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Abstract
Flow motionon curvedsurfacesof arbitrary topology is an interestingvisual effect but a complex dynamicsto
simulate. In this paper, we introducea novel andeffectivewayto modelsuch dynamics.We proposea technique
thatadaptsa recentlyemergedcomputational�uid dynamics(CFD) model,unstructuredlatticeBoltzmannmodel
(Unstructured LBM), from the 2D unstructured meshesto the 3D surfacemeshes.Unlike previousmethodsin
modeling�ows on surfaces,which start fromthemacroscopicpoint of view andmodifytheNavierStokessolvers
for thecurvedsurfaces,our methodis basedonthemicroscopickineticequationsfor discreteparticledistribution
functions.All computationson the surfacemeshonly involvethe informationwithin local neighborhoods.This
modellendsitself thefollowingadvantages:(i) simplicityandexplicit parallelismin computation,(ii) greatcapa-
bility in handlingcomplex interactions,such astheinteractionsbetween�ow andboundariesandtheinteractions
of multiple-component�uids; (iii) noneedof globalsurfaceparameterizationwhich maycausestrongdistortions;
(iv) capabilityof beingappliedto mesheswith arbitrary connectivity.

Categories and SubjectDescriptors(accordingto ACM CCS): 1.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealismAnimation

1. Intr oduction

In 2003,Stam[Sta03] broughtaninterestingquestionto the
graphicscommunity:how woulda�uid �o w look likeonar-
bitrary surfaces?Althoughsucha phenomenonwould only
exist in an imaginaryworld, its visual simulationcancre-
ateinterestingspecialeffectson the3D surfacemodelsand
is surelydesirablefor computergraphicsapplications.Fur-
thermore,shallow (thin) �uid �o ws areactuallyoften seen
in the real-world, suchastheswirling patternon soapbub-
bles,theatmosphereon theearth,andthelava drifting from
thepeakof themountain.Reducingtheir visualsimulations
from 3D �o ws to surface�o ws cansimplify themodeland
make thecomputationaffordable.

Modelingthe �o w on arbitrarycurvedsurfacesis a chal-
lengingproblem,andmostprevious�o w modelsonly solve
the regular domains,suchas3D volumes,2D grids or the
sphere.Stam[Sta03] has�rstly proposeda solutionthat re-
alistically simulated�uid �o ws on curved surfacesof arbi-
trary topologies.He hasextendedhis 2D �uid solver to the
curvilinearcoordinatesover Catmull-Clarksurfaces.How-

ever, this techniquerequiresthe global surfaceparameteri-
zationthatmaycausevisibledistortionsin the�o w. Shiand
Yu [SY04] have presenteda methodthat performsthe in-
viscid and incompressible�o w simulationdirectly on sur-
facemesheswith only local parameterizations.Their model
works for the triangular mesh,which is more generalin
termsof themeshconnectivity. Note thatbothabove meth-
odshave beenstartedfrom a macroscopicpoint of view to
globallysolve theNavier Stokesover3D surfacemeshes.

In this paper, we demonstratethe direct simulation
methodbasedon themicroscopicview asanexcellentcan-
didate to solve the original problem. In our microscopic
method,which is basedon the lattice Boltzmannmodel
(LBM), computingthe �o w propertiesat eachmeshpoint
only involvestheinformationwithin its nearestlocal neigh-
borhoodonthesurfacemesh.Thismakesthecomplex prob-
lem much simpler. The LBM is a relative new and in-
creasinglypopularCFD method[Suc01]. It follows thepre-
scribed,statisticBoltzmannequationsfor particledistribu-
tion functionsand hasbeenproved to recover the Navier-
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Stokesequationsat themacroscopiclevel. Althoughthetra-
ditional LBM is devisedon regular grids, the unstructured
LBM methodon 2D unstructuredgridshasbeendeveloped
by computationalphysicistsrecently [UBS03, US04]. Our
ideais to adaptthis unstructuredLBM from 2D meshesto
3D surfacesmeshes.As we will show in Section4, suchan
adaptationis not trivial andweproposeaneleganttechnique
to ful�ll thisgoal.Ourmethodresultsin amodelthatis sim-
plein implementationandexplicitly parallelin computation.
Inheriting the advantagesfrom the LBM, it canhandlemi-
croscopicphysical interactionswith ease,suchasthe inter-
actionof the�o w with staticor moving boundaries(seeFig-
ure 8 and9) andthe mixture of multiple-component�uids
(seeFigure10). Our methoddoesnot requireglobalsurface
parameterization.In addition,it hasno specialrequirement
for the connectivity of the surfacemeshes.It is derived for
thetriangularmeshesandcanbeextendedto otherkindsof
meshesaswell.

Theremainderof this paperis organizedasfollows: Sec-
tion 2 brie�y reviews the relatedwork in physically-based
�o w modeling.Section3 introducesthebackgroundof LBM
andunstructuredLBM. In Section4, we presentthedetails
of ourtechniquefor adaptingtheunstructuredLBM from the
2D grids to the surfacemeshes.In Section5, we describe
how to enhanceour basicmodelwith body forces,vortic-
ity con�nement (for unstructuredgrids), boundarycondi-
tions, and multi-component�uids. The implementationis
presentedin Section6. Next, we show theresultsin Section
7 andhaveadiscussionin Section8. Finally, in Section9 we
concludethepaperandpresentideasfor futureresearch.

2. RelatedWork

Physically-based�o w modelshave beenusedin computer
graphicsandhaverealisticallysimulatedthesmoke,gas,�re,
wind, and liquids. Thosemethodscan be roughly catego-
rizedinto thefollowing two classes.

A prevalentclassof methodis to solve theNavier-Stokes,
the �nite differenceequations,to obtain the velocity �eld
thatglobally satis�esthe�uid behavior. FosterandMetaxas
[FM96, FM97] have employed the explicit �nite difference
solver to modelliquids andturbulentgas.Stam[Sta99] has
devised an unconditionallystable�uid solver using semi-
Lagrangianadvection schemesand implicit solvers. The
large time-stepcan be usedin this model to achieve fast
simulationwithout sacri�cing visualplausibility. Fedkiwet
al. [FSJ01] have greatly improved the capturingof small-
scalerolling characteristicof smoke by introducingthevor-
ticity con�nementto the visual simulation.Combiningthe
�uid solver with the free surfacetracking,FosterandFed-
kiw [FF01] andEnright et al. [EMF02] have simulatedthe
motion of liquids and Nguyen et al. [NFJ02] have simu-
lated �re dynamics.Losassoet al. [LGF04] have extended
the Navier-Stoke solver from the regular grids to the more
ef�cient octreestructures.Carlsonetal. [CMT04] have pro-

poseda rigid-�uid methodfor the two-way couplingof the
�uid with therigid solidobjects.

Another classof methodslocally describesthe statisti-
cal microscopicdynamicsof the �uid particlesor the par-
ticle distributionfunctions.Thesemicroscopicdynamicsag-
gregate to yield the �o w behavior. The examplesare the
particle-basedmethod[MCG03, PTB� 03] and LBM-based
method[WZF� 03,WZF� 04,TR04]. Theformeris grid-less,
while the latterde�nes theparticledistribution functionsof
thegivendiscretevelocitieson a latticegrid. Althoughcur-
rently thesemethodsmay still be immaturein termsof the
stability or the achieved �nest visual detailscomparedto
Navier-Stokes solvers mentionedabove, they have already
shown their own advantages.Thelocal natureof operations
decreasesthe complexity in computationandlendseasein
handlingmicroscopicinteractivity dueto theboundariesor
themultiple �uids.

Unlike theabovemethodsderivedfor 3D or 2D domains,
themodelsthataremostrelatedto our work arethosesolv-
ing the �o w dynamicsfor suchspecialdomainsasover the
curved3D surfacesof arbitrarytopologies.They areStam's
model[Sta03] andShi andYu's [SY04] model,having been
mentionedin Section1. Stam's modelhasextendedhis sta-
ble �uids solver [Sta99] for Navier-Stokesto theglobalpa-
rameterizationspaceof thesurfaces.Hehasfurtherproposed
a techniqueto alleviatedistortionscausedby theglobalpa-
rameterization.Thedistortionsarestill apparentbut candis-
appearasthegrid is re�ned. Shi andYu's modelavoids the
global parameterizationand directly appliesthe advection
andthepressuresolver on triangularsurfacemeshes.How-
ever, a sparselinearsystemderived from thePossionequa-
tion for pressurestill needsto be solved globally. Like Shi
and Yu's model, our approachdirectly simulatesthe �o w
onsurfacemeshesavoidingglobalsurfaceparameterization.
Unlike bothof above methods,our modelis anextensionof
the microscopicmethod,theLBM. As a result,it is simple
andintrinsically parallel.We alsodemonstratein this paper
its greatcapabilityof simulatingthe interestingmotionsof
the �o w with different kinds of boundaryobjectsinside it
andthemixtureof multiplecomponentsof �uids.

3. Background

3.1. LBM

In theBoltzmannequation,theparticledistribution function
f (~r;~e;t) is theprobabilityof �nding a particleat time t po-
sitionedat~r which hasthe velocity of ~e. The LBM, a dis-
cretizedversionof the Boltzmannequation,discretizesthe
spaceto a regular lattice grid andthe particlevelocitiesto
a setof velocity vectors{~ei}. Thesevelocity vectorsshould
be symmetricalto satisfythe isotropicrequirementof �uid
properties.Figure1 showsa2-dimensional9-velocity lattice
model,calledD2Q9.The9 velocityvectorsincludethezero
velocity vector, ~e0, and8 velocity vectorspointingto neigh-
boringgrid points,~e1 through~e8. Thelengthesof ~e1 through
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~e4 are1 while thelengthesof ~e5 through~e8 are
p

2. Associ-
atedwith each~ei ; (i = 0;1; ::;8) is ascalarvalue,theparticle
distributionfunction fi . Themacroscopic�uid densityr and
�uid velocity~u aregivenby

r (~r;t) = å
i

fi(~r;t); ~u(~r;t) =
1

r (~r;t) å
i

fi(~r;t)~ei : (1)

Figure 1: TheD2Q9 lattice grid. Vector ~e0 standsfor the
zero velocity, while ~e1 through ~e8 are the velocity vectors
pointingto neighboringpoints.Associatedwith each ~ei is a
particledistribution function fi (shownasa redellipse).

Using the Bhatnagar, Gross,Krook (BGK) single-time-
relaxationmodel[BGK54], theLBM explicitly evolvesin a
two-stepprocessof collisionandballistic streaming,

Collision fi(~r;t+ ) = fi(~r;t) � 1
t ( fi(~r;t) � f eq

i (~r;t)) ; (2)

Streaming fi(~r + ~ei ; t + 1) = fi(~r;t+ ); (3)

wherethe constantt representsthe relaxationtime deter-
minedby thekinematicviscosityn of the�uid (t = 3n + 1

2),
thenotation fi(~r;t+ ) denotesthepost-collisionparticledis-
tribution function,and f eq

i representsthe local equilibrium
particledistribution functionwhich is givenby

f eq
i (r ;~u) = r (A+ B(~ei �~u) + C(~ei �~u)2 + D~u�~u): (4)

Here,A throughD areconstantcoef�cients speci�c to the
chosenlatticegeometry. For furtherreadof theLBM, inter-
estedreadersarereferredto [Suc01].

3.2. Unstructur edLBM

An unstructuredgrid is an array of points with their con-
nectivity relationshipexplicitly stated.Unlike thestructured
grid, its pointshave no particularlogical order. This allows
itself more geometrical�e xibility . For example, in com-
puter graphics,the triangular meshhas becomea domi-
nantmethodfor thepresentationof 3D surfaces.In modern
CFDtechniques,theunstructuredgrid is oftenusedin �nite-
elementor �nite-v olumecomputations.Thesecomputations
havealsoappearedin visualsimulations,suchasthemodel-
ing of muscledynamics[TBHF03].

The LBM on the unstructuredgrid was �rstly proposed

by Penget al. [PXDC98]. By importing�nite-v olumetech-
niqueswithin the LBM framework, their modelappliesto
mesheswithout requiringany specialkind of connectivity.
Later, Ubertini et al. [UBS03,US04] have improvedthe2D
unstructuredLBM andfurther incorporatedit with a setof
boundaryconditions.Becauseour further developmentis
basedonUbertinietal.'s2D method,webrie�y review their
modelbelow.

Figure 2 shows a 2D triangular LBM grid. Every grid
point hasninevelocity vectors,eachof which is associated
with aparticledistribution function.Figure3 showsacloser
view to the geometrical1-ring neighborhoodarounda grid
point P. The neighboringpoints of P on the grid are de-
notedasPk, k = 1;2; ::;K. Thegreenregionsin Figure3 are
a setof �nite volumesde�ned aroundP. They aredenoted
asWk, k = 1;2; ::;K. EachWk is the union of two triangles
W�

k = [P;Ek;Ok] and W+
k = [P;Ok;Ek+ 1], whereOk is the

centerof thetriangle[P;Pk;Pk+ 1] andEk, Ek+ 1 arethemid-
pointsof theedgesPPk, PPk+ 1, respectively.

Figure 2: The2D unstructuredLBM grid. Everygrid point
hasninesymmetricalvelocityvectors(includingthezero ve-
locity), each associatedwith a particledistributionfunction.

Figure 3: The geometricallayout of the 1-ring neighbor-
hoodarounda grid point P. Points Pk are the neighboring
pointsof P. Thegreenregionsstandfor the �nite-volumes
which arede�nedaroundP.

For theunstructuredgrid, theBoltzmannequationis writ-
tenasthefollowing �nite-dif ferenceequation:

fi(P;t + dt) = fi(P;t) + dt
K

å
k= 1

(F ik � Xik); (5)

where F ik and Xik denotethe streamingand collisional
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�ux es of the ith particle distribution function fi coming
from thekth �nite volumeWk. Applying the linear interpo-
lation rules,the calculationof streaming�ux es is straight-
forward.The contribution of collisionsarisefrom the inte-
grationof the linear interpolatedvalueof thecollision term
( fi � f eq

i )=t overeach�nite volumeWk. Theresulting�nite-
volumeequationtakesthefollowing generalform:

fi(P;t + dt) = fi(P;t) + dt
K

å
k= 0

Sik fi (Pk; t)

�
dt
t

K

å
k= 0

Cik[ fi(Pk; t) � f eq
i (Pk; t)]; (6)

where index k = 0 denotesthe pivotal point P itself. The
detailedexpressionsof thestreamingandcollision matrices
Sik andCik = Ckdik (dik = 1, if i = k; anddik = 0 if i 6= k) are
obtainedby

Si0 = 0; Sik = ~ei � ~Nk=VP; k = 1;2; ::;K; (7)

and

C0 = 1=3; Ck =
Vk� 1 + Vk

3VP
; k = 1;2; ::;K: (8)

In the above, Vk is the areaof Wk, while VP is the areaof
W=

S
k Wk. ~Nk is de�ned as

~Nk =
�

5
12

(~A+
k� 1 + ~A�

k ) +
2
12

(~A�
k� 1 + ~A+

k )
�

; k = 1;2; ::;K;

(9)
where~A�

k arethevectorsnormalto thelinesEkOk, OkEk+ 1,
with magnitudeequalto thelengthof theselines.Similarly,
~A�

k� 1 associatewith lines Ek� 1Ok� 1 and Ok� 1Ek, respec-
tively.

4. Unstructur edLBM on CurvedSurfaces

In thissection,wepresentthebasicalgorithmof ourmodel.
This modelis devisedby adaptingUbertini et al.'s unstruc-
tured LBM from 2D meshesto manifold surfacemeshes.
To successfullyrealizethisadaption,thefollowing problems
shouldto besolved:(1) for eachmeshpoint,we needto de-
�ne its ninevelocityvectors;and(2) in orderto applyEqua-
tion 6 in thecomputation,for eachmeshpointP, weneedto
locally �atten P's1-ringneighborhood.

To solve the�rst problem,for eachmeshpoint,we �rstly
de�ne thelocal frameh~s;~ti , in its tangentspace,thende�ne
theninevelocityvectorsbasedonthis local frame.Notethat
for most surfacemeshes(speci�cally closemesheswhose
genusis notone),it' s impossibleto de�ne on themthelocal
framesthat areglobally continuous.This meansthat there
are unavoidabledifferencesin the orientationsof velocity
vectorsbetweenneighboringmeshpoints. Fortunately, in
Section4.3we introducea techniqueto rotateandalign ve-
locity vectorsandrecomputethecorrespondingparticledis-
tribution functions.With this technique,thereis no needfor
local framesto begloballycontinuous.

For the secondproblem,we �atten the 1-ring neighbor-
hoodsto the tangentplanesin pre-processing.We usethe
ghostpoints, Gk, onbehalfof theneighboringpointsPk (see
Figure4). In thesimulation,for eachtime-stepwe �rst up-
datethe statesof all ghostpoints basedon corresponding
neighboringpoints,and then for eachmeshpoint we exe-
cutethestreamingandcollision computationwith informa-
tion from ghostpoints,a proceduresimilar to thatin 2D un-
structuredLBM. Section4.1 throughSection4.3 give more
details.

Figure4: Flattenthe1-ring neighborhoodof P to its tangent
planeL . GhostpointGk is onbehalfof neighboringpointPk.
Thevelocityvectors (dark blue) at Pk are transformedinto
vectors (pink) that lie in L . Such transformationscauseno
or onlynegligible distortions.

4.1. De�ne Velocity Vectorsfor MeshPoints

To de�ne the nine velocity vectorsfor eachmeshpoint P,
we �rst de�ne the local frameh~s;~ti , where~s and~t aretwo
orthogonalunit vectorsde�ning thelocal tangentspaceatP.
Any de�nition of local framescanbeusedfor ourmodeland
we choosethe following simplemethod.Assuming~n is the
normalvectoratmeshpointP, we let

~s0=

(
~n� ~x ; i f j~n�~xj �

p
2

2
~n� ~y ; otherwise;

(10)

~s= ~s0=j~s0j and~t = ~n� ~s. In theabove,~x,~y, and~zarethreemu-
tually orthogonalunit vectors,“ � ” denotesthevectorcross
product,and “ �” denotesthe vector dot product.It can be
seenthat in above de�nition the local frameis uniquelyde-
terminedby~n.

Similarly to the D2Q9modeldescribedin Section3, for
eachmeshpoint,we de�ne its velocity vectors~ei asfollows
in the3D world space:

~ei =

8
<

:

0 ; i = 0
cos(q i) ~s+ sin(q i)~t ; i = 1; ::;4p

2 cos(q i) ~s+
p

2 sin(q i)~t ; i = 5; ::;9;
(11)
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where

q i =
�

(i � 1) p=2 ; i = 1; ::;4
p=4+ (i � 5) p=2 ; i = 5; ::;9:

(12)

4.2. Flatten the 1-Ring Neighborhoods

In �attening (seeFigure4), thepositionsof theghostpoints
Gk arecomputedas follows. First, we �nd suchneighbor-
ing pointP1 thattheanglebetweentheedgePP1 andtangent
planeL is the smallest.Second,we projectedgePP1 onto
L andscalethe lengthof the projectededgeto jPP1j. The
resultingedgeis PG1 andhencethe positionof G1 is de-
termined.Third, similar to [LTD05], the positionsof other
ghostpointsarecalculatedin awaythatall theedgelengthes
areexactly preservedandtheanglesbetweentwo consecu-
tive edgesarepreservedup to a commonfactor. We denote
the transformationmatrix asM0

k which rotatesPPk to PGk

aroundpoint P with thevector� !PPk � � � !PGk to betherotation
axis.

We thentransformthevelocity vectorsat eachneighbor-
ing pointPk into vectorsthatlie in P's tangentplane.There-
sultingvectorsarede�ned asGk's velocityvectors(seeFig-
ure4). Suchtransformationsshouldcausenoor onlynegligi-
ble distortions.This is achievedby thematrix Mk = M00

k M0
k,

whereM00
k rotatesthevector~nk

0 into~n aroundpoint P with
thevector~nk

0� ~n to betherotationaxis,where~nk is thenor-
mal vectoratneighboringpointPk and~nk

0= M0
k~nk.

4.3. Rotateand Align the Velocity Vectors

Thelocal LBM computationcannot yet bedirectly applied
ason the2D unstructuredgrid, becausethevelocity vectors
of theghostpointshave differentorientationsfrom thoseof
pointP'svelocityvectors(seeFigure5).

Figure5: Thevelocityvectorsof theghostpointshavediffer-
entorientationsfromthoseof thepointP'svelocityvectors.

Our solutionto this is to rotatethevelocity vectorsof the
ghostpointsandalign themwith P's velocity vectors.Ac-
cordingly, the particledistribution functionsneedto be re-
computedin order to preserve the �o w properties,suchas
the �uid densityr and the �uid velocity~u (seeFigure 6).
For a givenghostpoint Gk, we denotetherotationangleas

Q, whichis in therangeof [0;2p]. Wedenotetheoriginalve-
locity vectorsandtheirassociatedparticledistributionsase0

i
and f 0

i respectively. Thetargetvelocity vectorsandthecor-
respondingnew particle distribution functionsare denoted
asei and fi respectively.

Figure 6: (a) We rotate the velocity vectors e0
i of a ghost

point andalign themwith thevelocityvectors ei of point P.
Q is the rotation angle. Theoriginal particle distributions
are denotedas f 0

i . (b) We recomputethenew particle distri-
butions fi for therotatedvelocityvectors,which preservethe
�uid densityr andthe�uid velocity~u.

Thefollowing equationspreservethe�uid densityandthe
�uid velocity:

å
i

fi = r = å
i

f 0
i ; (13)

å
i

fi~ei = ~u = å
i

f 0
i
~e0

i ; (14)

They can be further supplementedwith equationsfor pre-
servingtheenergy, thestresstensor, andother�o w proper-
ties.However, they areenoughfor ourvisualsimulationand
wehavechosenthefollowing way to satisfythem.

Without lossof generality, let's assumetherotationangle
Q is in therangeof [0;p=2], meaningthate1 is betweene0

1
ande0

2. Welet f0 equalf 0
0. Thevaluesf1, .., f4 arecomputed

basedon f 0
1, .., f 0

4. In thiscomputation,we �rst let

Åf = ( f 0
1 + f 0

2 + f 0
3 + f 0

4)=4: (15)

ThenwesubtractÅf from eachf 0
i (i = 1; ::;4) andget

l 0
i = f 0

i � Åf ; i = 1; ::;4: (16)

After that,we projectthevectorsl 0
ie0

i andl 0
i+ 1e0

i+ 1 on the
directionof ei . Theresultingvectorlengthis

l i = l 0
icos(Q) + l 0

i+ 1sin(Q); i = 1; ::;4: (17)

Finally, weadd Åf backandget

fi = Åf + l i ; i = 1; ::;4: (18)

It is easy to prove that å 4
i= 1 fi = å 4

i= 1 f 0
i = 4 Åf and
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å 4
i= 1 fiei = å 4

i= 1 f 0
i e

0
i . Similarly, we computethe values f5,

.., f8 basedon f 0
5, .., f 0

8. ThusEquation13 and14 aresatis-
�ed.

5. Enhancementsto Our Model

In thissection,weintroduceotherelementsthatenhanceour
�o w modelover curvedsurfaces.They areboundarycondi-
tions,bodyforces,vorticity con�nementontheunstructured
grid, andmulti-component�uids. Becausethesecomputa-
tionsalsoonly involve local operationsandcanbeexecuted
in �attened1-ringneighborhoods,adaptingthemfrom previ-
ous2D LBM modelsto our modelis straightforward.From
thisparton,unlessotherwisespeciallystated,all valuesand
operationsarepresentedin thetangentspacesh~s;~ti at mesh
points.

5.1. Boundary Conditions

Ubertini et al. [UBS03] have introducedthreewaysto han-
dle static and moving boundaryconditionsin the 2D un-
structuredLBM. They are,listedascendingin termsof im-
plementationdif�culty as well as physical accuracy, equi-
librium method,mirror method,andcovolumemethod.We
have implementedthe �rst method,which takes to set the
particledistribution functions fi asthe equilibrium particle
distribution functions f eq

i for every boundarypoint. These
f eq
i arecalculatedusingEquation4, in which~u is setasthe

boundaryvelocity.

5.2. Body Forces

Bodyforcescanbeuserappliedforce,gravity, vorticity con-
�nement force,andetc.For eachmeshpoint P, if the force
vectoris not in its tangentplane,we needto projectit onto
thetangentplane.Wedenotetheresultingvectoras~F. Then,
this force affectsthe local particledistribution functionsas
follows,accordingto thepreviouswork of LBM [BG00].

fi  � fi +
(2t � 1)

2t
B~F � ei ; (19)

whereB is theconstantwhichhasappearedin Equation4.

5.3. Vorticity Con�nement on Unstructur edGrid

Thevorticity con�nementforceaddssmallscalerolling fea-
turesthatareusuallyabsentoncoarsegrid simulations.Fed-
kiw etal. [FSJ01] have�rstly introducedto computergraph-
ics thevorticity con�nementmethodon theregulargrid for
thevisualsimulationof smoke.

Recently, a vorticity con�nementformulationfor theun-
structuredgrid hasbeenderivedusingdimensionalanalysis
by Löhneret al. [LYR03]. We have incorporatedthis force
into our model.The vorticity con�nementforce Fvc is ex-
pressedasa functionof the local vorticity-basedReynolds-
numberRew;h, thelocal elementsizeh, thevorticity w, and

thegradientof theabsolutevalueof thevoriticity.

Fvc = g(Rew;h)cu r h2Ñjwj � w; (20)

g(Rew;h) = max

"

0;min

"

1;
Rew;h � Re0w;h

Re1w;h � Re0w;h

##

; (21)

Rew;h =
r jwjh2

n
; (22)

w = Ñ� ~u; (23)

where cu is a constantregardlessof the grid, and Re0
w;h

and Re1w;h are two parametersde�ning the effective range
of Rew;h. Note that calculationsof Equation20 andEqua-
tion 23 involve the �nite differenceoperationsÑ and Ñ�
respectively. Themethodto calculatethese�nite difference
operationson theunstructuredgrid is introducedin theAp-
pendix.

5.4. Multi-Component Fluids

The interactionof multiple-component�uids is a specially
interestingandcomplex phenomenon,which hasnot been
adequatelyaddressedin computergraphics.In computa-
tionalphysics,thereis alargeliteraturefor usingtheLBM to
modelthis phenomenon,by taking the advantagesof LBM
in handlingmicroscopicinteractions.The �uids canbe ei-
ther immiscibleor miscible. In our work, we focuson the
immiscibletwo-component�uid, in which the interfacebe-
tweentwo �uids is always maintained.Adapting miscible
�uids modelsinto ourmodelshouldbefeasibleaswell.

Ourmethodisbasedontheclassic2DLBM modelfor im-
misciblebinary�uids [GRZZ91]. Redandblueparticledis-
tributionfunctionsf r

i and f b
i areintroducedto representtwo

different componentsof the �uid. From them, the density
andvelocity of thetwo �uids canbecomputedby Equation
1. Thetotal (or thecolor-blind) particledistribution function
is de�ned as fi = f r

i + f b
i . Thecollision is appliedon fi as

usual.After this,aspecialtwo-steptwo-componentcollision
rulemaintainstheinterfacesthatseparatethedifferentcom-
ponents.

The�rst stepis to addaperturbationto theparticledistri-
bution nearthe interfacewhich createsthe correctsurface-
tensiondynamics.Theinterfaceis locatedby computingthe
local color gradient~g, which is perpendicularto the inter-
face.The perturbationto eachcolor-blind particledistribu-
tion is givenby:

f̂i = fi + Aj~gjcos2(qi � qg); (24)

whereqi is theangleof velocity vectorei andqg is thean-
gleof thelocal colorgradient~g. Thisoperationredistributes
massneartheinterface,depletesmassalonglatticelinks par-
allel to theinterfaceandaddsmassto thelinks perpendicular
to theinterface,while thetotalmassandmomentumarecon-
served.

Thesecondstepis to recolorthemassafterperturbationin
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orderto separatethetwo differentcomponentsandmaintain
aclearinterface.This is achievedby solvingamaximization
problem:

W( f̂ r
i ; f̂ b

i ) = max

"

(å
i

( f̂ r
i � f̂ b

i )~ei) �~g

#

: (25)

To conserve the total red massand blue mass,å i f̂ r
i must

equalto the total amountof red massbeforecollision. To
conserve the massin eachlattice direction, f̂ r

i + f̂ b
i = f̂i

shouldbesatis�ed.

After theabove collisions,thestreamingis appliedon f̂ r
i

and f̂ b
i , andthenthe color-blind particledistribution is re-

computedfor thenext time-step.

6. Implementation

6.1. Preprocessing

In preprocessing,we�rst scaleup/down themeshsize,mak-
ing theaverageedgelengthto beone.Thereasonfor doing
this is to make uniform parametersregardlessof the orig-
inal meshdimension.Then the following valuesat every
meshpoint arecalculated:the local frame,the positionsof
ghostpointsandtheir rotationanglesQ (mentionedin Sec-
tion 4.3), andthe coef�cients Sik andCik usedin Equation
6.

6.2. Computational Procedure

Thecomputationalprocedureof the�o w simulationis listed
asfollows:

1: Initialize thevaluesu, r , f eq
i , and fi for all meshpoints

2: Updatefi for all ghostpoints
3: Compute~u, r and f eq

i for all ghostpoints
4: for everymeshpointdo
5: Apply streamingandcollisionusingEquation6
6: Computeandapplybodyforces
7: if aboundarypoint then
8: Apply boundarycondition
9: end if

10: Compute~u, r and f eq
i

11: end for
12: Jumpto line 2

Thisprocedureis only for thesingle-component�uid. It can
bejust slightly modi�ed asdescribedin Section5.4 to sim-
ulatetheimmiscibletwo-component�uid.

7. Results

We list here the results of several examples sim-
ulated with our model (please see the accompa-
nying video which can also be downloaded at
http://www.cs.sunysb.edu/� vislab/projects/amorphous/
animations/ULBMS/).

Figure 7(a) and 7(b) show the �o ws over a dog surface
and a two-hole torus surfacerespectively. We periodically
deposita materialon the surfaces.Becausethe densityof
this material is larger than that of the �uid, gravity force
drivesthe �uid to move, which causesthe advectionof the
material.This advection is modeledby applying the semi-
Lagrangianbacktracingschemewith the �o w velocity �eld
in the�attenedneighborhoods.Notethatin someregion,the
�uid moves in the oppositedirectionof gravity due to in-
compressibility.

Figure8 andFigure9 show interactionsof the �o w over
surfaceswith boundaryobjects.In Figure 8, static bound-
ariesoverthedogmodelarethetext shapeSCA2005andthe
starshape.Figure9 shows animatedboundaries,the white
objectsmoving insideandactivatingthe�o w on thesphere.
We visualize the velocity �eld using the existing image-
based�o w visualizationmethodfor curvedsurfaces[vW03].

Figure10(a) andFigure10(b) shows theimmiscibletwo-
component�uids oversurfaces.For thesimulationof Figure
10(a), at the beginning, the left part of the sphereare full
of blue�uid while theright part full of pink �uid. Theblue
�uid is denserthanthepink one.Gravity causesa turbulent
�o w motion,resultingvery complex interfacesbetweentwo
parts.For thesimulationof Figure10(b), theblueandpink
�uids havethesamedensity. Two partscontinuouslyinoscu-
latewith eachother, resultingin interestingdynamics.

Table1: Frameratesof our simulations.

Model Vertices Faces Frames/Second

Figure7(a) Dog 37,502 75,000 1.7
Figure7(b) Two-HoleTorus 49,998 100,000 1.3

Figure8 Dog 37,502 75,000 1.7
Figure9 Sphere 4,098 8,192 10.0

Figure10(a) Sphere 4,098 8,192 7.8
Figure10(b) Skull 3,752 7,500 8.1

We reporttheperformanceof our simulationsin Table1.
All the frameratesaremeasuredon a Intel Xeon 2.40GHz
processor. Theper-stepsimulationtimeis nearlylinearto the
numberof surfaceverticesfor the single-component�uid.
Thepreprocessingtimefor eachof theexamples,unlistedin
thetable,is in therangeof 0.5to 3.0seconds.

8. Discussions

In previous sections,we have shown that our microscopic
basedcomputationssimplify the modeling of �uids on
curvedsurfaces.All operationsarelocal andexplicitly par-
allel. This allows the model the potentialto be accelerated
on modelSIMD processors,suchasgraphicscards(GPUs).
Themodelalsolends�e xibility in handlinginteractionof the
�uid with static/moving boundaryobjectsandinteractionof
multiple component�uids. Furthermore,it is worth to point
out thattheunstructuredLBM andour extendedversionare
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(a) (b)

Figure7: Flow motiondueto gravityon (a) thedog modeland(b) thetwo-holetorusmodel.

Figure8: Flow motiondueto gravityon thedog surface, with staticboundaries.

Figure9: Flow motioncausedby theanimatedboundaryobjectson thesphere.
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(a) (b)

Figure10: Immiscibletwo-component�uids, coloredin blueandpink.(a) a turbulentmixtureof twocomponentsonthesphere.
(b) a peacefulinosculationon theskull.

not limited to triangularmeshes.Using the �nite volume
techniquedescribedin Section3.2, they canactuallybede-
rivedfor mesheswith arbitraryconnectivity [PXDC98].

As an explicit method,our modelhasthe limitations in
stability. Theunstablestatescouldbereachedwhenthepar-
ticle distribution functions fi computedby Equation6 be-
cameminusvalues.This could be causedby threefactors:
large time-stepdt, long andnarrow trianglesor sharpfea-
turesonthesurfacemesh.For dt, wehave foundthat0.25is
stablefor all of our simulations.Long andnarrow triangles
causelargevalueof thecoef�cients Sik, whichmayresultin
minusvaluesfi . Fortunately, wecanaddressthisproblemby
preprocessingthemeshmodelsusingtheexisting edge�ip
algorithm[dBvKOS00] to replacethesetriangleswith trian-
gleswhosesmallestinternalanglesarebigger. If the mesh
hassharpfeatures,we mayneedto smoothenthem,for ex-
ample,usingsubdivisionmethods.

9. Conclusionsand Futur eWork

Thecontributionsof thispaperare:(1) Wehaveextendedthe
2D unstructuredLBM modelto 3D curved surfacemeshes
of arbitrary topology. (2) Comparedwith previous models
solving the complex �o w motion on curved surfaces,our
microscopic-basedmodelhasadvantagesin simplicity and
explicit parallelismof its computations.It canbeeasilyex-
tendedto mesheswith arbitraryconnectivity aswell. (3) We
have demonstratedthat the featuressuchasstatic/animated
boundaryconditions,bodyforces,vorticity con�nementfor
unstructuredgrid, andmulti-component�uids canbeeasily
incorporatedin ourmodel,makingit apowerful solution.

In thefuturework, weplanto accelerateourmodelonthe
GPUs,takingadvantagesof their SIMD dataprocessingca-
pability to achievereal-timeperformance.Anotherdirection

for further researchis to designtheunstructuredLBM over
curved surfacebasedon the multiple-relaxation-timeLBM
scheme[DGK� 02], which is morestablein computation.

Appendix: Finite Differ enceOperators on Unstructur ed
Grid

Equation20 and23 involve the calculationof �nite differ-
enceoperatorsÑ andÑ� on the unstructuredgrid. In our
case,theseoperatorsare executedin the �attened 1-ring
neighborhoodson the tangentplanes.This is doneas fol-
lows. Four virtual pointsarede�ned with local coordinates
(� b;0), (b;0), (0; � b) and(0;b) in thetangentspace(weset
b as0.3h). The�o w propertiesat eachvirtual pointsareob-
tainedby usingbilinear interpolationin theappropriatetri-
angle.Finally, the�nite differenceoperatoris executedupon
these�o w properties,similar to on a regulargrid. Notethat
for all virtual points,thecomputationfor determiningwhich
trianglesthey residein andthecorrespondingbilinearinter-
polationcoef�cients canbedonein thepreprocessingtime.
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