Efficient Implementation of an Extended Semantics for
Logic Programs with Annotated Disjunctions

Fabrizio Riguzzi and Terrance Swift

! ENDIF — University of Ferrara
Via Saragat 1, 1-44122, Ferrara, Italy
fabrizio.riguzzi@unife.it
2 CENTRIA — Universidade Nova de Lishoa
tswift@cs.suysb.edu

Abstract. Logic Programming with Annotated Disjunctions (LPADs) i$oa-
malism for modeling probabilistic information that haseatly received increased
attention. The LPAD semantics, while being simple and ¢ckaafers from the re-
quirement of having function free-programs, which is arggromitation. In this
paper we present an extension of the semantics that remusa®striction and
allows us to write programs modeling infinite domains, suslidaden Markov
Models. We show that the semantics is well-defined for a lelags of programs.
Moreover, we present the algorithm “Probabilistic Infexerwith Tabling and
Answer subsumption” (PITA) for computing the probabilitf queries to pro-
grams according to the extended semantics. Tabling andearssissumption not
only ensure the correctness of the algorithm with respetigtgemantics but also
make it very efficient on programs without function symbols.

PITA has been implemented in XSB and tested on six domairswith func-
tion symbols and four without. The execution times are camgbavith those of
ProbLog,cplint  and CVE. PITA was almost always able to solve larger prob-
lems in a shorter time on both type of domains.

1 Introduction

Many real world domains only can be represented effectifelye are able to model
uncertainty. Recently, there has been an increased ihtelegic languages represent-
ing probabilistic information due to their succesful uséachine Learning.

Logic Programs with Annotated Disjunction (LPADE)[24] lesattracted the atten-
tion of various researchers due to their clarity, simpfiaihodeling power and ability
to model causation. Their semantics is an instance of thahilison semantics[[18]:
a theory defines a probability distribution over logic prais and the probability of a
query is obtained by summing the probabilities of the progahere the query is true.
The semantics of LPADs proposed [n]24] requires the programbe function-free,
which is a strong requirement ruling out many interestinggpams. Thus, we propose
a version of the semantics that allows function symbols@lbe lines of[[18,13].

The new semantics is based on a program transformationiteehthat not only
allows proving the correctness the semantics but also gesvan efficient procedure
for computing the probability of queries from LPADs. Thea@iighm “Probabilistic In-
ference with Tabling and Answer subsumption” (PITA) buitdsplanations for every



subgoal encountered during a derivation of the query. Tipdaeations are compactly
represented using Binary Decision Diagrams (BDDs) that allw an efficient com-
putation of the probability. Since all the explanations éosubgoal must be found,
tabling is very useful to store such information. Tabling ladready been shown use-
ful for probabilistic logic programming i JIZ.15,8]. PITAansforms the input LPAD
into a normal logic programs in which the subgoals have araexgument storing a
BDD that represents the explanations for its answers. M@mrwe also exploit answer
subsumption to combine explanations coming from diffecttises.

PITA draws inspiration fron]5] that first proposed to use BOBr computing the
probability of queries for the Problog language, a ministadi probabilistic extension
of Prolog, and from[[1I6] that applied BDDs to the more geneRAD syntax. Other
approaches for reasoning on LPADs inclufel [15], where SL<Bltgion is extended
by repeatedly branching on disjunctive clauses, [1agrer CVE is presented that
transforms an LPAD into an equivalent Bayesian network &ed performs inference
on the network using the variable elimination algorithm.

PITA was tested on a number of datasets, both with and withumation symbols,
in order to evaluate its efficiency. The execution times diAPWwere compared with
those ofcplint  [L6], CVE [11] and ProbLod19]. PITA was able to successfsibjve
more complex queries than the other algorithms in most caisést was also almost
always faster both on datasets with and without functiontsyls

The paper is organized as follows. Secfibn 2 illustratesyimtax and semantics of
LPADs. SectiorB discusses the semantics of LPADs with fanctymbols. Section
A gives an introduction to BDDs. Sectibh 5 defines dynamatifization for LPADs.
Sectior® briefly recalls tabling and answer subsumptioati®ed presents PITA and
shows its correctness. Sectdn 8 describes the experimedtSectiof]9 concludes the
paper and presents directions for future works.

2 Logic Programs with Annotated Disjunctions

A Logic Program with Annotated Disjunctiofi4] consists of a finite set of annotated

disjunctive clauses of the fort, : «; V...V hy, @ oy « b1, ..., by INn Such a clause
hi,...h, arelogical atomdy,, ..., b, logical literals, and a1, . . ., a, } real numbers
in the intervall0, 1] such thatZ;.‘:1 a; <1.hy:aiV...Vh,:a,is called thehead
andby, ..., b, is called thebody Note that ifn = 1 anda; = 1 a clause corresponds

to a normal program clause, sometimes callesh@a-disjunctiveclause. Ile;?:1 aj <

1, the head of the annotated disjunctive clause implicitlgtams an extra atomuli

that does not appear in the body of any clause and whose diondtal — 2?21 a;.

For a clause” of the form above, we definkead(C) as{(h; : a;)|1 < i < n}if

Yoira; = 1landas{(h; : a;)]1 < i <n}U{(null :1-3 . o)} otherwise.
Moreover, we definéody(C) as{b;|1 < i < m}, h;(C) ash; anda;(C) asa;.

If the LPAD is ground, a clause represents a probabilist@ahbetween the non-
disjunctive clauses obtained by selecting only one atonménhtead. As usual, if the
LPAD T is not ground,T’ can be assigned a meaning by computing its grounding,
ground(T). The semantics of LPADs, given in]24], requires the grourojpam to be
finite, so the program must not contain function symbolsdbintains variables.



By choosing a head atom for each ground clause of an LPAD wa getmal logic
program called @ossible worldof the LPAD (called arninstanceof the LPAD in [24]).
A probability distribution is defined over the space of pbksiworlds by assuming
independence between the choices made for each clause.

More specifically, aratomic choices a triple(C, 0, i) whereC € T, 0 is a substi-
tution that grounds” andi € {1,...,|head(C)|}. (C,0,7) means that, for ground
clauseC¥, the headh;(C) was chosen. A set of atomic choicesis consistentif
(C,0,i) € k,(C,0,5) € k = i = j,i.e., only one head is selected for a ground
clause. Acomposite choice is a consistent set of atomic choices.

A selectiorns is a composite choice that, for each clag8kin ground(T'), contains
an atomic choicéC, 0, 4) in 0. We denote the set of all selection®f a prograni” by
Sr. Theprobability P(x) of a composite choice is the product of the probabilities of
the individual atomic choices, i.&(x) = ]_[(07971.)EN a;(C). A selectiono identifies a
normal logic progranw,, defined as followsv, = {(h;(C)8 «— body(C))0|(C,0,17) €
o}. w, is called gpossible worldlor simplyworld) of 7. Wt denotes the set of all the
possible worlds of . Since selections are composite choices, we can assigialpko
ity to possible worldsP’(w, ) = P(0) = [ ¢,5)e, @i (C).

We consider onlysoundLPADs, in which every possible world has a total model
according to the Well-Founded Semantics (WHS] [22]. In ty, the uncertainty is
modeled only by means of the disjunctions in the head and ythé features of the
semantics. In the followingy, = ¢ means that the atomis true in the well-founded
model of the progran,, .

The probability of a ground atom according to an LPAD is given by the sum of
the probabilities of the possible worlds where the atomus tmder the WFSP(¢) =
ZUGST.,wC,|:¢ P(o). Itis easy to see thdt satisfies the axioms of probability.

Example 1.Consider the dependency of sneezing on having the flu or vay:fe

Cy = strong_sneezing(X) : 0.3 V moderate_sneezing(X) : 0.5 «— flu(X).

Ca = strong-sneezing(X) : 0.2V moderate_sneezing(X) : 0.6 < hay_fever(X).

C:s = flu(david).

Cy = hay-fever(david).
This program models the fact that sneezing can be caused loy flay fever. The
query strong_sneezing(david) is true in 5 of the 9 instances of the program and its
probability is
Pr(strong_sneezing(david)) = 0.3-0.24-0.3-0.64-0.3-0.24-0.5-0.24-0.2-0.2 = 0.44

Even if we assumed independence between the choices fordndi ground clauses,

this does not represents a restriction, in the sense tlsadtittiallow to represent all the

joint distributions of atoms of the Herbrand base that apeagentable with a Bayesian
network over those variables. Details of the proof are @difor lack of space.

LPADs can be written by the user or learned from data. Whettemrby the user,

the best approach is to write each clause so that it modelawsatmechanism of the
domain and to choose the parameters on the basis of his kigevtd the mechanism.



3 A Semantics for LPADs with Function Symbols

If a non-ground LPADI" contains function symbols, then the semantics given ini@ect
B is not well-defined. In this case, each possible warldis the result of an infinite
number of choices and the probabil(w, ) of w, is 0 since it is given by the product
of an infinite number of factors all smaller than 1. Thus, thabability of a formula is
0 as well, since it is a sum of terms all equal to 0.

Therefore a new definition of the LPAD semantics is neces8#eyprovide such
a definition following the approach ii[lL3] for assigning ansmtics to ICL programs
with function symbols. A similar result can be obtained gg[fd].

A composite choice: identifies a set of possible worlds, that contains all the
worlds relative to a selection that is a supersetofe.,w, = {w,|oc € Sr,0 2 K}
We define the set of possible worlds associated to a set of@sitechoiceds: wx =
UI{GK Wk

Given a ground atorm, we define the notion of explanation, covering set of com-
posite choices and mutually incompatible set of explamatid finite composite choice
K is anexplanatiorfor ¢ if ¢ is true in every world ofv,.. In ExampldL, the composite
choice{(C1,{X/david}, 1)} is an explanation fostrong_sneezing(david). A set of
composite choice& is coveringwith respect tap if every worldw, in which ¢ is true
is such thatv, € wg. In ExamplddL, the set of composite choices

Ly = {{(C1,{X/david}, 1)}, {(Cy, {X/david}, 1)} } 1)

is covering forstrong_sneezing(david). Two composite choices, andk, areincom-
patibleif their union is inconsistent, i.e., if there exists a ckagsand a substitutiod

groundingC such that{C, 0, j) € x1,(C,0,k) € ko andj # k. A setK of composite
choices ignutually incompatibléf for all x, € K, ke € K, k1 # ko = k1 andks are
incompatible. The set of composite choices

Lo = {{(C1,{X/david}, 1), (Ca, { X /david},2)},
{(C1,{X/david}, 1), (Cs,{X/david},3)}, (2)
{(Co, {X/david}, 1)}}

is mutually incompatible for the theory of Examfile 1. Theldoling results of [1B]
hold also for LPADs.

— Given a finite setK of finite composite choices, there exists a finite &&tof
mutually incompatible finite composite choices such that= wy.
— If K1 and K> are both mutually incompatible sets of composite choiceb $oiat

WK, = WK, thenZneKl P(K) = Znng P(’i)

Thus, we can define a unique probability meagure?; — [0, 1] wheref2, is defined
as the set of sets of worlds identified by finite sets of finitmposite choicesfy =
{wk|K is afinite set of finite composite choidedt is easy to see tha?y is an algebra
overWr. Theny is defined byu(wi ) = >, . k- P(x) whereK” is afinite set of finite
composite choices that is mutually incompatible and suatutly = wg. As for ICL,
(Wr, Qr, 1) is a probability spacé10].



Definition 1. The probability of a ground atond is given byP(¢) = p({wy|ws €
Wr A w, ': ¢}

Theorenf® in Sectiof 7 shows thatifis a sound LPAD with bounded term-size and
¢ is a ground atom, there is a finite d€tof explanations o0& such that is covering.
ThereforeP(¢) is well-defined.

In the case of Exampld L, shown in equatiofll2 is a covering set of explanations
for sneezing(david, strong) that is mutually incompatible, so

P(sneezing(david, strong)) = 0.3-0.6 +0.3-0.24 0.2 = 0.44

4 Representing Explanations by Means of Decision Diagrams

In order to represent explanations we can use Multivaluecidiin Diagrams[[21].
An MDD represents a functiorfi(X) taking Boolean values on a set of multivalued
variablesX by means of a rooted graph that has one level for each variahé#h node
has one child for each possible value of the multivaluedatdei associated to the level
of the node. The leaves store either 0 or 1. Given values fdhalvariablesX, an
MDD can compute the value ¢f(X) by traversing the graph starting from the root and
returning the value associated to the leaf that is reached.

Given a set of explanations, we obtain a Boolean functiofis in the following
way. Each ground claus€f appearing inkK is associated to a multivalued variable
Xcp with as many values as atoms in the head’ofEach atomic choicéC, 0, 1) is
represented by the propositional equationy = i. Equations for a single explanation
are conjoined and the conjunctions for the different exglimms are disjoined.

The set of explanations in Equati@h (1) can be representguefyunctionfr,, (X) =
(Xc,0 =1) V (Xe,p = 1). An MDD can be obtained from a Boolean function: from
fr, th MDD shown in Flgurm) is obtained.

=

Xcyo Xeuo Xeyn Xeynt
(a) MDD. (b) BDD.

Fig. 1. Decision diagrams for Examg 1.

Given a MDD M, we can identify a set of explanatiohg,; associated td/ that is
obtained by considering each path from the root to a 1 leaha&xglanation. If is easy
to see thaf is a set of explanations ard is obtained fromfx, K and K, represent
the same set of worlds, i.e., thak = wg,,.

The important role of MDDs is thak’,,; is mutually incompatible because at each
level we branch on a variable and the explanations assdciatéhe leaves that are
below a child of a node are incompatible with those of the othéddren of the node.

By converting a set of explanations into a mutually inconitpeaset of explanations,
MDDs allow to computeu(wg) given any K. This is equivalent to computing the
probability of a DNF formula which is an NP-hard problem batiion diagrams offer
also a practical algorithm that was shown better than otlethaus([5].



Decision diagrams can be built with various software paekdbat provide highly
efficient implementation of Boolean operations. Howevarshpackages are restricted
to work on Binary Decision Diagram (BDD), i.e., decisiongliams where all the vari-
ables are Boolean. To work on MDD with a BDD package, we mysesent multival-
ued variables by means of binary variables. Various optwagossible, we found that
the following, proposed ir]4], gives the best performarae.a variableX; havingn
values, we use — 1 Boolean variableX(;4, . .., X1,_1 and we represent the equation
X, =ifori=1,...n—1bymeans of the conjunctiali;; A X1oA.. . AX1;_1 AX1y,
and the equatioX; = n by means of the conjunctioki;; A X12 A ... A X1,_1. The
BDD representation of the functiofy, is given in Figur§ I(®). The Boolean variables

are associated with the following parametgP$X,,) = P(X; = 1)...P(Xy;) =
P(X1=1)

[[_ a-PXu-2))’

5 Dynamic Stratification of LPADs

One of the most important formulations of stratificatiorhiattofdynamicstratification.
[L4] shows that a program has a 2-valued well-founded mdtl@l is dynamically
stratified, so that it is the weakest notion of stratificatibat is consistent with the
WFS. As presented il [14], dynamic stratification computesta via operators o8-
valued interpretations- pairs of the form{(T'; F'), whereT and F' are subsets of the
Herbrand basé/ p of a normal progran®.

Definition 2. For a normal programP, setsI” and F' of ground atoms, and a 3-valued
interpretation/ we define

Truer(T) = {A : val;(A) # t and there is a claus® «— L4,...,L, in P and a
ground substitutio such thatd = B# and for everyl < i < n eitherL;6 is true
inI,orL;0 € T};

False;(F) = {A : val;(A) # £ and for every clausé8 «— L4,...,L, in P and
ground substitutiod such thatd = B there is some (1 < i < n), such that,;6
is false inl or L;0 € F}.

The conditionsial; (A) # t andval;(A) # £ are inessential, but ensure that onbw
facts are included ii'rue; (T') and Flalse; (F'), and simplify the definition of dynamic
strata below.[[14] shows th&true; and False; are both monotonic and defin€s as
the least fixed point df rue; andF; as the greatest fixed point 8fulse;. In words, the
operatorZ; extends the interpretatiahto add the new atomic facts that can be derived
from P knowing/; F; adds the new negations of atomic facts that can be showniffialse
P by knowing! (via the uncovering of unfounded sets). An iterated fixechpoperator
builds up dynamic strata by constructing successive panmterpretations as follows

Definition 3 (Iterated Fixed Point and Dynamic Strata).For a programP let
WEMo = (0;0);

WFMai1 = WEM, U(Twrm,; Fwrm,);
WFM, =z, WFMg, forlimit ordinal o..

6



Let W F M (P) denote the fixed point interpretatidi F'Ms, whereo is the smallest
countable ordinal such that both sef$, py;, and Fiyy pas, are empty. We refer to
as thedepthof program P. Thestratumof atom A4, is the least ordinal3 such that
A € WFMg (whereA may be either in the true or false componentiof'Mg).

[T4] shows that the iterated fixed poifit M (P) is in fact the well-founded model
and that any undefined atoms of the well-founded model do elonig to any stratum
—i.e. they are not added & "M for any ordinab.

Dynamic stratification captures the order in which reciesismponents of a pro-
gram must be evaluated. Because of this, dynamic straitficat useful for modeling
operational aspects of program evaluation. Fixed-ordeanhjic stratification[17], used
in Sectiory, replaces the definition Bfilse;(F') in Definition[d is by

False;(F) = {A:wval;(A) # £ andforevery claus® «— L4, ..., L, in P and ground
substitutiond such thatd = B0 there exists dailing prefix: i.e., there is some
(1 <4< n),suchthat,fis false in or L;§ € F,and forallj (1 <j <i-—1),
L;fistrueinl}.

[L7] describes how fixed-order dynamic stratification cegguthose programs that a
tabled evaluation can evaluate with a fixed literal selecttoategy (i.e. withoutthe SLG

operations ofSIMPLIFICATION and DELAY). As shown from the following example,

fixed-order stratification is a fairly weak condition for aogram.

Example 2.The following program has a 2-valued well-founded model sads dy-
namically stratified, but does not belong to other stratiificaclasses, such as local,
modular, or weak stratification.

S« 7S, p S— ﬁp, ﬁq, I,
p — q! -, =S, q<_ I, ﬁp
r—p,—qg.

p, g, andr all belong to stratum 0, whilsebelongs to stratum 1. The simple program
pe——p p-

is fixed-order stratified, but not locally, modularly, or wéastratified. Fixed-order
stratification is more general than local stratificationd diman modular stratification
(since modular stratified programs can be decidably regegso that they have failing
prefixes). It is neither more nor less general than weakifstegton.

The above definitions of (fixed-order) dynamic stratificafior normal programs can be
straightforwardly adapted to LPADs — an LPAD(fsxed-order) dynamically stratified
if eachw € Wr is (fixed-order) dynamically stratified.

6 Tabling and Answer Subsumption

The idea behind tabling is to maintain in a table both sutgeatountered in a query
evaluation and answers to these subgoals. If a subgoal @ietered more than once,
the evaluation reuses information from the table rathen tleaperforming resolution



against program clauses. Although the idea is simple, iilm@®rtant consequences.
First, tabling ensures termination of programs with tieeinded term size properti
programP has the bounded term size property if there is a finite funcfio N — N
such that if, a query term to P has sizesize(Q@), then no term used in the deriva-
tion of Q has size greater thaf(size(Q)). This makes it easier to reason about ter-
mination than in basic Prolog. Second, tabling can be useddtuate programs with
negation according to the WFS. Third, for queries to widesés of programs, such as
datalog programs with negation, tabling can achieve thengpicomplexity for query
evaluation. And finally, tabling integrates closely wittoRrg, so that Prolog’s familiar
programming environment can be used, and no other langsageuired to build com-
plete systems. As a result, a number of Prologs now supgaihggincluding XSB,
YAP, B-Prolog, ALS, and Ciao. In these systems, a predipgteis evaluated using
SLDNF by default: the predicate is made to use tabling by dadation such asable
p/nthat is added by the user or compiler.

This paper makes use of a tabling feature cadlesiwer subsumptioMost formu-
lations of tabling add an answélrto a table for a subgod only if A is a not a variant
(as aterm) of any other answer f8ir However, in many applications it may be useful to
order answers according to a partial order or (upper seattieg. In the case of a lattice,
answer subsumption may be specified by means of a declasatitragable p(,or/3 -
zero/1)for an unary predicate. wherezero/1 is the bottom element of the lattice and
or/3 is the join operation of the lattice. For example, in the PAI§orithm for LPADs
presented in Sectidd 7, if a table had an angwer F;) and a new answer(a, F»)
were derived, wheré; and E, are probabilistic explanations, the answéd, E1) is
replaced byv(a, F3), whereE; is obtained by callingr(FE1, Es, E3) and is the logi-
cal disjunction of the first two explanations, as stored i . Answer subsumption
over arbitrary upper semi-lattices is implemented in XSBshatified programs[20];
in addition, the mode-directed tabling of B-Prolog can d&eseen as a form of answer
subsumption.

Sectior¥ uses SLG resolutidn [3] extended with answer sapsan in its proof of
TheorenfP, although similar results could be extended terdgbling formalisms that
support negation and answer subsumption.

7 Program Transformation

The first step of the PITA algorithm is to apply a program tfansation to an LPAD
to create a normal normal program that contains calls foripugating BDDs. In our
implementation, these calls provide a Prolog interfackeo@UDIH C library and use
the following predicat&

— init, end for allocation and deallocation of a BDD manager, a datacstire used
to keep track of the memory for storing BDD nodes;

% The logical disjunctionE; can be seen as subsumifyy and E» over the partial order af
implication defined on logical formulas.

4 http://visi.colorado.edu/ ~ tabio/

5 BDDs are represented in CUDD as pointers to their root node.
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— zero(-BDD), one(-BDD), and(+BDD1,+BDD2,-BDDO), or(+BDD+BDD?2,
-BDDO), not(+BDDI,-BDDO) Boolean operations between BDDs;

— add.var(+N_Val,+Probs,-Var) addition of a new multi-valued variable witi Val
values and parametePsobs

— equality(+Var,+Value,-BDD)BDD represent¥ar=Value i.e. that the random vari-
ableVar is assigned/aluein the BDD;

— ret_prob(+BDD,-P). returns the probability of the formula encodedB®PD.

add.var(+N_Val,+Probs,-Var)adds a new random variable associated to a new in-
stantiation of a rule witiN_Val head atoms and parameters Fsbbs The auxiliary
predicategetvar_n(+R,+S,+Probs,-Vaiis used to wragddvar/3 and avoid adding a
new variable when one already exists for an instantiatianstown below, a new fact
var(R,S,Var)s asserted each time a new random variable is created, Wige iden-
tifier for the LPAD clauseSis a list of constants, one for each variables of the clause,
andVar is a integer that identifies the random variable associatddalauseR under a
particular grounding. The auxiliary predicates has thiofahg definition

getwvar_n(R, S, Probs,Var) «

(var(R, S,Var) — true;
length(Probs, L), add_var(L, Probs, Var), assert(var(R, S, Var))).

whereProbsis a list of floats that stores the parameters in the head eRul

The PITA transformation applies to clauses, literals aminat If 4 is an atom,
PIT Ay (h) is h with the variableBDD added as the last argumentblfis an atom,
PIT Ay(by) is b; with the variableB; added as the last argument. In either case for an
atoma, BDD(PIT A(a)) is the value of the last argument BT T A(a),

If b; is negative literata;, PIT A, (b;) is the conditional
(PITAj(a;) — not(BNj, Bj);one(Bj;)), wherePIT A} (a;) is a; with the variable
BN; added as the last argument. In other words the input BBD;, is negated if it
exists; otherwise the BDD for the constant functiois returned.

A non-disjunctive facC,. = h is transformed into the clause
PITA(C,) = PITAp(h) < one(BDD,).
A disjunctive factC, = hy : a1 V...V hy, : «,. Where the parameters sum to 1, is
transformed into the set of cIausBsITA(CT)E

PITA(C,,1) = PITAp(h1) < getwarn(i,|],|oq,...,a,], Var),

equality(Var,1, BDD).

PITA(C,,n) = PITAp(hy) < getovarn(r,[], [, ..., an], Var),
equality(Var,n, BDD).
In the case where the parameters do not sum to one, the ctafiise iransformed into
hi:a1V...Vhy:a,Voull : 1 — Z? «;. and then into the clauses above, where

the list of parameters gy, ..., a,, 1 — >} «;] but the(n + 1)-th clause (the one for
null) is not generated.
The definite claus€’, = h < b1, bs, ..., b,,. is transformed into the clause

PITA(C,) = PITA(h) — PIT Ay(by), PIT Ay(b2), and(By, B, BBs),
..., PIT Ay(by), and(BBu_1, By, BDD).

6 The second argument gkt_var_n is the empty list because, since we are considering only
range restricted programs (cfr. below), a fact does notatomariables.



The disjunctive clause
Cr.=hy:a1V...Vhy:a,<by,by, ... ,00.
where the parameters sum to 1, is transformed into the séduwdesPIT A(C,.)
PITA(C,,1) = PITAp(hy) «— PITAy(by), PIT Ay(by), and(By, By, BBy),
..., PITAy(by,),and(BB,,_1, By, BB,,),
getwarn(r, VO, |a,...,a,], Var),
equality(Var,1, B),and(BBy,, B, BDD).

PITA(C,,n) = PITAy(hy,) «— PITAy(by), PIT Ay(bs), and(By, By, BBs),
..., PITAy(by,),and(BBy,_1, Bm, BB,,),
getwarn(r, VO, |a,...,a,], Var),
equality(Var,n, B),and(BBy,, B, BDD).
whereV C' is a list containing each variable appearingin If the parameters do not
sum to 1, the same technique used for disjunctive facts . use

Example 3.ClauseC; from the LPAD of Exampl&ll is translated into
strong_sneezing(X,BDD)  « flu(X, By),
get_var_n(1,[X],[0.3,0.5,0.2], Var),
equality(Var, 1, B),and(B1, B, BDD).
moderate_sneezing(X, BDD) «— flu(X, By),
get_var_n(1,[X],[0.3,0.5,0.2], Var),
equality(Var,2, B),and(B1, B, BDD).
while clauseC} is translated into
flu(david, BDD) < one(BDD).

In order to answer queries, the gealve(Goal,P)s used, which is defined by
solve(Goal, P) « init, retractall (var(_, _, ),

add_bdd_arg(Goal, BDD,Goal BDD),

(call(Goal BDD) — ret_prob(BDD, P); P = 0.0),

end.
whereadd_bdd_arg(Goal, BDD,Goal BDD) implementsPIT Ay, (Goal). Moreover,
various predicates of the LPAD should be declared as tableda predicate/n, the
declaration istable p(1,...,n,0r/3-zero/1) that indicates that answer subsumption is
used to form the disjunct of multiple explanations: At a minim, the predicate of the
goal should be tabled; as shown in Secfibn 8 it is usuallyebétttable every predicate
whose answers have multiple explanations and are goingteusel often.

Correctness of PITAIn this section we show two results regarding the PITA transf
mation and its tabled evaluatlbrirhese results ensure on one hand that the semantics
is well-defined and on the other hand that the evaluationrititgo is correct. For the
purposes of our semantics, we consider the BDDs producetbasdjterms, and do

not specify them further. We first state the correctness@fPtTA transformation with
respect to the well-founded semantics of LPADs. Becausello® & PADs to have

"Due to space limitations, our presentation is somewhat rimi a for-
mal presentation with all proofs and supporting definitioman be found at
nttp://www.Ing.unife.it/docenti/FabrizioRiguzzi/Pap ers/RigSwi10- | R.pdt
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function symbols, care must be taken to ensure that exjdenrsadre finite. To accom-

plish this, we prove correctness for what we term dynamyefatlitary programs, essen-

tially those for which a derivation in the well-founded serties does not depend on an
infinite unfounded sd

Theorem 1 (Correctness of PITA Transformation).Let 7' be a sound dynamically-
finitary LPAD. Thenx is an explanation for a ground ataniff there is A PIT Ay (a)6
in WFM( PIT A(ground(T))), such thats is a path inBDD(PIT Ay(a)f) to a 1
leaf.

Theorenf® below states the correctness of the tabling imgriation of PITA, since
the BDD returned for a tabled query is the disjunction of ao$ebvering explanations
for that query. The proof uses an extension of SLG evaludtiah includes answer
subsumption but that is restricted to fixed-order dynarictatified program<[20], a
formalism that models the implementation tested in SefioNote that unlike Theo-
reml, Theoreml2 does not require the progfiato be grounded. However, TheorEin 2
does requird’ to be range restricted in order to ensure that tabled evalugtounds
answers. A normal program/LPAD range restrictedf all the variables appearing in
the head of each clause appear also in the body. If a normgigrois range restricted,
every successful SLDNF-derivation f6t completely ground& [L2], a result that can
be straightforwardly extended to tabled evaluations. Witazh, TheorenR requires
to have the bounded term-size property (cf. Sedflon 6) tarengrmination and finite
explanations.

Theorem 2 (Correctness of PITA Evaluation).Let 7" be a range restricted, bounded
term-size, fixed-order dynamically stratified LPAD am@ ground atom. Lef be an
SLG evaluation ofPIT Ay (a) againstPIT A(T), such that answer subsumption is
declared orPIT Ay (a) using BDD-disjunction. The#é terminates with an answern.s

for PIT Ap(a) andBDD(ans) represents a covering set of explanationsifor

Thus range restricted, bounded term-size and fixed-ordwardically stratified LPADs
have a finite set of explanations that are covering for a gi@tam, so the semantics
with function symbols is well-defined.

8 Experiments

PITA was tested on two datasets that contain function sysabloé first is taken from
[24] and encodes a Hidden Markov Model (HMM) while the latiiem [5] encodes
biological networks. Moreover, it was also tested on the testbeds of([11] that do
not contain function symbols. PITA was compared with thecéxarsion of ProbL(ﬁ
[B] available in the git version of Yap as of 19/12/2009, witie version ofcplint

8 Dynamically-finitary programs are a strict superclass effihitary programs of{1] and are
neither a subclass nor a superclass of the finitely groungranas of[[2]. The formal definition
of dynamically-finitary programs is in the full version ofigtpaper.

% ProbLog was not tested on programs with more than two atortieihead because the pub-
licly available version is not yet able to deal with non-biingariables.
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(L8] z?/ﬂfailable in Yap 6.0 and with the version of CVIE]11] dadie in ACE-ilProlog
1.2.2¢1.

The first problem models a HMM with three states 1, 2 and 3 otivi3iis an end
state. This problem is encoded by the program

s(0,1):1/3v s(0,2):1/3v s(0,3):1/3.

s(T,1):1/3v s(T,2):1/3v s(T,3):1/3— T1is T-1, TH=0, s(T1,F),\+ s(T1,3)
For this experiment, we query the probability of the HMM hgin state 1 at timéN
for increasing values df,, i.e., we query the probability &f(N,1) In PITA, we did not
use reordering of BDDs variabfs The execution times of PITA, CVE araplint
are shown in FigurEl2. In this problem tabling provides anrispive speedup, since
computations can be reused often.

058
07}
06 |

o5t

S04t

Eos|
02
0.1}

LEIprlint
-©-CVE |
—PITA

o™ 20 40 60 80 100

Fig. 2. Three sided die.

The biological network problems compute the probabilitagfath in a large graph
in which the nodes encode biological entities and the liggaesents conceptual rela-
tions among them. Each programs in this dataset containéiratide of path plus a
number of links represented by probabilistic facts. Thegpaims have been sampled
from a very large graph and contain 200, 40Q, 5000 edges. Sampling was repeated
ten times, to obtain a series of 10 programs of increasirgy fizeach test we queried
the probability that the two genes HGNE20 and HGNC983 are related. We used the
definition of path of [9] that performs loop checking exgligiby keeping the list of
visited nodes:

path(X,Y) — path(X,Y,[X], Z).

path(X,Y,V,[Y|V]) « edge(X,Y).

path(X,Y,V0,V1) «— edge(X,Z),append(V0,_S, V1),

\ + member(Z,V0),path(Z,Y,[Z|V0],V1).
We used this definition because it gave better results treartk without explicit loop
checking. The possibility of using lists (that require ftiano symbols) allowed in this
case more modeling freedom. The predicaigs /2 andedge/2 are tabled.

We ran PITA, ProbLog andplint  on the graphs in sequence starting from the
smallest program and in each case we stopped after one daytrer first graph for

10 All experiments were performed on Linux machines with arlitore 2 Duo E6550 (2333
MHz) processor and 4 GB of RAM.

11 For each experiment, we used either group sift automaticlezimg or no reordering of BDDs
variables depending on which gave the best results.
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Fig. 3. Biological graph experiments.
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Fig. 4. Datasets from (Meert et al. 2009).
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Fig. 5. Datasets from (Meert et al. 2009).
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which the program ended for lack of menﬂyln PITA, we used group sift reordering
of BDDs variables. Figurg3{la) shows the number of subgrémhahich each algo-
rithm was able to answer the query as a function of the siZescdubgraphs, while Fig-
ure[3(0) shows the execution time averaged over all and belgubgraphs for which all
the algorithms succeeded. PITA was able to solve more sphgi@nd in a shorter time
thancplint  and ProbLog. For PITA the vast majority of time for largergna was
spent on BDD maintenance. ProbLog ended for lack of memotlgrige cases out of
ten, PITA in two anctplint  in four. This shows that, even if tabling consumes more
memory when finding the explanations, BDDs are built fastet asing less memory,
probably due to the fact that tabling allows less redunddanjy one BDD is stored
for an answer) and a bottom-up construction of the BDDs, Wwidaisually better. This
shows that one should table every predicate whose answemhaltiple explanations,
aspath/2 andedge/2 above.

The four datasets of[11], served as a final suite of benchsnbldodtype en-
codes the genetic inheritance of blood tygepwingbody contains programs with
growing bodiesgrowinghead contains programs with growing heads anglcse
encodes a university domain. In PITA we disabled automat@rdering of BDDs
variables for all datasets except fowcse. The execution times ofplint , CVE
and PITA are shown in Figurds Z(a) &nd #{5), b(a) BN (MITA was faster than
cplint  in all domains and faster than CVE in all domains exagpwingbody
growingbody , however, is a domain in which all the clauses are mutualjusive,
thus making possible to compute the probability even witfRiDDs.

9 Conclusion and Future Works

This paper has made two contributions. The first, semarttityibution extends LPADs
to include functions. By way of proving correctness of th&&lransformation we also
characterize those extended LPAD programs whose derieeasatave only finite ex-
planations (dynamically-finitary LPADS); by way of proviegrrectness of PITA eval-
uation we characterize those that have only finite sets ofaegtions (LPADs with
the bounded term-size property). Such results ensurehbatgmantics with function
symbols is well-defined.

The PITA transformation also provides a practical reaspmrilgorithm that was
directly used in the experiments of Sectldn 8. The expertmsubstantiate the PITA
approach. Accordingly PITA programs should be easily fietdo other tabling en-
gines such as that of YAP, Ciao and B Prolog if they supponvensubsumption over
general semi-lattices.

In the future, we plan to extend PITA to the whole class of sbiuRADs by imple-
menting the SLGELAYING andSIMPLIFICATION operations for answer subsumption.
In addition, we are developing a version of PITA that is albleahswer queries in an
approximate way, similarly td19].

2 CVE was not applied to this dataset because the currenbwecain not handle graph cycles.
13 For the missing points at the beginning of the lines a timellemthan10~° was recorded.
For the missing points at the end of the lines the algorithhaagted the available memory.
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A Proof of Theorems[1 and2

Before proving the theorems, we discuss some of the conoapthich they are based.
First, the theorems below use the notion of a dynamicalliafip program.

Definition 4 (dynamically-finitary Programs). A dynamically-finitarynormal pro-
gram P is one in which any atom i F'M (P) (Definition[3) has a finite stratum
4, and for which each straturi < § was computed by a finite number of applications
of the7; and F; operators (DefinitiofiR2).

An LPADT is dynamically-finitary if each of its worlds«( € W7) is dynamically-
finitary.

While the property of being dynamically-finitary is cleanydecidable, note that a
dynamically-finitary progran® need not have a finite ground instantiation nor a finite
depth (cf. DefinitioB). However in a dynamically-finitaryggram, a ground atorma
can be seen to be true or false after a finite bottom-up déerivabince we consider
only (subsets of) dynamically stratified programs, the tjaef determining that an
atom is undefined in a dynamically-finitary program does miseshere.

Second, the theorems make explicit mention of BDD data &tras. Note that there
are a number of ways to represent BDDs as ground terms, glthaficourse a ground
term representation of a BDD will be less efficient than thegdiby CUDD or other
packages. While the proofs below all assume that a BDD is argtderm, they do
not need to further specify its form. Accordingly the BDD ogt@ons used in the PITA
transformationand/3 or/3, not/2, one/], zero/1, andequality/3are all taken as (infi-
nite) relations on terms, so that these predicates can be paatiof a program'’s ground
instantiation in the normal way. As a result, the groundangation of PIT A(T) in-
stantiates all variables ifi with all BDD terms.

Finally, the definition ofyet.var_n/4 from Sectiorl¥:

get_var_n(RuleName, Vars, Probs, RV) «—

(var(RuleName, Vars, RV) — true;

length(Probs, L), add_var(L, Probs, RV),

assert(var(RuleName, Vars, RV))).
uses a non-logical update of the program, and so without fications, it is not suit-
able for our proofs below. Alternately, we assume thatund(T) is augmented with
a (potentially infinite) number of facts of the foroar(Rule Name, [|, RV') for each
ground ruleRule Name (note that no variable instantiation is needed in the seeond
gument ofvar/3 if it is indexed on ground rule names). Clearly, the augminteof
T by such facts has the same meaningyesvar_n/4, but is simply done by a priori
program extension rather than during the computation dseiimbiplementation.

Lemma 1. If T'is a dynamically-finitary LPAD, theRIT A(T') is dynamically-finitary,
and for each ground atoma, if PIT Ay (a) is true inWFM (PITA(T)), a has an ex-
planation.

Proof. If T is dynamically-finitary, each world inVr is dynamically-finitary, by Def-
inition . By Definition2 there are interpretatiof’sand7” such thats € True; (T").
Sincel’ anT’ were both produced by a finite number of iterations of The.c; and
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False; operatorsg “depends” (e.g. in the sense of local stratification) on tight
value of a finite sef of atoms. Since any world in whichiis true implies that is true,
S is an explanation fod:.

By the preceding discussion, the extra literals introdungathe bodies of rules by
the PIT A transformation are all facts. Accordingly, for eaud/3, and/3 atoms that
are in theand/3 relation are true at all points in the well-founded compotagfter
Trueg((), and alland/3 atoms that are not in thewd/3 relation are false at all points
after Falseg(0). Accordingly, derivation of an ato? 1T Ay, (a) in PIT A(T') will take
a finite number of steps (i.e. applications of theue, False andW F'M operators) if
the derivation ofz takes a finite number of steps in each possible world' o$o that
PITA(T) is dynamically-finitary.

Theorem[ LetT be a sound dynamically-finitary LPAD. Thens an explanation for
a ground atom iff there is somePIT Ay, (a)0 in WEFM (PIT A(ground(T))), such
thatx is a path to a 1 leaf irBDD(PITAh(a)QE.

Proof. (Soundness=) The proof is by outer induction on the operat@it' M (Defini-
tion[d) and inner induction on the operatdrsue; and False; (Definition@). Within
each stratum there is induction on the structure of formuées note that sincé’ is
dynamically-finitary, we do not need to consider transfimitiiction.

1. Base Case for Outer Inductiom{ M Operator) This case consists of induction
for Truey andFalsey
(a) Base Case for Inner Inductiof'¢ueg and Falsey) In the case ofl ruey, a
ground atonu is proven using a non-disjunctive fact or disjunctive facthe
T'. If a unifies with a non-disjunctive fagt,

PITA(f) = PITAy(f) — one(BDD).

so the BDD associated withrepresents the constant 1, i.e., an empty compos-
ite choice that is an explanation ferAlternately, ifa unifies with head:;(C'.)
of a disjunctive factC,.,

PITA(C,,i) = PITAp(h1(Cy)) «— var(C,,[], Var), equality(Var,i, BDD).

the rule “creates” a new variabléar and a new BDDBD D indicating that
the value ofVar is i to represent the atomic choi¢éC,., )}, which is an
explanation for.
In the base case dfalsey, those atomgemovedrom the greatest fixed point
are non-disjunctive facts containedgnound(T).
(b) Inductive Case (Innein the case of ruey, the atonu is proven via a rule,.

in PITA(T) that does not contain negation in its bodyClfis non-disjunctive
PITA(C,) = PITAp(h) — PIT Ay(by), PIT Ay(bs),

CLTLd(Bl, BQ, BBQ), ceey

PIT Ay(by), and(BBy,_1, By,, BDD).

14 The 6 substitution binds the variable introduced BYT' A (a) to a BDD-term.
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By the induction assumption, the statement holdg67" A, (b;) : 1 < i < m.
Forj:1 < j < m,letBBjbethe BDD assocated with tlﬁ\elgigj PITAp(b;).
Then the literabnd(BB;, B;+1, BB;j1) producesthe BDB B, thatis ei-
ther the first argument of the nextd/3 literal in the body, or is the final BDD
produced in the body. We now perform structural inductiorttenbody ofC:...
For the base case, each pathAn is an explanation by the inner fixed point
inductive assumption. For the inductive case, by the siratinduction as-
sumption,B By, represents a finite set of explanationsfor., .. PIT Ay(b;),
and By, for PIT A,(bg+1) by the inner fixed point inductive case, so that
clearly and(BBy,, Bi+1), BBi+1) produces a finite set of explanations for
A1§i§k+1 PITAb(bi)-
Alternately, if o is derived via a selection of th&" disjunct of a ground dis-
junctive clause”;.,
PITA(C,,i) = PITAp(h;) « PITAp(b1), PIT Ap(b),
and(Bl, BQ, BBQ), ey
PIT Ay(by,), and(BBy,—1, By, BB,,),
var(Cy, [], Var),
equality(Var,i, B), and(BB,,, B, BDD).
the transformed rule propagates conjunction as for nojuwatisive rules within
the present iteration case (1b), and as with disjunctives f@eration case 1a)
“creates” a new variabl& ar and a new BDDB indicating that the value of
Var is i to represent the atomic choi¢€C,., 0, 4)}, and conjoinsB to BB,
to produce the final BDD for the rule, which is an explanationd.
In the case oFalsey, an atomu removed from the greatest fixed point is such
that at least one of one of its clauses does not have anyvgobitidy literal
in the previous iteration of'alsey. As a resulta is not an unfounded atom
with respect to the interpretatidh This condition is not affected by the PITA
transformation.
2. Inductive Case Outer Inductiom( "M Operator)This case consists of induction
for Falser and Falser, wherel is the interpretation produced by the previous
iteration of theW F'M operator.

(a) Base Case Inner Inductiofi’¢ue; and False; Operators)
For T'ruey, in the case of non-disjunctive rules, atoms may be addeleo t
interpretation by rules of the form

r="h<by,...,bk,not(bgt1),...,not(by).

whereby, ..., b are true inl, andby1, ..., b,, are false in/. Such rules are
transformed into
PITA(C,) = PITA(h) «— PITAy(b1), ..., PIT Ay(by),
and(BBk,l, Bk, BBk),
(PITAb(bk+1) — nOt(BNk+1,Bk+1); one(Bk_H)),
and(BBy, By, ,, BB+1), - - -,
and(BBy—1, Bm, BDD).
This is similar to non-disjunctive rules seen in inductiese 1b with the ad-
dition of the negative literals that have been transformed conditionals.
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If a negative literalPIT Ay (by1) fails, conjoining the BDD 1 withBBy, in
and(BBy, Big+1, BBr+1) has no effect on the semantics 8B)1 which is
equal toBBy. If PIT Ay(b41) succeeds, its complement is taken for the con-
junction to produce a new BDD whose paths to 1 indicate théaeepionEl.
In the case of disjunctive rules, an atom is added by a rulese#it disjunct
is translated into
PITA(C,,i) = PITA(h) «— PITAy(b1), ..., PIT Ay(by),

and(BBk,l, Bk, BBk)

(PITAb(bk+1) — TLOt(BN;H_l , Bk+1); one(Bk_H)),

and(BBy, Byy1, BBi+1), - - -,

var(Cy, ], Var), equality(Var, i, B),

and(BB,,, B,BDD).
This is similar to the previous case, but with the additiorfadfding” a new
variableVar and a new BDDB indicating that the value of ar is i to rep-
resent the atomic choiggC., 0, 4)}, just as for disjunctive rules for induction
case (1b). As in that cagde is conjoined taB B,,, to produce the final BDD for
the rule, which represents a finite set of explanationsfor
In the base case dfalsey, those atoms removed from the greatest fixed point
are those all of whose rules have at least one body literaidffalse inZ. This
is unaffected by the PITA transformation.
Inductive Case (Outer)
ForTruey, from the perspective of the PITA transformation, the atim this
case are essentially the same as in inductive case 2a.
In the case of'alse;, an atonu removed from the greatest fixed point is such
that at least one of one of its clauses does not have eithep@asitive body
literal in the previous iteration af'alse; or a body literal that is false ih. As
a resulta is not an unfounded atom with respect to the interpretatiohhis
condition is not affected by the PITA transformation.

(b

~—~

(Completeness>) Sketch

The completeness proof of Theorem 1 maps interpretatioas @l PAD T' to
PITA(T). To accomplish this, note that the PITA transformation esponds to the
identity transformation for atoms whose predicate symbahid/3 or/3, not/2, one/],
zero/], equality/3andvar/3.

For completeness we must prove that i§ an explanation for a ground atanthen
there is some instantiatidAI T Ay, (a)0 € WFM (PIT A(ground(T))) of PIT Ap(a)
such that such thatis a pathto a 1 leaf iBDD(PIT Ay (a)0).

Let h — body be a non-disjunctive clause iA. If body is in True;(T") for in-
terpetationd and7”, then it is straightforward to show th&IT A(body) is also true
in True;(T") — since the extra literals i 1T A(body) such asand/3 one/], etc. have
been added to the interpretatidfisand !’ (cf. the proof of Lemma 1).

The same argument holds for the body of a disjunctive clause

C=hy:a1V...Vhy:a,<—by,...,bn.
5 Technically speaking, the Prolog conditionai — B;C) must first be translated to

(A, B;—A, C) and this form translated into clauses without body disjsinct
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In addition, note that ifC, 6, ) is an atomic choice used to constructhen the PITA
transformation ensures that a rule is generated fpone instantiation of which corre-
sponds tqC, 0, 7).

Extending this to a full proof would involve placing thesesebvations within the
structure of a double induction like that used for SoundnBige that because of
Lemma 1 no transfinite induction would be needed for this atidn. However the
main ideas used in the cases of such an induction are singdg flast mentioned com-
bined with the analysis of the different cases of the PITAdfarmation shown for
Soundness.

Definition 5. A normal programP has thebounded term size propertfythere is a
finite functionf : N — N such that if a query tern) to P has sizesize(Q) then no
term used in the derivation @) has size greater thafi(size(Q)). An LPADT has the
bounded term size property if eaghe W has the bounded term size property.

Note that the query) in Definition[d need not be ground. From Definitidn 4 a program
that is dynamically-finitary is such that for eagloundquery@ a bounded-term-size
proof could be constructed (simply by computing the wellsided model untity is
seen to be true or false). Thus a bounded term-size progrdym&nically-finitary, but
the converse is false.

TheoremP Let T' be a range restricted, bounded term size, fixed-order dyceliyi
stratified LPAD anda a ground atom. Le€ be an SLG evaluation aPIT Ay (a)
against PIT A(T), such that answer subsumption is declared RHI" Ay, (a) using
BDD-disjunction. Thed terminates with an answe.s for PIT A(a) andBDD(ans)
represents a covering set of explanationsdor

Proof. (Sketch) The proof uses the forest-of-trees mddel [19] oF $8].

Becausd' is fixed-order dynamically stratified, queriesfaan be evaluated using
SLG without theDELAYING, SIMPLIFICATION Orf ANSWER COMPLETIONOprations..
Instead, as’[17] shows, only the SLG operaticiEsv SUBGOAL, PROGRAM CLAUSE
RESOLUTION, ANSWER RETURNandNEGATIVE RETURN are needed. However, be-
causef uses answer subsumption, an extension toARSBWER RETURN operation
must also be defined. The operation assumes answer subgnoraptan upper semi-
lattice L (implicitly on the last argument of the selected literal).

— SUBSUMING ANSWER RETURN Let an SLG foresfF,, contain a non-root node
N = Ans «— S, Goal List

whose selected litera is positive and has been declared to use answer subsump-
tion over a latticeL. Further, assume that is ground in all arguments except its
last, V,,, which is unbound. Le# be the set of all answers forin F,,, andJoin

be theL-join of all the final arguments of all answers.ih Assume that irF,,, N

does not have a child{V,,/Join}. Then addS{V,,/ Join} as a child ofN.

For the proof, the first item to note is that siriEés range restricted, it is straightfor-
ward to show thaPIT A(T) is also range restricted; that any subgBdll" Ay (a) will
be ground except for its last argument, which is free; antathanswers oPIT Aj, (a)
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will be ground (cf. [12]). Accordingly the operaticBluUBSUMING ANSWER RETURN
will be applicable to any subgoal with a non-empty set of arsw

Next, sincel” has the bounded term size property, any SLG evalation of eydpe
to T will terminate [3], and it is straightforward to extend thésult to SLG evaluations
extended with answer subsumption.

It remains to show that answens for PIT Ay (a) is such thaBDD(ans) repre-
sents a covering set of explanationsdofhe bounded term size propertyBfimplies
that there will only be a finite set of explanations (otherwfi$size(Q)) would be un-
bounded). Furthermore, each explanation in the set is fiagdollows from the fact
thatT is dynamically-finitary (as implied by the bounded term gizeperty).

ThatBDD(ans) contains a covering set of explanations can be shown by timuc
on the number of BDD operations. Consider an and operatitimeifibody of a clause.
For the inductive assumptioi3 B;_; and B; both represent finite covering set of ex-
planations covering fob, ..., b;_1 andb; respectively. LetF;_;, F/, and F; be the
formulas expressed b B, 1, B;, and BB; respectively. These formulas can be rep-
resented in disjunctive normal form, in which every disjurpresents an explanation.
F; is obtained by multiplyings;_; andF/ so, by algebric manipulation, we can obtain
a formula in disjunctive normal form in which every disjunethe conjunction of two
disjuncts, one fron¥;_; and one from¥. Every disjunct is thus an explanation f&y
—the body prefix upto and includirig. Moreover, every explanation fdf; is obtained
by conjoining an explanations fdf;_; with an explanation fo#, so it is represented
by a disjunct ofF;.

In the case of an or operation bewteen two answers, the ires®DD will repre-
sents the union of the set of explanations represented BRI that are joined. Since
this is repeated for all answers, the set of explanationsesepted byBD D(ans) is
covering for the query.
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B Comparisons of Termination Properties

THIS IS STILL ROUGH, BUT ITS A START
Several classes of programs for which termination is stlidiake use of the (static)
dependency graph of a program.

Definition 6. Thedependency graptf a programP is a labelled directed graph, de-
noted byDG(P), whose vertices are the ground atoms of Ps language, and

1. there exists an edge labelled + (called a positive edgenfA to B iff for some rule
r € Ground(P), A € head(r) and B € body(r);

2. there exists an edge labelled - (called a negative edge) & to B iff for some rule
r € Ground(P), A € head(r) and—Binbody(r)

An atom Adepends oan atom B if there is a path from A to B in the dependency graph
of P.

We begin by recalling the definitions of finitely recursiveldmitary programs from

me

Definition 7. [L] A program P is finitely recursive iff each ground atom A depends on
finitely many ground atoms iRG(P)

Definition 8. [I] A program P is finitary if the following conditions hold:

1. Pisfinitely recursive.
2. There are finitely many odd-cyclic atoms in the dependgraggh DG(P).

Itis straightforward to show that a finitely recursive pragris dynamically-finitary.
The following example shows that the converse is not the.case

Example 4.The program

p(f(0)). P(X)—a(X,Y),p(Y).

is not finitely recursive, but is dynamically-finitary (TL@&lthough an application of
Falsey requires quantification over an infinite number of clauses).

We now define a superclass of bounded-term-size progranfaiiize H), based
on constraining the types of allowed queries.

Definition 9. Let @ be a ground atom. A normal prograf has theatomic bounded
term size propertif there is a finite functiorf : N — N suchthatif a query) to P has
sizesize(Q) then no term used in the derivation@thas size greater thafi(size(Q)).

Example 5.The programP,,,cimber
member(X,[X—]). member(X,[—Y]):- member(X,Y).

16 The definitions were originally given in terms of disjunetiprograms; here we restate them
in terms of normal programs.

23



has the atomic bounded term size property and is also dya#lyafmitary (i.e. compu-
tation of Falsey would have an infinite fixed point, but computation-efiember(a, [b, c|)
would be determined within a finite number of iterations ddittloperator). Clearly
Phember 1S DOt finitely recursive.

Next, [2] defines the concept of finitely ground programs Ifuograms are amenable
to grounding techniques that involve instantiation witepect to a given set of exten-
sional database predicates, along with an iterative itiatean method that makes use
of static dependency components.AN PUT THE DEFINITIONS IN AT SOME POINT

Example 6.Consider the program

q(0). P(X)— a(X),p(s(X)).

Determining the falsity of e.gp(0) using the fixed point operators of Sectldn 5 requires
detection of an unfounded set that is an infinite chain. Adicgly, this program is not
dynamically-finitary, nor does it have the atomic boundethtsize property, nor is it
finitely recursive. However, an iterative instantiationthw grounds the rulp(X)—
q(X),p(s(X))only with the binding{ X = 0} so that the program is finitely ground.

The putative hierarchy of programs is shown in Fidliie B=DS TO BE RECHECKED

finitely ground dynamically finitary atomic bounded term size

- . bounded term size
finitely recursive

finitary
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