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Abstract

3D shapematchingis a fundamentalissuein computervision with many applicationssuchasshape

registration,3D object recognitionand classi�cation. However, shapematchingwith noise,occlusion

and clutter is a challengingproblem. In this paper, we analyzea family of quasi-conformalmaps

including harmonicmaps,conformalmapsandleastsquaresconformalmapswith regardsto 3D shape

matching.As a result,we proposea novel andcomputationallyef�cient shapematchingframework by

using leastsquaresconformalmaps.According to conformalgeometrytheory, each3D surfacewith

disk topologycanbe mappedto a 2D domainthrougha global optimizationandthe resultingmapis a

diffeomorphism,i.e., one-to-oneand onto. This allows us to simplify the 3D shape-matchingproblem

to a 2D image-matchingproblem,by comparingthe resulting2D parametricmaps,which are stable,

insensitive to resolutionchangesand robust to occlusionand noise. Therefore,highly accurateand

ef�cient 3D shapematchingalgorithmscan be achieved by using the above three parametricmaps.

Finally, the robustnessof leastsquareconformalmapsis evaluatedand analyzedcomprehensively in

3D shapematchingwith occlusion,noiseand resolutionvariation. In order to further demonstratethe

performanceof our proposedmethod,we alsoconducta seriesof experimentson two computervision

applications,i.e., 3D facerecognitionand3D non-rigid surfacealignmentandstitching.

Index Terms

ShapeRepresentations,ShapeMatching,ConformalGeometry, 3D FaceRecognition.

I . INTRODUCTION AND PREVIOUS WORK

3D shapematchingis a fundamentalissuein 3D computervision with many applications,

suchas shaperegistration,partial scanalignment,3D object recognitionand classi�cation [8],

[50], [37], [23]. As 3D scanningtechnologiesimprove, large databasesof 3D scansrequire

automatedmethodsfor matching.However, matching3D shapesin noisy and clutteredscenes

is a challengingtask.Moreover, sincemost 3D shapescannerscan only capture2.5 D dataof

the target surfaces,aligning andstitchingpartial 3D surfacesis a fundamentalproblemin many

researchareas,suchascomputervision, mechanicalengineering,andmolecularbiology.

Generally, the crux of 3D shapematching is �nding good shaperepresentations,allowing

us to match two given free-form surfacesby comparingtheir shaperepresentations.Different

approachesincludecurvature-basedrepresentations[45], regionalpoint representations[26], [37],

[43], [10], sphericalharmonicrepresentations[27], [17], [18], shapedistributions [34], spline
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representations[7] andharmonicshapeimages[51]. However, many shaperepresentationsthat

uselocal shapesignaturesarenot stableandcannotperformwell in thepresenceof noise.In this

paper, we proposeto usea family of quasi-conformalmaps,includingharmonicmaps,conformal

mapsandleastsquaresconformalmaps,that doesnot suffer from suchproblems.Accordingto

conformalgeometrytheory, each3D shapewith disk topologycanbe mappedto a 2D domain

througha global optimizationand the resultingmap is a diffeomorphism,i.e., one-to-oneand

onto. Consequentlythe 3D shape-matchingproblemcanbe simpli�ed to a 2D image-matching

problemof the quasi-conformalmaps.Thesemapsarestable,insensitive to resolutionchanges

androbust to occlusionandnoise.The2D mapsintegrategeometricandappearanceinformation

and2D matchingis abetterunderstoodproblem[31], [4]. Therefore,highly accurateandef�cient

3D shapematchingalgorithmscanbe achieved usingquasi-conformalmaps.

The robustnessand easy use of the techniquewe proposedallow us to cope with more

challengingproblemssuchassurfacealignmentandstitching,whenonly two partsof surfaces

could be matched.There has beena lot of researchon 3D surface alignmentand stitching

in recentdecades,suchas identi�cation and indexing of surfacefeatures[15], [42], computing

principal axes of scans[12],exhaustive searchfor correspondingpoints[9], or iterative closest

point(ICP)methods[28], [36], [38], [6]. Comparedto matching,thereareotheradditionalissues

in surfacestitching,suchasregistrationandintegration[44]. 3D surfacealignmentandstitching

is still a challengingtaskespeciallywhenthe transformationbetweenthe surfacesto be aligned

is non-rigid,e.g.,whentakingsuccessive scansof humansthatmight not bestandingstill. Based

on conformalgeometrytheory, animportantpropertyof LeastSquaresConformalMaps(LSCMs)

is that they canmapa 3D surfaceto a 2D domainin a continuousmannerwith minimizedlocal

angledistortion.This implies thatLSCMsare not sensitiveto surfacedeformations, which leads

to a naturalsolution to 3D non-rigid surfacealignmentandstitching.

Quasi-Conformalmapsincludingharmonicmaps,conformalmapsandleastsquaresconformal

mapshave beenusedin several applicationsof computervision and graphics.In [51], Zhang

et al. proposedharmonicmapsfor surfacematching.In [49], Wang et al. useharmonicmaps

to track dynamic3D surfaces.In [20], [19], [48], [47], conformalmapsare usedfor faceand

brain surfacematching.Moreover, Sharonet al. [40] useconformalmapsto analyzesimilarities

of 2D shapes.Least squaresconformal mapsare introducedby Levy et al. [29] for texture

atlasgenerationandusedby Wanget al. [46] to do 3D surfacematching.In order to calculate
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Fig. 1. Distortion comparisonbetweena conformalmap anda harmonicmap.(a) Original surfacewith texture. (b) Original

surface without texture. (c) The 2D conformal map of the surface with texture. (d) The harmonicmap of the surface with

texture.(e) Checkerboxtexturedsurfaceby conformalmapping.(f) Checkerboxtexturedsurfaceby harmonicmapping.Because

of angle-preservation, (c) and(e) have lessdistortionsthan(d) and(f), which canbe clearly seenin the close-upviews (g) and

(h) of the chin areasin the gray boxesrespectively.

harmonicmaps,the surfaceboundaryneedsto be identi�ed anda boundarymappingfrom 3D

surfacesto the2D domainneedsto becreated,which canbea dif�cult problemespeciallywhen

partof thesurfaceis occluded.However, the two otherquasi-conformalmapswe discussin this

paper, conformalmapsand least squaresconformalmaps,do not needboundaryinformation

and so lend themselves as a naturalchoiceto solve this problem.Moreover, in addition to the

advantagesof harmonicmaps,suchassoundmathematicalbasisandpreservationof continuityof

theunderlyingsurfaces,conformalmapsarealsoanglepreserving,which leadsto lessdistortion

androbustnessto noise.Thedifferencesbetweenconformalmapsandharmonicsmapsareshown

in Fig. 1.

In this paper, we make the following contributions:

1) We analyzea family of quasi-conformalmaps,includingharmonicmaps,conformalmaps

andleastsquaresconformalmaps,whenappliedto 3D shapematchingandcomparetheir

propertiescomprehensively.
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2) We proposea novel 3D shapematchingframework, using leastsquaresconformalmaps.

3) We systematicallyevaluatethe robustnessof leastsquaresconformalmapson 3D shape

matchingfor different challengessuch as occlusion,noise and resolutionvariation. For

completenesspurposes,wealsoprovideafull comparisonbetweendifferentquasi-conformal

mapsfor 3D shapematching.

4) We demonstratethe performanceof leastsquaresconformalmapsin practicethrough3D

facerecognitionand3D non-rigid surfacealignmentandstitching.

The restof the paperis organizedasfollows: The mathematicalbackgroundof the harmonic

and conformal maps is introducedand comparedin Section II. A framework for 3D shape

matchingusing leastsquaresconformalmapsis proposedin SectionIII. Experimentalresults

and performanceanalysisare presentedin SectionIV, and we concludewith discussionand

future work in SectionV.

I I . THEORETICAL BACKGROUND OF CONFORMAL GEOMETRY

An importantmerit of quasi-conformalmaps,including harmonicmaps,conformalmapsand

least squaresconformal maps,is to reducethe 3D shape-matchingproblem to a 2D image-

matchingproblem,which hasbeenextensively studied.Quasi-conformalmappings,which are

almost conformal, do not distort anglesarbitrarily and this distortion is uniformly bounded

throughouttheir domainof de�nition[3]. We are dealingwith 3D surfaces,but since they are

manifolds,they have aninherent2D structure,which canbeexploitedto make theproblemmore

tractableusing conformal geometrytheory [20], [40]. Most work using conformal geometry

theory is donein surfaceparameterization,which can be viewed as an embeddingfrom a 3D

surfaceS with disk topology to a planardomainD. Following the introductionof the notions

of harmonicmaps,conformalmapsand leastsquaresconformalmaps,thesethreeparametric

mapswill be comparedin a comprehensive manner.

A. Harmonicmaps

As describedin [51], a harmonicmapH : S ! D is a critical point for the harmonicenergy

functional,

E(H ) =
Z

S
jr H j2d� S; (1)
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andcanbe calculatedby minimizing E(H ). The norm of the differential jr H j is given by the

metric on S andD, and� S is the areaelementon 3D surfaceS [39], [33], [13], [14]. Sincethe

sourcesurfacemeshS is in theform of a discretetriangularmesh,we approximatetheharmonic

energy as [13], [51], [20],

E(H ) =
X

[v0 ;v1 ]

k[v0 ;v1 ]jH (v0) � H (v1)j2; (2)

where[v0; v1] is an edgeconnectingtwo neighboringverticesv0 and v1, and k[v0 ;v1 ] is de�ned

as
1
2

(
(v0 � v2) � (v1 � v2)

j(v0 � v2) � (v1 � v2)j
+

(v0 � v3) � (v1 � v3)
j(v0 � v3) � (v1 � v3)j

) (3)

wheref v0; v1; v2g andf v0; v1; v3g are two adjacenttriangularfaces.

By minimizing the harmonic energy, a harmonic map can be computedusing the Euler-

Lagrangedifferentialequationfor the energy functional, i.e.,

� E = 0; (4)

where� is theLaplace-Beltramioperator[39], [33], [13], [14]. This will leadto solvinga sparse

linear leastsquaressystemfor the mappingH of eachvertex vi [13], [51], [49], [20]. If the

boundarycondition

H j@S : @S ! @D (5)

is given, the solutionexists and is unique.

Althoughharmonicmapsareeasyto compute,they requiresatisfactionof theabove boundary

condition, which becomesunreliable when there are occlusionsin the 3D original data. To

overcomethisproblem,themissingboundariescanbeapproximated[51], whichmightbeenough

for rough surface matching.However, since interior featurepoints are often more robust to

occlusion,it is desirableto replacethe boundaryconditionwith featureconstraints.This canbe

achieved by conformalmaps,anothermathematicaltool in conformalgeometrytheory, which

only requireseveral featureconstraintsasan input andobviate the needto specifythe boundary

condition.
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B. Conformalmaps

It can be proven that thereexists a mappingfrom any surfacewith a disk topology to a 2D

planar domain [21], which is one-to-one,onto, and angle preserving.This mappingis called

conformalmappingandkeepsthe line elementunchanged,exceptfor a local scalingfactor[16].

Conformalmapshave many appealingproperties,oneof which is their connectionto complex

function theory [16], [29]. Considerthe caseof mappinga planarregion S to the plane.Such

a mappingcanbe viewed asa function of a complex variable,d = U(s). Locally, a conformal

mapis simply any function U which is analytic in the neighborhoodof a point s andsuchthat

U0(s) 6= 0. A conformalmappingU thussatis�es the Cauchy-Riemannequations,which are

@u
@x

=
@v
@y

;
@u
@y

= �
@v
@x

: (6)

whered = u + iv ands = x + iy .

Differentiatingone of theseequationswith respectto x and the other with respectto y, we

obtain the two Laplaceequations

� u = 0; � v = 0: (7)

where � = @2

@x2 + @2

@y2 . Any mapping which satis�es thesetwo Laplace equationsis called

a harmonicmapping.Thus a conformal mappingis also harmonic.However, unlike the har-

monic mapsdescribedin the previous section,which needthe boundarymappingH j@S �x ed

in advance,conformal mapscan be calculatedwithout demandingthe meshboundaryto be

mappedonto a �x ed shape.For a discretemesh,the main approachesto achieve conformal

parameterizationsare:harmonicenergy minimization[11], [20], [19], [48], [47], Cauchy-Riemann

equationapproximation[29], Laplacianoperatorlinearization[21], circle packing[24], most iso-

metric parameterizations(MIPS)[22] and angle-based�attening method[41]. In this paper, we

computeconformalmapsusing the harmonicenergy minimizationmethod[20].

Riemann's theoremstatesthat for any surfaceS homeomorphicto a disc, it is possibleto �nd

a parameterizationof the surfacesatisfyingEq. 6 [29], which can be uniquely determinedby

two points on surfaceS. However, to betterhandlethe errorscausedby noisein the dataand

the inaccuracy of �nding featurepoints,we introduceadditionalfeatureconstraints,indicating

that the correspondingfeatureson two 3D surfacesshouldbe mappedonto the samelocations

in the2D domain.However, with theseadditionalconstraints,it is not alwayspossibleto satisfy
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the conformality condition.Hence,we seekto minimize the violation of Riemann's condition

in the leastsquaressense.

C. Leastsquaresconformalmaps

The LeastSquaresConformalMap(LSCM) parameterizationalgorithm generatesa discrete

approximationof a conformalmapby addingmoreconstraints.Herewe give a brief description

(see[29] for detailsusingdifferentconstraints).

Given a discrete3D surfacemeshS and a smoothtarget mappingU : S ! (u; v), then,as

describedin sectionII-B, U is conformalon S if andonly if the Cauchy-Riemannequation,

@U
@x

+ i
@U
@y

= 0 (8)

holds true on the whole of S. However, in generalthis conformalcondition cannotbe strictly

satis�ed on the whole triangulatedsurfaceS, so the conformalmap is constructedin the least

squaressense:

M inC (S) =
X

d2 S

Z

d
j
@U
@x

+ i
@U
@y

j2dA (9)

whered is a triangleon the meshS. If we supposethe mappingU is linear on d then

C(S) =
X

d2 S

j
@U
@x

+ i
@U
@y

j2A(d) (10)

whereA(d) is the areaof the triangle d. Furthermorelet � j = uj + iv j and � j = x j + iy j , so

� j = U(� j ) for j = 1; 2; :::; n. Then,we rearrangethevector� suchthat � = (� f ; � p) where� f

consistsof n � p free coordinatesand � p consistsof p constraintpoint coordinates.Therefore,

Eq. 10 canbe rewritten as

C(S) = kM f � f + M p� pk2 (11)

whereM = (M f ; M p), a sparsem � n complex matrix(m is the numberof trianglesand n is

the numberof vertices).The least squaresminimization problemin Eq. 11 can be ef�ciently

solved using the Conjugate GradientMethod.Thus we can map a 3D surfaceto a 2D domain

with multiple correspondencesasconstraintsby using the LSCM technique.

Since LSCMs have almost all the propertiesof conformal maps and also provide more

correspondencesasadditionalconstraints,weexpectthemto beveryusefulin 3D shapematching

andrecognition.
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D. Comparisonof quasi-conformalmaps

Basedon conformal geometrytheory, harmonic maps,conformal maps and least squares

conformalmaps(LSCMs)betweentwo topologicaldisks preserve continuity of the underlying

surfaces,with minimal stretchingenergy and angle distortion. All the above quasi-conformal

mapsare invariant for the samesourcesurfacewith differentposes,thusmaking it possibleto

accountfor global rigid transformations.A very importantproperty, which governsour matching

algorithm,is thatall themapscanestablishacommon2D parametricdomainfor thetwo surfaces.

Thereforewe can simplify the 3D shape-matchingproblemto a 2D image-matchingproblem.

However, they vary in performancefor 3D surfacematchingascanbe seenin table I.

TABLE I

PERFORMANCE COMPARISON OF QUASI-CONFORMAL MAPS.

HarmonicMaps ConformalMaps LeastSquaresConformalMaps

Resolutionchanges Not sensitive Not sensitive Not sensitive

Boundaryconstraint Needed Not needed Not needed

Boundaryocclusion Dif�cult to handle No signi�cant impact No signi�cant impact

Interior feature Use2 Points Usemore

pointsusedin mapping Do not use (from Riemann's theorem) featureconstraints

Error of interior

featurepointsdetection Not sensitive Sensitive Not sensitive

Nonlinear(with linear

ComputationalComplexity Linear approximationavailable) Linear

Comparedto theexactsolutionsfor harmonicmapsandconformalmaps,LSCMsaregenerated

by minimizing theviolation of Riemann's conditionin theleastsquaressense.This optimization-

basedparameterizationmethodhasthe following properties:

1) LSCMshave thesamepropertiesasconformalmaps,e.g.,existenceanduniquenesswhich

have alreadybeenproven in [29].

2) LSCMs can map a 3D shapeto a 2D domain in a continuousmannerwith minimized

local angledistortion.

3) LSCMs canhandlemissingboundariesandocclusionandalsoallow multiple constraints.

4) LSCMs are independentof meshresolution.
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5) The leastsquaresminimizationproblemin calculatingLSCMs hasthe advantageof being

linear.

For actual 3D surfaces,it is very likely to have noise and missing data. From the above

comparison,we canseethat LSCMs arethe bestcandidateamongall threeparametricmapsto

perform3D shapematchingef�ciently . LSCMs do not requirethe boundaryconditionexplicitly

which meansthey canhandlemissingboundariesandocclusions.Also, they take multiple feature

constraintsas input, which allows them to betterhandlenoise introducedby the featurepoint

detection.We con�rm this experimentallyin the experimentsectionby analyzingthe robustness

of the three parametricmaps for 3D shapematching with occlusion, noise and resolution

variation.In the remainderof this paper, we proposea framework of 3D shapematchingusing

LSCMs.

I I I . SHAPE MATCHING FRAMEWORK USING LEAST SQUARES CONFORMAL MAPS

To match3D shapesaccuratelyand ef�ciently , a new 2D representation,leastsquarescon-

formal shapeimages,is developedin our framework usingLSCMs. Therefore,we simplify the

original 3D shape-matchingproblemto a 2D image-matchingproblem.In particular, our shape

matchingframework includestwo steps:First, interior featurecorrespondencesaredetectedby

usingspin-images[26]; After that,we generateandmatchleastsquaresconformalshapeimages.

A. Correspondencedetectionusingspin-images

In order to use least squaresconformal mappings,we need to establishinterior feature

constraintsbetweenthe 3D shapes.For this purpose,we �rst select candidatepoints with

curvature larger than a thresholdTc, and then comparetheir spin-imagesto detect feature

correspondences.The spin-imageis a well-known techniquethat hasbeenproven usefulfor 3D

point matching[26]. It encodesthe surfaceshapesurroundingan orientedpoint p by projecting

nearbysurfacepoints into a 2D histogram,which hascylindrical coordinatesof radius r and

heighth centeredat p, with its axis alignedwith the surfacenormalof p. The numberof bins

and supportsize in the spin-imagehistogramsare parameters�x ed at generation.It hasbeen

shown that the matchingresultsusing spin-imagesare insensitive to the choice of the above

parameters[23]. In our experiments,the highestcon�dence featurecorrespondencesare used.

September13, 2006 DRAFT



11

Fig. 2. LeastSquaresConformalShapeImage:(a) Original surfacewith texture. (b) Original surfacewithout texture. (c) Least

squaresconformalmapswith texture. (d) Leastsquaresconformalshapeimage.(e)Leastsquaresconformalmapsof the same

surface,subsampledby a factorof 4, still very similar to (c).

The typical numberof selectedfeaturepoints is 5-6 for 3D facesurfacesand 10-12 for brain

surfaces.

B. Leastsquaresconformalshapeimages

In this section, we will introduce a method to describe3D surfacesusing least squares

conformalshapeimages(LSCSIs).In sectionII-C, wehaveshown thatthereexistsa leastsquares

conformalmappingthatcanmapeach3D surfacewith disk topologyto thecanonical2D domain.

TheLSCSIsaregeneratedby associatinga shapeattributewith eachvertex. Meancurvatureis a

usefulgeometricattribute that dependsonly on the surface's intrinsic geometry. In our method,

the meancurvatureis computedin the sameway as in [20]. Moreover, leastsquaresconformal

mapscanalsohelpgenerateadditionalshaperepresentationsby associatingotherattributes,e.g.

texture, which leadsto a naturalsolutionof combiningmultiple importantcuesfor 3D surface

matchingand recognition,suchas shapeand texture. In our currentframework, thesecuesare

weightedequally for surfacematching.More elaborateschemesto combinedifferent cuescan

be donein the future work.

As an example, Fig. 2(d) shows the LSCSI of the surface Fig. 2(b), with darker color

representinglargermeancurvature.Fig. 2(a) is theoriginal surfacewith texture informationand

Fig. 2(c) is its LSCM. Fig. 2(e) is the LSCM of a lower resolution(25%)versionof the original

surface.The similarity betweenFig. 2(c) and Fig. 2(e) shows that LSCMs are independentto

resolutionvariation.
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C. Matching surfacesby matching LSCSIs

Given two generalsurfacesS1 and S2 with disk tropology, we �rst detecthigh curvature

correspondencesusing spin-images.Then, by incorporatinginterior correspondencesas con-

straints,LSCSIs are generatedfor both surfacesas describedin sectionII-C. After that, the

normalizedcorrelationcoef�cient M S1 ;S2 and the similarity criterion S(S1; S2) introducedin

[25] arecomputedon the two resultingLSCSIsby

MS1 ;S2 =
N

P
pS1

i pS2
i �

P
pS1

i
P

pS2
iq

(N
P

(pS1
i )2 � (

P
pS1

i )2)(N
P

(pS2
i )2 � (

P
pS2

i )2)
(12)

S(S1; S2) = (ln
1 + MS1 ;S2

1 � MS1 ;S2

)2 �
1

2N
(13)

where N is the numberof overlappingpoints in the LSCSIs of 3D surface S1 and S2, and

pSk
i is the value (e.g., the meancurvature or the texture) of point i in the LSCSI of surface

Sk(k = 1; 2). In the caseof matchingsurfaceswith different resolutions,N is the numberof

overlappingpoints in the LSCSIsof the surfacewith the lower resolution.

According to sectionII, an importantpropertyof LeastSquaresConformalMaps (LSCMs)

is that they canmapa 3D shapeto a 2D domainin a continuousmannerwith minimized local

angledistortion.This implies thatLSCSIsare not sensitiveto surfacedeformations, e.g.,if there

is not too muchstretchingbetweentwo faceswith differentexpressions,they will inducesimilar

LSCSIs.As an example,Fig. 3 shows a comparisonbetweenthe LSCSIsof faceswith different

expressionsandof differentfaces.More speci�cally, the �rst, the second,andthe third columns

of Fig. 3 correspondto face scansof one subjectwith different expressionswhile the forth

column correspondsto anothersubject.For eachcolumn in Fig. 3, the bottom row represents

the LSCSIs of the surfaces(shown in the middle row), with darker color representinglarger

meancurvature.The original surfaceswith texture informationarealsoshown in the top row of

Fig. 3. Basedon Eq. 12, the normalizedcorrelationcoef�cient (M i;j ) betweenFig. 3(i) andFig.

3(j) and the normalizedcorrelationcoef�cient (M i;k ) betweenFig. 3(i) and Fig. 3(k) are 0.92

and0.86, respectively, while the normalizedcorrelationcoef�cient (M i;l ) betweenFig. 3(i) and

Fig. 3(l) is only 0.65.As is evident, the normalizedcorrelationcoef�cients of LSCSIsbetween

thefacescansof thesamepersonwith differentexpressionsaremuchlarger thanthecoef�cients

betweenfacescansof different persons,thus making it possibleto matchsurfaceswith small
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Fig. 3. Surfacematchingwith deformation:Theoriginal 3D surfaceswith texturearein thetop row. Thedetailof thedeformed

mouth areasare shown in the secondrow and the LSCSIsof the original surfacesare in the last row. In eachrow, the �rst,

the second,andthe third surfacesarefrom the samepersonwith differentexpressionsandthe forth oneis anotherperson.The

normalizedcorrelationcoef�cient (M i;j ) between(i) and (j) and the normalizedcorrelationcoef�cient (M i;k ) between(i) and

(k) are0.92 and0.86, respectively, while the normalizedcorrelationcoef�cient (M i;l ) between(i) and(l) is only 0.65.

deformationsusingLSCSIs.This relative expression-invarianceis alsoan importantpropertyfor

shaperepresentationsusedin facerecognition.

However, for 3D surfaceswith holes,which violate the disk topology assumption,we can

not calculatethe LSCMs directly. To overcomethis problem,we can simply �ll in the holes

throughinterpolation[30] andthenuseour methodto generatethe LSCSIsof the new surfaces.

The �lled-in regions are masked out when we computethe normalizedcorrelationcoef�cient

using Eq. 12 . As discussedin sectionII-D, LSCMs dependon the geometryin a continuous

manner, which leadsto robustnessto local perturbation.Fig. 4 demonstratesthe robustnessof

our methodto holeson surfaces.The normalizedcorrelationcoef�cient of the LSCSIsshown

in Fig. 4(b,f) is 0.99,which meansa very goodmatchbetweenthe two surfacesof Fig. 4(a,e)

after hole �lling. If we desireto preserve the non-disktopologyof the objectduring matching,

thentheobjectshouldbepartitionedinto simplerpartswith disk topology[29] which could then
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Fig. 4. An exampleof surfacematchingwith holes: (a) A frontal 3D scan.(b) The LSCSI of (a). (c) A side3D scanof the

samesubjectasin (a), which hasa hole illustratedin (d). (e) The samesurfaceof (c,d) after hole �lling. (f) The LSCSI of (e).

be matched.Optimal partitioningwill be studiedin future work.

IV. EXPERIMENTAL RESULTS AND PERFORMANCE ANALYSIS

In this sectionwe analyzethe robustnessof our proposed3D shapematchingmethodusing

leastsquaresconformalmapson real datawith occlusion,noiseand resolutionvariation.Fur-

thermore,we demonstratethe performanceof our methodthrough two applications:3D face

recognitionand3D non-rigid surfacealignmentandstitching.

A. Robustnessanalysis

In this sectionwe usetwo surfacetypes:brains(4 instances)andfaces(6 instances)to analyze

the performanceof our proposed3D shapematchingmethod.We presentthreeexperimentsin

which 3D surfacematchingis performedunderocclusion,noiseand resolutionvariation using

leastsquaresconformalmaps,followed by a full comparisonbetweenseveral relatedwork of

quasi-conformalmapsincluding harmonicmaps,conformalmapsand leastsquaresconformal

maps.
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Fig. 5. 3D facesurfacesandtheir LSCSIsunderocclusion.The original 3D facesurfaceswith differentocclusionsare in the

top row. Their LSCSIsare in the bottomrow.

1) Experimenton dataocclusion: In this experiment,we testthe robustnessof LeastSquares

ConformalMaps (LSCMs) underocclusionfor both faceand brain surfaces.Suchocclusions

might becausedby rotationof theobjectin front of thescanner. Figures5 and7 show examples

of 3D faceand brain surfacesrespectively, underdifferent occlusionswith their leastsquares

conformalshapeimages(LSCSIs).For eachoriginal surface,partially occludedsurfaceswere

generatedwith occlusionratesbetween5% and 45%. Averagematchingresultsof theseface

and brain surfacesusing LSCMs are shown in Fig 6 and 8, respectively. In the video clip

accompanying this paper, we superimposethematchedsurfaceswith signi�cant occlusions(only

60% of areais commonto both).Matchingerror is very hardto detectvisually, which suggests

that our framework could be useful for partial scanalignment.

2) Experimenton noisy data: The secondexperimentteststhe robustnessof LeastSquares

ConformalMaps (LSCMs) in the presenceof noise.We add gaussiannoise(N (0; � )) on each

vertex of the faceand brain surfaces.� increasesfrom 0.0 mm to 2.0 mm while the window

size for computingthe curvaturesof 3D faceandbrain surfacesis 10.0 mm. Examplesurfaces

with noiseunderdifferent � are shown in Fig 9. We match the variousnoisy surfacesto the

original noise-freesurfaceand the averagematchingresultsof the faceand brain surfacesare
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Fig. 6. Averagematchingresultsof the facesurfacesunderocclusionusingLSCMs.

Fig. 7. 3D brain surfacesand their LSCSIsunderocclusion.The original 3D brain surfaceswith different occlusionsare in

the top row. Their LSCSIsare in the bottomrow.

shown in Fig. 10 for various� values.From the resultswe canseethat LSCMs appearrobust

to gaussiannoise.

3) Experimenton resolutionvariation: The third experimenttests the robustnessof Least

SquaresConformalMaps(LSCMs)to resolutionchanges.Fig. 11showsexamplesof 3D faceand

brain surfaceswith resolutionvariation,whereall the mesheshave the sameshapebut different

resolution.The surfaceswith low resolutionare matchedto the original surfacesand average
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Fig. 8. Averagematchingresultsof the brain surfacesunderocclusionusingLSCMs.

matchingresultsusing the LSCMs are shown in Fig. 12. Resultsshow that LSCMs achieve

fairly stablematchingresultsandimperviousto resolutionchanges.A small deteriorationof the

matchingresultsis due to the useof a discretecurvatureapproximation,sinceapproximation

error increasesas the resolutiondrops.

4) Comparisonbetweenquasi-conformalmaps: For completenesspurposes,we also per-

formedcomparisonexperimentsbetweenseveralrelatedwork of quasi-conformalmaps,including

leastsquaresconformalmaps,conformalmaps[20] andharmonicmaps[51], [49], to con�rm the

conclusionin SectionII-D. Averagematchingresultsof the faceand brain surfacesusing the

above threeparametricmapsunderocclusion,noiseandresolutionvariationareshown in Fig 13,

14 and 15, respectively. In Fig 13, sincethe harmonicmapsrequiresatisfaction of the surface

boundarycondition as discussedin sectionII-A, the performanceof harmonicmapsis more

impactedthan the performanceof conformalmapsand leastsquaresconformalmaps.Instead,

changesof boundaryhave very smalleffectson bothconformalmapsandleastsquareconformal

maps.Fromthe resultsin Fig 14 we canseethatall threemapsappearrobust to gaussiannoise.

However, sinceconformalmapsdependon 2 featurepointsonly, which might be detectedwith

errorscausedby thenoise,they have lower matchingratesthantheharmonicmapsandthe least
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Fig. 9. Examplesof faceandbrainsurfacesundergaussiannoisewith different� setto 0.0,0.4,1.0 and2.0 mm, respectively.
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Fig. 10. Averagematchingresultsof LSCMs undergaussiannoiseincreases.The window size for computingthe curvatures

of facessurfacesandbrain surfacesis 10.0 mm andthe � increasesfrom 0.0 mm to 2.0 mm.
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Fig. 11. 3D faceandbrain surfaceswith 1, 1/2,1/4and1/8 of the original resolution,respectively.

2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Resolution Variation (1/x)

A
ve

ra
ge

 N
or

m
al

iz
ed

 C
or

re
la

tio
n 

C
oe

ffi
ci

en
t

Least Squares Conformal Maps of Face Surfaces
Least Squares Conformal Maps of Brain Surfaces

Fig. 12. Averagematchingresultsof LSCMs underresolutionvariation.
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Fig. 13. Averagematchingresultsof the faceandbrain surfacesunderocclusionusingall threeparametricmaps.

squareconformal maps.Finally, Fig 15 shows that the above three parametricmapsachieve

fairly stablematchingresultsandall of themare imperviousto resolutionchanges.

B. Recognition of 3D faces

In this section,we applyLeastSquaresConformalMaps(LSCMs)to 3D facerecognitionon a

3D facedatabasewhich contains1003D facescansfrom 10 subjects.Thedataarecapturedby a

phase-shiftingstructuredlight rangingsystemin differenttime[52]. Eachfacehasapproximately

80K 3D pointswith both shapeand texture informationavailable (examplefacedatafrom two

subjectsin thedatabaseareshown in Fig. 16). In orderto furtherevaluateour recognitionmethod,

we also perform a comparisonwith other existing methods,including the surface curvature

technique[45] andthesphericalharmonicshapecontexts [17]. For thecomputationof curvatures

from 3D surfaceswe had to chosethe size of the neighborhoodfor the surface �t. Clearly,

choosingthe masksize is a trade-off betweenreliability andaccuracy. Whenchoosinga small

mask curvature computationwill be strongly affected by noise, due to the small numberof

pointsconsideredfor regression.The reliability of the curvatureestimationcanbe improved by

increasingthe sizeof the mask.However, a large masksizewill producean incorrectresult in

the areacurvaturechangesquickly. In our experiments,we useda masksize of 10 � 10. The
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Fig. 14. Averagematchingresultsof all threeparametricmapsundergaussiannoiseincreases.Thewindow sizefor computing

the curvaturesof facessurfacesandbrain surfacesis 10.0 mm andthe � increasesfrom 0.0 mm to 2.0 mm.
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Fig. 15. Averagematchingresultsof all threeparametricmapsunderresolutionvariation.
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sphericalharmonicshapecontexts descriptoris computedusing the methoddevelopedin [17],

basedon 3D shapecontexts. The 3D shapecontexts techniqueis the straightforward extension

of 2D shapecontexts[32], to threedimensions.The supportregion for a 3D shapecontexts is a

spherecenteredon thebasispoint p andits northpoleorientedwith thesurfacenormalestimate

N for p. Thesupportregion is divided into binsby equallyspacedboundariesin theazimuthand

elevationdimensionsandlogarithmicallyspacedboundariesalongtheradialdimension.Basedon

the histogramfrom 3D shapecontexts, we usethe bin valuesassamplesto calculatea spherical

harmonictransformationfor the shellsand discardthe original histogram.The descriptoris a

vector of the amplitudesof the transformation,which are rotationally invariant in the azimuth

direction, thus removing the degree of freedom.We computethe sphericalharmonic shape

contexts representationsin 64� 64 grids sampledevenly along the directionsof longitudeand

latitudewith bandwidthb= 16.

In eachexperiment,we randomlyselecta single facefrom eachsubjectfor the gallery and

useall theremainingfacesastheprobeset.Theaveragerecognitionresultsfrom 15 experiments

(with differentrandomlyselectedgalleries)arereportedin TableII. Fromtherecognitionresults,

we can see that the least squaresconformal maps perform 10:7% better than the spherical

harmonicshapecontexts and14:3% betterthanthe surfacecurvaturetechniqueeven if only the

shapeinformationis used.Moreover, leastsquaresconformalmapsallow to combinebothshape

andtexture information,which improves the accuracy of 3D facerecognition.

TABLE II

RECOGNITION RESULTS OF LEAST SQUARES CONFORMAL MAPS, SPHERICAL HARMONIC SHAPE CONTEXTS AND SURFACE

CURVATURE TECHNIQUE.

RecognitionResult LeastSquares SphericalHarmonic Surface

ConformalMaps ShapeContexts Curvature

Using shapeinformationonly 97.3% 86.6% 83.0%

Using texture informationonly 98.0% N/A N/A

Using both shapeandtexture 98.4% N/A N/A
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Fig. 16. Two subjectsin the 3D facedatabase.Shapeinformation is in the �rst row and texture information is in the second

row.

C. Non-rigid surfacealignmentand stitching

In this section,we apply the LeastSquaresConformalMaps(LSCMs)to anotherapplication:

3D non-rigid surface alignmentand stitching. A very important property, which governs our

alignmentand stitching algorithm, is that the LSCMs can establisha 2D commonparametric

domainfor the 3D surfaces.Thereforewe cansimplify the 3D surfacealignmentandstitching

problem to a 2D registration and stitching problem. Furthermore,becausethe LSCMs is a

diffeomorphism,i.e., one-to-oneand onto, we can detectand remove the duplicatedregions

in the original 3D surfacesby removing the overlappingareasin the resulting 2D common

parametricdomain.After that,we canstitch the 3D surfacepatchesby connectingthe exclusive

regionsin the resultingLSCMs.Thereis a lot of researchon 3D surfaceremeshing[2], [5], [1],

[35], but in our casethe problemis simpli�ed to a 2D triangulationproblemby connectingthe

neighboringpatchesin the2D commonparametricdomain.As anexample,Fig. 17 demonstrates

thealignmentandstitchingof two 3D surfacesundergoingnon-rigiddeformations.3D facesare

capturedby aphase-shiftingstructuredlight rangingsystem[52] andeachfacehasapproximately

80K 3D pointswith both shapeandtexture informationavailable.The subjectswerenot asked

to keeptheir headandfacial expressionstill during the 3D facescanning.
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Furthermore,Fig. 18 shows anotherexample of the accurateface alignmentand stitching

result of our methodon two 3D scansof one face undergoing different transformationsand

deformations.The leftmost columnshows the two input 3D facescanswith texture. The same

3D facescanswithout texture informationareshown in the secondcolumn.The LeastSquares

Conformal ShapeImages(LSCSIs) of both 3D scansare in the third column. Their aligned

LSCSIsandthe resultingstitched3D facesarein the fourth column.Becauseof the one-to-one

mappingbetweenthe LSCSI andoriginal face,we canalign andstitch 3D facesby registering

andstitching2D LSCSIs.

In order to demonstratethe performanceof our method,we also compareour resultsto the

resultsfrom the Iterative ClosestPoint (ICP) method[38] in Fig. 19. Fig. 19(a) shows a 3D

scanof a neutralface,while Fig. 19(b) shows a 3D scanof the samefaceundergoing a large

deformationin the moutharea.From Fig. 19(c) and(d) which arethe front view of (a) and(b),

we canseetheocclusionareaclearly. Thefacealignmentandstitchingresultof our methodis in

Fig. 19(f) with thecloseup view of mouthareain Fig. 19(h).Theresultof the ICP methodis in

Fig. 19(e)with the closeup view in Fig. 19(g).As we cansee,in the closeup view Fig. 19(g),

thereis a redundantregion in the resultbecausethe ICP methodfailed to detecttheoverlapping

areasbetweendeformedsurfacesand can only register two surfacewith rigid transformations.

However, as can be seenin Fig. 19(g) and (h), our methodcorrectly aligns even at areasof

signi�cant local deformations.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we presenteda family of quasi-conformalmaps, including harmonicmaps,

conformalmapsand leastsquaresconformalmaps,and proposeda fully automaticand novel

3D shapematching framework using least squaresconformal shapeimages– a new shape

representationwhich simpli�ed the 3D surface matching problem to a 2D image matching

problem.Theperformanceof leastsquaresconformalmapswasevaluatedvis-a-visotherexisting

techniquesin 3D facerecognitionand3D non-rigidsurfacealignmentandstitching.Furthermore,

our comparisonresultshave shown thatall above threeparametricmapsarerobust to occlusion,

noiseanddifferent resolutionsand that the leastsquaresconformalmappingis the bestchoice

for 3D surfacematching.

In future work, we will continue to exploit the propertiesof conformal mapsand further
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(a) (c) (e) (g)

(b) (d) (f) (h)

Fig. 17. An example of surface alignmentand stitching: (a,b) Two original 3D faceswith texture in different

posesanddeformations.(c,d) Original 3D faceswithout texture. (e,f) The LeastSquaresconformalShapeImages

(LSCSIs)of the faces.(g) The alignedLSCSI of the two faces.(h) The resulting3D faceby stitching a part of

(c) into (d). Becauseof the one-to-onemappingbetweenthe LSCSI andoriginal face,we canalign andstitch 3D

facesby registeringandstitching2D LSCSIs.

analyzethe propertiesof conformalshaperepresentationsfor surfaceswith non-disktopology.

We plan to useour framework for applicationssuchas3D objectclassi�cation andregistration

undernon-rigid deformations.
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