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Abstract

Constructingsplineswhoseparametricdomainis anarbitraryman-
ifold and effectively computingsuchsplinesin real-world appli-

cationsare of fundamentaimportancein solid and shapemodel-
ing, geometricdesign,graphics,etc. This paperpresentsa gen-
eraltheoreticalandcomputationaframework, in which splinesur

facedde nedoverplanardomainscanbesystematicallyxtendedo

manifold domainswith arbitrarytopologywith or without bound-
aries. We studythe af ne structureof domainmanifoldsin depth
and prove that the existenceof manifold splinesis equivalentto

the existenceof a manifold's af ne atlas. Basedon our theoretical
breakthroughwe alsodevelop a setof practicalalgorithmsto gen-
eralizetriangularB-spline surfacesfrom planardomainsto mani-
fold domains. We choosetriangularB-splinesmainly becauseof

its generalityandmary of its attractize properties.As aresult,our
new splinesurfacede ned over ary manifoldis a piecavise poly-

nomial surface with high parametriccontinuity without the need
for ary patchingand/ortrimming operations.Throughour experi-

ments,we hopeto demonstratehat our novel manifold splinesare
bothpowerful andef cient in modelingarbitrarily complicatedge-
ometry and representingontinuously-arying physicalquantities
de ned over shape®f arbitrarytopology

CR Categories: 1.3.5 [ComputerGraphics]: ComputationalGe-
ometryandObjectModeling—cune, surface,solid andobjectrep-
resentations

Keywords: Geometricmodeling, manifold spline, Riemannsur
face,conformalstructureaf ne atlas

1 Intro duction and Motivation

Real-world volumetricobjectsareoftentimesof complex geometry
andarbitrarytopology Onefundamentaloal of solid and phys-
ical modelingis to seekaccurateand effective techniquedor the
compactrepresentationf smoothshapesvith applicationsn both
scienti ¢ researctandindustrialpractice.Towardsthis goal,subdi-
vision surfaceshave beenextensvely investigatediuringtherecent
past.Despitetheir modelingadwantagedor arbitrarily complicated
geometryandtopology subdvision surfaceshave two dravbacks:
(1) accuratesurfaceevaluationis frequentlyconductedria explicit,

recursve subdvision since most subdvision schemegespecially
thoseinterpolatoryschemesylio notallow closed-formanalyticfor-

mulationfor their basisfunctions;(2) extraordinarypointsdepend
on the connectiity of the control meshand needspecialcare,as
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their behaiors andsmoothnesgropertiediffer signi cantly from
otherregular regionsnearby This paperaimsto tacklethe afore-
mentionedechnicakhallengesssociatewith popularsubdvision
surfacesby articulatingthe new theoryfor manifoldsplinesandde-
velopingnovel algorithmsfor constructingsuchsplinesin practice.

Aside from subdvision surfacesthis researclis equallymotivated
by the rigorousmathematic®f splinetheory Splinesurfaceshave

demonstratedheir signi cance in shapemodeling, nite element
analysis,scienti c computationyisualization,manufcturing,etc.

Most popularexamplesinclude Béziersurfaces tensorproductB-

spline surfaces,and triangular B-spline surfaces. Essentially all

of themarepiecevise polynomialsde ned over planarparametric
domainsfor efcient evaluation. While thesespline surfacesare
idealfor modelingopensurfaceswith curved boundariesthey are
cumbersoméo represensmoothsurfaceswith arbitrarily comple

topology The feasibleway is to trim parametricspline surfaces
de ned over openplanardomains stitchthemalongtheir trimmed
edgeswith care,andenforcethe continuity requirement®f certain
degreeacrosgheir sharedooundarieasshavn in [Eck andHoppe
1996]. It is challengingto maintainhigh order continuity across
patchesin both theory and practice. Therefore,thereis a press-
ing needto introducethe new splineconceptanddevelop the new

splinetheorythatde ne polynomialsplinesover arbitrarymanifold
without trimming andstitchingoperations.

In essenceconstructingsplinesde ned over arbitrary manifolds
is of fundamentakigni cancein geometricdesign,andinteractve
graphics.This paperpresentsa generaltheoreticalframevork that
cansystematicallygeneralizespline surfaceswith planardomains
to manifolddomainswith arbitrarytopologywith or withoutbound-
aries.Thespeci ¢ contrib utions of this paperinclude:

While motivated by the abose obserations, it also signi -
cantly advancesthe state-of-the-arbf both subdvision sur
facesandsplinessurfaces.

This papergivesatheoreticalproof for the existenceof man-
ifold splinesj.e.,it is equivalentto the existenceof the af ne
structureof the underlyingmanifold servingasa parametric
domain.

Classicalcharacteristicclass theory has concludedthat no
closedsurfaceadmitsanaf ne atlasexcepttori, soit provides
evidencethat the existenceof extraordinarypoints depends
only ontopology

Besideghetheoreticaladwancesthis paperalsodevisesa set
of practicalalgorithmsthat enablethe effective modelingof
triangularB-spline surfacesover manifold domains. There-
sulting surfaceis a piecavise polynomial surfacewith high
parametricontinuitywithout arny patchingor trimming oper
ations.

Due to the intrinsic topologicalobstructionsassociatedvith

domainmanifolds,the manifold triangularB-spline still ad-
mits singularpoints (which cannot be evaluatedby the new

spline scheme).However, our modelingalgorithmsare able
to constructhe manifold splinebasecdn triangularB-splines
with the minimum numberof singular points. This lower
boundresultsfrom Riemannsurfacetheory (e.g.,conformal
structure).



In this paper we chooseto work on triangularB-splinesandtheir
manifold generalizationmainly becauseriangularB-splineshave
mary importantproperties:

TriangularB-splinesurfacesarede ned over arbitraryplanar
triangulations,andthey generalizeensofproductB-splines.
Unlike tensorproductB-splines,it hasno strict requirements
for connectiity of theunderlyingmeshdomain.

Local support,parametricaf ne invariancethe completeness
of basisfunctions,andpolynomialreproductiorareattractive
propertiesfor triangularB-splines,andthey still hold when
generalizingo manifoldsplines.

TriangularB-splinesexhibit the maximalorderof continuity
with the lowestpossibledegreeof their basisfunctions. For
example, they achiere C2 continuity whenusing only cubic
polynomials. Furthermore spatially-\arying smoothnesse-
quirementsaandsharpfeaturescanbe easilyachieved via dif-
ferentknot placementén the parametricdomain.

With ournew resultsshavn in this paperit is ratherstraightforvard
to generalizevtherpopularsplinesto theirmanifoldcounterpart®y
adoptingour techniqueson triangularB-splines(seeFigure 8). It
may be notedthat the new triangularB-splinesde ned over arbi-
trary manifoldsmay still have special,singularpointswhich must
requireseparateadditionalcare(Notethatsingularpointsfor man-
ifold splinesdiffer from extraordinarypoints of subdvision sur
faceswherethe vertex valenceis the only criterion). Theintrinsic
reasonfor the existenceof singularpoints (when using manifold
splines)is dueto the topologicalobstructionof the underlyingdo-
main. In principle,anarbitrarydomaincannot offer a specialatlas
suchthatall transitionfunctionsareaf ne. In practice however, by
remwving a nite numberof points,the domainwill thenadmitthe
afne atlasandsubsequenthallow the meaningfulgeneralization
of triangularB-splinesto arbitrarymanifolds.

After the the problemstatementndits motivation, the remainder
of this paperis organizedasfollows. Section2 brie y reviews the
prior work. Section3 presentshenecessarynathematicatoolsfor
manifold splines.Section4 documentsll thetheoreticaklements
of our novel manifold splines. Section5 explainsthe algorithmic
detailsfor constructingriangulaB-splinesover arbitrarymanifold.
Section6 discussesheimplementatiorissuesandpresentur ex-
perimentalresults. Finally, we concludethe paperandbrie y dis-
cussthefutureresearchin Section?.

2 Prior Work

This sectionbriey sureys somerelatedwork in triangular B-
splinesandsurfacesde ned on manifolds.

2.1 Triangular B-splines

Thetheoreticafoundationof triangularB-splineslies in the multi-
variateB-spline,or simplex spline,introducedby [de Boor 1976].
It hasreceved muchattentionsinceits inception. [Dahmenet al.
1992] proposetriangularB-splinesfrom the point of view of blos-
soming,whichoffersageneraschemdor constructinga collection
of multivariateB-splines(with n 1 continuouderivatives)whose
linear spancomprisesall polynomialsof degreeat mostn. [Fong
andSeidel1991]presenthe rst prototypeimplementatiorof tri-
angulamB-splinesandshav severalusefulpropertiessuchasaf ne

invarianceconvex hull, locality, andsmoothnesgGreinerandSei-
del 1994]shawv the practicalfeasibility of multivariateB-splineal-
gorithmsin graphicsandshapedesign.[Pfei e andSeidel1995a]
demonstratehe tting of atriangularB-splinesurfaceto scattered
functional datathroughthe useof leastsquaresand optimization
techniques.[Fransseret al. 2000] proposean ef cient evaluation
algorithm,which worksfor triangularB-splinesurfacesof arbitrary
degree.[Neamtu2001]describesa hew paradigmof bivariatesim-
plex splineshasedn the higherdegreeDelaunaycon gurations.

Traditional B-splinesare de ned on planardomains. Mary re-
searcher$ave exploredthe feasiblewaysto generalizesplinesto
be de ned on sphereand manifoldswith arbitrarytopology We
only documentafew of themin theinterestof space.

2.2 Spherical splines

De ning splinesover a spherehas beenstudiedduring the past
decade. [Alfeld et al. 1996a]presentsphericalbarycentriccoor
dinateswhich naturallyleadto the theoryof SphericalBernstein-
Bézier polynomials (SBB). They shav tting scattereddataon
sphere-lile surfaceswith SBB in [Alfeld et al. 1996b]. [Pfeie
and Seidel 1995b] presentscalarsphericaltriangular splinesand
demonstratehe use of thesesplinesfor approximatingspherical
scatteredlata.[Neamtu1996] constructsa functionalspaceof ho-
mogeneousimplex splinesandshaws thatrestrictingthe homoge-
neoussplinesto aspheregivesriseto thespaceof sphericakimplex
splines.[He et al. 2005] presentationalsphericalsplinefor genus
zeroshapemodeling.

2.3 Surfaces De ned on Manifolds

Thereare somerelatedwork on de ning functionson manifold,

suchas[Grimm andHughesl995;Demjanaich 1996;Cotrinaand

Pla2000;Cotrinaetal. 2002;Ying andZorin 2004]. Thesemethods
sharesimilar constructiorproceduresvhich canbe summarizeds

follows:

1. Find an atlasfU;;f g to cover the domainmanifold M, with

transitionfunctionsfij = f; f; 1. All transitionfunctions
arerequiredto be smooth especiallyanalyticalfunctionsare
usedin [Ying andZorin 2004].

2. De ne functionalbasison eachchartf; : f;(Uj)) ! R
3. For eachpoint p 2 M, normalizethesefunctionsandde ne
thebasisfunctionsB; as

- filp)
Bi(P) = a;fi(p)

4. De ne the functionsasF(p) = &;CiBi(p) whereC; arethe
controlpoints.

It is obviousthat, supposeB; is a polynomialon chart(U;;f ), but
B; is not a polynomial on a different overlappingchart (Uj;f ),
becausen generalf jj is NOT algebraicandfi; B; is nota poly-
nomial.

Our work is completelydifferentfrom the abore work in that: 1)

Thetransitionfunctionsof our methodmustbe afne. Therefore,
therequirement®f ourmethods muchstronger Thatis why topo-
logical obstructionplaysan importantrole in our construction.2)

Our methodproduceghe polynomialor rationalpolynomials. On

ary chart,the basisfunctionsare always polynomialsor rationals,
andrepresentedsB-splinesor rationalB-splines.



A differentapproachusing the conceptof orbifold is introduced
in [Wallner and Pottmann1997]. The transitionfunctionsof the
oribifold arenotaf ne, thebasisfunctionsarenotalgebraiceither

In summarywe believe manifoldsplineshave two fundamentatri-
teria:

1. Manifold: The splinesare de ned on the domainmanifold,
namely the evaluationof the splinesis independentof the
choiceof thechart.

2. Algebraic: locally, on ary chart,the splinesshouldbe either
polynomials or rational polynomials.

All previousmanifold constructiongocusonthe rst pointbut can
not satisfy the secondone. Most spline schemesmphasizehe
algebraicaspectput only arede ned on planardomains.Ourwork
isthe rst onethatsatis esbothcriteria,anddiscoverstheintrinsic
relationbetweermanifoldsplineswith af ne structures.

3 Theoretical Background

In orderto de ne splineson manifolds,we mustfully understand
theintrinsic propertief splinesandthespecialstructuresnherent

to the domainmanifold. This sectionpresentsherelevanttheoreti-

caltools.

Essentially splineshave local support,so we shall de ne spline
patchedocally on the manifold andgluethelocally-de ned spline
patchesto cover the entire domainmanifold. Furthermoresince
splinesare invariant under parametricaf ne transformationswe

seekto gluethepatchesisingaf ne transitionfunctions.Therefore,
if the domainsurfaceadmitsan atlason which all transitionfunc-

tionsareaf ne, thenwe cangluethe patchesoherently However,

the existenceof suchanatlasis solely determinecy the topology

In principle,we cangluethe patchego covertheentiresurfaceex-

cepta nite numberof points,whicharesingularpointsandcannot
be evaluatedby the global splineson the manifold. Thesesingular
pointsrepresenthetopologicalobstructiorfor the existenceof the
afne atlas.

3.1 Spline Theory and Properties

The most popularspline schemessuchas tensorproductBézier
surfaces,tensorproduct B-spline surfaces, triangular Bézier sur
facesand B-patches,canbe uni ed asthe differentvariationsof
polar forms [Ramsha 1987; Ramsha 1989; Seidel1994]. We
shallbrie y explain the conceptof polarforms,andthen,we con-
centrateon B-patchesandtriangularB-spline surfaces becausef
their e xibility andgenerality

3.1.1 Polar Form

In essencea polar form is a multivariatepolynomialthatis sym-
metricandmulti-af ne.
De nition 3.1 (Afne Map). Amap f :R?! R"is afne, if
and only if it preservesafne combinations,i.e., if and only if
f(aZoaiu) = & paif(uj) wheneeradya; = 1.
De nition 3.2(Symmetric, Multi-Af ne). LetF beann-variable
map.F is symmetridf andonly

F(uisuz;  sun) = F(Up1)iUp2):  sUpen)
for all permutationg 2 &,. ThemapF is multi-afne if andonly
if F is af ne in eadh argumentf the others are held xed.

The well-known blossomingprinciple indicatesthat any polyno-
mial is equivalentto its polarform.

Proposition3.3. PolynomialsF : RZ2! R! of degreen, anda sym-
metric multi-afne map f : (R%)"! R! are equivalent. Givena
mapof eithertype uniqguemapof the othertypeexiststhat satis es
theidentityF (u) = f(tj; 2 ;I}I). Themapf is calledthemulti-af ne

n
polar form or blossomof F.

3.1.2 B-patches and Triangular B-splines

TriangularB-splinesurfacescanbede ned onplanardomainswith
arbitrarytriangulations.In particularregions, triangularB-splines
areB-patches.For the cornveniencewe introducenotationswhich
are similar to thoseemplo/ed in [Dahmenet al. 1992; Gormaz
1994]. Essentially we formulate B-patchesthroughthe useof a
polarform. Let D' := [t!;t};t}] bethetriangle“l” of our triangu-
lation T of R?. For eachvertex t! we assigna list of k distinct
additionalknots

t= ftlgithynth g 1)
Therule proposedn [Dahmenetal. 1992] consistsof producinga
subset/g ,Whereb = (bg; b1;by) arethreenonnegative integers,as
follows:

If we wantto de ne a degreek simplex splines,we mustimpose
that
jbj := bg+ by+ by =k

th> is the setof all knotsassociateavith onevertexin T .

We furtherde ne D} := [tIO;bo;tll;bl;tIZ;bg] and

)
X,'3 is the setof knotsassociateavith onecontrolpoint f(Xl')).

If D'b is non-dgyenerateit is possibleto de ne the barycentricco-
ordinateof u 2 R2 with respectso this triangle:

u=
i

[ 'b;i(u)ti';bi; andé’l2 I 'b;i(u) =1 (3)
0 i=0

Qo

Thegeneralizedalgorithmcomputes=(u) startingfrom the values
f(X,'a),jbj = k. Thosevaluesarecalledthe polesof F. Letusde ne

I V.= yl g 2yjbj+v
Xpu® = X (M{-Z-;L;)Z(R)

andassignCy(u) = f(Xt')uV) with jbj = k v, thealgorithmuses
thek-af nity of f statingtherecurrenceelation:

Cp(u) = F(Xp):ibj = K

2
Crri(u) = ;glol bi(U)CH & (U); (4)

whereé denoteghe canonicabasisvector ThenF (u) = CK(u). If
the basisfunction for the pole f(X!) is denotedasB} (), thenwe

obtain

Fu= & f(X)Byu):
jbj=k



3.1.3 Triangular B-spline Properties

TriangularB-splineshave the following valuablepropertieswvhich
arecritical for geometricandsolid modeling:

1. Localsupport.Thesplinesurfaceshaslocal support.In order
to evaluatetheimageF (u) of a pointu 2 D', we only need
controlpointscf) (associatedvith knot setvtf ontriangled),

wheretriangleJ belongsto the 1-ring neighborhooaf trian-
glel.

2. Corvex hull. The polynomialsurfaceis completelyinsidethe
corvex hull of the controlpoints.

3. CompletenessThe B-splinebasisis complete hamely a set
of degreen B-splinebasiscanrepresentry polynomialwith
degreeno greatethann via alinearcombination.

4. Parametricaf ne invariance The choiceof parameteis not
unique:if onetransformgheparameteaf nely andthecorre-
spondingknotsof controlpointsaretransformedaccordingly
thenthe polynomial surface remainsunchangedseeFigure
1).

5. Afne invariance If thecontrolnetis transformedf nely, the
polynomialsurfacewill beconsistentlytransformedaf nely.

Note that parametricaf ne invarianceis differentfrom afne in-
variance.Thediagramsbelaw illustratetheradicaldifference.

f-

u V! f(u);f (V!
b () (b) Clb f_ f(Clb)
L ?
? ? F—=1f F
Ffi-F f f

(a) Parametricaf ne invariance (b) Af ne invariance

The left one above representparametricaf ne invariance,which

refersto the propertythat,underatransformatiorbetweerparame-
terdomainsthe shapeof thepolynomialsurfaceremainghesame;
theright oneabore indicatesaf ne invariance which refersto the

propertythatunderatransformatiorof the controlpoints,the poly-

nomialsurfacewill changeaccordingly

(a) Original DMS spline. (b) TransformedMS spline.
Figurel: ParametricAf ne Invariance:(a) and(b) aretwo trian-
gular B-splinessharingthe samecontrol net, the two parametric
domainsdiffer only by anaf ne transformation.The samecontrol
netsresultin the samepolynomial surfacesshavn in (a) and (b).
(Splinemodelcourtesyof M. Franssen.)

Theaforementione@ropertiesareextremelyimportantfor geomet-
ric andsolid modelingapplications For example thelocal support
will allow designergo adjustthe surfaceby moving nearbycontrol
pointswithout affectingthe globalshape Thereforejt is crucialto
presere thesepropertiesvhenwe generalizehe planardomainB-
splinesto manifold B-splines. We will prove thata generalization

doesexist, and thesedesirablepropertiescan be presered. The
generalizatiorompletelydepend®n theso-calledaf ne structure
of the domainmanifold. The local supportand parametricaf ne
invariancearecrucialfor constructingnanifold splines.

3.2 Ane Structure

Ua

fa
fa(Ua) 1 fp(Up)
ab="Tp fa

Figure2: Af ne Manifold: The manifold is coveredby a set of
charts(Ua;fa), wherefa :Ua | R2. If two charts(Ug;fa) and
(Up;fp,) overlap, thetransitionfunctionf 5, : R2!  R2 is de ned

asf,, = f, fa'. If all transitionfunctionsareafne, thenthe

manifold is an af ne manifold. The atlasf (Ua;f4)g is anafne
structure.

Our manifold splinesare de ned over manifolds with arbitrary
topology with or without boundaries.A manifold can be treated
asasetof opensetsin RZ gluedcoherently

De nition 3.4. A 2 dimensionalmanifold is a connectedHaus-
dorff spaceM for which every point has a neighborhoodJ that
is homeomorphito an opensetV of R2. Sut a homeomorphism
f:U! Viscalledacoodinatechart. Anatlasis a family of charts
f (Ua;f a)g for which U, constitutean opencovering of M.

An af ne atlasis anatlaswith specialtransitionfunctions.
De nition 3.5. A 2 dimensional manifold M with an atlas
f(Ua;f a)g, if all chart transitionfunctions

\ \
fap:=fp falifaUa Up)! fpUa Up)

are af ne, thenthe atlasis called an af ne atlas, M is called an
af ne manifold(seeFigure 2).

Two afne atlasesare compatibleif their unionis still an afne
atlas. All the compatibleafne atlasedorm anafne structue of
themanifold (seeFigure2).

For closedsurfacespnly genus-onesurfaceshave af ne structures
(seeFigure 2), but all surfaceswith boundarieshave afne struc-
tures.Next, in orderto constructaf ne atlasfor generakurfacesn
practice,we needcertaintheoreticaltools which areinducedfrom
the conformalstructuse of thedomainmanifold.

3.3 Conformal Structure

Similar to af ne structure,conformalstructureis alsoan intrinsic
structureof the surface. A conformalatlasis an atlassuchthatall
transitionfunctionsare conformal (analytic). Two conformalat-
lasesare compatibleif their unionis still a conformalatlas. All



compatibleconformalatlasesform conformalstructure. All sur
faceshave conformal structureand are called Riemannsurfaces
[Jostand Simha1997]. Conformalstructureis closely relatedto
afne structure. In particular an afne atlascanbe computedby
usingspecialdifferentialcomplex forms de ned on the conformal
atlas.

3.3.1 Riemann Surface

The Riemannsurfaceis a surfacewith a conformalatlas,suchthat
all transitionfunctionsareanalytic.

De nition 3.6(Analytic Function). Afunctionf:C! C;(xy)!
(u;v) is analytic,if it satis esthefollowing Riemann-Cauty equa-
tion

De nition 3.7 (Riemann Surface). A RiemannsurfaceM is a 2-
manifold with an atlas A = f(Ua;f4)g, sud that all transition
functionsf 5, : C!  C are analytic. All compatibleafne atlas
formsa conformalstructuie of M.

Analytic functionsare conformal which intuitively meansangle
preserving It is well known thatall orientedmetric2 manifoldsare
Riemannsurfacesandhave a uniqueconformalstructure suchthat
oneachchartUy;f 5, the rst fundamentaform canberepresented
asds? = | (u;V)(du?+ dv?). [Gu andYau2002;GuandYau2003]
introducepracticalalgorithmsto computethis conformalstructure
ongenerakriangularmeshes.

3.3.2 Holomorphic 1-form

In orderto nd anafne atlas,we needspecialdifferentialforms
de ned ontheconformalstructure.

De nition 3.8 (Holomorphic 1-form). Givena Riemannsurface
M with a conformalstructue A, a holomorphicl-formw is a com-
plex differential form, sud thaton ead local chart (U;f) 2 A,

w= f(2dz 5)

wheee f(2) is ananalyticfunction,z= u+ iv is thelocal parameter
in thecomple form.

Genuszero surface hasno holomorphic1-forms. The holomor

phic 1-formsof closedgenusg surfaceform a g comple dimen-
sional linear space,denotedasWM). A conformalatlascanbe
constructedy usinga basisof W{M). This is the methodderived
in [Gu andYau2002;Gu andYau 2003]. Consideringts geomet-
ric intuition, a holomorphicl-form canbe visualizedastwo vector
elds w= (wy;wy), suchthatthe curlex of wy andwy equalzero.
Furthermorepne canrotatewy aboutthe normala right angleto

arrive atwy,

N wy=0ON wy=0wy=n wy

By integratinga holomorphicl-form, anafne atlascanbe easily
constructed Figure8(a), 4(a), 5(a) illustrate holomorphicl-forms
onsurfaces.Thetexture coordinatesreobtainedby integratingthe
1-form on the surface(see[Gu and Yau2003]for thedetails).

3.3.3 Singular Points

Accordingto Poicaé-Hopftheorem,ary vector eld on asurface
with nonzercEulernumbemusthave singularitiesvherethevector
eld is zero. Suchsingularitiesof w = (wy;wy) are called zeo
points

De nition 3.9 (Zero Point). Givena RiemannsurfaceM with a
conformalstructue A, a holomorphicone-formw, w = f(2)dz,
whee f(2) is an analytic functionandz= u+ iv is thelocal pa-
rameterIf at point p, f(2) equalsto zeo, p is a zeo point of w.

In fact, it can be proven that zero points do not dependon the
choiceof the local chartat all. For a Riemannsurface M with
genusg, a holomorphicl-formw has2g 2 zeropointsin princi-
ple. Zeropointsaresingularpointsfor our manifold splines(to be
constructedater). Figures8(a), 4(a), demonstratehe zeropoints
(singularpoints) on the 1-form. The centersof regions with oc-
tagonsarethezeropoints.

4 Manifold Spline Theory

In thissectionwewill systematicallyde ne manifoldsplinesusing
our theoreticalresultson afne structureandtriangularB-splines
andshaw their existenceis equivalentto thatof af ne structure We
rst discussheexistenceof af ne structurefor generaimanifolds,
andthenwe computetheaf ne structurethroughthe useof confor

mal structurefor ary manifold. For the consisteng of our manifold
splinetheory we shall utilize the parametricaf ne invarianceand
polynomialreproductionpropertiesof generalsplineschemegtri-

angularB-splinesin particularfor this paper).

4.1 De nition and Concept

A manifold spline is geometricallyconstructedby gluing spline
patchesin a coherentway, suchthat the patchescover the entire
manifold. Theknotsandcontrolpointsarealsode ned consistently
acrosshe patchesandthe surfaceevaluationis independenof the
choiceof chart. First of all, we de ne thelocal splinepatch. After
that,we de ne a globalmanifold splinewhich canbe decomposed
into a collectionof local splinepatches.

De nition 4.1 (Spline Surface Patch). A degreek splinesurface
patch is a triple S= (U;C;F), wheeU R<is a planar simply-
connectedparametricdomain. F : U ! R23 is a piecavise poly-
nomial surfaceand C is the setof contwol points,C := fc'b;xt'J 2

(R?)ibI:jbj = kg. F canbeevaluatedfromC by polar form.
De nition 4.2(Manifold Spline). A manifoldsplineof degreek is
atriple (M;C;F), whee M is the domainmanifoldwith an atlas

A= f(Ua;fa)g. FisamapF :M! RS representingthe entire
splinesurface The knotst};j are de ned on M directly C is the
contol pointsset,eat control point c'b is associatedvith a setof

knotsX,'3 which are de ned onthedomainmanifoldM directly,
C:= fo;x} 2 MP;jbj = kg

sud that

1. For eadhchart (Ug;f 4), therestrictionof F onUj is denoted
askFa=F fal, a subsebf control pointsC, canbeselected
fromC, sud that (f 3 (Ua);Ca; Fa) forma splinepatc of de-
greek, whee Ca := fcl;fa(X)) 2 (R2);jbj = ko.

2. Theevaluationof F is independenbf the choiceof the local
chart, namelyif U, intersectdy, thenF = R, f 55, Whee
f ap IS thechart transitionfunction.

Thetechnicalessenc®f the abore de nition is to replacea planar
domainby the atlasof the domainmanifold, andthe surfaceeval-
uationof the spline patcheds independenbf the choiceof charts



(seeFigure7). After the formal de nition, we useonesimpleex-
ampleto furtherillustratethe conceptof our manifold splines(see
Figure3).

One Dimensional Example. Herethe domainmanifold is a unit
circle S.. Therearen distinctpointsty;ty;  ;t, 1 distributedon
thecircle in a counterclockwisavay. All the summationandsub-
tractionon indicesaremodularn. Theintervals betweerpointsare
arbitrary The control netis a planarn-gon,the control pointsare
denotedascyp;c;; ;cn 1 alsoin acounterclockwisavay, andthe
knotsfor ¢ areti 2;t 1;ti;t+1;ti+ 2.

Theafne atlasof St is constructedn the following way: the arc
segmentU; = (t 2 €t 1tijtiv1;ti+2+ €);€2 R is mappedo
anintenalin R1 by f; : S'! RI, suchthat

va t
fi(t) = afi(t)=a+b dsa2R;b2R": (6)
wherea, b are arbitrarily chosen. The union of all local charts

(U;;f;) form anafne atlasA = f (U;;fi)g. Notethatby choosing
differenta, b, theremightbein nite localchartsin A.

Thecontrolnetcorrespondingo local chart(U;; ) is theline seg-
mentsCi = f ¢ 1;Gi;Ci+ 1;Ci+ 29. Thepiecavisepolynomialcurveis
formedby n piecesof polynomialsthei-th pieceF; : [ti:ti+ 1]! R?
is evaluatedon (U;j;f;) with control polygon C; using cubic B-
spline.

Thenwe de ne the cubic B-spline curve on the unit circle consis-
tently. It is C2 continuouseverywhere. The B-spline patchesare
ffi(Ui);Ci; Fig.

The abore examplecan be trivially extendedto constructa two-
dimensionalsurfacein a similar way. The key stepis to nd an
afne atlasfor the domainmanifold. The next sectionwill discuss
the existenceof suchanatlasfor general-manifoldsin detail.

G 1 8 ci
' G
G ¢ G 2 i+2
C2

C3

Ci+2

Ui+ 1/\

@ — ——
o1 1 tir1 tiv2 tiv3

(©

Figure3: Manifold splineson St: (a) Thedomainmanifoldis a unit
circle St with n distinctknotstg;::::t, 1; (b) Thei-th splinepatch
U=(t 2 e€::tiyo+ €); (c) Thei+ 1-th splinepatchU;j, 1 =

(t 1 &:tiez+e).

Ci+3

4.2 Equivalenceto Ane Atlas

The centralissueof constructingmanifold splinesis thatthe atlas
mustsatisfysomespecialpropertiesn orderto meetall therequire-
mentsfor the evaluationindependencef chartselection.We will

shaw thatfor alocal splinepatch,the only admissibleparameteri-
zationsdiffer by anaf ne transformationThis requiresthatall the
charttransitionfunctionsareaf ne.

4.2.1 Admissible Parameterizations

From the evaluation processin (4), it is olbvious that the only
information used there are barycentric coordinates(3) of the
parametemwith respectto the knots of the control points. If we
changethe parameteiby an af ne transformationthe evaluation
is invariant and the nal shapeof the spline surfacewill not be
modi ed. Ontheotherhand,anafne transformationis the only
parametrictransformatiorthat will keepthe consisteng between
the spline surface and its parameters. In other words, afne
transformationsirethe only admissibleparametrigransformations
for a spline patch. Note that we presentfour major theoremsas
our theoreticalresultsin this section. However, in the interestof
technical o w, we defertheir proof to the appendixat the end of
this paper

Theorem1. Thesufcient andnecessargonditionfor a manifold
M to admitmanifoldsplineis that M is an af ne manifold.

This theoremindicatesthat the existenceof manifold splinesde-
pendson the existenceof afne atlas. If the domainmanifold M
is anaf ne manifold,we caneasilygeneralizehe planartriangular
B-splinesuriaceso bede nedonM directly. We usethesamesym-
bolsfor manifold splineasin Section3.1.2. The majordifferences
areasfollows:

1. Theknotsassociatedvith eachvertex t{ in (1) arede ned on
themanifolddirectly.

2. Theknotsassociatedvith eachpole th> in (2) arede ned on
M directly.

3. The barycentriccoordinated L.i usedin the evaluationpro-

cess(3) arede ned on ary chartof A. BecauseA is afne,
thevalueof the barycentriccoordinatess independentf the
choiceof thechart.

4.3 Existence

From the previous discussionijt is clearthatin orderto de ne a
manifold spline, an afne atlasof the domain manifold mustbe
found rst. Accordingto characteristicclasstheory [Milnor and
Stashef 1974], generalclosed2-manifoldsdo not have an afne
atlas. On the otherhand,all opensurfacesadmitan afne atlas.
In orderto de ne manifold splines,the domainmanifold hasto be
modi ed to admitan atlasby removing a nite numberof points.
This offersatheoreticakvidenceto theexistenceof singularpoints
dueto thetopologicalobstruction.

A classicalresultfrom characteristiclasstheory claims that the
only closedsurfaceadmittingaf ne atlasis of genusone.

Theorem 2 (Benzecri). Let S be a closedtwo dimensionalaf ne
manifold,thenc(S) = 0.

This resultis rst proven by Benzcri [Benzcri 1959]. Shortly
after his proof, J. Milnor presentech much more broaderresult
usingvectorbundletheoriegMilnor 1958]. In this framework, the
topologicalobstructionof aglobalaf ne atlasis the Eulerclass.In
fact, by removing onepoint from the closeddomainmanifold, we
cancorvertit to anaf ne manifold.



Theorem 3 (Open Surfacesare Af ne Manifold). LetM bean
orientableopen2-manifold,thenM is af ne manifold.

4.4 Spline Construction

The existencetheoremgivesrise to the possibility of generalizing
triangularB-splinesto manifolddomains.Next, we shallpresenan
explicit way to constructafne atlasby utilizing the holomorphic
1-formsof M.

Given a holomorphic1-form w on a surface M, assuméits zero
point setis Z; then,anafne atlasA for M nZ canbe constructed
straightforvardly.

Theorem 4 (Af ne Atlas Induced from Conformal Structure).
Givena closedgenusg surfaceM, and a holomorphicl-formw,
thezemo setof wis Z, thenthesizeof Z is nomor than2g 2 and
there existsan af ne atlasonM nZ deducedy w.

4.4.1 Singular Points

Traditional subdvision surfaces,suchas Catmull-Clark[Catmull

and Clark 1978], Doo-Sabin[Doo and Sabin 1978], and Loop

subdvision [Loop 1987] surfacescanbe consideredspecialcases
of manifold splines. The existenceof extraordinary points in

all subdvision schemesresults from their intrinsic topological
obstructionsNo matterhow thedomainmanifoldis remeshedthe

extraordinarypointscannotbeentirelyremovedunlesshedomain
manifold is a torus. Similarly, we cande ne triangularB-splines
onary triangularmesh.If the Eulernumberof the domainmeshis

nonzerotheremustbe singularpoints.

Corollary 1 (Existenceof Singular Points). Themanifoldsplines
musthavesingular pointsif the domainmanifoldis closedand not
atorus.

In addition, basedon the above discussionwe concludethat the
minimal numberof extraordinarypoints is one for all kinds of
closed2-manifolds.

Corollary 2 (Minimal Number of Singular Points). Given a
closeddomain2-manifold,if its Euler numberis not zeio, a man-
ifold spline can be constructedsud that the spline has only one
singularpoint.

The theoreticresultsin this sectionnaturally guide us to design
practicalalgorithmsto computeaf ne atlasedor arbitrarytriangu-
lar meshesndsubsequentlge ne manifoldsplinesonthem.

5 Manifold Spline Algorithm

This sectionpresents setof practicalalgorithmsfor constructing
manifoldsplinesbasedntriangularB-splineschemelt is straight-
forwardto de ne manifold NURBS usingsimilar algorithms.

5.1 Algorithm Overview

The major proceduresan be summarizedas the following main
control ow,

Construction of manifold  splines
1. Compute a holomorphic  1-form basis for the domain

mesh M (Section  5.2).
2. Select one holomorphic

specified criteria,

(see [Jin et al
3. Locate zero points of the 1-form

Remove zero-point neighborhoods,

of zero-point neighborhoods as Z.
4. Compute the affine atlas for MnZ (Section 5.4).
Assign knots for each control  point (Section 5.5).
6. Evaluate the spline surface (Section 5.6).

1-form which optimizes a
such as uniformity
2004]).
(Section  5.3).
denote the wunion

o1

5.2 Holomorphic 1-form

Thealgorithmfor computingtheholomorphicl-formfor atriangu-
lar meshis asfollows:

Compute Holomorphic  One Form

1. Compute the first homology group basis of the
domain manifold M, Hi(M;Z).

2. Compute the first cohomology group basis of the
domain manifold M, HY(M;R).

3. Compute harmonic 1-form basis from H(M;R) using
heat flow method.

4. For each harmonic 1-form basis wy, locally rotate
a right angle about the normal to get wy (Hodge
star  operator), pair  (wy;wy) to form a holomorphic
1-form basis.

The computatiomprocesss equivalentto solving anelliptic partial
differential equationon the surface using nite elementmethod.
Thedetailsfor computingholomorphicl-form arethoroughlyex-
plainedin [Gu andYau2002;GuandYau2003].

5.3 Locating Singular Points

If theresolutionof a meshis high enoughthe holomorphicl-form
is accurateenoughto locatethe zeropointsautomatically

Usingthe holomorphicl-form, the neighborhoodf the zeropoint
will be mappedto a planarregion. The behaior of the mapis
similarto themapz! Z%;z2 C in the neighborhoodf the origin.
More rigorously a circle aroundthe zeropointwill bemappedo a
cunve which passesroundthe origin at leasttwice. (The winding
numberof theimagecurve aboutthe origin is no lessthan2.)

Thefollowing algorithmaimsto locatezeropoints:

Locate Zero Points
Given a vertex v2 M, a holomorphic  1-form w,

1. Find all the vertices connecting  to vertex Vv sorted
counterclock-wisely, denoted as wo;Wi; W 1.

2. Map w; to the plane using w, f(w)= Jiw.

3. Compute the summation of the exterior angles of the
planar  polygon f(wp);f(wi); ;f(w, 1), if the summation
is 2p, then v is a normal point; if summation is no
less than 4p, then v is a zero point.

5.4 Constructing Ane Atlas

An af ne atlascanbe constructedn thefollowing way:.



Construct  Affine  Atlas

1. Locate zero points of w, denote the zero points Z.

2. Remove zero points and the faces attaching to them.

3. Construct an open covering for MnZ. For each
vertex, take the wunion of all faces within its
k-ring  neighbor as an open set U.

4. Test if the union of any two U,, U, is a topol-
ogical disk by checking the Euler number of U, Uy.
If not, subdivide U,.

5. Pick one verte>§ Pa2U,, for any vertex p2 U,,
define  fa(p)= 5w

. . . Rp
6. Compute coordinate transition functions, fan= pab w.

5.5 Assigning Knots

Theconnectiity of thecontrolnetcanbe easilydeterminedy the
uniform subdvision of the domainmesh. For example,if the de-
siredsplinesurfaceis quadraticeachfaceon M will besubdvided
to four faceson the control net. Therefore,eachfaceon the con-
trol meshis coveredby onefaceon M. Eachcontrol point will

thenassociatavith a groupof knots. The knotsarede ned in the
following way.

Knot Assignment  Algorithm

1. Given a control point c2C and a face f attached
to c. Suppose f is covered by F2M. Choose one
local chart (U,;fa) covering F, and assign knots be
to cin this local chart.

2. Record the chart id a, the knots X[ for c.

5.6 Surface Evaluation

As explainedabove, the evaluationprocessis independentf the
choice of the chart. The chart can be chosenarbitrarily, and all
associatetnotsmustthenbe corvertedto the selectecthart.

Evaluation Algorithm
1. Choose a face F on M, choose a coordinate chart
(Ua;fa) covering  F.

2. Locate all control  points
3. If the knots of a control point c is define on
coordinate chart b, then convert the knots to
chart (Us;fa) using transition function fpa-

4. Evaluate the polynomial surface  using the eval-
uation  algorithm for B-spline  surface with

planar domain on (Us;fa).

associate  with F.

6 Implementation and Experimental Re-

sults

In our implementationye considerdomainmanifoldsrepresented
astriangularmeshesM. We usevy to denotethe verticesof M,
[vi;vj] denotethe orientededgefrom v; to vj, [vi;Vj; V] to denote
anorientedfaceof M.

Tablel: Splinecon gurations

object genus #snr_lgula degree #(_jomaln #co_ntrol
points triangles| points
Knot 1 0 3 400 1800
Two-holetorus 2 2 3 502 2270
Sculpture 3 4 3 1458 6583

6.1 Data Structure

The primary datastructuresn our prototypesystemfor construct-
ing manifoldsplinesaredomainmeshM, contmol netC, af ne atlas
A, andholomorphicl-formw.

Domain Mesh M. The domain meshin generalis a triangular
mesh,representety a half-edgedatastructure.Eachfaceis cov-
eredby several coordinatecharts.

Control Net C. The control netis alsoa triangularmesh,repre-
sentedby half edgedatastructure.The connecwity of the control
netis deducedrom that of the domainmeshby uniform subdvi-

sionandthedegreeof themanifoldspline. Eachfaceonthecontrol
netcorrespond$o onecoveringfacein the domainmesh.

Atlas A. Theatlasis setof chartsandall the transitionfunctions
amongthem. Thetransitionfunctionsaretranslationontheplane;

if the a-th chartandthe b-th chartintersect,thereis a transition
functionf ., representedsa translationvectorin R2. Eachchart
is asetof adjacenfaceswhichform atopologicaldisk. We ensure
thatthe union of two intersectingchartsis still a topologicaldisk.

The local coordinatesare not recorded but computedn real-time
by integratingholomorphicl-formw.

Holomorphic 1-Form w. A holomorphicl-formis representedy
amapfrom the orientededge(half-edge)setof M to RZ, w: E !
R2, suchthatfor ary face[vop; v1; Vo],

Wvo; Vil + Wvy; o]+ Wvo; Vo] = O:

6.2 Experimental Results

Ourprototypesystenis implementedn C++onwindows platform.
We build a completesystemfor computingtopologicalstructure,
conformalstructure,andafne structure. The systemis basedon

a half-edgedatastructure,and usesthe nite elementmethodto

solwe elliptic partialdifferentialequationson surfaces.The system
includestraditionalmeshprocessingunctionalities,suchasmesh
simpli cation, subdvision, smoothingandprogressie meshalgo-
rithms. Butthemainfunctionalitiesof thesystemarecomputingthe
homologygroup,cohomologygroup,harmonicl-forms,holomor

phic 1-forms,global conformalparameterizationsnanifold spline
constructionandsurfaceevaluation.

Table 6.2 summarizeour experimentresults. Figure4 illustrates
theprocesof ourmanifoldsplineby constructingamanifoldspline
onagenus? surface.A sophisticatedjenus3 manifoldsplinecon-
structionis demonstrateih Figure8. Both of the abore manifold
splineshave singularpoints. Figure5 shavs a genusl manifold
splinewithout singularpoints. The resultsprove both the theoretic
rigor andfeasibility in practice.

7 Conclusion

We have provedin this paperthatde ning triangularB-splinesover
arbitrarymanifoldsis equivalentto theexistenceof anaf ne atlasof
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Figure4: Constructiorof manifold spline: (a) Holomorphicl-formw, the octagonakegion indicatesa singularpoint; (b) Domainmanifold
M; (c) Singularpointremoval M nZ; (d) Manifold splineF; (e) SplinesurfaceF coveredby controlnetC; (f) Theregionsof singularpoints

are lled.

(@) (b)
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Figure 5: Manifold spline example: (a) Holomorphic 1-form w;
(b) Domainmanifold M; (c) SplinesurfaceF; (d) SplinesurfaceF
coveredby controlnetC.

theunderlyingmanifold. In addition,we have articulateca system-
atic way to constructan af ne atlasfor generalmanifoldsandde-

velopeda suiteof algorithmsthatenablethe de nition andcompu-
tationof triangularB-splinesover ary manifolddomain(consisting
of generaimeshes)Ourtheoreticabindalgorithmiccontritutionto

the eld of solid andphysicalmodelingis ageneraframevork that
extendsspline surfaceswith planardomainsto manifold splines,
which are piecavise polynomialsde ned over arbitrary manifold.
Becauseof the intrinsic topologicalobstructionfor ary manifold,
singularpointsareunasoidable.We utilize the conceptandcompu-
tationaltechniquesf Riemannsurfacetheory(especiallythe holo-

morphic1-forms)to obtaintheaf ne atlasandminimizethe num-
berof singularpointsfor our manifoldsplinessimultaneouslyThe
prototypesoftwareandexperimentakesultshave demonstratethe
greatpotentialof our manifold splinesin shapemodeling,geomet-
ric designgraphicsandengineeringpplications.

At presentwe are planningto pursueseveral directionsas future
work. First, the behaior of singularpointsis not yet known. We
shall seeknen mathematicatools for the rigorousanalysisof sin-
gularpoints. Secondyve shallinvestigateothernew splineschemes
andexploretheir manifoldgeneralizations.
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Figure6: Opensurfacesareaf ne manifolds.

We presenthe detailedproof of our majortheoreticresultsin the
Appendix.

Lemmal. Assumehere are two splinesurfacepatcesof CK con-
tinuity, k> 0,

S= (U;C;F) andS= (U;C;F):
Theparametrictransformation

f:ul U



is invertible Supposes;é shae the sameknot con guration,
namely thetriangulation T is inducedfromT by f, andtheknots
f!; areinducedfromt}; byf

= f); Q)
the contmol pointswith corresponding<notscoincidec{) = 6{) then

1. if f isafne, thenF = F f holdsfor arbitrary contiol nets.
2. ifF=F f holdsfor arbitrary control nets,thenf is af ne.
In otherwords, thefollowing diagram commutegor arbitrary con-

trol nets ;

U R? — U R?
F = (8)
? ?
F(U) R® — FWU) RS

id
if andonlyif f is afne.

Proof. Thesufcient conditionpartis obvious, becausé¢he evalu-
ation of the splinesonly involves barycentriccoordinates.Af ne
transformationgpresere the barycentriccoordinatesthereforethe
diagramis commutatie.

Theprooffor the necessargonditionrequiresthe completenesef
the spline scheme3.3. We setall control points of C to be zero
excepttheonecorrespondingo knotsxt',. Correspondinglywe set

all controlpointsof C to bezeroexceptonecorrespondingo knots
XJ. Thenwe getthebasisfunctionsF(u) = N} (u), F = N (&), by
F=F f,weget

Np(u) = R (@):

Therefore,all basisfunctionsof S equalthe correspondingiasis
functionsof S, Supposeu = (up;u), thenuy is a polynomial of
(ug;up). By completenessf the splineschemey; canberepre-
sentedasthe linear combinationof Nt')(u), thereforeit canberep-

resentedsthelinearcombinationof Nt')(ﬂ). As aresult,u; anduy

canberepresentedspiecevise polynomialsof {i of CX continuity
Becauses and S aresymmetric,l arealsopiecavise polynomials
of u of CK continuity Therefore,u and{i canlinearly represent
eachotherpiecavisely with CX continuity So, becausehe param-
etertransitionf is piecaviselinearandC* continuousf mustbea
globallinearmapover all pieces.In otherwords,f is af ne. |

Theorem 1. Thesufcient andnecessargonditionfor a manifold
M to admitmanifoldsplineis thatM is an af ne manifold.

Proof. Consider two intersecting local charts (Ua;fa) and
(Up; fp), wherethemanifoldsplineF restrictedonthemareF,; and
Fy, respectiely. We selecta subsebf controlpointsCTWhoseknots
arecontainerdn Ua Up. Thesplinepatcheqf 4 (Ua  Up);C;Fa)
and(fp(Ua Up);C;FR,) satisfythe conditionin lemmal, there-
fore, thecharttransitionfunctionf 5, mustbeaf ne. |

Theorem 2 (Benzecri). Let Sbe a closedtwo dimensionalaf ne
manifold,thenc(S) = 0.

The proof for this classicalresult can be found in BenzZcri's
work [Benzcri 1959; BenZcri 1960]. Milnor usedvectorbundle
theoriesto prove it in [Milnor 1958;Milnor 1977].

Theorem 3 (Open Surfacesare Af ne Manifold). LetM bean
orientableopen2-manifold,thenM is an af ne manifold.

Proof. Figure6 illustratesthe proof by constructinganafne atlas
for theopensurfaceM in (a). Oneboundarymaybea closedcurve
or a single point asshawvn in (a) by a dark spot. We deform (a)
continuouslyto generatgb) by graduallyenlaging the hole. (b)
is homeomorphido theribbon gure in (c), which is immersedn
R2. Thenwe cut eachannulusof (c) to geta fundamentaomain
asshavnin (d).

The coloreddisksU, argopensetsof M, anotheropensetU can
bede nedto coverMn  U,. (d) shavs thewayU andUy's are
mappedo R2. It is obvious that all charttransitionfunctionsare
combinationf translationsandrotations.

For surfaceswith multiple boundarieswe can Il all of thebound-
arieswith disksexceptone,andthe proofis similar. a

Theorem 4 (Af ne Atlas Induced from Conformal Structure).
Givena closedgenusg surfaceM, a holomorphicl-formw. The
zeo setof wis Z, thenthesizeof Z isnomorethan2g 2 andthere
existsan af ne atlason M nZ deducedy w.

Ua q Ub

Pa Po

Proof. Theexistenceandthe numberof zeropointsZ of the holo-
morphic 1-form w can be proved using Riemann-Rochtheorem
[Jostand Simha 1997] or Poicag-Hopf theorem. Becausew =
Wy + iwy is holomorphic,wy is a harmonicl-form. Sincewe treat
Wy asa vector eld, the singularitiescan only have negative in-
dices,andthe summatiorof their indicesequalsto the Euler num-
ber2 2g. Hencethegeometrimumberof zeropointsis no more
than2g 2.

Supposean opencovering of M nZ is a collection of opensets
fUo;U1;  ;g.{We requirethatif two opengetsUa; Uy, intersect
eachother Uy U, 6 f, thentheirunionU, — Uy, is atopological
disk. If this requirementannot besatis ed, we cansubdvide the
opensetsuntil therequirements met. Thenwe selectonepointin
eachU,, denotedas pa 2 Uy, for ary point p 2 Uy, we de ne the
coordinateof p as z,
fa=w,

Pa
wherethe pathfrom p, to p is arbitrarily chosen.Thenwe claim
A= f(Ua;fa)gisanafne atlasfor MnZ.

T
We wantto shav for ary p2 Uy Uy, fp(p) = fa(p) + cong,

namely thecoordinaterapsitionfunctionf 4y, : R2! RZisatrans-
lation. Suppose;q2 Uz Uy, asshavn in theabove gure,

Z Zp Zq Zq

(fo(P) fa(pP) (fp(@ fa(@d)= w w wH W,
Po Pa Po pa(g)

BecauseJ, S Uy, is atopologicaldisk, the closedcuner = p, !
p! pa! q! p,ishomotopico zero.Becausechurla of both
wy andwy arezeros theabove integrationis zego, (W= 0. There-
foref,(p) fa(p) cong forarbitraryp2 U, U, thetransition
functionf 4, is atranslation. |
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Figure7: Key elementf manifold splines: The parametricdomainM is atriangularmeshwith arbitrarytopologyasshavn at the bottom.
The polynomialsplinesurfaceF is shavn at the top. Two overlappingspline patcheqf 4 (Ua);Ca; Fa) and(f ,(Up); Cy; Fy) aremagni ed
andhighlightedin the middle. On eachparametechart(Ua;f a),(Uy;fp), the surfaceis a triangularB-spline surface. For the overlapping
part,its two planardomaingdiffer only by anaf ne transformatiorf ,,. Thezeropoint neighboris Z.

@) (b) (© (d) (e)

Figure8: A genus3 manifoldspline(M;F;C): (a) Holomorphicl-formw whichinducestheaf ne atlasA; (b) Parametricdomainmanifold
M with singularpointsZ marked; (c) PolynomialsplineF de ned onthemanifoldM in (a); (d) Theredcurveson splineF correspondo the
edgesn thedomainmanifoldM; (e) SplineF coveredby controlnetC.



