in unusedvaluescan be extremely
inexcient. The analysismethod studied in this paper, whenadoptedfor prun-
ing, is extremely e®ectie. The pruned programsconsistenly run faster, use
lessspace,and are smallerin code size. We also usedthe analysisfor elimi-
nating dead code in deriving incremertal programs|[39]. There, the speedup
is often asymptotic. For example,dead code elimination enablesincremenal
selectionsort to improve from O(n?) time to O(n) time.

Figure 9 summarizesthe experimenrtal results for a number of examples.Pro-
gram minmaxis as in Figure 1. Programsincsort and incout are incre-
mertal programs for selectionsort and outer product, respectively, derived
using incremenalization [39], where dead code after incremenalization is to
be eliminated. Programscachebin and cachelcs are dynamic-programming
programsfor binomial coexcients and longestcommonsubsequencesgspec-
tively, derived using cacdhe-and-prune[38,36], where caded intermediate re-
sults that are not used are to be pruned. Program calend is a collection
of calendrical calculation functions [12], and program takr is a 100-function
versionof TAK that tries to defeatcade memory e®ectq25].

When using deadcode analysisfor incremeralization and for pruning unused
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function total dead live | number of | number of | analysis | analysis

program of program|program|program initial resulting |time (m9|time (m9
name interest points | points | points |productions|productions|(incl. GC)|(excl. GC)
minmax getlen 81 50 31 111 90 0.007 0.005
minmax getmin 81 32 49 111 150 0.016 0.011
incsort sort' 108 84 24 143 34 0.006 0.005
incout out' 117 62 55 151 78 0.007 0.006
cachebin bin 74 7 67 90 114 0.014 0.010
cachelcs Ics 101 12 89 139 206 0.038 0.033
calend | gregorian2absolute 1551 1359 192 1839 229 0.067 0.053
calend islamic-date 1551 1205 346 1839 419 0.083 0.069
calend |eastern-orthodox-Xmas 1551 1176 375 1839 461 0.086 0.069
calend yahrzeit 1551 1123 428 1839 485 0.086 0.068
takr run-takr 2804 0 2804 4005 2805 0.403 0.304
takr tak99 2804 4 2800, 4005 2801 0.419 0.310

Fig. 9. Experimental results.

intermediate results, there is always a particular function of interest, shown
in Figure 9. For general programs, esgecially libraries, such as the calend
example, there may not be a single function that is of interest, so we have
applied the analysison se\eral di®eren functions of interest.

The sizeof a program is precisely captured by the total number of program
points, which for most programsis about twice the number of lines of code.
The number of dead program points dependson both the program and the
function of interest. For example,for libraries, sud ascalend, much deadcode
is found, whereasfor takr , all 100 functions other than the driver function
run-takr , are involved in calling ead other. Highlighting allows us to easily
seethe resulting live or dead slices.For example,for seweral functions in the
calend program, only the slice for date, not year or mornth, is needed.We
can seethe number of initial productions is roughly linear in the size of the
given program, and the number of resulting productions is roughly linear in
the number of live program points.

The analysistime for simplifying the grammars,in milliseconds,is measured
on a Sun station Ultra 10 with 299 MHz CPU and 124 MB main memory.
We can seethat the analysistime is roughly linear in the number of live pro-
gram points. This is important, esgecially for analyzing libraries, wherebeing
linear in the sizeof the ertire program is clearly not good. We adieved this
high etciency by a careful but intuitiv e optimization in our simpli cation
algorithm: after adding a new production, we consideronly productionsin ex-
tended forms whoseright-hand sidesusethe left-hand side symbol of the new
production. This makesthe analysisproceedin an incremertal fashion, and
only program points that are not dead are followed. Similar ideashave been
studied previously for constrairt simpli cation, e.g.,[20,15].We have recenly
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studied the precisespeci cation, design,analysis,implemertation, and mea-
suremetts of our simpli cation algorithm and showed that the simpli cation
time is linear in the number of live program points and in other parameters
that are typically small in practice [35].

Figure 10is a screendump of the systemon a small example.Program points
are annotated with nonterminals (Ni's) highlighted in red. The shadedregion
cortains the function of interest. The two setsof productions are the original
setand resulting set. Dead code (function bigfun aswell asthe rst argumen
of cons in function f) is highlighted in green.

Fig. 10. A prototype implementation.
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Extensions. We beliewve that our method for dead code analysiscan be ex-
tendedto handle side e®ects.The extensionmay usegraph grammarsinstead
of tree grammars. The ideasof including L and D as terminals, construct-
ing program-basedgrammars, and doing grammar simpli cations should be
similar. Sagiv, Reps,and Wilhelm [51] handle destructive updates for shape
analysisusingshape graphslike a kind of graph grammars.We may make simi-
lar useof graph grammarsfor deadcode analysisin the presenceof destructive
updates.

Our method canalsobe extendedto handlehigher-orderfunctionsin two ways.
First, we cansimply apply a cortrol-°0 w analysis[54] beforewe do deadcode
analysis. This allows our method to handle complete programsthat cortain

higher-order functions. Second,we can directly construct productions corre-
sponding to function abstraction and application and add rulesfor simplifying

them. This is like how Henglein[23] addressesigher-orderbinding-time anal-
ysisand how Heintze [22] and Flanaganand Felleisen[16] handle higher-order
functions for analyzingML programsand Schemeprograms,respectively. Use
of constrains hasalsobeenstudied for stopping deforestationfor higher-order
programs[53].

Our method is descriked here for an untyped language,but the analysisre-
sults provide an important kind of type information; the analysismay alsobe
adopted to enhancesoft typing; and the analysisappliesto typed languages
as well. For example,considerthe productions in Figure 7(c). The grammar
at eat program point givesits livenesdogetherwith the shape of data. Dead
code shouldbe reported to the programmerbefore,or at leastat the sametime
as, type errors sud as 3rd(congq1; 2)) in the dead code. Live code may have
its type inferred by small re nemerts of our rules. For example,if we replacelL
with Booleanin the rulesfor conditional expressionsn Figures3 and 4, where
B oolean projectsout only true and false,thenwehave N,;! Booleaninstead
of N;7!' L in Figure 7(c), and thus ewerything there is preciselytyped. For
a typed language,possiblevaluesare restricted also by type information, so
the overall analysisresults can be more precise,e.g., type information about
the value of an expressione can help restrict the grammar at e when e is the
argumert of a tester c?.

7 Related work and conclusion

Our badkward dependenceanalysisspeci es sutcient information using live-
nesspatterns, which are domain projections, that are basedon generalregular
tree grammarsand are determinedby the given program. Wadler and Hughes
use projections for strictness analysis [60]. Their analysisis also badckward,;
it seeksnecessaryrather than suzcient information and usesa xed nite
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abstract domain for all programs. Launchbury usesprojections for binding-
time analysisof partially static data structures in partial evaluation [31]. It

is a forward analysisequivalert to strictness analysisand usesa xed nite

abstract domain aswell [32]. Mogensen44], De Niel, and others[11] alsouse
projections, basedon grammarsin particular, for binding-time analysisand
program bifurcation, but they useonly a restricted classof regular tree gram-
mars. Another kind of analysisis escag analysis[47,13,4],but the methods
there usedata accesgaths, sud aslist spines,that have to be cut at certain
level for appraximation and thus are generallylessprecisethan methods that
usegrammars.

Seweral analysesare in the samespirit as ours, but they do not use gram-
mars and are thus lesspowerful. The necessy interpretation by Jonesand
Le M@tayer [28] usesnecessy patterns that correspnd to a restricted class
of livenesspatterns. Necessi patterns specify only headsand tails of list
values. The absenceanalysis by Hughes[24] usescortexts that correspnd
to a restricted classof livenesspatterns. Even if it is extendedfor recursive
data types,it handlesonly a nite domain of list cortexts where every head
corntext and ewery tail cortext is the same.The analysisfor pruning by Liu,
Stoller, and Teitelbaum [38] usesprojectionsto specify speci ¢ componerts of
tuple valuesand thereby provide more accurateinformation. Howewver, meth-
ods usedthere for handling unboundedgrowth of sud projections are crude.
Wand and Siveroni [62] discusssafeelimination of deadvariablesbut doesnot
handle data constructions. Our method of replacing all dead code (including
deadvariables) by a constart _ is simple, direct, and more generalthan their
method; in particular, it is safeto simply remove deadfunction parameters.

The idea of using regular tree grammarsfor program °ow analysisis due to
Jonesand Muchnick [26], whereit is usedmainly for shape analysisand then
for improving storageallocation. It is later usedto descrike other data °ow
information sud astypesand binding times [43,44,2,11,63,55,50]n partic-
ular, the analysisfor backward slicing by Repsand Turnidge [50] explicitly
adopts regular tree grammarsto represen projections. It is closestin goal
and scope to our analysis.Howewer, it usesonly a limited classof regular tree
grammars,in which ead nonterminal appearson the left side of one produc-
tion, and ead right side is one of v e forms, correspndingto L, D, atom,
pair, and atomj pair. It forcesgrammarsto be deterministic in a most ap-
proximate way, and it givesno algorithms for computing the least xed point
from the set of equations. Our work usesgeneralregular tree grammars ex-
tended with L and D. We also use productions of extendedforms to make
the framework more °exible. We give excient algorithms for constructing and
simplifying the grammars,which togetheryields more preciseanalysisresults.
Comparedwith [50], we alsohandle more program constructs,namely, binding
expressionsaand user-de nedconstructorsof arbitrary arity.
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In our treatment, we have adoptedthe view that regular-tree-grammar-based
program analysisis also abstract interpretation and approximations can be
built into the grammar transformers as a set of constraints [9]. We extend
the grammarsand handleL and D specially in grammar manipulations. The
result can also be viewed as using program-based nite grammar domains
for obtaining preciseand excient analysis methods. Another standard way
to obtain the analysisresult is to do a xed point computation using general
grammar transformerson potentially in nite grammar domains and use ap-
proximation operationsto guarartee termination. Approximation operations
provide a more generalsolution and make the analysisframework more mod-
ular and °exible [9]. In a separatepaper [34], we describe three approximation
operations that together produce signi cantly more precise analysis results
than previousmethods. Each operation is excient, but dueto their generality
and interaction, that work doesnot have an exact characterization of the total
number of iterations needed.The nite domainsdescribed in this work make
a completecomplexity analysiseasy

Regular-tree-grammar-basedrogram analysis can be reformulated as set-
constraint-based analysis[21,22,9],but we do not know any work that treats
preciseand excient dead code analysisfor recursive data as we do. Melski
and Reps[40,41]show the intercorvertibilit y of a classof set constrairts and
conext-free-languagereadhability and, at the end of [41], they shov how gen-
eral CFL-readhability can be applied to program slicing. That essehally ad-
dresseshe sameproblemwe do with a similar framework, but their description
is sketchy, with little discussionabout correctnessand with no results from
implemertation, experimerts, or applications.

The method and algorithms for deadcode elimination studied herehave many
applications: program slicing and specialization [64,50], strength reduction,
“nite di®erencing,and incremenalization [7,46,39,37],caching intermediate
resultsfor programimprovemeri [38],deforestationand fusion[59,6],aswell as
compile-timegarbagecollection[28,24,47,61]The analysisresultsalsoprovide
a kind of type information.

The overall goal of this work is to analyzedeaddata and eliminate computa-
tions of them acrossrecursionsand loops, possibly interleaved with wrappers
sudh as classesn object-oriented programs. This paper discussegechniques
for recursion.The basicideasshould extendto loops. Pugh and Rosser'swork

has started this direction; it extendsslicing to symbolically capture partic-

ular iterations in a loop [48]. Object-oriented programming is used widely,

but cross-clasptimization heavily dependson inlining, which often causes
code blow-up. Grammar-basedanalysisand transformation can be applied to

methods acrossclasseswithout inlining. A direct application would be to im-

prove techniquesfor eliminating deaddata members,asnoted by Sweeneyand

Tip [57].
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Even though this paper focuseson deadcode analysisand deadcode elimina-
tion for recursive data, the framework for represeting recursive substructures
using generalregular tree grammarsand the algorithms for computing them
applies to other analysesand optimizations on recursive data as well, e.g.,
binding-time analysisfor partial evaluation [31,44]. We have recerily deel-
oped a binding-time analysisusing the sameframework.
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