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Abstract

Flow motionon curvedsurfacesof arbitrary topolagy is an interestingvisual effect but a complex dynamicsto
simulate In this paper we introducea novel and effectiveway to modelsud dynamicsWe proposea technique
thatadaptsa recentlyemeged computationaluid dynamicqCFD) model,unstructuedlattice Boltzmanmmodel
(Unstructued LBM), from the 2D unstructued meshego the 3D surfacemeshesUnlike previous methodsn
modeling ows on surfaceswhich start fromthe macioscopicpoint of view and modifythe Navier Stolessolves
for thecurvedsurfacespur methods basedon the microscopickineticequationgor discreteparticle distribution
functions.All computationson the surfacemeshonly involve the informationwithin local neighborhoodsThis
modellendsitselfthefollowing advantaes: (i) simplicityandexplicit parallelismin computation(ii) greatcapa-
bility in handlingcomple interactions,suc astheinteractionsbetweenow andboundariesandtheinteractions
of multiple-componentiids; (iii) noneedof global surfaceparameterizatiorwhich maycausestrongdistortions;
(iv) capability of beingappliedto meshesvith arbitrary connectivity

Cateories and SubjectDescriptors(accordingto ACM CCS) 1.3.7 [ComputerGraphics]: Three-Dimensional

GraphicsandRealismAnimation

1. Intr oduction

In 2003,Stam[Sta03 broughtaninterestingquestiorto the
graphicccommunity:how woulda uid o w looklikeonar

bitrary surfaces?Although sucha phenomenonvould only

exist in animaginaryworld, its visual simulationcan cre-
ateinterestingspecialeffectson the 3D surfacemodelsand
is surelydesirablefor computergraphicsapplicationsFur-

thermore,shallov (thin) uid o ws areactually often seen
in the real-world, suchasthe swirling patternon soapbub-

bles,the atmospheren the earth,andthe lava drifting from

the peakof the mountain.Reducingtheir visual simulations
from 3D o ws to surface o ws cansimplify the modeland
male the computatiomaffordable.

Modelingthe ow on arbitrarycurved surfacesis a chal-
lengingproblem,andmostprevious o w modelsonly solve
the regular domains,suchas 3D volumes,2D grids or the
sphereStam[Sta03 has rstly proposeda solutionthatre-
alistically simulated uid o ws on curved surfacesof arbi-
trary topologies.He hasextendedhis 2D uid solverto the
curvilinear coordinatesover Catmull-Clarksurfaces.How-
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ever, this techniquerequiresthe global surface parameteri-
zationthatmay causevisible distortionsin the o w. Shiand
Yu [SY04] have presentech methodthat performsthe in-
viscid andincompressibleo w simulationdirectly on sur
facemesheswith only local parameterizationS.heir model
works for the triangular mesh,which is more generalin
termsof the meshconnectvity. Note thatboth abose meth-
odshave beenstartedfrom a macroscopigoint of view to
globally solve the Navier Stokesover 3D surfacemeshes.

In this paper we demonstratethe direct simulation
methodbasedon the microscopicview asan excellentcan-
didate to solwe the original problem.In our microscopic
method, which is basedon the lattice Boltzmann model
(LBM), computingthe o w propertiesat eachmeshpoint
only involvestheinformationwithin its nearestocal neigh-
borhoodonthe surfacemesh.This makesthecomple prob-
lem much simplet The LBM is a relative nev and in-
creasinglypopularCFD method[Suc01. It follows the pre-
scribed,statisticBoltzmannequationgfor particle distribu-
tion functionsand hasbeenproved to recover the Navier-
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Stolkesequationsatthe macroscopidevel. Althoughthetra-
ditional LBM is devised on regular grids, the unstructured
LBM methodon 2D unstructuredyrids hasbeendeveloped
by computationalphysicistsrecently[UBS03 US04. Our
ideais to adaptthis unstructured_.BM from 2D meshego
3D surfacesmeshesAs we will shawv in Section4, suchan
adaptations nottrivial andwe proposeaneleganttechnique
toful Il thisgoal.Our methodresultsin amodelthatis sim-
plein implementatiorandexplicitly parallelin computation.
Inheriting the advantagedrom the LBM, it canhandlemi-
croscopicphysicalinteractionswith ease suchastheinter
actionof the o w with staticor moving boundariegseefFig-
ure 8 and9) andthe mixture of multiple-componentuids
(seeFigure10). Our methoddoesnot requireglobal surface
parameterizationin addition,it hasno specialrequirement
for the connectiity of the suriacemeshesilt is derived for
thetriangularmeshesandcanbe extendedto otherkinds of
meshesaswell.

Theremainderof this paperis organizedasfollows: Sec-
tion 2 brie y reviews the relatedwork in physically-based
o w modeling.Section3 introduceghebackgrounaf LBM
andunstructured.BM. In Section4, we presenthe details
of ourtechniquédor adaptingheunstructured.BM fromthe
2D grids to the surfacemeshesin Section5, we describe
how to enhanceour basicmodelwith body forces, vortic-
ity con nement (for unstructuredgrids), boundarycondi-
tions, and multi-componentuids. The implementationis
presentedn Section6. Next, we shav theresultsin Section
7 andhave adiscussionn Section8. Finally, in Sectiond we
concludethe paperandpresenideasfor futureresearch.

2. RelatedWork

Physically-basedo w modelshave beenusedin computer
graphicsandhaverealisticallysimulatedhesmole, gas, re,
wind, and liquids. Thosemethodscan be roughly cateyo-
rizedinto thefollowing two classes.

A prevalentclassof methodis to solve the Navier-Stokes,
the nite differenceequationsto obtain the velocity eld
thatglobally satis esthe uid behaior. FosterandMetaxas
[FM96, FM97] have employed the explicit nite difference
solver to modelliquids andturbulentgas. Stam[Sta99 has
devised an unconditionallystable uid solver using semi-
Lagrangianadwection schemesand implicit solvers. The
large time-stepcan be usedin this model to achiere fast
simulationwithout sacri cing visual plausibility. Fedkiw et
al. [FSJ01 have greatly improved the capturingof small-
scalerolling characteristiof smole by introducingthe vor-
ticity con nementto the visual simulation.Combiningthe
uid solver with the free surfacetracking, Fosterand Fed-
kiw [FFOJ andEnrightet al. [EMF0Z have simulatedthe
motion of liquids and Nguyenet al. [NFJ03 have simu-
lated re dynamics.Losassoet al. [LGF04 have extended
the Navier-Stoke solver from the regular grids to the more
ef cient octreestructuresCarlsonetal. [CMTO04] have pro-

poseda rigid- uid methodfor the two-way couplingof the
uid with therigid solid objects.

Another classof methodslocally describeshe statisti-
cal microscopicdynamicsof the uid particlesor the par
ticle distribution functions.Thesemicroscopiaddynamicsag-
gregate to yield the ow behaior. The examplesare the
particle-basednethod[MCGO03 PTB 03] and LBM-based
method[WZF 03, WZF 04, TR04. Theformeris grid-less,
while the latter de nesthe particledistribution functionsof
the givendiscretevelocitieson a lattice grid. Although cur
rently thesemethodsmay still beimmaturein termsof the
stability or the achieved nest visual details comparedto
Navier-Stokes solvers mentionedabove, they have already
shavn their own advantagesThelocal natureof operations
decreasethe compleity in computationandlendseasein
handlingmicroscopicinteractvity dueto the boundariesor
themultiple uids.

Unlike the abore method=derivedfor 3D or 2D domains,
the modelsthatare mostrelatedto our work arethosesolv-
ing the o w dynamicsfor suchspecialdomainsasover the
curved 3D surfacesof arbitrarytopologies.They areStams
model[Sta03 andShiandYu's [SY04 model,having been
mentionedn Sectionl. Stams modelhasextendedhis sta-
ble uids solver [Sta99 for Navier-Stokesto the global pa-
rameterizatiospacef thesurfacesHe hasfurtherproposed
atechniqueto alleviate distortionscauseddy the global pa-
rameterizationThedistortionsarestill apparenbut candis-
appeanasthegrid is re ned. ShiandYu's modelavoidsthe
global parameterizatiorand directly appliesthe adwection
andthe pressuresolver on triangularsurfacemeshesHow-
ever, a sparsdinear systemderived from the Possiorequa-
tion for pressurestill needsto be solved globally. Like Shi
and Yu's model, our approachdirectly simulatesthe ow
onsurfacemeshesvoiding globalsurfaceparameterization.
Unlike both of abore methodspur modelis anextensionof
the microscopicmethod,the LBM. As aresult,it is simple
andintrinsically parallel. We alsodemonstratén this paper
its greatcapability of simulatingthe interestingmotionsof
the ow with differentkinds of boundaryobjectsinside it
andthe mixture of multiple component®sf uids.

3. Background
3.1. LBM

In the Boltzmannequationthe particledistribution function
f(¥;€;t) is the probabilityof nding a particleattimet po-
sitionedat+ which hasthe velocity of €. The LBM, a dis-
cretizedversionof the Boltzmannequation,discretizeshe
spaceto a regular lattice grid andthe patrticle velocitiesto
a setof velocity vectors{&}. Thesevelocity vectorsshould
be symmetricalto satisfytheisotropicrequiremenof uid

propertiesFigurel shavs a2-dimensiona®-velocity lattice
model,calledD2Q9.The9 velocity vectorsincludethezero
velocity vector ey, and8 velocity vectorspointingto neigh-
boringgrid points,e; througheg. Thelengthesf e; through
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&4 arel while thelengtheof e5 througheg arep 2. Associ-
atedwith eache;; (i = 0;1;::;8) is ascalavalue,theparticle
distributionfunction f;. Themacroscopicuid densityr and
uid velocityt aregivenby

1
——a fike: (1
ren @ ithe: (1)

ret) = a fitt); ey =

Figure 1. The D2Q9 lattice grid. \ector ey standsfor the
zeo velocity while e; through eg are the velocity vectos
pointingto neighboringpoints.Associatedvith ead €; is a
particle distribution function f; (shownasaredellipse).

Using the Bhatna@r, Gross,Krook (BGK) single-time-
relaxationmodel[BGK54], the LBM explicitly evolvesin a
two-stepprocesf collision andballistic streaming,

Collision fi(it*) = fitrit)  ¢(fitrit)  f7%ri): ()

Streaming fite+ g;t+ 1) = fileth); 3)

wherethe constantt representghe relaxationtime deter
minedby thekinematicviscosityn of the uid (t = 3n+ %),
the notation fj(+;t*) denoteghe post-collisionparticledis-
tribution function, and fieq representshe local equilibrium
particledistribution functionwhich is givenby

f°%ri4) = r (A+ B(g t)+C(e t)%+ Dy t):  (4)

Here, A throughD are constantcoefcients speci c to the
choserlattice geometryFor furtherreadof the LBM, inter
estedreadersarereferredto [Suc01.

3.2. Unstructured LBM

An unstructuredgrid is an array of pointswith their con-
nectiity relationshipexplicitly stated Unlike thestructured
grid, its pointshave no particularlogical order This allows
itself more geometrical e xibility. For example,in com-
puter graphics,the triangular mesh has becomea domi-
nantmethodfor the presentatiorof 3D surfacesIn modern
CFDtechniquestheunstructuredyrid is oftenusedin nite-
elemenbr nite-v olumecomputationsThesecomputations
have alsoappearedh visualsimulations suchasthe model-
ing of muscledynamicg TBHFOJ.

The LBM on the unstructuredyrid was rstly proposed
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by Pengetal. [PXDC9§. By importing nite-v olumetech-
nigueswithin the LBM framework, their model appliesto
mesheswithout requiringary specialkind of connectvity.
Later, Ubertini etal. [UBS03 US04 have improvedthe 2D
unstructured.BM andfurtherincorporatedt with a setof
boundaryconditions.Becauseour further developmentis
basedn Ubertinietal!s 2D methodwe brie y review their
modelbelow.

Figure 2 shows a 2D triangularLBM grid. Every grid
point hasnine velocity vectors,eachof which is associated
with aparticledistribution function.Figure3 shavs acloser
view to the geometricall-ring neighborhoodarounda grid
point P. The neighboringpoints of P on the grid are de-
notedasP, k= 1;2;::;K. Thegreenregionsin Figure3 are
asetof nite volumesde ned aroundP. They aredenoted
asW, k= 1;2;::; K. EachW is the union of two triangles
W, = [PE; O andW, = [P,Oy; Exs 1], where Oy is the
centerof thetriangle[P, B; P+ 1] andEy, Ex+ 1 arethe mid-
pointsof theedgesPR;, PR+ 1, respectiely.

Figure 2: The2D unstructued LBM grid. Everygrid point
hasninesymmetricalzelocityvectos (includingthezeio ve-
locity), eadh associatedvith a particle distribution function.

Figure 3: The geometricallayout of the 1-ring neighbor
hoodarounda grid point P. Points B, are the neighboring
pointsof P. The greenregions standfor the nite-volumes
which are de nedaroundP.

For theunstructuredyrid, the Boltzmannequationis writ-
tenasthefollowing nite-dif ferenceequation:

K
fi(Pt+dt)= fi(P)+dt § (Fik Xi); (5)
k=1

where Fjx and Xjx denotethe streamingand collisional
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ux es of the ith particle distribution function f; coming
from the kth nite volumeW. Applying thelinearinterpo-
lation rules, the calculationof streaming ux esis straight-
forward. The contrikution of collisionsarisefrom the inte-
grationof thelinearinterpolatedvalueof the collision term
(fi %=t overeachnite volumeW,. Theresulting nite-
volumeequationtakesthefollowing generaform:

K
fi(Rt+d) = fi(Pt)+dt § Skfi(Rct)
k=0

b8 Gulfi(Rct) YRt (6)
0

~2
Qox

k

whereindex k = 0 denotesthe pivotal point P itself. The
detailedexpression®of the streamingandcollision matrices
Sk andCy = Cydy (dx = 1,if i = k; anddy = 0if i 6 k) are
obtainedby

So=0; Sk=8 N&Vp; k= L215K; )
and
Vi 1+ W,
3Vp
In thg above, V is the areaof W, while Vp is the areaof
W= " W. N isde nedas

Ny = %(AE 1P A %Z(Ak 1A 5 k= 12K,

)
whereA, arethevectorsnormalto thelines ExOy, OxEx+ 1,
with magnitudeequalto thelengthof thesdines. Similarly,
A, , associatewith lines Ex 1Ok 1 and Ok 1Ey, respec-
tively.

Co=1=3; C= k= 1;2;:;K: (8)

4., Unstructured LBM on Curved Surfaces

In this sectionwe presenthe basicalgorithmof our model.
This modelis devisedby adaptingUbertini et al's unstruc-

tured LBM from 2D meshego manifold surface meshes.

To successfullyealizethis adaptionthefollowing problems
shouldto be solved: (1) for eachmeshpoint, we needto de-

ne its ninevelocity vectors;and(2) in orderto applyEqua-
tion 6 in thecomputationfor eachmeshpoint P, we needto

locally atten P's 1-ring neighborhood.

To solve the rst problem.for eachmeshpoint, we rstly
de ne thelocal framebs:ti, in its tangentspacethende ne
theninevelocity vectorsbasednthislocal frame.Notethat
for most surface meshegqspeci cally close meshesvhose
genusis notone),it' simpossibleto de ne onthemthelocal
framesthat are globally continuous.This meansthat there
are unavoidable differencesin the orientationsof velocity
vectorsbetweenneighboringmesh points. Fortunately in
Sectiond.3we introducea techniqueto rotateandalign ve-
locity vectorsandrecomputehe correspondingparticledis-
tribution functions.With this techniquethereis no needfor
localframesto beglobally continuous.

For the secondproblem,we atten the 1-ring neighbor
hoodsto the tangentplanesin pre-processingWe usethe
ghostpoints Gy, on behalfof theneighboringpointsh; (see
Figure4). In the simulation,for eachtime-stepwe rst up-
datethe statesof all ghostpoints basedon corresponding
neighboringpoints, and then for eachmeshpoint we exe-
cutethe streamingandcollision computationwith informa-
tion from ghostpoints,a proceduresimilar to thatin 2D un-
structured_BM. Section4.1throughSection4.3 give more
details.

Figure4: Flattenthe1-ring neighborhoodf P toits tangent
planeL . Ghostpoint Gy is onbehalfof neighboringpoint B.
Thevelocityvectos (dark blue) at B are transformednto
vectoss (pink) that lie in L. Sud transformationsauseno
or only nagligible distortions.

4.1. De ne Velocity Vectorsfor Mesh Points

To de ne the nine velocity vectorsfor eachmeshpoint P,
we rst de ne thelocal framels;ti, wheres andt aretwo
orthogonalunit vectorsde ning thelocaltangenspaceat P.
Any de nition of localframescanbeusedfor ourmodeland
we choosethe following simplemethod.Assumingn is the
normalvectorat meshpoint P, we let

( P

0= A X
7y

ifjnx -2 10
othemwise (10)

5= andt=+n <. Intheabore,x,y, andzarethreemu-
tually orthogonalunit vectors,” " denoteghevectorcross
product,and“ ” denotesthe vector dot product.It canbe
seenthatin above de nition thelocal frameis uniquelyde-
terminedby .

Similarly to the D2Q9 modeldescribedn Section3, for
eachmeshpoint, we de ne its velocity vectorse; asfollows
in the3D world space:

8
< 0 ;

i
&= fodqi) s+ sin(gi)t ;o
© T 2codgi) st 2sin(g)t ; i

4
.9.

1

11)

0
1
5
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where

_ (@ Yp=2 ;
W= p=a+ (i 5)p=2 ;

4.2. Flatten the 1-Ring Neighborhoods

In attening (seeFigure4), the positionsof the ghostpoints

Gy are computedas follows. First, we nd suchneighbor

ing point P, thattheanglebetweertheedgePP, andtangent
planelL is the smallest.Secondwe projectedgePP; onto

L andscalethe length of the projectededgeto jPP;j. The

resultingedgeis PG, and hencethe positionof G; is de-

termined.Third, similar to [LTDO5], the positionsof other
ghostpointsarecalculatedn awaythatall theedgelengthes
areexactly presered andthe anglesbetweertwo consecu-
tive edgesare presered up to a commonfactor We denote
the transformatiommatrix as MEI which rotatesPR, to PG,

aroundpoint P with thevectorPR, PGy to betherotation
axis.

We thentransformthe velocity vectorsat eachneighbor
ing point B into vectorsthatlie in P'stangeniplane.There-
sultingvectorsarede ned asGy's velocity vectors(seeFig-
ured). Suchtransformationshouldcausenoor only negligi-
ble distortions.This is achiered by the matrix My = M%12,
WhereMOOrotatesthe vectorrlinto A aroundpoint P with
thevectorﬁk 1 to betherotationaxis whereﬁk is thenor-
malvectoratnelghborlng)oth(andﬁk Mkﬁk.

4.3. Rotate and Align the Velocity Vectors

Thelocal LBM computationcannot yet be directly applied
asonthe 2D unstructuredyrid, becausehe velocity vectors
of the ghostpointshave differentorientationsfrom thoseof

point P's velocity vectors(seeFigure5).

Figure5: Thevelocityvectos of theghostpointshavediffer-
entorientationsfromthoseof the point P's velocityvectos.

Our solutionto this is to rotatethe velocity vectorsof the
ghostpointsandalign themwith P's velocity vectors.Ac-
cordingly the particle distribution functionsneedto be re-
computedin orderto presere the ow propertiessuchas
the uid densityr andthe uid velocity ¢ (seeFigure 6).
For a given ghostpoint G, we denotethe rotationangleas
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Q, whichis in therangeof [0; 2p]. We denotetheoriginal ve-
locity vectorsandtheirassociateqi)articledistributionsasei0
and fio respectiely. Thetargetvelocity vectorsandthe cor
respondingnew particle distribution functionsare denoted
asg and fj respectiely.

Figure 6: (a) We rotate the velocity vectos e,o of a ghost
pointandalign themwith the velocityvectos g of point P.
Q is the rotation angle The original particle distributions
are denotedas fio. (b) We recomputethe new particle distri-
butionsf; for therotatedvelocityvectos, which preservehe
uid densityr andthe uid velocityd.

Thefollowing equationgreserethe uid densityandthe
uid velocity:
afi=r = 3ft (13)
[ i

afie = v = 3 f% (14)
1 1

They canbe further supplementedvith equationsfor pre-
servingthe enegy, the stressensor andother o w proper
ties.However, they areenoughfor our visualsimulationand
we have choserthefollowing way to satisfythem.

Withoutlossof generality let's assumeaherotationangle
Q is in therangeof [0; p—2] meaningthate; is betweereg
ande2 Welet fg equalf0 Thevaluesfy, .., f4 arecomputed

basedn 2, .., 2. In this computationwe rst let
A (194 10+ 10+ £)=4: (15)
Thenwe subtractffrom eachfio(i = 1;::;4) andget
=0 A =154 (16)

After that,we projectthevectors! 3ePand/ 4, ;€% ; onthe
directionof g. Theresultingvectorlengthis

li=19cogQ)+ 1 941sin(Q); i=1:54  (17)
Finally, we add f&backandget
fi= Pl i= L4 (18)

It is easyto prove that 4%, f = aL,f0= 4 and
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at, fie = akt, f%° Similarly, we computethe valuesfs,
., fg basedon £, .., Q. ThusEquation13 and14 aresatis-
ed.

5. Enhancementsto Our Model

In thissectionwe introduceotherelementghatenhanceur
o w modelover curved surfaces.They areboundarycondi-
tions,bodyforces vorticity con nementontheunstructured
grid, and multi-componentuids. Becausehesecomputa-
tionsalsoonly involve local operationsandcanbe executed
in attened1-ringneighborhoodsadaptinghemfrom previ-
ous2D LBM modelsto our modelis straightforvard. From
this parton, unlessotherwisespeciallystated all valuesand
operationsarepresentedn thetangentspaceds;ti at mesh

points.

5.1. Boundary Conditions

Ubertini etal. [UBS03 have introducedthreewaysto han-
dle static and moving boundaryconditionsin the 2D un-

structuredL.BM. They are,listed ascendingn termsof im-

plementationdif culty aswell as physical accurag, equi-
librium method,mirror method,and covolumemethod.We

have implementedthe rst method,which takesto setthe
particledistribution functions f; asthe equilibrium particle
distribution functions fieq for every boundarypoint. These
fieq arecalculatedusingEquation4, in whicht is setasthe
boundaryvelocity.

5.2. Body Forces

Body forcescanbeuserappliedforce,gravity, vorticity con-

nement force, andetc. For eachmeshpoint P, if the force
vectoris notin its tangentplane,we needto projectit onto
thetangenplane We denotetheresultingvectorasF. Then,
this force affectsthe local particle distribution functionsas
follows, accordingo the previouswork of LBM [BGO0Q.

2t 1
fi fi +
| I 2t
whereB is the constantvhich hasappearedn Equation4.

BF g; (29)

5.3. Vorticity Con nement on Unstructur ed Grid

Thevorticity con nementforceaddssmallscalerolling fea-
turesthatareusuallyabsenbn coarsegrid simulations Fed-
kiw etal.[FSJO] have rstly introducedo computemgraph-
ics the vorticity con nementmethodon the regular grid for
thevisualsimulationof smole.

Recently a vorticity con nementformulationfor the un-
structuredgrid hasbeenderived usingdimensionabnalysis
by Léhneret al. [LYRO3]. We have incorporatedhis force
into our model. The vorticity con nementforce Ry is ex-
pressedasa function of the local vorticity-basedReynolds-
numberRe,, thelocal elementsizeh, the vorticity w, and

thegradientof the absolutevalueof thevoriticity.

Fie = 9(Revn)cur PNiwj  w; ) (20)

R RE, #
. 8v;h h
g(Reyp) = max O;min 1, ————<" ; (21)
Re,, R,
rjwjh?
Raun = %; (22)
w= N % (23)

where ¢, is a constantregardlessof the grid, and R(ﬂ,’h

and Rc—;},’h aretwo parametergsie ning the effective range
of Reyn. Note that calculationsof Equation20 and Equa-
tion 23 involve the nite differenceoperationsN and N
respectiely. The methodto calculatethese nite difference
operationson the unstructuredyrid is introducedin the Ap-
pendix.

5.4. Multi-Component Fluids

The interactionof multiple-componentuids is a specially
interestingand complex phenomenonwhich hasnot been
adequatelyaddressedn computergraphics.ln computa-
tional physics,thereis alargeliteraturefor usingtheLBM to
modelthis phenomenonby taking the advantageof LBM

in handlingmicroscopicinteractionsThe uids canbe ei-
therimmiscible or miscible. In our work, we focuson the
immiscibletwo-componentuid, in which theinterfacebe-
tweentwo uids is always maintained.Adapting miscible
uids modelsinto our modelshouldbefeasibleaswell.

Ourmethods basedntheclassic2D LBM modelfor im-
misciblebinary uids [GRZZ9]. Redandblue particledis-
tribution functionsf! andfP areintroducedo representwo
differentcomponentof the uid. From them, the density
andvelocity of thetwo uids canbe computedby Equation
1. Thetotal (or the color-blind) particledistribution function
isdenedasfj = f+ fib. The collision is appliedon f; as
usual After this, aspeciakwo-steptwo-componentollision
rule maintaingheinterfaceshatseparatehe differentcom-
ponents.

The rst stepis to adda perturbatiorto the particledistri-
bution nearthe interfacewhich createshe correctsurface-
tensiondynamics.Theinterfaceis locatedby computingthe
local color gradientg, which is perpendiculato the inter-
face.The perturbationto eachcolor-blind particle distribu-
tion is givenby:

fi= fi+ Aigico(q  qg); (24)

whereg; is the angleof velocity vectore; andqg is the an-
gle of thelocal color gradientg. This operatiorredistritutes
maseartheinterface depletesnassalonglatticelinks par
allel to theinterfaceandaddsmasso thelinks perpendicular
to theinterface while thetotalmassandmomentumarecon-
sened.

Thesecondstepis to recolorthemassafterperturbationin
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orderto separatehetwo differentcomponentandmaintain
aclearinterface.Thisis achiezedby solvingamaximization
problem:

" #

w(fli )= max (A fe) g : (25

To consere the total red massand blue mass,§; fA{ must
equalto the total amountof red massbeforecollision. To
consere the massin eachlattice direction, ff + f° = f;
shouldbesatis ed.

After theabove collisions,the streamings appliedon ﬁr

and fAib, andthenthe color-blind particle distribution is re-
computedor the next time-step.

6. Implementation
6.1. Preprocessing

In preprocessingye rst scaleup/dovn the meshsize,mak-
ing the averageedgelengthto be one. Thereasorfor doing
this is to make uniform parametersegardlessof the orig-
inal meshdimension.Then the following valuesat every
meshpoint are calculatedthe local frame, the positionsof
ghostpointsandtheir rotationanglesQ (mentionedn Sec-
tion 4.3), andthe coefcients Sx andCj, usedin Equation
6.

6.2. Computational Procedure

Thecomputationaprocedureof the o w simulationis listed
asfollows:
1: Initialize thevaluesu, r, £°% andf; for all meshpoints
2: Updatef; for all ghostpoints
3: Computes, r and . for all ghostpoints
4: for every meshpointdo
5. Apply streamingandcollision usingEquation6
6: Computeandapplybodyforces
7:  if aboundarypointthen
8 Apply boundarycondition
9: endif
10:  Computed, r andf?
11: endfor
12: Jumpto line 2

This proceduras only for thesingle-componentiid. It can
be just slightly modi ed asdescribedn Section5.4to sim-
ulatetheimmiscibletwo-componentuid.

7. Results

We list here the results of several examples sim-
ulated with our model (please see the accompa-
nying video which can also be downloaded at
http://www.cs.sugshedu/ vislab/projects/amorphous/
animations/ULBMS)/).

¢ TheEurographic#ssociation2005.

Figure 7(a) and 7(b) shav the o ws over a dog surface
and a two-hole torus surfacerespectiely. We periodically
deposita materialon the surfaces.Becausehe density of
this materialis larger than that of the uid, gravity force
drivesthe uid to move, which causeghe adwectionof the
material. This advectionis modeledby applying the semi-
Lagrangianbacktracingschemewith the o w velocity eld
in the attenedneighborhoodsNotethatin someregion,the

uid movesin the oppositedirection of gravity dueto in-
compressibility

Figure8 andFigure9 shaw interactionsof the o w over
surfaceswith boundaryobjects.In Figure 8, static bound-
ariesoverthedogmodelarethetext shapeSCA2005andthe
starshape Figure 9 shavs animatedboundariesthe white
objectsmoving insideandactiatingthe o w onthesphere.
We visualize the velocity eld using the existing image-
basedo w visualizatiormethodfor curvedsurfaceqvWo03].

Figure10(a) andFigure 10(b) shavs theimmiscibletwo-
componentuids over surfacesFor thesimulationof Figure
10(a), at the beginning, the left part of the sphereare full
of blue uid while theright partfull of pink uid. Theblue
uid is denserthanthe pink one.Gravity causes turbulent
0 w motion, resultingvery complex interfacesbetweernwo
parts.For the simulationof Figure 10(b), the blue and pink
uids have thesamedensity Two partscontinuouslyinoscu-
latewith eachother resultingin interestingdynamics.

Table 1: Frameratesof our simulations.

Model Vertices Faces Frames/Second
Figure7(a) Dog 37,502 75,000 1.7
Figure7(b)  Two-HoleTorus 49,998 100,000 13
Figure8 Dog 37,502 75,000 1.7
Figure9 Sphere 4,098 8,192 10.0
Figure10(a) Sphere 4,098 8,192 7.8
Figure10(b) Skull 3,752 7,500 8.1

We reportthe performancef our simulationsin Table 1.
All the frameratesare measurean a Intel Xeon 2.40GHz
processafTheperstepsimulationtimeis nearlylinearto the
numberof surfaceverticesfor the single-componentuid.
Thepreprocessingme for eachof theexamplesunlistedin
thetable,is in therangeof 0.5to 3.0seconds.

8. Discussions

In previous sectionswe have shavn that our microscopic
based computationssimplify the modeling of uids on
cunedsurfaces All operationsarelocal andexplicitly par
allel. This allows the modelthe potentialto be accelerated
onmodelSIMD processorssuchasgraphicscards(GPUS).
Themodelalsolends e xibility in handlinginteractiorof the
uid with static/mwing boundaryobjectsandinteractionof
multiple componentuids. Furthermoreit is worth to point
outthattheunstructured. BM andour extendedversionare
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@) (b)

Figure 7: Flow motiondueto gravity on (a) thedog modeland (b) the two-holetorusmodel.

Figure 8: Flow motiondueto gravity onthe dog surface with staticboundaries.

Figure 9: Flow motioncausedy theanimatedboundaryobjectsonthesphee.

¢ TheEurographicsAssociation2005.
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@)

(b)

Figure 10: Immiscibletwo-componentids, coloredin blueandpink.(a) a turbulentmixture of two componentsnthesphee.

(b) a peacefuinosculationon the skull.

not limited to triangular meshesUsing the nite volume
techniguedescribedn Section3.2, they canactuallybe de-
rivedfor meshesvith arbitraryconnectity [PXDC9§.

As an explicit method,our model hasthe limitations in
stability. Theunstablestatescouldbereachedvhenthe par
ticle distribution functions f; computedby Equation6 be-
cameminusvalues.This could be causedby threefactors:
large time-stepdt, long and narrav trianglesor sharpfea-
turesonthesurfacemesh For dt, we have foundthat0.25is
stablefor all of our simulations.Long andnarrav triangles
causdargevalueof the coefcients Sy, whichmayresultin
minusvaluesf;. Fortunatelywe canaddresshis problemby
preprocessinghe meshmodelsusingthe existing edge ip
algorithm[dBvKOSO0(Q to replacethesetriangleswith trian-
gleswhosesmallestinternalanglesare bigger If the mesh
hassharpfeatureswe may needto smootherthem,for ex-
ample,usingsubdvision methods.

9. Conclusionsand Futur e Work

Thecontritutionsof this paperare:(1) We have extendedhe
2D unstructured.BM modelto 3D curved surfacemeshes
of arbitrarytopology (2) Comparedwith previous models
solving the complex ow motion on curved surfaces,our
microscopic-basethodel hasadwantagedn simplicity and
explicit parallelismof its computationslt canbe easilyex-
tendedto meshesvith arbitraryconnectvity aswell. (3) We
have demonstratethat the featuressuchasstatic/animated
boundaryconditions,bodyforces,vorticity con nementfor
unstructuredyrid, andmulti-componentuids canbe easily
incorporatedn our model,makingit a powerful solution.

In thefuturework, we planto accelerat®ur modelonthe
GPUs,takingadwantagef their SIMD dataprocessinga-
pability to achieve real-timeperformanceAnotherdirection

¢ TheEurographic#Association2005.

for furtherresearchs to designthe unstructured.BM over
curved surfacebasedon the multiple-relaxation-time.BM
schemdDGK 02], whichis morestablein computation.

Appendix: Finite Differ enceOperators on Unstructur ed
Grid

Equation20 and 23 involve the calculationof nite differ-
enceoperatorsN andN  on the unstructuredyrid. In our
case,theseoperatorsare executedin the attened 1-ring
neighborhood®n the tangentplanes.This is doneas fol-
lows. Four virtual pointsarede ned with local coordinates
( b;0),(b;0),(0; b)and(0;b)inthetangenspacgweset
b as0.3n). The o w propertiesat eachvirtual pointsareob-
tainedby usingbilinearinterpolationin the appropriatetri-
angle.Finally, the nite differenceoperatoiis executedupon
these o w propertiessimilar to on a regular grid. Note that
for all virtual points,the computatiorfor determiningwhich
trianglesthey residein andthe correspondindpilinearinter-
polationcoefcients canbe donein the preprocessingme.
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