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Abstract

Tabled evaluation ensures termination for a large classajrams by keeping track of which subgoals have
been called. Given several variant subgoals in an evalyadialy the first one encountered will use program clause
resolution; the rest will resolve with the answers generaiethe first subgoal. This use of answer resolution prevents
infinite looping which sometimes happens in SLD. Becauswarssthat are produced in one path of the computation
may be consumed, asynchronously, in others, tabling sgsfaoe an important scheduling choice not present in
traditional top-down evaluation: when to schedule answsolution.

Various scheduling strategies have been developed andringpited in the XSB tabling system. Experiments have
shown that the efficiency of an evaluation is highly sensitivthe order in which operations are performed. However,
the lack of a formal structure made it difficult to define thesategies more precisely, prove their correctness and
compare different strategies. Here, we address this problg proposing SLG.x.q, an extension of SLG that
provides a formal framework to model scheduling strategies

1 Introduction

Applications of Tabled Logic Programming are becoming camniMany abstract interpreters use tabling (or magic)
to determine properties of progran®s P, ?]. Tabling is also used for model checkirig,[for natural language analysis
[?, ?], and for medical diagnosi®]. Several reasons account for this profusion of applicati@mong them the fact
that tabled logic programs have a clear declarative sepmimtithe Well-Founded Semantics, several well-defined
operational semantics, and high-quality implementatsuth as the XSB systerfd][among others

Experience has indicated that tabled evaluations can tdytegnsitive to the order in which operations are per-
formed, or thescheduling strategfor an evaluation. Previous worR,[?, ?] has shown that the scheduling strategy
used can radically affect memory usage, execution timejshraccess patterns (this work is briefly summarized in
Section 4). As a result, it seems likely that tabling systefrthe future will evaluate large programs using a mixture
of scheduling strategie®] determined by analysis of a program’s requirements.

Questions about scheduling also arise when comparisonmade between implementations. Whilg phas
demonstrated that for definite programs, relevant progeiaf magic-style evaluations can be captured by a spe-
cial scheduling strategy for tabling, the question of cormgatabled evaluations with magic-based evaluations that
include negation, such as well-founded ordered se&jabr the method of P] remains open. Similar questions about
scheduling occur when tabling is combined with parallelj&n?].

Work on both of these questions — on mixing scheduling sgieseand on comparing evaluation methods — has
been made difficult by the lack of a formal basis for schedyilimtabled evaluations. Various formulations either rely
implicitly on a given scheduling strategy, such as OLI?Tdr WFOS [?], or do not formulate scheduling at all as in
SLG [?].
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In this paper we present SLG.q, a framework for modeling scheduling in SLG evaluations. Wil be seen,
SLG;.heq Clarifies interrelations between tabling operations, mgkt easier to prove the correctness both of the
scheduling strategies themselves and of low-level opttions based on these scheduling strategies.

The results of this paper are as follows:

e We formally define the framework of Scheduled SLG Evaluatidrhese evaluations augment SLG forests with
ascheduling sequencend parameterize evaluations using sequence combin@terthen show that Scheduled
SLG Evaluations using sequence combinators have the sameeadjey as SLG evaluations.

¢ We show that by altering the sequence combinator paranieterevaluation strategies can be derived: Sin-
gle Stack Scheduling, Batched Scheduling, Local Schegluind Breadth-First Scheduling. Each of these
evaluations has proven useful enough to have been impleshenthe XSB system.

e We then use the SLG..q formalism to show that the breadth-first strategy is eqeivato magic for definite
programs.

The structure of the paper is as follows. Section 2 review& 8kaluation, which has been formally presented
in [?]. In Section 3 we introduce SLG.q, an extension of SLG that takes scheduling into account,stoslv
how SLG,.;.q evaluations can be parameterized by their manipulatiomefscheduling sequence. In Section 4
we give examples of how different scheduling strategiesbmarepresented through parameterizing Scheduled SLG
Evaluations. In this section, we also show how the forméibzecan be used to compare Breadth-First Scheduling to
magic-style evaluations, and to compare the efficiency cdllto non-local evaluations when answer subsumption is
used.

2 SLG: A Brief Review of Terminology

SLG resolution (Linear resolution with Selection functifim General logic programs) 7] is a tabled evaluation
method that is sound and search space complete with respgbetwell-founded partial model for all non-floundering
queries. In this section we review certain definitions of Sk€olution from P] that will be used in Section 3 to define
SLG;.req- Because of space limitations, we cannot provide all défiméthere, but refer the reader ) pnd to the
full version of this papert

Unless otherwise noted, throughout this document we césturselves to non-floundering finite programs. We
also assume, without loss of generality, that all negatiN®eals are tabled, and that a left-to-right computatide ru
is used.

Preliminary Definitions

As preliminary terminology, subgoals are atoms. Two atorasdentical if they are variants of each other. Predicates
can be annotated as either tabled or non-tabled, in whieh$BB resolution is used.

An SLG evaluation is modeled by a sequencéonéstsof SLG trees. Figure 1, which will be discussed in detail
below, illustrates the SLG forest for a query to a simple rsie program.

Definition 2.1 (SLG Forest) An SLG forest consists of a set of SLG trees. The root noded &f Bees have the
following form:
Subgoal — |Subgoal

1For the convenience of referees, we provide definitions & Sperations and of SLG evaluation in Appendix B.



1. p(1,Y) <- p(1,Y)

2.p(1,Y) <- p(1,2), p(Z,Y) 3.p(1,Y) <-a(1Y)
5. p(1,Y) <- p(2,Y) 11. p(1,Y) <- p(3,Y) 4.p(1,2) <- 16. p(1,3) <-
10. p(1,3) <-
6. p(2,Y) <- p(2,Y) 12. p(3,Y) <- p(3,Y)

T 7 T

7.p(2,Y) <- p(2,2).p(Z)Y) 8.p(2)Y) <-a(2,Y)13. p(3,Y) <- p(3,2),aZ,Y)  14.p(3.Y) <- a(3.Y)

V V

15. p(2,Y) <- p(3,Y) 9. p(2,3) <-

( N
Subgoals  Answer

PLY) | p(2),p(L3)
PRY) | pR3)
\P@B.Y) )

Figure 1:A finite forest for tabled evaluation

and the status of a root node may be setdmpletedvhen its corresponding tree @®mpletely evaluate(Defini-
tion 2.4). Non-root nodes can have the form:

AnswerTemplate «— DelaySet|Goal List

whereAnswerTemplatées an atomGoallistis a sequence of literals, amklaySets a set of delayed literals. Non-

root nodes can also bailed. Failed nodes are added as leaves of failed branches andsigmated by the atofail.
O

In non-root nodes, thAnswerTemplateaptures variable bindings accumulated during the evalugBoalListis
a sequence of literals that remain to be solM@dlaySeis a set of annotated positive or negative literalsS s the
selected literal for a non-root nodé, N is called aconsuming nodef S.

Because we assume non-floundering programs, negativalditere always ground, and so will have no special
form in a DelaySet. Positive literals require an extra annotation and havedtra DG whereD is an atom
whose truth value depends on the truth value of some andwewer for the subgoal’all. If 6 is a substitution, then
(DG ) = (DB)GY Intuitively, these annotations provide control inforinatfor a possible simplification

Answer Answer*

of the delayed literal.
Definition 2.2 (Answer) A leaf node in an SLG tree is answerif its goal list is empty. Given an answémn-

swerTemplate—DelaySetif DelaySeis empty, the answer is said to bhaconditiona) otherwise, ifDelaySeis not
empty, the answer is said to benditional ]

Definition 2.3 (SLG Answer Resolution) Let F be a forest. Le&, of the formA «— D|Lq, ..., L,,, be a node iF
with selected positive literdl;, for somei (1 < i < n). If S is a subgoal inF that has an answémswerof the form
A" — D'|, whose variables have been standardized apartffome say thats is SLG resolvablewith Answer The



resolvent ofG andAnsweron L; has the form
(A — D|L1, ceey Li—l, Li+1, ceey Ln)e

if D’ is empty, and
(A — D, DI|L1, ceey Li—l, Li+1, ceey Ln)e

otherwise, wherd’ = S%,. m

If F has a tree with rooB «| S we say thatS is contained inF. In an SLG forest, no two SLG trees have the
sameroot nodes, that is, their corresponding subgoals canneabants of each other. SLG uses the notion of a set
of subgoals being completely evaluated in order to allowatieg literals to succeed or fail.

Definition 2.4 (Completely Evaluated) Given an SLG forest, and a sgtibgof tabled subgoal§ubgis completely
evaluatedff at least one of the following conditions is satisfied fachd subgoab € Subg:

1. S has an answer that is a variant$yfor
2. For each nod&' in a tree with rootS
e The selected litera$ L of NV is completed, or
e SL € Subg and no SLG operationsUBGOAL CALL, PROGRAM CLAUSE RESOLUTION, ANSWER

CLAUSE RESOLUTION, NEGATIVE DELAY, or NEGATIVE RETURN (see Definition B.2) are applicable
to N. O

If the tree for a subgoa contains an unconditional answer that is a variang af is said tosucceed|f the tree
for S is completed but contains no answe$sis said to beailed. After a subgoal is completely evaluated, answers
that have positive literals in their bodies that arsupportednust be removed.

Definition 2.5 (Supported Answer) Let S be a subgoal andnswer be an atom that occurs in the head of some
answer ofS. ThenAnswer is supported bys if:

1. EitherS does not have status completed; or

2. There exists an answénswer’ of S that hasAnswer in its head and for every positively delayed litef2ff */
in Answer’, Ans is supported by’ all. O

Definition 2.6 (Unsupported Answer) A set of answerd{.A is unsupported ifua; € U.A, whereua; is of the form
A; « D,|, the tree forua,; has status completed aBda; € U.A such thatua; € D; (i.e., there exists a positive loop
among the answers id.A). O

SLG evaluations are modeled as a possibly transfinite seguafrforests. Any non-final SLG forest has a set of
applicable SLG operations. New operations can becomecatydi in a forest if: a new tree is added; a new node is
created; or the status of a root node is set to completed.

Example 2.1 Consider the following program that computes the trarsitiosure of a directed graph:

:- table p/2.
p(x!Y) L p(X,Z), p(ZvY)
p(X,Y) - a(XY).

a(1,2). a(1,3). a(2,3).

As an illustration of the operations in Definition B.2 for defe programs, consider Figure 1 which represents forest
for the query: - p(1,Y) atthe end of its evaluation. The first time a subg8dk encountered during a tabled



evaluation, the 8BGOAL CALL operation creates a new tree with r&#t-S? Figure 1 contains trees rooted at nodes
1, 6 and12 (we will also refer to these roots generator nodds PROGRAM CLAUSE RESOLUTIONIs then used to
obtain the immediate children for each root node. Altexredyi if the forest does not contaiy no new tree is required

for S. Processing of answers is analogous to subgoals: the firatah answer to a subgagilis derived during an
evaluation, it is returned to relevant consuming nodeS wia ANSWER CLAUSE RESOLUTION (for instance, nodes

5, 11 and 15 are produced by resolving answers against camgumdes); any subsequently derived answers are not
returned. In this manner, tabling prevents redundant supatations (including loops). As mentioned above, tabled
resolution can be mixed with the program clause resolutfoBL®. In this case, we refer to tabled predicates and
non-tabled predicates depending on the form of resolutggddor each. In an SLG tree, nodes that correspond to
non-tabled predicates are termaterior nodes In Figure 1, nodes 3, 8 and 14 are interior nodes.

In a tabled evaluation, groups of mutually dependent subgoa calledstrongly connected componentsSCCs.
When all program and answer clause resolution has beenrpeofor the subgoals in an SCC, the subgoals are
termedcompletely evaluate(Definition 2.4). The notion of completion is necessary feailgation of programs with
negation, as well as being useful for space reclamationhénfarest depicted in Figure 1, there are three SCCs:
{p(1,N} {p(2. 9} {p(3,Y)}. The sets of subgoak®(3, Y) }, {p(2, V), p(3, V) }, and{p(1,v), p(2, V),
p(3,Y) } are all completely evaluated — the evaluation has produltgubssible answers for subgoals in these sets
— and the ®@MPLETION operation can be applied to any of these sets of subgoals. O

Correctness of SLG was shown ifi][ To restate this result, we briefly review some terminologgt 7 be a
forest in an SLG evaluation of a prografhand queryQ. The partial interpretation of, I(F), is a set of ground
atoms constructed as followsl € I(F) iff A is a ground instance of some answetAnnot(A) € I(F) iff Aisa
ground instance of somé’, and the SLG tree fod’ is completed inF but does not contairl as an instance of any
answer. The following theorem states the correctness of I8 f&lating the partial interpretations of final forests to
the well-founded model oP restricted to the set of subgodlsn F (M p|s).

Theorem 2.1 ([?]) Let @ be a query to a normal prograf. Then an SLG evaluation consisting of the operations
SUBGOAL CALL, PROGRAM CLAUSE RESOLUTION, ANSWER CLAUSE RESOLUTION, COMPLETION, NEGATIVE
DELAY, NEGATIVE RETURN, SIMPLIFICATION and ANSWER CoMPLETION will reach a final forestF,, in which a
ground atomd is in I(F,) iffitis in M p|s, the well-founded model aP restricted to the set of subgoalsin

2.1 Adding Operational Features to SLG

In order to model operational features of SLG such as scheglut is useful have mechanisms that describe the
dependencies of subgoals and the order of creation of nodeforest.

Definition 2.7 (Subgoal Dependency Graph) Let F be an SLG forest. We say that a tabled subgfiatirectly
depends om tabled subgoad, in F iff S; and.S; arenon-complete@nd.S; is the selected literal of some node in
the tree forS;. Thesubgoal dependency grapli 7, SDG(F), is a directed grapl\V,E} in which V' is the set of root
subgoals for non-completed treesfand(S;, S;) € E iff S; directly depends of;. O

We use the relatiodepends oo denote the transitive closure of the relatairectly depends anSinceSDG(F)
is a directed graph, it can be partitioned into strongly @mted components, or SCCs. An SCanidependenif no
subgoal in that SCC depends on subgoals that belong to aaifitf8CC.

We model the order of creation of nodes usindexed forestsn which each node (with the exception of failed
nodes) is prepended by the index of the system in which the mad added — this number uniquely identifies each
non-failed node in a forest. Using these numbers, we carribdesthecalling environmenbf a subgoalS as the
consuming node of whose index is least. The notion of a leader of an SCC combiresotions of indices and
dependencies.

2For conciseness, in definite programs where no subgoalsetaged!, root nodes are representedSoppgoalk—Subgoal and non-root nodes
are represented bnswerTemplate «+— Goal List.



Definition 2.8 (Leader of an SCC) A subgoalS is the leader of an SCSubg if S is the subgoal irBubgwith the
smallest index. O

Definition 2.9 (Completely Evaluated: Operational Formuldion) Let Subgbe a set of subgoals in a given SLG
forestF. Subgis completely evaluatei at least one of the following conditions is satisfied fockaubgoals €
Subg

e S has an answer that is a variant$ifor

e Subgis anindependent SC(r contains a set of independent SCCs) and there areyBeSAL CALL, PRO-
GRAM CLAUSE RESOLUTION, ANSWERCLAUSE RESOLUTION, NEGATIVE DELAY, or NEGATIVE RETURN,
applicable to the nodes in the trees fband for the other subgoals 8ubg O

3 SLG;.eq: Scheduling in SLG

An SLG,..,.q evaluation consists of a sequencesgftemsEach system contains an indexed forest and a scheduling
sequence. Scheduling sequences are sequences of schégjpilis (Definition B.3). Each scheduling tuple uniquely
represents an SLG,.; operation to be applied to a node in an indexed foregtor instance, a scheduling tuple
ACR(NodeNumbeAnswerNumbgmwould apply ANSWERCLAUSE REsoLUTIONof the answer indexed b&nswer-
Numberagainst the selected atom of the node indexeNbgeNumber

Given an SLGcp.q System(F,,, Seq,), a new SLG.p.q System is produced as follows. The operation represented
by the first scheduling tuple dfeq,,, opo, is applied taF,, to produce a new foresk, ;. In addition, the definition of
SLGq.qneq Operations indicates how a new scheduling sequéagg,; is produced — that is, which scheduling tuples
should be added and/or deleted fréfey,,. Scheduling tuples are always selected fromhbadof a sequence, and
are removed from the sequence after having been applieskglence combinatgoverns where in the scheduling
sequence new operations are added.

Definition 3.1 (Sequence Combinator) Let & be a function with signature : Seq x Seq — Seq. We call® a
sequence combinatdif given two sequenceSeq; andSegs, Seqy & Seqa = Seqs, and bothSeq; and Seg, are
subsequences ofeqs. O

An SLG; .4 evaluation is formulated as follows.

Definition 3.2 (SLG,.,.q Evaluation) Given a finite non-floundering prograi, and sequence combinat@r an
SLG;.1eq evaluatiore for a tabled goaQ is a sequence of tuplésy, Seqo), (F1, Seq1), - - ., (Fn, Seg,), such that:

e Fy is the forest containing the initial quer9, Q, andSeqq is the scheduling sequence containing the SLG
operations applicable 1@. Q, Seqy = SC(0) (i.e., the initial operation is to applyu8GoAL CALL to subgoal
Q).

e For each finite ordinak + 1, F,,+1 and Seq,+1 are obtained fron#,, by applying the SLG.,.q operation
represented by the first element$q,, (see Definition A.1).

If Seq, = ), no operation is applicable ifi,,, and(F,,, Segq,,) is called &final systermof £. For each foresf; in the
evaluation, we denote bytpp £, the set of SLG operations that are applicabl&in O

A sequence combinator is simply a way of merging two schadudequences. We say that a sequence combinator
@ is fair if given a programP of bounded-term depth7]), every SLG...q €valuation of a query) to P using®
terminates. Intuitively, the reason for requiring faireésto guarantee that for a finite query a specific strategyneil

3Each SLG operation has an SLG.q counterpart, for example: ACR for MsWER CLAUSE RESOLUTION, SC for SUBGOAL CALL, PCR
for PROGRAM CLAUSE RESOLUTION, Compl for COMPLETION.



go into an infinite loop by, for instance, repeatedly setertind pushing back the same operation into the scheduling
sequence. Using the framework of Sl.&.4, scheduling strategies are captured by defining a sequendgicatord
in an appropriate manner and proving it to be fair. The gditerd this approach is assured by the following theorem.

Theorem 3.1 Let P be a program with bounded-term depth an atomic query ta. Then an SLG evaluatiach= {
Fo.F1,... Fn} exists iff there is an SLGy,.q evaluation

&= {(]:iov Seqo), (fil ) SeQI)a cees ( imaseQm)}
with a fair sequence combinator, such thédt e {0,...,n}, 3k’ € {0,...,m},ix > k such thatF;, = F;

k"

Proof: For the convenience of the referees, the proof is given inefsppx B.2. &

4 Defining Scheduling Strategies

We now illustrate how the framework described in Sectionr3lmaused, by explaining how Single Stack Scheduling
Batched Scheduling, Local Scheduling and Breadth-Firee8aling ?, ?, ?] are formulated under SLG.q. We
note that each of these scheduling strategies was forndulatémplementation purposes, and often were driven by
low-level design decisiorfs

4.1 Single Stack Scheduling

Single Stack Scheduling was the first scheduling strategpfeémented for SLG. The key idea of this strategy is to
return answers to consuming nodes as soon as the answersadawailable. As its name implies, Single Stack
Scheduling uses a stack to schedule the applicable SLGtapera

This strategy has two distinct mechanisms to return ansi@ersnsuming nodes: (1) when a consuming node is
created whose selected literal is a variant of a sub§oahich has answers, the consuming node will be resolved
against the existing answers as if they were unit clauses(Zrnwhen a new answer is created for a subggahis
answer is scheduled (on the top of the stack) to be immediegtirned to all consuming nodes f6r

Using the SLG...q framework, the sequence combinatofor Single Stack Scheduling can be defined as follows.

Definition 4.1 (®singiestack) Leto = opi,ops,...,op,, n > 0, be a scheduling sequence for for&stand op,c.,
any SLG,.;.q Operation (SC, PCR, ACR, Compl). Then,

o If oppew = Compl(NodeNumber), andop,, = Compl(Leader Node(NodeNumber, F)),

@Batche‘d(opnewa U) = O0P1y++y0Pk_1,0Pnew; OPf, -+, Opin

e Otherwise,

OPnew ®Singlestack: 0 = OPnew,0-

Example 4.1 Given the following left-recursive transitive closure agréiph
:- table p/2.
(C0) a(1,?2).
(Cl) a(2,3).
(C2) a(1,4).
(C:S) p(XvY) o p(X,Z), a(sz)
(C4) p(XY) - a(X V).

4Due to space limitations, we restrict ourselves to definitgymams.




SC(0)

oo =

o1= PCR(1,C3), PCR(1,C4), Conifl)

o2=  PCR(1,C4), Comp(l)

o3=  PCR(3,C0), PCR(3,C1), PCR(3,CBompl(1)

os= ACR(4,0), ACR(4,2) PCR(3,C1), PCR(3,C2), Conifl)
o5= ACR(4,2), PCR(3,C1), PCR(3,C2), Cori))

06= PCR(6,C1)PCR(3,C1), PCR(3,C2), Conifl)

o7 =  ACR(7,0), ACR(7,2) PCR(3,C1), PCR(3,C2), Conifl)
os= ACR(7,2), PCR(3,C1), PCR(3,C2), Corii))

o9= PCR(3,C1), PCR(3,C2), Conipl)

ACR(10,0), ACR(10,2)PCR(3,C2), Comp(1)
ACR(10,2), PCR(3,C2), Comill)
PCR(3,C2), Comp(1)

ACR(13,0), ACR(13,2)Compl (1)
ACR(13,2), Compli(1)

Compl (1)
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Figure 2:Scheduling sequences for Single Stack Scheduling

To illustrate the actions of Single Stack Scheduling, FégRirshows the scheduling sequences generated during the
evaluation of the querg( X, Y) . The operations added to a sequence at each step are uedeTlhe final SLG forest
for this query and program is shown in Figure 3.

0. p(X,Y)

T

5.p(1,2) 8.p(1,3) 11.p(2,3) 14.p(1,4)

1. p(X,Y) <- p(X.Y)

2. p(X,Y) <- p(X,2), a(Z,Y) w

4.p(1,2) <- 10. p(2,3) <- 13.p(1,4)

6. p(L,Y) <- a(2,Y) 9. p(L1,Y) <- a(3,Y) 12. p(2,Y) <- a(3,Y) 15. p(L,Y) <- a(4,Y)

7.p(1,3) <-

Figure 3:SLG forest for Single Stack Scheduling

Let us examine this example in detail. When the original gigissued, sincp/ 2 is a tabled predicate,(8GOAL
CaLL is applicable, and SC(0) (where 0 is the number of the consgimade for the top-level query) mishedonto
the scheduling sequeneg. When this operation is selected, since the subgal Y) is new to the evaluation, a
new tree rooted at node p(X Y) «p(X Y) is created in Figure 3. A completion operation as well astadl t
available program clause resolution fdrX, Y) are pushed onto the sequenge(in Figure 2). The next operation to
be selected from the scheduling sequence is PCR(1,E8)GRAM CLAUSE RESOLUTION creates node 2 in the tree,
the result of the resolution @f X, Y) and its first clause. The selected literal in this new nodahted, but since there
is already a tree fop( X, Y) with no answers, no new operations are applicable. The rmxtation to be selected
is PCR(1,C4). This leads to the creation of node 3, whosetselditeral is non-tabled. For non-tabled subgoals,
Single Stack Scheduling immediately schedules all avigilptbgram clause resolution (so as to keep Prolog’s search



order), and accordingly, PCR tuples are added to sequendéhe first clause for the predicaté?2 is resolved against
node 3, which leads to an answer in node 4. Single Stack Sthgdichedules the return of every new answer to
the consuming nodes as soon as the answer is created, thR$4 ALand ACR(4,0) are pushed onto the sequence.
When the answer in node 4 is returned to the consuming nodmi2,éis created, and as a resuRd&RAM CLAUSE
REsoLUTIONs scheduled for node 6 (PCR(6,C1) is addeddph When clause C1 is resolved against node 6, a new
answer is created (in node 7), which is immediately schebidde returned (ACR(7,0), ACR(7,2) are added+d.
When the answer in node 7 is returned to node 2, it createsfmtevhich no ROGRAM CLAUSE RESOLUTION S
available. The next selected operatiomwiy PCR(3,C1), is applied: a new answer is created in node 1AarsvER
CLAUSE RESOLUTION of this answer against the consuming nodes is scheduledlashelause foe/ 2 is tried in

012, and finally the only operation left in the sequence is Cofpl( O

We provide a brief discussion of the fairnessif;,, giestack- FOr programs with bounded-term depth, only a finite
number of different scheduling tuples can be added to thediding sequence (otherwise, the corresponding SLG
evaluation would not terminate). Therefore we need onlpnthat® singiestac d0€S NOt repeatedly add the same
scheduling tuple to the scheduling sequence. But this cabenthe case fobsingiestack. FOr definite programs, the
only operation that is pushed back into the scheduling sezpim case it is not applicable at the time it is selected is
Compl(NodeNumber) (when the tree rootedNamtdeNumber: S-Sis not completely evaluated). In this case, case
Dsinglestack adds this tuple right before the Compl tuple by the leader of the SCG lies in. Since all other
operations are always added and consumed from the head s#dqnence, when the Compl tuple fois taken from
the head of the sequence, the SCC will be completely evalu@teus the next time Compl(NodeNumber) is selected,
it is guaranteed thafi is completely evaluated and thus it will be removed from thguence (see Definition A.1).

In what follows we will give the definitions for the sequenaarinators of other scheduling strategies and briefly
describe their main characteristics. Detailed examplespainof of fairness for these sequence combinators can be
found in the full version of this paper.

4.2 Batched Scheduling

Even though Single Stack Scheduling is conceptually singpWAM-based implementation of Single Stack Schedul-
ing has a number of drawbacks, most notably in memory usagerre details se€?]). Batched Scheduling ad-
dresses these drawbacks by taking advantage of enginesfaumizations to reduce stack freezes, and trailing and
untrailing. Because of this motivation, it might at firstisigppear difficult to derive a sequence combinator to descri
Batched Scheduling.

Batched Scheduling discriminates between two types ofiraimgy nodes when returning answers: the consuming
nodes in the calling environments (this property can beioéthafor a given indexed forest, see Section 2.1) of the
original call to a subgoal and consuming nodes that restitad repeated calls to a subgoal. Thesequence
combinator for Batched Scheduling is defined below. Foritylarf presentation we make use of two functions:
GenNodethat given a foresf and consuming nodi with selected literals (or not(S)) in F, returns the index of
the root node of the tree fdf; andLeaderNodgthat given a root nodRootand a forest, returns the index of the root
subgoal that is the leader &oot’s SCC. We also denote the scheduling tuple ACR(Node, AnsageACR.. if Node
is the calling environment for its selected literal, and &R4, s otherwise.

Definition 4.2 (®patched) Leto = op1,0p2,...,0p,, n > 0, be the scheduling sequence for the fotEstand
0P« @ New applicable operation. The functie.:.n.q can de defined as follows:

o If o= @! @Batched(opnewa U) = OPnew
o If oprew € {SC, PCR,Complt, ACRcc}, ®Batched(OPnew, T) = 0Ppew, T
o If opnew = ACRens(NodeNumber), andopr, = Compl(GenN ode(Node Number, F)),

@Batche‘d(opnewa U) =O0P1y+++y0Pk_1,0Pnew; OPf, -+, Opin



o If oppew = Compl*(NodeNumber), andopy, = Compl(Leader N ode(Node Number, F)),
@Batche‘d(opnewa U) =O0P1y++y0Pr_1,0Pnew; OPf, -+, Opin

d

Contrasting Definitions 4.1 and 4.2, we can see that the m#farehce between Single Stack Scheduling and
Batched Scheduling lies in the scheduling of AGRtuples. Instead of adding ACR; to the head of the sequence
(so that the answer can be immediately returned).:cn.q adds the ACR,, for a subgoalS right before the Compl
tuple for.S — in fact delaying the return of the answer to the consumindendn practice, delaying the return of
answers to consuming nodes reduces the need to freeze aneethiéo move around the forest to return answers to
consuming nodes. This scheduling change results, at thiemngmtation level, in a more efficient evaluation engine
than Single Stack Scheduling.

4.3 Local Scheduling

As presented in7], Local Scheduling can be thought of as a variation of BadcBeheduling that evaluates one
strongly connected component at a time. It achieves thisrasflevaluation by ensuring answers for a subgoal
are only returned to its calling environment either afteis completely evaluated, or aftéris found not to be the
leader of its SCC. Inq] we have shown that because Local Scheduling is able to amiebroductive computation in
the presence of answer subsumption, it can perform expiafigiitetter than Batched Scheduling for problems such
as aggregate computation and program analysis. Local 8thgaan also benefit the evaluation of programs with
negation. Local Scheduling can be described byathg.,; combinator defined below.

Definition 4.3 (Dr.cat) Given a scheduling sequenee= op1, op-, . . ., op,, for the forestF, wheren > 0, and a
new operation op..,. The function® ... can de defined as follows:

If o = @; @Local(opnewa U) = OPnew
If Opnew e {SC7 PCRa Compli}! ®Local(0pnew7 0) = Opnewa g
o If opnew = Compl™(Node Number), andopy, = Compl(Leader Node(N ode Number, F)),

@Local(opnewa U) = O0Pqy...,0DPk_1,0Pnew, OP,-+-,0Dy,

If 0prew = ACRens(NodeNumber), andopy = Compl(GenN ode(NodeNumber, F)),

@Local(opnewa U) = Opla DR Opk—laopnewa Opka ) Opin

If 0ppew = {ACRce(NodeNumber)}, andopy, = Compl(GenN ode(NodeNumber, F)),
@Local(opnewa U) = Opla DR Opka Opnewa Opk+1a e aopn

a

We can see, from the definition &f1,..;, that the SCC ordering in the evaluation is enforced by saliregl
answers to be returned to the calling environment (AQIRf a subgoals after the Compl tuple fof. Therefore, if
S is the leader of an SCC, answers will only be returned to ifsngaenvironment after it is completely evaluated.
Combining this property with answer subsumption can aahlyrimprove the performance of some programs. Answer
subsumption can be performed when a new answer is createde ¥dding an answer, the evaluation may check
whether the new answer is more general than those currentheiforest. If it is more general, this new answer is
added and the subsumed answers are removed. Because Lioedlutitg delays the return of answers out of an SCC
until the SCC is completely evaluated, only the most geraaivers are returned out of the SCC and non-productive
computation (using non-optimal answers) is thus avoided.
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4.4 Breadth-First Scheduling

As described in 7], Breadth-First Scheduling enforcéairnessacross fixpoint iterations of an evaluation, that is,
subgoals called in an iteratiarcan only be executed in iteratian- 1, and answers created in iteratiboan only be
returned in iteratiori 4+ 1. Iterations are controlled by the breadth-first leader ifeader the first tabled subgoal
called in the evaluation — the end of an iteration is marke@nv@ompl(bfleader) is selected from the scheduling
sequence.

In general, new operations are added to the end of the séchgadelquence — which, for Breadth-First Scheduling
can be seen (mostly) as a queue. There are a few exceptiohis tule. FROGRAM CLAUSE RESOLUTION, for
example, should be added to the beginning of the sequenaeitvbecomes applicable. The reason being thrd-P
GRAM CLAUSE RESOLUTION is scheduled in two situations: (1) au8GoAL CALL for subgoals that are new to
the evaluation, and (2) when the selected literal of a nogmigabled. In Breadth-First Scheduling when a tabled
predicate that is new to the evaluation is selected S$(3(added to the tail of the scheduling sequence, guaragteei
that this subgoal is only executed in the following iteratidHowever, when S is selected, to ensure thétis
indeed expanded in the current iteration (as it is suppagedny available ROGRAM CLAUSE RESOLUTION should
be scheduled for immediate execution. To understand ttenderase, note that non-tabled predicates are evaluated
under SLD, and as such, require a depth-first (non-fairjesisa Thus, any ROGRAM CLAUSE RESOLUTION for
non-tabled predicates should be added to the head of thdwdatgesequence.

Besides ROGRAM CLAUSE RESOLUTION, in some situations ASWER CLAUSE RESOLUTION should also be
added to the head of the sequence. If a consuming node forgpaibis created in iteratiom, andS has answers
which were created in previous iterations, denoted by thelsgwers; |, ANSWER CLAUSE RESOLUTION should
be made immediately available for this new node against arssin Answers;_;. However, answers created in the
current iteration, denoted by the sednswers®, should only be returned to the new consuming node in itamati
i + 1. In Breadth-First Scheduling this behavior is achieved lakimg sure that answers iinswers; , in previous
iterations are added to the head of the sequence, wheregeraniss Answers® are added to the tail of the sequence.

Note that at any iteratiof) the tuple Compl(bfleader) separates the operations thatdhe executed in the current
iteration (all operations to the left) from the operatiomattshould be executed in iteration- 1 (all operations to the
right). Since for each new answer that is created for a sulgjomtuple ACR. is added to return that answer to the
calling environment of, at any pointin an iteratiofy answers created incan be identified by the presence of ACR
tuples for those answers to the right of Compl(bfleader), @.&nswers is the set of all answers for which there are
ACR,.. frames to the right of Compl(bfleader)).

Definition 4.4 (® greaatnFirst) Given a scheduling sequenee= opy, ops, . .., op, for a forestF, whereop,, =
Compl(bfleader). If a new operatiap,,.., is to be added te:

o Ifo= @; D Breadth First (Opnewa U) = OPnew
o If oppew = PCR(NodeNumber, Clause), ® BreadthFirst(OPnew, 0) = OPnew, O
o If oppew = ACReps(Answer Number, CnsNode), and AnswerNumbeg § Answers,

D Breadth First (Opneun U) = 0, OPnew
otherwise, if AnswerNumbe¥ 6 Answers,

@B'r‘eadthFirst(Opnewv U) = OPnew, 0

o If oprew € {SC, ACR.., Compl},

®BreadthFirst(Opnewa U) =0pP15---,0Pp_1, Compl(bfleader), OPnew

11
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In [?] we presented an implementation of Breadth-First Schadulivhich was proved to bigeration equiva-
lent to the semi-naive evaluation of a Magic-transformed (SNNP[)program, that is, each iteration Breadth-First
Scheduling produces the same information as SNMT. Here vetate that result using the SLG.q definition of
Breadth-First Scheduling.

Theorem 4.1 Let P be a definite program and I1&84(P,Q) be its magic rewrite for a quer§ and T(P) be the fully
tabled program, and assume & (s an element ofy. Then, at each iteration

1. An SNMT evaluation oP for Q derives a non-magic fagétiff Breadth-First Scheduling adds a tuple ACR(A,Cns)
to the scheduling sequence for some consumer node Cns.

2. An SNMT evaluation oP for Q derives a factmagic(S)ff Breadth-First Scheduling adds a tuple $¢¢o the
scheduling sequence.

Proof: The proof is given in the Appendix. &

5 Conclusions and Future Work

Scheduling has been recently recognized as a crucial coenparfi tabled evaluations, since the efficiency of an
evaluation is highly sensitive to the order in which operasi are performed. The empiric results @f, [?] and [?]
highlighted some of the characteristics of specific schadudtrategies. However, the lack of a formal structure made
it difficult to define these strategies more precisely, pritngr correctness and compare different strategies. Meare,
address this problem by proposing a formal framework to rhedeeduling strategies, SLG,cq-

We have used SLG.q to describe, for definite programs, a number of strategiasttave been implemented
in the XSB system. As for future work, we would like to extehedse definitions to include normal programs. We
would also like to explore using SLG..q as a means to compare the asymptotic characteristics a@ugadifferent
strategies.

12



A SLG,..q Operations

In some of the following scheduling operations we will make vf three algorithmsScheduleNewNodeescribed

in Procedure A.1, which given a new node, adds to the schreglséquence any operations that become applicable as
a result of the creation of this new node; Procedure A.2 whitths to the scheduling sequence any operations that
become applicable when a new consuming node is created@;@nglete()described in A.3, which given a root node,
sets the status of this node to completed, and schedulesmaplfieation that might be triggered by the completion

of this root node.

Definition A.1 (SLG operations augmented with scheduling) Let F,, be an indexed fores§eq,, = op1, . .., opk;
Op = opy a scheduling tuple; an@ a sequece combinator, which produces a scheduling seqSenge; defined
a follows. Note that below we denote I8eq/, the sequence that results from removing from Seg,, that is,
Seq;, = Seq, — op1.

1. Op = SC(NodeNumber): Given the non-root nddedeNumber: AnswerTemplateDelaySet G, GoalList

whereG is the selected literad or not(5).

e If Sis not contained i, a new tree with roon+1: S| Sis created; and if7 = S

Seqni1 = Seql, ® Compl'(N) @ PCR(n + 1, Clause;),
for eachi such that the head of Clayamifies withS.

otherwise, ifG = not(S)

Segni1 = Seq), ® Compl'(N) & ND(N)®
PCR(n+1, Clause;), for eachi such that the head of Clayaaifies with
S.

e If S—Sis the root of a tree itfF,:

| Seqny1 = Seq), ® ScheduleCnsNode(n + 1) |

2. Op = PCR(NodeNumber,ClauseNumber): If aGRAM CLAUSE RESOLUTION operation is still applicable
in F for NodeNumber and ClauseNumber, let n + 1 designate the index of the child &f ode Number
produced by this operation.

| Segny1 = Seq), ® ScheduleNewNode(n + 1) |

3. Op = ACR(AnswerNodeNumber,NodeNumber): Let AnswerLeafNentie the leaf node of the branch rooted
at AnswerNodeNumber (possibly, AnswerLeafNumber = An&NegleNumber). If an ASWERCLAUSE RES-
OLUTION operation is still applicable to AnswerLeafNumber and Nédmber, letn 4+ 1 designate the index
of the child of Node Number produced by this operation. Then

| Segni1 = Seq), ® ScheduleNewNode(n + 1) |

4. Op = ND(NodeNumber): Suppos® ode Number indexes a non-root nod&nswerTemplate—DelaySet]
not(S),Gl, .Gk

e If the tree rooted a5 is not completed and has no unconditional answers,radd AnswerTemplate
—DelaySetS |G4, ...G\, and

| Seqni1 = Seq], ® ScheduleNewNode(n + 1) |

e Otherwise, ifS has an unconditional answer

13



| Seqni1 = Seql, ® NR(NodeNumber, Fail) |

Or if S is completed and has no answers

| Segqnt1 = Seq), ® NR(NodeNumber, Succeed) |

5. Op = NR(NodeNumber,Type): Given the non-root nddedeNumber: AnswerTemplateDelaySet not(S),
Gl, Gk

e (Negation Failure) If Type = Fail, add a failed child to Nodahber.

e (Negation Success) If Type = Succeed, and NodeNumber halsildoof the formn+1: AnswerTemplate
—DelaySetG,, ...Gy, add this node as a child of NodeNumber and

| Segni1 = Seq), ® ScheduleNewNode(n + 1) |

6. Op = Compl(NodeNumber): Given a root notlledeNumber:S-| S, and a seSubgof completely evaluated
(see Definition 2.4) subgoals such tisat Subg then set the status 6fto completeand

ComplSeq = Complete(S)
If there exists a set of unsupported answers for the subgo8isbg
Seqn+1 = Seq), ® AnsCompl(Subg

Otherwise, ifS is not completely evaluated:

| Seqni1 = Seq), ® Compl* (Node Number) |

7. Op = Simpl(RootNumber,CondAnswer,Type): Let CondLeaf be Itk node of the branch rooted at Con-
dAnswer. If CondLeaf is a failed node, no action needs to kertaandSeq,, 11 = Seq,. Otherwise, let
CondLeaf be an answeCondLeaf:AnswerTemplate DelaySet in a tree whose root has the for$—S’, and
let RootNumber index a root nod8:—S:

(a) (Negative simplification) Type = Negative: In this caset(S)c DelaySet

i. If Sisfailed, create a child af'ondLea f with not(S) removed fromDelaySet, and if this new child
node has an empty delay set:

Seqn+1 = Seq), @ Simpl(RootNumber, Answer,, Positive) @
Simpl(Root Number, Answery,, Negative)

for eachAnswer), that contains a delay literdlS’ in its delay set, and for eachnswer,,

AnswerTemplate

that containgiot(AnswerT emplate) in its delay set.
ii. Otherwise, if there are unconditional answers in the &S, create a failed child for nod@ondLea f
— and ifCondLea f was the last answer for its root subg@&lot condreat,
Seqnt1 = Seq, © AnsCompl({RootcondLeays})®
Simpl(Root Number, Answer,, Positive) ®
Simpl(Root Number, Answer,,, Negative)

for each Answer, that contains a delayed literdlS, in its delay set, and for each

AnswerTemplate
Answer,, that containswot(AnswerTemplate) in its delay set.
(b) (Positive simplification) Type = Positive: In this cagg ,,. € DelaySet If there is an unconditional
answerA in the tree rooted at S, create a new child nodeffondLeaf with D2 ,, . removed from the
delay list. If this new child node has an empty delay set:

Seqnt1 = Seq), & Simpl(RootNumber, Answery, Positive) &
Simpl(Root Number, Answer,,, Negative)
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for eachAnswer, that contains a delayed literaf} ., rempiazc iN its delay set, and for eactnswer,
that containsiot( AnswerTemplate) in its delay set. Otherwise, if there are no answer node$ fivat
are variants of5 Ans, create a failed child for nod@ondLea f — and if CondLea f was the last answer
for its root subgoaRoot condreat;

Seqn i1 = Seq, @®  AnsCompl({RootcondLeas})
< Simpl(Root Number, Answer,, Positive) @
Simpl(Root Number, Answer,,, Negative)

for eachAnswer, that containgl.’,

AnswerTemplate

not(AnswerTemplate) in its delay set.

in its delay set, and for eachnswer,, that contains

8. If Op = AnsComplS): Let Ans be any answeAnswerTemplate-DelaySet for any tree rooted @RootNum-
ber: S—Ssuch thatS € S. If DG =€ DelaySet, and Answer is not supported, create a failed child for
Ans and

| Seqni1 = Seq), ® AnsCompl(S) |

If Answas the only answer o,

Seqna = Seq,, @ AnsCompl(S) @
Simpl(Root Number, Answer,, Positive) D
Simpl(Root Number, Answery,, N egative)

/

for eachAnswer, that contains a delayed literaf}
containsnot( AnswerT emplate) in its delay set.

in its delay set, and for eachnswer,, that

nswerTemplate

Procedure A.1ScheduleNewNode(N)

1 TmpSeq=0;

2 Given N: AnswerTemplate «<DelaySet |G1,...Gy in a tree with root S
3 If £ = 0 and there is no answer in the tree rooted at S < S that

4 isavariant of N : AnswerTemplate < DelaySet|

5 For all nodes ConsNode, whose selected literals are variants of S
6

7

8

9

TmpSeq = TmpSeq & ACR(N, ConsNumber) ‘
Else /*If k> 0*

If the selected literal L of N is tabled, where L = S or L = not(S)
If there is no tree in the forest with root S <—S

10 ‘TmpSeq:SC’(N) ‘

11 Else

12 ‘ TmpSeq = ScheduleCnsNode(N) ‘
13 Else for each clause C; whose head unifies L
14 ‘ TmpSeq = TmpSeq®d PCR(N, C;)

15 Return TmpSeq;
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Procedure A.2ScheduleCnsNode(N)

1 TmpSeq=0;

2 Given N: AnswerTemplate «<DelaySet |L, G, ...G»

3 If L =5, forall i such that Answer; is an answer in the tree rooted at S «S
4 ‘ TmpSeq = TmpSeq ® ACR(N, Answer;)
5 Elseif L = not(S)
6

7

8

9

If the tree with root S S has no unconditional answers
‘ TmpSeq = ND(N) ‘
If the tree with root S —S has unconditional answers
‘ TmpSeq = NR(N, Fail) ‘
10 If the tree with root S <—S has status completed and no answers
11 ‘ TmpSeq = NR(N, Succeed) ‘
12 Return TmpSeq;

Procedure A.3Complete(RootNumber)

TmpSeq = §;
For all answer nodes CondAnswer «— DelaySet in F,
If D2 4,.. is in the delay list of CondAnswer

1
2
3
4 ‘ TmpSeq = TmpSeq ® Simpl(Root Number, CondAnswer, Positive) ‘
5
6
7

else if S is in the delay list of CondAnswer
‘ TmpSeq = TmpSeq ® Simpl(Root Number, Cond Answer, Negative) ‘
Return TmpSeq;
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B Auxiliary Material for Referees

B.1 Definitions of SLG

Definition B.1 (SLG Evaluation) Given a finite non-floundering program P, an SLG evaluafidar a tabled sub-
goalroot is a sequence of forests),F1,. .. Fn, such that:

e Fy is the forest containing the initial query;

e For each finite ordinal (¢ > 0), F;+1 is obtained fromF; by an application of one of the SLG operations (see
Definition B.2).

If no operation is applicable (see Definition B.2)&, F,, is called afinal forestof £. ]

The following definitions of SLG operations are a varianttodge presented ir?] and are used in the proofs of
Theorem 3.1.

Definition B.2 (SLG Operations) Given a forestF,, of an SLG evaluation of prograi® and queryQ, F,+1 may
be produced by one of the following operations.

1. SUBGOAL CALL: Let F,, contain a non-root nod® = Ans« DelaySet|Goal List whereG is the selected
literal S or not(S). AssumeF,, does not contait$. Then we say that BEW SUBGOAL operation is applicable
for S, and its action is to add the trée—|S to F,,.

2. PROGRAM CLAUSE RESOLUTION: Let F,, contain a root nod&’ = S«|S or a non-root nod&nswerTemplate
—Delayset Goallist, whereS is the selected literal @Foallist. LetC be a program clausé ead«— Body such
that Head unifies with S with mgué. Assume that inF,,, N does not have a childV.;;q = (S—|Body)#.
Then we say that aROGRAM CLAUSE RESOLUTION operation is applicable fav andC and its action is to
addN_;;4 as a child of V.

3. ANSWERCLAUSE RESOLUTION: Let F,, contain a non-root nod®& whose selected literd is positive. Let
Ans be an answer node fat in F,, and N’ be the SLG resolvent a¥ and Ans on S. Assume that inF,,, N
does not have a child’. Then we say that an MsWER CLAUSE RESOLUTION operation is applicable té&y/
andAns and its action is to add/’ as a child of V.

4. NEGATIVE DELAY: Let F, contain a leaf nodéV = Ans<— DelaySet|GoalList, whose selected literal
is not S. Assume thatS is contained inF but has not been completely evaluated. Then we say that a
NEGATIVE DELAY operation is applicable t&v and its action is to create a child fé¥ of the form Ans
—DelaySet,not(S)°|Goal List.

5. NEGATIVE RETURN: Let F,, contain a leaf nod&/ = Ans«— DelaySet|Goal List with selected literahot S.

(&) NEGATION Success If S is failed in F, then we say that REGATIVE RETURN operation is applicable
to V and its action is to create a child fof of the form Ans<— DelaySet|Goal List.
(b) NEGATION FAILURE: If S succeeds i, then we say that REGATIVE RETURN operation is applicable
to NV and its action is to create a child fof of the form fail.
6. SIMPLIFICATION: Let F,, contain a leaf nod& = Ans<— DelaySet|, and letL € Delayset
(a) If Lis failed inF then we say that a simplification operation is applicable¥oandZ and its action is to
create a childfail for N.

(b) If L is successful iF, then we say that a simplification operation is applicabtecand L and its action
is to create a childins<— DelaySet’| for N, whereDelaySet’ = DelaySet — L.
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7. COMPLETION: Given a completely evaluated s8tof subgoals (Definition 2.4) we say thatt@MPLETION
operation is applicable fa$, and its action is to mark the trees for all subgoal§'ias completed.

8. ANSWERCOMPLETION: Given a set of unsupported answéfd, then we say that anMswER COMPLETION
operation is applicable .4 and its action is to create a failed child for each ansses € U/ A.

B.2 SLG,..q: Proofs of Soundness and Completeness

Before proving soundness and completeness of Sl with respect to SLG, we provide supporting definitions.
Applicable SLG operations are represented in a schedutiggence in the following manner.

Definition B.3 (Scheduling Tuples) Scheduling tuples have the form:

e SC(NodeNumber): apply@GoAL CALL to the selected literal of node NodeNumber;

e PCR(NodeNumber,ClauseNumber): resolve the clause widhseNumber against the selected literal of node
NodeNumber;

e ACR(NodeNumber,AnswerNumber): resolve the answer nodevgdrNumber against the selected literal of
node NodeNumber. We distinguish between the acts of retgran answer to the calling environment of a
subgoal (denoted by AGR) and that of returning an answer to a consuming node of a sulfdenoted by
ACR.;,);®

e ND(NodeNumber): apply BGATIVE DELAY to the selected literal of NodeNumber;

e NR(NodeNumber,Type): apply B6ATIVE RETURN to the selected literal of NodeNumber, and type indicates
whether that literal succeeds or fails;

e Compl(NodeNumber): apply @uPLETION to the node NodeNumber. As we will see later, a Compl frame for
a subgoal can be added to the scheduling sequence multis.tiWe distinguish the first occurrence of the
completion frame for a subgoal by tagging it with agfor initial), Comp¥; the later occurrences are tagged
with an asterisk, Compj

e Simpl(NodeNumber,CondAnswer,Type): given the root noith mumber NodeNumber and status completed,
and an answer CondAnswer, simplify the atoms in the delayofisCondAnswer that are variants of node
NodeNumber. Type indicates whether positive or negativgbfication will be applied;

e AnsCompl(NodeSet): if there is a set of unsupported ansfees set of completely evaluated subgoaishg
such that NodeSe&t Subg apply ANSWERCOMPLETION to some unsupported answers in trees rooted at nodes
in Subg

Theorem 3.1 follows immediately from the following lemmas.

LemmaB.1 Let&’ be a non-floundering terminating SLG.4 evaluation of a given program P and query Q, such
that

5/ = {(.7:1‘0, Ser), (.7:1‘1 s Seql), ey ( im,Seqm)}
then there exists an SLG evaluati®r {Fo,F1,... . F,, } forPand Q, suchthatk € {0,...,n}, Jip € {0,...,m}, i >
k such thatF), = 7;,, (i.e., foran SLG evaluatiofi = { Fo,71,. .. F,}, the corresponding SLG;.q evaluation might
contain multiple tuples with the same forest, for instaées {(Fo, Seqo), - . ., (Fj, Seqw), (F;, Seqx+1), - - -, (Fi, Segm) }.

5Throughout the text, we use ACR to denote either ACBr ACR....s, and similarly, Compl to denote either Corhpk Compt.
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Proof: (sketch)

Proof is by a simple induction based on the following obsgovs. Note that in SLG .4, an SLG forest?—"ik,+1 is
produced from a foresk;,, by applying an SLG.;.q operationop of Definition A.1, at which point new applicable
operations might be added to the sequence. In general treeteva casesop may be applicable td;,, or it will
not be. It can be seen from examination of Definitions A.1 ar® tBat if an SLG.,.q operation is applicable to
an indexed foresfF,,, the corresponding SLG operation will be applicable to theiealent non-indexed forest. On
the other hand, if the SLG,.q4 operationop is not applicable taF,,, the corresponding SLG operation will not be
applicable either. In these cases, by Definition Azl 1 will equal F,,. &

LemmaB.2 Let& be a finite and non-floundering SLG evaluation of a given mogP and query Q, such th&t= {
Fo.F1,---Fnt. Then there exists a fair sequence combinat@nd SLG..q evaluation based om

& ={(Fi,Seq), (Fi,,Seq1),...,(Fi.,Seqm)}

such thatvk € {0,...,n},3k" € {0,...,m}, i > k such thatFy, = F;,,, andSeqr 2 Appr,.

Proof: (sketch) We prove by induction that at each point in the eat#dn, if an operation is applicable in a forest,
it is also present in the scheduling sequence associatedhétforest. That is, given a fore#},, in an SLG xeq
evaluation

op
Fi — Fipry = 0p € Seqy

e Base caseGiven a program P and query Q, the only applicable SLG opardbefinition B.2) is $BGOAL
CaLL, which by definition is in the initial scheduling sequence.

¢ Inductive stepl et us examine each possible applicable operation in tlest®t,, and prove that if an operation
opis applicable in the foresk,,, thenop € Seq,,

(op=SUBGOAL CALL) If SUBGOAL CALL is applicable inF,,, then exists a leaf nodéodeNumber: AF-DS
| S, GL(or the original queng) such thatSis tabled and there is no tree jf, with a root node whose
subgoal is a variant d. We claim that SC(NodeNumbeg) Seg,,. By definition, whenever a new node is
created in SLG.,..q, if the selected literal in the new node is tabled and it ispresent in the evaluation,
SC(NodeNumber) is added to the scheduling sequence (seedeire A.1).

(op = PROGRAM CLAUSE RESOLUTION) If PROGRAM CLAUSE RESOLUTIONis applicable, either (1) there
is a root notNodeNumber: $-| S; or (2) there is a non-root noddodeNumber:AF-DS| S, GLin which
Sis not tabled. In either case there is a program clause wheze imifies witts,
If PROGRAM CLAUSE RESOLUTION is applicable to the root node NodeNumber and a clause C, then
PCR(NodeNumber,G} Segq,, since the root node was created as the resulu@c®AL CALL, whichin
SLG;.req @dds PCR tuples for the new root against all matching claiseesDefinition A.1 (1)).
If PROGRAM CLAUSE RESOLUTIONIS applicable to the non-root node NodeNumber and a clautde€,
PCR(NodeNumber,G} Seq,, since when a new node is created, if the selected literalristabled, PCR
tuples for the new root against all matching clauses aredaiae Procedure A.1).

(op = ANSWERCLAUSE RESOLUTION) If ANSWER CLAUSE RESOLUTION is applicable inF,, there must
exist an answer node AN in the tree for a subg@adnd a non-root node CN whose selected literal is
a variant ofS, We claim that ACR(AN’,CN)e Segq,,, where AN< AN, and if AN # AN’, AN’ is an
ancestor of AN that has an empty goal list. Let us considefat@wving possibilities:

— AN’ < CN (i.e., the answer was created before the consuming ntulé&)is case, when 8BGOAL
CALL was executed for node CN, SLG.q (see Definition A.1 1) must have add ACR frames for
CN and all answers available in the tree $in particular ACR(AN’,CN).
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— AN’ > CN (i.e., the answer was created after the consuming noddjenwthe answer AN’ was
created, Procedure A.1 (ScheduleNewNode) must have addBdframes for AN’ and all non-root
nodes whose selected literals are variantS d@fi particular ACR(AN’,CN).

In either case, if ANZA AN’, SLG,.neq USeS AN’ simply as a designator of the answer AN, and ACR is
actually applied to AN (see Definition A.1 (3)).

(op= NEGATIVE DELAY) If NEGATIVE DELAY is applicable, then (1) there exists a leaf nddteAnswer-
Template—DelaySet| not(S), GoalList and (2) there exists a tree with roStwhose status status is
non-complete.

In SLG,.cq, When the leaf node N is created whose selected litgraltabled, a frame SC(N) is added
to the scheduling sequence. Since whemcNTIVE DELAY becomes applicable, there must be a tree
with rootS, we are guaranteed that SC(N) has already been selectedhandt was selected it must have
added ND(N) to the scheduling sequence — by Definition A.li{B)subgoal is called negatively and it is
either new to the evaluation, or if there is a non-complateel with that subgoal as root, ND is scheduled,
and thus ND(Nk Segy,.

(op= NEGATIVE RETURN) If NEGATIVE RETURNIs applicable, there exists a nodeAnswerTemplate-DelaySet
| not(S),GoalListand (1)S is completed and has no answers, or §2)as an unconditional answer. In
either case, the tabled subg&inust have already been called, that is, SC(N) has beeneaglethen,
by Definition A.1 (1) NR(N)e Segq,, since unconditional answers can never become conditianal
completed subgoals “uncompleted”.

(op=CoMPLETION) In COMPLETIONIS applicable taF,, there must exist a s&ubgof subgoals which is com-
pletely evaluated. We claim that the tuple Compl(SyilegSeg,,, for each subgoalin Subg In SLG,pcq,
a Compl operation is scheduled for each new subgoabat®AL CALL. Even though Compl for a sub-
goal S is scheduled at subgoal call, it will only be applicable a## operations (SC,PCR,ACR,ND and
NR) involving S and/or subgoal§ depends on have been applied. In order to ensure Céiniglpresent
in the sequence whenever it becomes applicable, Sl.ereschedules this operation in case it is selected
early.

(op = SIMPLIFICATION) If SIMPLIFICATION is applicable to a conditional answ&N:Ans—DS then there is
anatomS € DS, or A5, € DS whose truth value is known.
Notice that the truth value of an atom becomes known whenith@je is an unconditionalanswer for
the subgoak that is a variant ofA; (2) Sis completed without any unconditional answers; or (3) the
last conditional answer @ is failed (see Definition B.2). In any of these cases SlG schedules the
simplification of AN.
The atomsS (or A%,) is only delayed ifSis not completed and has no unconditional answerS.igflater
completed, SLG.;.q schedules simplification for all answers that contain aardrofSin their delay set
(see Procedure A.3). Alternativelgcan only get unconditional answers if one of its conditicaradwers
become unconditional, and this only happens as a resultnoflSFICATION, in which case SLGeq
schedules all applicable simplifications (see Definitiofh £7)). Finally, the last conditional answer of a
subgoal can only become failed as a result ofif&.IFICATION or ANSWER COMPLETION, and in both
cases SLG.;.q schedules all applicable simplifications (see Definitiot £.) and (8)).

(op=ANSWERCOMPLETION) If ANSWERCOMPLETION is applicable then there exists a set of unsupported
answers. We argue that, in SL&G.q, if there is a set/ A of unsupported answers, then AnsCordf(|)
€ Seqn, whereUA C | JUAy. A set of answers can only become unsupported if a subgaatgetpleted,
as the result of MPLIFICATION, or ANSWER COMPLETION(see Definition B.2). In either of these cases
SLG;cheq SChedules any availableNSwER COMPLETION(See Definition A.1 (6), (7) and (8)).
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Proof of Theorem 4.1

Some notation will be useful to prove Theorem 4.1:

e dSubgoals; is the set of non-completed tabled subgoals added duringationt (it is the set of subgoals for
which there are SC tuples to the right of Compl(bfleader));

e 5Cnsy is the set of consuming nodes in t@added during iteration(i.e., AT «Goal List might be indCnss
for somet);

e 5Ans? is the set of answers that have been added toSreering iterationt (or equivalently, the set of all
answers for which there are ACRtuples to the right of Compl(bfleader)).

The sets of all answers, consuming nodes and subgoaatbrcan be constructed by taking the union of the deltas for
Sover all scheduling sequences for iterations than or equaMle denote these sets 4as?, Cnsy andSubgoal s,
respectively.

Definition B.4 (Magic Templates Rewriting [?]) LetP be a program and |€ be a query td®. Themagic rewrite
of Pfor Q, or M (P, Q), is constructed as follows.

1. Create a seed fagtagic(Q).
2. For each rul®R in P add themodified versiorof the rule toM(P,Q). If a rule R has heada(X), the modified

—

version is obtained by adding the literabgic{(X)) to the body of R.

3. For each rul®in P with headp(X), and for each occurrence of a derived Iiteml?) in its body, add ajuery
rule to M(P,Q) whose head isnagicg;(Y)) and whose body contains the literahgicp(X)) and all literals

=

precedingy;(Y) in R.

a

Theorem 4.1Let P be a definite program and I&t(P,Q) be its magic rewrite for a querg andT(P) be the fully
tabled program, and assume & s an element ofy. Then, at each iteratian

1. An SNMT evaluation oP for Q derives a non-magic faétiff Breadth-First Scheduling adds a tuple ACRA,Cns)
to the scheduling sequence for some consumer node Cns.

2. An SNMT evaluation oP for Q derives a facagic(S)iff Breadth-First Scheduling adds a tuple S¢¢o a
scheduling sequeneg for some;.

Proof:

Statements 1 and 2 are proven together by induction on théeuaf iterations of the Breadth-First evaluation.
In order to simplify the presentation, we will use subgoahea in place of their corresponding node numbers in the
SLG;cneq Operations.

e Base case.

— 1) Non-magic FactsSuppose the first iteration of the Breadth-First Scheduéivaluation produces an
answer fact via ruleR, that is, a new answer is created as the result of BO®( whereA is a variant
of S. The production of any answer in the Breadth-First Schaeduivaluation depends on the presence
of a corresponding subgoal in the evaluation. SiQds the only subgoal itbubgoalsy and sincednsg is
empty,A must have root subgo@l and cannot depend on the results of any other tabled subgfvatissA
can depend only on base facts and not on derived facts. Unmelgg tonditiongd would be also produced
by the SNMT evaluation.
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— 2) Magic Facts Suppose the Breadth-First Scheduling evaluation addgla 8C§). In this case, there is
a rule R; whose head unifies witQ), and a prefixLity, ..., Lit,, leading a call to a ruld?, whose head
unifies withS. Also, it is clear that eacliit; must be a base fact. Next in the Breadth-First Scheduling
evaluation, R, is used for resolution, and Sg)(is immediately produced. Now consider hdiy is
produced by rewrite rule 3 of Definition B.4:

Ry : Q < Lity,..., Lit,,, S Ry : S — Bodys =

Ronagic : magic(S) — magic(Q), Lity, ..., Lit,,

Rynagic €Xists in the magic-transformed program. Because eachllitethe body must either be iAnsg
or be a base factpagic(S) will be derived by the SNMT evaluation.

Figure 4:Part of a tabled evaluation

e Inductive Case. Assume the statements 1 and 2 hold at @tigas less thail to demonstrate that the state-
ments will also hold aN.

— 1) Non-magic FactsIn the case of an answérderived by the Breadth-First Scheduling evaluation, the
rule
R : Head < Lity,...Lity

was used to derivA through a program clause resolution step PQR] followed by a series of resolution
steps of answers against selected literals of consumingsdt must be the case that each of the body
literals is either a base fact, or is insy_1. It remains to show that at least one of the answers is
contained i Ansy_1, or that the subgod) is in §Subgoals_1. To see this, suppose that in the forest
for the Breadth-First Scheduling evaluatioh,is in treeT, and consider the patt' = C4,.... C,, of
consuming nodes leading from the rootTofo the particular instance & derived atN. (Note that there
could be more than one such answer l&af T. We need consider only a particular instance produced at
iterationN). This situation is depicted in Figure 4. For the purposearmpficity, first assume that SQ)

was added before iteratiofr1. In this case, the pat@ cannot be empty —R cannot be a bodyless clause
— otherwise this instance @& would have been added before iterathdfl. Therefore, there must be at
least a consuming node and the path cannot be empty. Cotis@lactions, in iteratiolN, of resolving

an answer against some consuming node (§ayn the path. This resolution produces a new consuming
node,C;+1, and any answers to the subgoal§f ; that were produced in previous iterations are resolved
againstC;; in iterationN (cf. theadd.operations,cqqtnrirst fOr ACR.,,s in Definition 4.4). Extending
this argument, it is easy to see that the rest of the path &pm to A is created at iteratioN. Thus, ifQ

is not in§Subgoalsn_1 it must be the case that some answer used for resolution glengathC must

be ind Ansy_1. The argument can be easily extended to demonstrate thasifiswer used alongis in
0Ansy_1, thenQ must be ind. Subgoalsy 1.

This argument shows that in the Breadth-First Schedulirduation, an answer led# is produced iff its
subgoal is in the delta set, or one of the consuming nodeb/essagainst an answer in the delta set. Now
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consider the SNMT evaluation. By rewriting rule 2 of DefiaitiB.4, a similar rule to the one above is
used by SNMT:
R:Q <« Lity,...Lity =

Ronagic : @ — magic(Q), Lity, ... Lity

By the induction hypothesis, any derived literalsdns in the Breadth-First Scheduling evaluation are
also in the SNMT evaluation (Q must have been derived), arttidproperties of SNMT, at least one of
the derived or magic facts is in the delta set for SNMT. Thu$/SNvill produceA at iterationN.

2) Magic Fact Suppose the Breadth-First Scheduling evaluation add@B&4 scheduling sequeneg.
In this case, the Breadth-First Scheduling evaluation kad for resolution a rule for a subg@l whose
body consists of a prefix,ity, ..., Lit,, leading a call to a rule whose head unifies v@ttBy rewrite rule
3 of Definition B.4

R: Q' « Lity,...,Lit,,, S =

Rinagic : magic(S) < magic(Q'), Lity, ..., Lity,

Rynagic €Xists in the magic-transformed program. By an argumemtngisdly the same as for non-magic
facts, for the Breadth-First Scheduling evaluation, &it@eis in 6 Subgoalsy_1 or at least one answer of
the Breadth-First Scheduling evaluation must b&Amsy 1. In addition, any answers used for resolution
on the path of consuming nodes $anust be inAnsy_1. By the induction hypothesis, SNMT would
contain the same derived and magic answers in the deltacettsef same iteration. Through the above
rule it also producemagic(S)n the SNMT evaluation.
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