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Abstract

3D shapematchingis a fundamentalssuein computervision with mary applicationssuchasshape
registration, 3D object recognitionand classi cation. However, shapematchingwith noise, occlusion
and clutter is a challengingproblem. In this paper we analyzea family of quasi-conformalmaps
including harmonicmaps,conformalmapsand leastsquaresonformalmapswith regardsto 3D shape
matching.As a result,we proposea novel and computationallyef cient shapematchingframevork by
using least squaresconformal maps.According to conformal geometrytheory each3D surface with
disk topology canbe mappedto a 2D domainthrougha global optimizationandthe resultingmapis a
diffeomorphism,i.e., one-to-oneand onta This allows us to simplify the 3D shape-matchingroblem
to a 2D image-matchingproblem, by comparingthe resulting2D parametricmaps,which are stable,
insensitve to resolutionchangesand robust to occlusionand noise. Therefore,highly accurateand
efcient 3D shapematchingalgorithmscan be achiezed by using the above three parametricmaps.
Finally, the robustnessof leastsquareconformal mapsis evaluatedand analyzedcomprehensely in
3D shapematchingwith occlusion,noise and resolutionvariation. In orderto further demonstratehe
performanceof our proposedmnethod,we alsoconducta seriesof experimentson two computervision

applicationsj.e., 3D facerecognitionand 3D non-rigid surfacealignmentand stitching.

Index Terms

ShapeRepresentationsshapeMatching, ConformalGeometry 3D Face Recognition.

. INTRODUCTION AND PREVIOUS WORK

3D shapematchingis a fundamentalissuein 3D computervision with mary applications,
suchas shaperegistration, partial scanalignment,3D objectrecognitionand classi cation [8],
[50], [37], [23]. As 3D scanningtechnologiesimprove, large database®f 3D scansrequire
automatednethodsfor matching.However, matching3D shapesn noisy and clutteredscenes
is a challengingtask. Moreover, sincemost 3D shapescannersanonly capture2.5 D dataof
the target surfaces,aligning and stitching partial 3D surfacesis a fundamentaproblemin mary
researchareas suchas computervision, mechanicakngineeringand molecularbiology.

Generally the crux of 3D shapematchingis nding good shaperepresentationsallowing
us to matchtwo given free-form surfacesby comparingtheir shaperepresentationifferent
approachescludecurvature-basedepresentationgl5], regionalpoint representation6], [37],
[43], [10], sphericalharmonicrepresentationf27], [17], [18], shapedistributions [34], spline
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representationg/] and harmonicshapeimages[51]. However, mary shaperepresentationthat
uselocal shapesignaturesarenot stableandcannotperformwell in the presencef noise.In this
paperwe proposeo usea family of quasi-conformainaps,includingharmonicmaps,conformal
mapsand leastsquaressonformalmaps,that doesnot suffer from suchproblems.Accordingto
conformalgeometrytheory each3D shapewith disk topology canbe mappedto a 2D domain
througha global optimizationand the resultingmap is a diffeomorphism,i.e., one-to-oneand
onta Consequentlthe 3D shape-matchingroblemcanbe simpli ed to a 2D image-matching
problemof the quasi-conformamaps.Thesemapsare stable,insensitve to resolutionchanges
androbustto occlusionandnoise.The 2D mapsintegrategeometricandappearancenformation
and2D matchingis a betterunderstoogroblem[31], [4]. Therefore highly accurateandef cient
3D shapematchingalgorithmscan be achiered using quasi-conformamaps.

The robustnessand easy use of the techniquewe proposedallow us to cope with more
challengingproblemssuchas surface alignmentand stitching, when only two partsof surfaces
could be matched.There has beena lot of researchon 3D surface alignmentand stitching
in recentdecadessuchasidenti cation and indexing of surfacefeatures[1} [42], computing
principal axes of scans[12],exhaustve searchfor correspondingpoints[d, or iteratve closest
point(ICP)methods[2§ [36], [38], [6]. Comparedo matching,thereare otheradditionalissues
in surfacestitching,suchasregistrationandintegration[44. 3D surfacealignmentand stitching
is still a challengingtask especiallywhenthe transformatiorbetweernthe surfacesto be aligned
is non-rigid, e.g.,whentaking successie scansof humanghatmight not be standingstill. Based
on conformalgeometrytheory animportantpropertyof LeastSquareonformalMaps(LSCMs)
is thatthey canmapa 3D surfaceto a 2D domainin a continuousmannerwith minimizedlocal
angledistortion. This implies that LSCMsare not sensitiveto surfacedeformationswhich leads
to a naturalsolutionto 3D non-rigid surfacealignmentand stitching.

Quasi-Conformamapsincludingharmonicmaps,conformalmapsandleastsquaresonformal
mapshave beenusedin several applicationsof computervision and graphics.In [51], Zhang
et al. proposedharmonicmapsfor surface matching.In [49], Wang et al. use harmonicmaps
to track dynamic 3D surfaces.In [20], [19], [48], [47], conformalmapsare usedfor faceand
brain surfacematching.Moreover, Sharonet al. [40] useconformalmapsto analyzesimilarities
of 2D shapes.Least squaresconformal mapsare introducedby Levy et al. [29] for texture

atlasgenerationand usedby Wang et al. [46] to do 3D surfacematching.In orderto calculate
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Fig. 1. Distortion comparisorbetweena conformalmap and a harmonicmap. (a) Original surfacewith texture. (b) Original
surface without texture. (c) The 2D conformal map of the surface with texture. (d) The harmonicmap of the surface with
texture. (e) Checlerboxtexturedsurfaceby conformalmapping.(f) Checlerboxtexturedsurfaceby harmonicmapping.Because
of angle-preseition, (c) and (e) have lessdistortionsthan (d) and (f), which canbe clearly seenin the close-upviews (g) and
(h) of the chin areasin the gray boxesrespectiely.

harmonicmaps,the surfaceboundaryneedsto be identi ed and a boundarymappingfrom 3D
surfacesto the 2D domainneedso be createdwhich canbe a dif cult problemespeciallywhen
part of the surfaceis occluded.However, the two otherquasi-conformamapswe discussn this
paper conformal mapsand least squaresconformal maps,do not needboundaryinformation
and so lend themseles as a natural choiceto solve this problem.Moreover, in additionto the
adwantage®f harmonicmaps,suchassoundmathematicabasisandpreseration of continuity of
the underlyingsurfaces,conformalmapsarealsoanglepreservingwhich leadsto lessdistortion
androbustnesdgo noise.Thedifferencedetweerconformalmapsandharmonicamapsareshavn
in Fig. 1.
In this paper we make the following contrikutions:
1) We analyzea family of quasi-conformamaps,including harmonicmaps,conformalmaps
andleastsquarexonformalmaps,whenappliedto 3D shapematchingand comparetheir

propertiescomprehensely.
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2) We proposea novel 3D shapematchingframework, using leastsquaresonformalmaps.

3) We systematicallyevaluatethe robustnessof leastsquaresconformalmapson 3D shape
matchingfor different challengessuch as occlusion,noise and resolutionvariation. For
completenespurposeswe alsoprovide afull comparisorbetweerdifferentquasi-conformal
mapsfor 3D shapematching.

4) We demonstrateéhe performanceof leastsquaresconformalmapsin practicethrough3D

facerecognitionand 3D non-rigid surface alignmentand stitching.

The restof the paperis organizedasfollows: The mathematicabackgroundof the harmonic
and conformal mapsis introducedand comparedin Sectionll. A frameavork for 3D shape
matchingusing least squaresconformal mapsis proposedin Sectionlll. Experimentalresults
and performanceanalysisare presentedn SectionlV, and we concludewith discussionand

future work in SectionV.

Il. THEORETICAL BACKGROUND OF CONFORMAL GEOMETRY

An importantmerit of quasi-conformamaps,including harmonicmaps,conformalmapsand
least squaresconformal maps,is to reducethe 3D shape-matchingroblemto a 2D image-
matchingproblem,which hasbeenextensvely studied.Quasi-conformaimappings,which are
almost conformal, do not distort anglesarbitrarily and this distortion is uniformly bounded
throughouttheir domainof de nition[3]. We are dealingwith 3D surfaces,but sincethey are
manifolds,they have aninherent2D structure which canbe exploited to make the problemmore
tractableusing conformal geometrytheory [20], [40]. Most work using conformal geometry
theoryis donein surface parameterizationwhich can be viewed as an embeddingfrom a 3D
surface S with disk topologyto a planardomainD. Following the introductionof the notions
of harmonicmaps,conformalmapsand least squaresconformal maps,thesethree parametric

mapswill be comparedn a comprehense manner

A. Harmonic maps

As describedn [51], a harmonicmapH : S! D is a critical point for the harmonicenegy
functional, .
E(H)= _jr Hj*d s; 1)
S
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and can be calculatedby minimizing E(H). The norm of the differentialjr Hj is given by the
metricon S andD, and s is the areaelementon 3D surfaceS [39], [33], [13], [14]. Sincethe
sourcesurfacemeshS is in the form of a discretetriangularmesh we approximatehe harmonic
enegy as[13], [51], [20],
EH) = KyowH(%)  H(VP? @
[vosva]
where [vo; v1] is an edgeconnectingtwo neighboringverticesvy andvy, andkg,,.,; is de ned

as
1 (Vo Vo) (Vi Vo) (Vo vs) (Vi Va)
2%j(vo v2) (vi V2)j (Vo Vv3) (Vi V3)

wheref vp; v1; V.g andf vp; vq; vag aretwo adjacentiriangularfaces.

3)

By minimizing the harmonic enegy, a harmonic map can be computedusing the Euler

Lagrangedifferential equationfor the enegy functional,i.e.,
E=0 4)

where is theLaplace-Beltramoperato39], [33], [13], [14]. Thiswill leadto solvinga sparse
linear least squaressystemfor the mappingH of eachvertex v; [13], [51], [49], [20]. If the

boundarycondition

Hie : @GB! @ (5)

is given, the solution exists andis unique.

Although harmonicmapsareeasyto compute they requiresatisactionof the above boundary
condition, which becomesunreliable when there are occlusionsin the 3D original data. To
overcomethis problem,the missingboundariexanbe approximated51], which mightbeenough
for rough surface matching. However, since interior feature points are often more robust to
occlusion,it is desirableto replacethe boundaryconditionwith featureconstraintsThis canbe
achieed by conformal maps,anothermathematicatool in conformalgeometrytheory which
only requireseveral featureconstraintsasan input andobviate the needto specifythe boundary

condition.
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B. Conformalmaps

It canbe proven that thereexists a mappingfrom ary surfacewith a disk topologyto a 2D
planardomain [21], which is one-to-one,onto, and angle preserving.This mappingis called
conformalmappingandkeepsthe line elementunchangedexceptfor alocal scalingfactor[16].

Conformalmapshave mary appealingoropertiespneof which is their connectiorto comple
function theory[16], [29]. Considerthe caseof mappinga planarregion S to the plane.Such
a mappingcan be viewed as a function of a complec variable,d = U(s). Locally, a conformal
mapis simply arny function U which is analyticin the neighborhoodf a point s and suchthat
UYs) 6 0. A conformalmappingU thus satis es the Caucly-Riemannequationswhich are

@_@a@_ @

@ @'e @ ©)
whered= u+ iv ands= x + Iy.

Differentiatingone of theseequationswith respectto x andthe otherwith respectto y, we
obtainthe two Laplaceequations

u=0, v=20: (7)

where = % + %. Any mappingwhich satis es thesetwo Laplace equationsis called
a harmonicmapping. Thus a conformal mappingis also harmonic.However, unlike the har
monic mapsdescribedin the previous section,which needthe boundarymappingHjg X ed
in adwance,conformal maps can be calculatedwithout demandingthe meshboundaryto be
mappedonto a x ed shape.For a discretemesh,the main approachego achieze conformal
parameterizationare:harmonicenegy minimization[11, [20], [19], [48], [47], Caucly-Riemann
equationapproximation[29 Laplacianoperatorlinearization[2], circle packing[24, mostiso-
metric parameterizations(MIPS)[22and angle-basedattening method[4]. In this paper we
computeconformalmapsusing the harmonicenegy minimization method[20.
Riemanns theoremstatesthatfor ary surfaceS homeomorphido a disc, it is possibleto nd

a parameterizatiorof the surface satisfying Eq. 6 [29], which can be uniquely determinedby
two pointson surface S. However, to betterhandlethe errorscausedby noisein the dataand
the inaccurag of nding featurepoints, we introduceadditionalfeatureconstraintsjndicating
that the correspondindeatureson two 3D surfacesshouldbe mappedonto the samelocations

in the 2D domain.However, with theseadditionalconstraintsit is not alwayspossibleto satisfy
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the conformality condition. Hence,we seekto minimize the violation of Riemanns condition

in the leastsquaressense.

C. Leastsquaesconformalmaps

The Least SquaresConformal Map(LSCM) parameterizatioralgorithm generatesa discrete
approximationof a conformalmapby addingmore constraintsHere we give a brief description
(see[29] for detailsusingdifferentconstraints).

Given a discrete3D surfacemeshS and a smoothtarget mappingU : S'! (u;v), then,as
describedn sectionll-B, U is conformalon S if andonly if the Caucly-Riemannequation,

@, .
@’ ‘@

holds true on the whole of S. However, in generalthis conformal condition cannotbe strictly

=0 (8)

satis ed on the whole triangulatedsurface S, so the conformalmapis constructedn the least

squaressense:
: X @J @,
MinC (S) = — + i—Jj°dA 9
(S) = Jat e 9)
whered is a triangle on the meshS. If we supposethe mappingU is linear on d then
X @J @.
C(S) = =+ i—j2A(d) (10)
ws & @
whereA(d) is the areaof the triangle d. Furthermorelet ; = u; + iv; and ; = x; + iy;j, SO

i = U( ;) forj = 1,2 ::;n. Then,we rearrangehevector suchthat = ( ¢; ,) where ;
consistsof N p free coordinatesand |, consistsof p constraintpoint coordinatesTherefore,
EqQ. 10 can be rewritten as

C(S) = kM¢ ¢ + M, ok (11)

whereM = (Ms;Mp), asparsem n comple matrix(m is the numberof trianglesandn is
the numberof vertices).The least squaresminimization problemin Eq. 11 can be ef ciently
solved using the Conjucate GradientMethod. Thus we can map a 3D surfaceto a 2D domain
with multiple correspondencess constraintsby usingthe LSCM technique.

Since LSCMs have almost all the propertiesof conformal maps and also provide more
correspondencezsadditionalconstraintsye expectthemto bevery usefulin 3D shapenatching

and recognition.
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D. Comparisonof quasi-conformamaps

Basedon conformal geometrytheory harmonic maps, conformal maps and least squares
conformalmaps(LSCMs)betweentwo topological disks presere continuity of the underlying
surfaces,with minimal stretchingenegy and angle distortion. All the abore quasi-conformal
mapsare invariantfor the samesourcesurfacewith differentposesthus makingit possibleto
accountfor globalrigid transformationsA very importantproperty which governsour matching
algorithm,is thatall the mapscanestablisracommon2D parametricdomainfor thetwo surfaces.
Thereforewe can simplify the 3D shape-matchingroblemto a 2D image-matchingoroblem.

However, they vary in performanceor 3D surfacematchingas canbe seenin tablel.

TABLE |

PERFORMANCE COMPARISON OF QUASI-CONFORMAL MAPS.

HarmonicMaps ConformalMaps LeastSquaresConformalMaps
Resolutionchanges Not sensitve Not sensitve Not sensitve
Boundaryconstraint Needed Not needed Not needed
Boundaryocclusion Dif cult to handle No signi cant impact No signi cant impact
Interior feature Use 2 Points Usemore
points usedin mapping Do not use (from Riemanns$ theorem) featureconstraints
Error of interior
featurepoints detection Not sensitve Sensitve Not sensitve
Nonlinear (with linear
ComputationalComplexity Linear approximationavailable) Linear

Comparedo theexactsolutionsfor harmonicmapsandconformalmaps,LSCMsaregenerated
by minimizing the violation of Riemanns$ conditionin theleastsquaresenseThis optimization-
basedparameterizatiomethodhasthe following properties:

1) LSCMshave the samepropertiesasconformalmaps,e.g.,existenceanduniquenessvhich

have alreadybeenprovenin [29].

2) LSCMs can map a 3D shapeto a 2D domainin a continuousmannerwith minimized

local angledistortion.

3) LSCMs canhandlemissingboundariesand occlusionandalsoallow multiple constraints.

4) LSCMs areindependenbf meshresolution.
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5) The leastsquaresninimizationproblemin calculatingLSCMs hasthe adwantageof being
linear

For actual 3D surfaces,it is very likely to have noise and missing data. From the above
comparisonwe canseethat LSCMs arethe bestcandidateamongall threeparametricmapsto
perform3D shapematchingef ciently. LSCMs do not requirethe boundaryconditionexplicitly
which meanghey canhandlemissingboundarieandocclusionsAlso, they take multiple feature
constraintsas input, which allows themto betterhandlenoise introducedby the featurepoint
detection.We con rm this experimentallyin the experimentsectionby analyzingthe robustness
of the three parametricmaps for 3D shapematching with occlusion, noise and resolution
variation.In the remainderof this paper we proposea framevork of 3D shapematchingusing
LSCMs.

I11. SHAPE MATCHING FRAMEWORK USING LEAST SQUARES CONFORMAL MAPS

To match 3D shapesaccuratelyand ef ciently, a new 2D representationleast squarescon-
formal shapeimages,is developedin our framewvork using LSCMs. Therefore we simplify the
original 3D shape-matchingroblemto a 2D image-matchingproblem.In particular our shape
matchingframework includestwo steps:First, interior featurecorrespondenceagre detectedoy

usingspin-images[2p After that,we generateand matchleastsquaresonformalshapemages.

A. Correspondenceetectionusing spin-images

In order to use least squaresconformal mappings,we needto establishinterior feature
constraintsbetweenthe 3D shapes.For this purpose,we rst selectcandidatepoints with
curvature larger than a threshold T, and then comparetheir spin-imagesto detectfeature
correspondencedhe spin-images a well-knowvn techniquethat hasbeenproven usefulfor 3D
point matching[26. It encodeghe surface shapesurroundingan orientedpoint p by projecting
nearbysurface pointsinto a 2D histogram,which has cylindrical coordinatesof radiusr and
heighth centeredat p, with its axis alignedwith the surfacenormal of p. The numberof bins
and supportsize in the spin-imagehistogramsare parametersx ed at generationlt hasbeen
shavn that the matchingresultsusing spin-imagesare insensitve to the choice of the above

parameterg23]. In our experiments,the highestcon dence featurecorrespondenceare used.
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Fig. 2. LeastSquareLonformalShapelmage:(a) Original surfacewith texture. (b) Original surfacewithout texture. (c) Least
squaresconformalmapswith texture. (d) Leastsquaresconformalshapeimage.(e)Leastsquaresconformalmapsof the same

surface,subsampledy a factorof 4, still very similar to (c).

The typical numberof selectedfeaturepointsis 5-6 for 3D face surfacesand 10-12 for brain

surfaces.

B. Leastsquaesconformalshapeimages

In this section,we will introduce a methodto describe3D surfacesusing least squares
conformalshapemages(LSCSIs).In sectionll-C, we have shavn thatthereexistsaleastsquares
conformalmappingthatcanmapeach3D surfacewith disk topologyto the canonicaD domain.
The LSCSlisaregeneratedy associatinga shapeattribute with eachvertex. Meancurvatureis a
usefulgeometricattribute that dependsonly on the surfaces intrinsic geometry In our method,
the meancurvatureis computedin the sameway asin [20]. Moreover, leastsquaresonformal
mapscanalsohelp generateadditionalshaperepresentationby associatingtherattributes,e.g.
texture, which leadsto a naturalsolution of combiningmultiple importantcuesfor 3D surface
matchingand recognition,suchas shapeand texture. In our currentframevork, thesecuesare
weightedequally for surface matching.More elaborateschemedo combinedifferentcuescan
be donein the future work.

As an example, Fig. 2(d) shavs the LSCSI of the surface Fig. 2(b), with darker color
representindarger meancunature.Fig. 2(a)is the original surfacewith texture informationand
Fig. 2(c) is its LSCM. Fig. 2(e) is the LSCM of a lower resolution(25%)ersionof the original
surface. The similarity betweenFig. 2(c) and Fig. 2(e) shavs that LSCMs are independento

resolutionvariation.
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C. Matching surfacesby matting LSCSIs

Given two generalsurfacesS; and S, with disk tropology we rst detecthigh curnvature
correspondencessing spin-images.Then, by incorporatinginterior correspondenceas con-
straints, LSCSiIs are generatedor both surfacesas describedin sectionll-C. After that, the
normalizedcorrelationcoefcient Ms,.s, and the similarity criterion S(S;;S;) introducedin
[25] are computedon the two resultingLSCSIsby
R

Msl;SZ = 4 P P P P (12)
(N™ (052 ( pH))(N (82?2 ( p™)?)
. — 1+ Ms;s542 i
S(81:8) = (InT—y=2)° 5 (13)

where N is the numberof overlapping pointsin the LSCSIsof 3D surface S; and S,, and
p>* is the value (e.g., the meancunature or the texture) of point i in the LSCSI of surface
Sk(k = 1;2). In the caseof matchingsurfaceswith differentresolutions,N is the numberof
overlappingpointsin the LSCSIsof the surfacewith the lower resolution.

According to sectionll, an importantproperty of Least SquaresConformal Maps (LSCMs)
is thatthey canmapa 3D shapeto a 2D domainin a continuousmannerwith minimizedlocal
angledistortion. This impliesthat LSCSIsare not sensitiveto surfacedeformationse.g.,if there
is nottoo muchstretchingbetweenwo faceswith differentexpressionsthey will inducesimilar
LSCSIs.As an example,Fig. 3 shavs a comparisorbetweenthe LSCSIsof faceswith different
expressionsandof differentfaces.More speci cally, the rst, the secondandthe third columns
of Fig. 3 correspondto face scansof one subjectwith different expressionswhile the forth
column correspondgo anothersubject.For eachcolumnin Fig. 3, the bottom row represents
the LSCSiIs of the surfaces(shavn in the middle row), with darker color representingarger
meancunature.The original surfaceswith texture informationarealsoshown in the top row of
Fig. 3. Basedon Eq. 12, the normalizedcorrelationcoefcient (M;; ) betweenFig. 3(i) andFig.
3(j) and the normalizedcorrelationcoefcient (M) betweenFig. 3(i) and Fig. 3(k) are 0.92
and 0.86, respectrely, while the normalizedcorrelationcoefcient (M;,) betweenFig. 3(i) and
Fig. 3(I) is only 0.65. As is evident, the normalizedcorrelationcoefcients of LSCSIsbetween
thefacescansof the samepersonwith differentexpressionsaremuchlargerthanthe coefcients

betweenface scansof different personsthus making it possibleto match surfaceswith small

Septembeid. 3, 2006 DRAFT



Fig. 3. Surfacematchingwith deformation:The original 3D surfaceswith texture arein the top row. The detail of the deformed
mouth areasare shavn in the secondrow and the LSCSIsof the original surfacesare in the last row. In eachrow, the rst,

the secondandthe third surfacesarefrom the samepersonwith differentexpressionsandthe forth oneis anotherperson.The
normalizedcorrelationcoefcient (Mi; ) between(i) and (j) andthe normalizedcorrelationcoefcient (M ) between(i) and

(k) are0.92and 0.86, respectiely, while the normalizedcorrelationcoefcient (M, ) between(i) and(l) is only 0.65.

deformationausingLSCSIs.This relative expression-imarianceis alsoanimportantpropertyfor
shaperepresentationssedin facerecognition.

However, for 3D surfaceswith holes, which violate the disk topology assumptionwe can
not calculatethe LSCMs directly. To overcomethis problem,we can simply Il in the holes
throughinterpolation[3Q andthenuseour methodto generateghe LSCSIsof the new surfaces.
The lled-in regions are masled out when we computethe normalizedcorrelationcoefcient
using Eq. 12 . As discussedn sectionll-D, LSCMs dependon the geometryin a continuous
manney which leadsto robustnesgo local perturbation.Fig. 4 demonstrateshe robustnessof
our methodto holeson surfaces.The normalizedcorrelationcoefcient of the LSCSIsshavn
in Fig. 4(b,f) is 0.99, which meansa very good matchbetweenthe two surfacesof Fig. 4(a,e)
after hole lling. If we desireto presere the non-disktopology of the objectduring matching,

thenthe objectshouldbe partitionedinto simplerpartswith disk topology[29 which could then
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Fig. 4. An exampleof surfacematchingwith holes: (a) A frontal 3D scan.(b) The LSCSI of (a). (c) A side 3D scanof the
samesubjectasin (a), which hasa holeillustratedin (d). (e) The samesurfaceof (c,d) after hole lling. (f) The LSCSI of (e).

be matched.Optimal partitioningwill be studiedin future work.

IV. EXPERIMENTAL RESULTS AND PERFORMANCE ANALYSIS

In this sectionwe analyzethe robustnessof our proposed3D shapematchingmethodusing
leastsquaresconformalmapson real datawith occlusion,noise and resolutionvariation. Fur-
thermore,we demonstratahe performanceof our methodthroughtwo applications:3D face

recognitionand 3D non-rigid surfacealignmentand stitching.

A. Rohlustnessanalysis

In this sectionwe usetwo surfacetypes:brains(4 instancespndfaces(6 instancesjo analyze
the performanceof our proposed3D shapematchingmethod.We presentthree experimentsin
which 3D surface matchingis performedunderocclusion,noise and resolutionvariation using
leastsquaresconformal maps,followed by a full comparisonbetweenseveral relatedwork of
guasi-conformamapsincluding harmonicmaps,conformal mapsand least squaresconformal

maps.
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Fig. 5. 3D facesurfacesandtheir LSCSIsunderocclusion.The original 3D facesurfaceswith differentocclusionsarein the

top row. Their LSCSlsarein the bottom row.

1) Experimenton dataocclusion: In this experiment,we testthe robustnesof LeastSquares
Conformal Maps (LSCMs) underocclusionfor both face and brain surfaces.Such occlusions
might be causeduy rotationof the objectin front of the scannerFigures5 and7 shav examples
of 3D faceand brain surfacesrespectrely, under different occlusionswith their leastsquares
conformalshapeimages(LSCSIs).For eachoriginal surface, partially occludedsurfaceswere
generatedwvith occlusionratesbetween5% and 45%. Averagematchingresultsof theseface
and brain surfacesusing LSCMs are shavn in Fig 6 and 8, respectrely. In the video clip
accompaning this paper we superimposehe matchedsurfaceswith signi cant occlusiongonly
60% of areais commonto both). Matchingerroris very hardto detectvisually, which suggests
that our framavork could be useful for partial scanalignment.

2) Experimenton noisy data: The secondexperimentteststhe robustnessof LeastSquares
ConformalMaps (LSCMs) in the presenceof noise.We add gaussiannoise(N (0; )) on each
vertex of the faceand brain surfaces. increasedrom 0.0 mm to 2.0 mm while the window
sizefor computingthe curvaturesof 3D faceand brain surfacesis 10.0 mm. Examplesurfaces
with noise underdifferent are shavn in Fig 9. We matchthe various noisy surfacesto the

original noise-freesurface and the averagematchingresultsof the face and brain surfacesare

Septembeid 3, 2006 DRAFT



091 B

0.7 q

0.6 q

0.5 4

041 B

Average Normalized Correlation Coefficient

0.2 B

0 1 1 1 1 1 1 1
5 10 15 20 25 30 35 40 45
(Occlusion Area/Surface Area)% on Face Surfaces

Fig. 6. Averagematchingresultsof the facesurfacesunderocclusionusing LSCMs.

Fig. 7. 3D brain surfacesand their LSCSIsunderocclusion.The original 3D brain surfaceswith differentocclusionsare in

the top row. Their LSCSlsarein the bottom row.

shavn in Fig. 10 for various values.From the resultswe can seethat LSCMs appearobust
to gaussiamoise.

3) Experimenton resolutionvariation: The third experimentteststhe robustnessof Least
SquareonformalMaps(LSCMs)to resolutionchangesFig. 11 shavs examplesof 3D faceand
brain surfaceswith resolutionvariation,whereall the meshedave the sameshapebut different

resolution.The surfaceswith low resolutionare matchedto the original surfacesand average
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Fig. 8. Averagematchingresultsof the brain surfacesunderocclusionusing LSCMs.

matchingresultsusing the LSCMs are shavn in Fig. 12. Resultsshav that LSCMs achiere
fairly stablematchingresultsandimperviousto resolutionchangesA small deteriorationof the
matchingresultsis due to the use of a discretecunature approximation,since approximation
error increasesasthe resolutiondrops.

4) Comparisonbetweenquasi-conformalmaps: For completenespurposeswe also per
formedcomparisorexperimentdetweerseveralrelatedwork of quasi-conformamaps,ncluding
leastsquaresonformalmaps,conformalmaps[2Q andharmonicmaps[5], [49], to con rm the
conclusionin Sectionll-D. Averagematchingresultsof the face and brain surfacesusing the
above threeparametrianapsunderocclusion,noiseandresolutionvariationareshowvn in Fig 13,
14 and 15, respectiely. In Fig 13, sincethe harmonicmapsrequire satisaction of the surface
boundarycondition as discussedn sectionll-A, the performanceof harmonicmapsis more
impactedthan the performanceof conformalmapsand leastsquaressonformalmaps.instead,
change®f boundaryhave very small effectson both conformalmapsandleastsquareconformal
maps.Fromthe resultsin Fig 14 we canseethatall threemapsappearobustto gaussiamoise.
However, sinceconformalmapsdependon 2 featurepointsonly, which might be detectedwith

errorscausedoy the noise,they have lower matchingratesthanthe harmonicmapsandthe least
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Fig. 9. Examplesof faceandbrain surfacesundergaussiamoisewith different setto 0.0,0.4,1.0and2.0 mm, respectiely.
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of facessurfacesand brain surfacesis 10.0 mm andthe increasefrom 0.0 mm to 2.0 mm.
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Fig. 11. 3D faceandbrain surfaceswith 1, 1/2,1/4and 1/8 of the original resolution,respectrely.
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Fig. 13. Averagematchingresultsof the faceandbrain surfacesunderocclusionusing all threeparametricmaps.

squareconformal maps. Finally, Fig 15 shaws that the above three parametricmapsachieve

fairly stablematchingresultsandall of them areimperviousto resolutionchanges.

B. Recanition of 3D faces

In this section,we apply LeastSquareonformalMaps(LSCMs)to 3D facerecognitionon a
3D facedatabasevhich contains100 3D facescandrom 10 subjectsThe dataarecapturedoy a
phase-shiftingstructuredight rangingsystemin differenttime[52. Eachfacehasapproximately
80K 3D pointswith both shapeand texture information available (examplefacedatafrom two
subjectsn thedatabasareshavn in Fig. 16). In orderto furtherevaluateour recognitionmethod,
we also perform a comparisonwith other existing methods,including the surface curvature
technique[4b andthe sphericalharmonicshapecontects [17]. For the computationof curvatures
from 3D surfaceswe hadto chosethe size of the neighborhoodfor the surface t. Clearly
choosingthe masksizeis a trade-of betweenreliability and accurag. When choosinga small
mask cunature computationwill be strongly affected by noise, due to the small number of
points consideredor regression.The reliability of the curvatureestimationcanbe improved by
increasingthe size of the mask.However, a large masksize will producean incorrectresultin

the areacurvature changesquickly. In our experiments,we useda masksizeof 10 10. The
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sphericalharmonicshapecontets descriptoris computedusing the methoddevelopedin [17],

basedon 3D shapecontects. The 3D shapecontets techniquels the straightforvard extension
of 2D shapecontets[37, to threedimensionsThe supportregion for a 3D shapecontets is a

spherecenteredn the basispoint p andits north pole orientedwith the surfacenormalestimate
N for p. The supportregion is dividedinto bins by equallyspacedoundariesn the azimuthand
elevationdimensionsandlogarithmically spacedoundarieslongtheradialdimensionBasedon

the histogramfrom 3D shapecontexts, we usethe bin valuesassampledo calculatea spherical
harmonictransformationfor the shellsand discardthe original histogram.The descriptoris a

vector of the amplitudesof the transformationwhich are rotationally invariantin the azimuth
direction, thus remaving the degree of freedom.We computethe sphericalharmonic shape
contts representations 64 64 grids sampledevenly along the directionsof longitudeand
latitude with bandwidthb = 16.

In eachexperiment,we randomly selecta single facefrom eachsubjectfor the gallery and
useall theremainingfacesasthe probeset. The averagerecognitionresultsfrom 15 experiments
(with differentrandomlyselectedyalleries)arereportedin Tablell. Fromthe recognitionresults,
we can see that the least squaresconformal maps perform 10:7% better than the spherical
harmonicshapecontets and 14:3% betterthanthe surfacecunaturetechniqueevenif only the
shapeinformationis used.Moreover, leastsquaresonformalmapsallow to combineboth shape

and texture information, which improvesthe accurag of 3D facerecognition.

TABLE I
RECOGNITION RESULTS OF LEAST SQUARES CONFORMAL MAPS, SPHERICAL HARMONIC SHAPE CONTEXTS AND SURFACE

CURVATURE TECHNIQUE.

RecognitionResult LeastSquares SphericalHarmonic Surface
ConformalMaps ShapeContets Cunature
Using shapeinformation only 97.3% 86.6% 83.0%
Using texture information only 98.0% N/A N/A
Using both shapeand texture 98.4% N/A N/A

Septembei 3, 2006 DRAFT



Fig. 16. Two subjectsin the 3D facedatabaseShapeinformationis in the rst row andtexture informationis in the second

row.

C. Non-rigid surfacealignmentand stitching

In this section,we apply the LeastSquareConformalMaps(LSCMs)to anotherapplication:
3D non-rigid surface alignmentand stitching. A very important property which governs our
alignmentand stitching algorithm, is that the LSCMs can establisha 2D commonparametric
domainfor the 3D surfaces.Thereforewe can simplify the 3D surfacealignmentand stitching
problemto a 2D registration and stitching problem. Furthermore,becausethe LSCMs is a
diffeomorphism,i.e., one-to-oneand onto, we can detectand remove the duplicatedregions
in the original 3D surfacesby remaving the overlapping areasin the resulting2D common
parametricdomain.After that, we canstitch the 3D surfacepatcheshy connectingthe exclusive
regionsin the resultingLSCMs. Thereis a lot of researclon 3D surfaceremeshing[?, [5], [1],
[35], but in our casethe problemis simpli ed to a 2D triangulationproblemby connectingthe
neighboringpatchesn the2D commonparametriadomain.As anexample,Fig. 17 demonstrates
the alignmentandstitchingof two 3D surfacesundegoing non-rigid deformations3D facesare
capturedoy a phase-shiftingtructuredight rangingsystem52] andeachfacehasapproximately
80K 3D pointswith both shapeand texture information available. The subjectswere not asled

to keeptheir headandfacial expressionstill during the 3D facescanning.
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Furthermore,Fig. 18 shavs anotherexample of the accurateface alignmentand stitching
result of our methodon two 3D scansof one face undegoing different transformationsand
deformations.The leftmost column shavs the two input 3D face scanswith texture. The same
3D facescanswithout texture information are shavn in the secondcolumn. The LeastSquares
Conformal Shapelmages(LSCSIs) of both 3D scansare in the third column. Their aligned
LSCSlsandthe resultingstitched3D facesarein the fourth column.Becauseof the one-to-one
mappingbetweenthe LSCSI and original face,we canalign and stitch 3D facesby registering
and stitching 2D LSCSiIs.

In orderto demonstratehe performanceof our method,we also compareour resultsto the
resultsfrom the Iterative ClosestPoint (ICP) method[38] in Fig. 19. Fig. 19(a) shawvs a 3D
scanof a neutralface,while Fig. 19(b) shavs a 3D scanof the samefaceundegoing a large
deformationin the moutharea.From Fig. 19(c) and (d) which arethe front view of (a) and(b),
we canseethe occlusionareaclearly The facealignmentandstitchingresultof our methodis in
Fig. 19(f) with the closeup view of mouthareain Fig. 19(h). Theresultof the ICP methodis in
Fig. 19(e)with the closeup view in Fig. 19(g). As we cansee,in the closeup view Fig. 19(g),
thereis a redundantegion in the resultbecausehe ICP methodfailed to detectthe overlapping
areasbetweendeformedsurfacesand can only registertwo surfacewith rigid transformations.
However, as can be seenin Fig. 19(g) and (h), our methodcorrectly aligns even at areasof

signi cant local deformations.

V. CONCLUSIONS AND FUTURE WORK

In this paper we presenteda family of quasi-conformalmaps,including harmonic maps,
conformalmapsand leastsquaresconformal maps,and proposeda fully automaticand novel
3D shapematching framewvork using least squaresconformal shapeimages— a new shape
representatiorwhich simpli ed the 3D surface matching problemto a 2D image matching
problem.The performancef leastsquarexonformalmapswasevaluatedvis-a-visotherexisting
techniquesn 3D facerecognitionand3D non-rigid surfacealignmentandstitching.Furthermore,
our comparisorresultshave shavn thatall above threeparametriaonapsarerobustto occlusion,
noise and different resolutionsand that the leastsquaresconformalmappingis the bestchoice
for 3D surfacematching.

In future work, we will continueto exploit the propertiesof conformal mapsand further

Septembeid 3, 2006 DRAFT



(a) (c) (e) 9)

(b) (d) (f) (h)
Fig. 17. An example of surface alignmentand stitching: (a,b) Two original 3D faceswith texture in different
posesand deformations(c,d) Original 3D faceswithout texture. (e,f) The LeastSquaresonformal Shapelmages
(LSCSIls)of the faces.(g) The aligned LSCSI of the two faces.(h) The resulting3D faceby stitching a part of
(c) into (d). Becauseof the one-to-onemappingbetweenthe LSCSI and original face,we canalign and stitch 3D

facesby registeringand stitching 2D LSCSis.

analyzethe propertiesof conformalshaperepresentationfor surfaceswith non-disktopology
We planto useour framework for applicationssuchas 3D objectclassi cation andregistration

undernon-rigid deformations.
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